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Abstract
Due to atmospheric turbulence, light randomly refracts
in three dimensions (3D), eventually entering a camera at a
perturbed angle. Each viewed object point thus has a distorted projection in a two-dimensional (2D) image. Simulating 3D random refraction for all viewed points via complex simulated 3D random turbulence is computationally
expensive. We derive an efficient way to render 2D image
distortions, consistent with turbulence. Our approach bypasses 3D numerical calculations altogether. We directly
create 2D random physics-based distortion vector fields,
where correlations are derived in closed form from turbulence theory. The correlations are nontrivial: they depend
on the perturbation directions relative to the orientation
of all object-pairs, simultaneously. Hence, we develop a
theory characterizing and rendering such a distortion field.
The theory is turned to a few simple 2D operations, which
render images based on camera and atmospheric properties.

Figure 1: [Top] Computationally complex rendering of image
distortion, requiring a 3D simulated random turbulent field, then
ray tracing in 3D for all object points in the field of view. [Bottom]
Our approach. Efficient rendering of turbulence-induced distortion
as 2D image processing. It relies on closed-form physics-based
covariance of the distortion.

1. Introduction
Imaging through refractive media [5, 6, 25, 40, 42, 45]
is of interest both for rendering [11, 47, 58] and scene analysis [2, 27, 37, 54, 56]. It is studied in computer vision
and graphics, as the importance of participating media is
acknowledged [3, 8, 16, 18, 22, 24, 35, 36, 41, 46, 49, 55].
Complex, random refraction is created by turbulent media [13, 17, 29], often encountered in long range observations through the atmosphere [23, 28, 48, 57] and groundbased astronomy [39, 44]. There, random perturbations of
the refractive index [38] follow a complicated fractal multiscale structure of eddies in the three dimensional (3D) domain. This structure, in turn, creates highly complex refraction of propagating light, in the 5D plenoptic domain
(space and direction). This leads to random perturbations

of all light rays passing through this medium. Finally, the
complexly refracted light is projected by a camera, forming
a distorted image of the scene.
Now, suppose one seeks to render images that are distorted as if they are taken through atmospheric turbulence.
A motivation for rendering can be computer graphics. Another motivation is to form a database on which to test
and develop recovery algorithms, to correct for turbulenceinduced distortion [60, 61]. A database can also train a
learning system to recognize objects via turbulence. From
the description above, apparently, rendering should include
a series of computationally complex steps (Fig. 1[Top]):
Simulate a huge 3D turbulent random field (scale of kilometers) at a 3D resolution that is relevant to optics; Ray-

trace refraction through this 3D medium, from an object
point to the camera; Repeat this propagation process for all
resolvable points in the field of view. In large scales, such a
rendering approach poses a computational burden. It is also
unnecessary.
We believe that for some applications, there is no need
for 3D simulations, in order to render turbulence-induced
image distortion. There is no need to simulate a fractal random refractive index 3D field, or ray-trace through such a
field. Basically, image distortion is an operation in just two
dimensions (2D). The input is a 2D image, free of random
distortion, i.e. the view in the absence of turbulence. The
output is a 2D distorted image (Fig. 1[Bottom]). Rendering boils down, thus, to creating a 2D distortion operation,
which is consistent with distortion that turbulence can induce.
Random 3D turbulence eventually leads to a randomly
distorted 2D projection. The random distorted projection
must be drawn from a distribution that is characterised
by a covariance function. The covariance function determines how the distortion of any pixel is correlated to any
other pixel, and what the variance is. The covariance function of turbulence-induced distortion is defined by physics.
In other words, the physics of turbulence in 3D (a random process), and 5D refraction in it, dictate the imagedistortion covariance function, in 2D. The probability distribution of distortion had already been derived using the
theory of turbulence, for pairs of object points (not full-field
images) [7, 51]. This pair-wise function had also been verified empirically, using field experiments [7], where correlations between image points were measured. We thus use the
pair-wise covariance function of turbulence-induced image
distortion, to create 2D distortion fields.
Transferring the physics-based pair-wise covariance
function to a full distortion field is nontrivial in turbulence.
Distortion is a vector-valued spatial field. The covariance
of this field is a matrix-valued function. It is a function of
relative coordinates that vary for each pair of pixels, including the relative orientation of each pair, and the distortion
orientation in each pixel. We derive theoretically the solution: a full-field covariance of a 2D distortion field, based
on the physics-based pair-wise orientation-sensitive covariance. We then give a recipe how to render random 2D distortion fields that satisfy the physical model. The recipe is
composed of several simple 2D image operations.

2. Related Work
2.1. Phase Screen Propagation
A common method for simulating imaging through turbulence is based on light propagation through multiple random 2D phase screens [33], approximating a 3D turbulent medium. Phase-shifting layers are generated using ei-

ther fast Fourier transform (FFT), the Zernike polynomial
method or the fractal interpolation method [59]. This approach requires simulating a 3D refractive field and light
propagation in 3D.

2.2. 3D Ray Tracing for Graphics
There are rendering techniques that trace rays through a
3D randomly refractive media. Physically based simulation
of atmospheric phenomena is done in [19, 20]. Rendering
complicated lighting effects through various refractive objects is presented in [26]. These 3D methods often require
specialized hardware such as GPU and extensive computation time.

2.3. 2D Image Distortion Simulation
2D image distortion is simpler to implement, and does
not require extensive computational power. Usually, parametric models are used. These models are based on analysis
of real empirical distortions observed through various atmospheric conditions [15, 43]. Other methods, as in [14, 61],
use simple Gaussian random functions to generate image
distortion fields. The results resemble turbulence distortion.
However, these methods do not use a physical model and
are not set to have physically consistent spatial correlations.

3. Background
3.1. Turbulence and Variance
3D turbulent flow is characterized by independent fluid
eddies in a range of scales. An eddy at the largest (outer)
spatial scale L0 break into smaller eddies, which in turn
break further. The process continues until the smallest eddies reach the inner scale of the turbulence, l0 . The inertial
range is defined by [lo , Lo ]. There, kinetic energy is transferred to eddies of decreasing scale. Below l0 , energy in the
fluid motion dissipates fully into heat. The outer scale of
the turbulence is often modelled [52] as L0 = 0.4h, where
h is the height above ground.
A turbulent flow is accompanied by pressure and temperature fluctuations, that affects the refractive index of the
medium [4, 32]. In statistically homogeneous and locally
isotropic turbulence [30, 31] refractive fluctuations are characterized by a refractive index structure constant Cn2 . It expresses turbulence strength [1, 53] and measured in units
of m−2/3 . A high value of Cn2 indicates strong turbulence,
while Cn2 = 0 represents a medium free of turbulence. In
air, Cn2 is typically the range 10−17 − 10−13 m−2/3 . A high
value of 8 × 10−13 is typical [1] of summer daytime. Since
turbulence strength depends on the environment, in general
Cn2 can vary over the imaging path. In particular it is affected by high pressure at low altitudes and strong winds at
high altitudes, both of which affect placement and performance of sky-observing telescopes. In this paper, we focus

Figure 2: Without turbulence, the line of sight to an object point
o is o. The point is projected then to p. Here L is the path length,
f is focal length and D is the lens aperture diameter. Random refractions in the turbulent medium creates an angle of arrival (AA)
perturbation, leading to a distorted projection to p + e(p).

on rather horizontal views, which are typical in applications
such as long distance observations.
A camera having focal length f observes an object point
o at distance L. Without turbulence, the line of sight is expressed by unit vector o. As illustrated in Fig. 2, due to
refractive index fluctuations, turbulence leads to random refraction of light emanating from the object point. Thus, this
light arrives at the camera at a random angle of arrival (AA),
which is a perturbation around the direction of o. The AA
perturbation distorts the projection of o at the image plane.
The AA variance for a spherical light wavefront1 is [10]:
2
σAA
= γ(q)Cn2 LD−1/3 ,

(1)

where D is the diameter of the camera lens and q is the
Fresnel number:
D
q=√ .
(2)
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Here λ is the light wavelength. The coefficient γ(q) for a
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1 We deal with light emanating from an object point. Light from different object points is assumed to be incoherent. Hence, light from any
observed object point is modelled as having a spherical wavefront.

Figure 3: Without turbulence, the lines of sight to two object
points o, o0 are respectively o, o0 . The points then project to p and
p + v, respectively.

For q  1, Eq. (3) simplifies [12] to
γ(q) ≈ 1.09 .

(6)

3.2. Pair-wise Distortion Correlation
Now, consider two object points, o, o0 . Without turbulence, their corresponding lines of sight are defined by unit
vectors o, o0 , from the camera’s center of projection, as can
be seen in Fig. 3. These lines form a plane Π = o × o0 . The
angle between them is
θ = arccos(o · o0 ) .

(7)

Turbulence-induced random refractive disturbance causes
each of these lines of sight to deviate, correspondingly, by
angles of arrival AA(o), AA(o0 ). There is correlation between AA(o), AA(o0 ). The AA correlation function is
b(θ) =

Cov[AA(o), AA(o0 )]
,
2
σAA

(8)

where Cov is the covariance operation. An expression for
b(θ) is derived in Refs. [7] and [51]. The correlation generally decreases with θ. Moreover, the correlation depends
on the directions of the AAs, relative to Π. Suppose an AA
perturbation is within the plane Π, which includes o, o0 .
Then, this perturbation is termed parallel and denoted k.
If an AA perturbation is perpendicular to this plane, it is
denoted ⊥. In general, an AA perturbation at o has both
parallel and perpendicular components.
Note that for a fixed o, the k, ⊥ axes and components are
defined depending on another point o0 . Since object point o
coexists with a large number W of other points in various
relative directions, there are O(W ) definitions of k, ⊥ for
any particular o. We deal, thus, with a non-trivial field.

Let us return, for the moment, to analyzing two particular object points o, o0 . Use the following dimensionless
variables. From the object’s point of view, the angular size
of the aperture is
D
(9)
θD = .
L
The inter-object view angle is normalized to
η=

θ
.
θD

(10)
Figure 4: The correlation function (15) between a pair of pixels,

The outer scale of the turbulence is normalized to
L0
ρ=
.
D

for the two distortion components (k, ⊥), plotted for ρ = 4 and
ρ = 10.

(11)

For the dimensionless parameter 0 ≤ ξ ≤ 1, define the
functions
Q(ξ) = (1 − ξ)5/3 ,

Mη = 2ηξ(1 − ξ) .

(12)

Following Ref. [7], the correlation function of each of
the two components is
bk,⊥ (η) =
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∓
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0
η
2
η
0
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0
0
(13)
Here, κ is a dimensionless integration variable included
in real non negative numbers, Cn2 is the refractive index
structure constant (see Sec. 3.1), J0 and J2 are Bessel functions of the first kind, while
[(2ρκ)2 + 1]−11/6 J22 (κ)
H(κ) =
.
κ

0

bk,⊥ (η) =

0

points project to p and p + v. Turbulence induces projection displacements, e(p) and e(p + v), respectively. Any displacement
vector e(p) can be divided to components parallel and perpendicular to v. These components are denoted ek (p), e⊥ (p).

4. Designing the Field Autocorrelation
(14)

The negative sign in Eq. (13) corresponds to bk (η), while
the positive sign corresponds b⊥ (η). Notice that the denominator of (13) is simply the numerator evaluated at η = 0,
so that bk,⊥ (0) = 1.
In a horizontal path, for which Cn2 is constant, Eq. (13)
simplifies to

R1 R∞

Figure 5: The image plane. In absence of distortion, two object


H(κ)[J0 (Mη κ) ∓ J2 (Mη κ)]dκ Q(ξ)dξ


R1 R∞
H(κ)dκ Q(ξ)dξ
0
0

(15)
The correlation function (15) no longer depends on Cn2 nor
on the range L, but depends on ρ and η. The correlation
function (15) can be easily computed, as plotted in Fig. 4.

4.1. Autocorrelation of a Stationary Vector Field
In this section, we work directly in the 2D image domain.
We define the distortion vector field, and a matrix-valued
covariance function in this field. Consider Fig. 5. Image
pixel location p is the undistorted projection of o. Without turbulence, the line of sight o0 from object o0 projects to
2D pixel location p + v. Turbulence displaces the respective projections by the random vectors e(p) and e(p + v).
Hence, e is a random vector field in the image plane. All
vectors, p, v, e are given in the (x, y) coordinates of the image domain. Specifically, the cartesian components of v are
vx , vy . All spatial components, as well as the focal length f
have pixel-units. For narrow view angles,
θ≈

r
|v|
= ,
f
f

(16)

4.2. A Solution to the Autocorrelation Function

where r = |v|. Thus, referring to Eqs. (10,15),

bk,⊥ (η) = bk,⊥

r
f θD


.

(17)

To simulate a turbulence distorted image, we seek a random field e with correct spatial correlations. The displacement e is a spatially stationary vector field with mean zero.
Since we are interested in the autocorrelation function of
this field, we may assume without loss of generality that
the variance of e is 1: the variance can be adjusted later as
needed, using Eq. (1). The autocorrelation is equal to the
auto-covariance function and is given by the 2 × 2 matrix


C(v) = E e(p)eT (p + v) .

(18)

Here E denotes expectation and T denotes transposition.
Note that C(v) is a matrix-valued function of vx , vy . By
the stationarity assumption, the autocorrelation function depends only on the difference v between two points and it is
symmetric in the sense that C(−v) = CT (v).
We wish to find a correlation function (18) such that the
induced longitudinal and lateral autocorrelation functions
match Eq. (15). Define the unit vector
v̂ = v/r.

(19)

From Fig. 5, the longitudinal component of the displacement vector field e(p) is the projection of e(p) onto v̂:
ek (p) = hv̂, e(p)i = v̂T e(p),

(20)

where h., .i is the inner product operator. Let

R=

0
1

−1
0


(21)

denote a rotation matrix, which rotates v by 90◦ in the image plane. Thus
v̂T Rv̂ = 0.

(22)

The perpendicular displacement e⊥ (p) is the projection of
e(p) onto the perpendicular vector Rv̂:
e⊥ (p) = hRv̂, e(p)i = v̂T RT e(p).

(23)

From Eq. (18), the autocorrelation scalar functions of the
parallel and perpendicular displacements are, respectively
h
i
Ck (v) = E ek (p)eTk (p + v) =


E v̂T e(p) eT (p + v)v̂ = v̂T C(v)v̂
(24)


T
T T
C⊥ (v) = E e⊥ (p)e⊥ (p + v) = v̂ R C(v)Rv̂. (25)

Given parallel and perpendicular autocorrelation scalar
functions Ck (v) and C⊥ (v), we seek a matrix-valued autocorrelation function C(v) that is consistent with Eq. (24)
and Eq. (25), respectively. The solution to such a problem
is not unique. Let us use the solution class:
C(v) = A(v)I − B(v)v̂v̂T ,

(26)

where A(v), B(v) are scalar functions and I is the 2 × 2
identity matrix. In the class defined by Eq. (26), parallel
and perpendicular displacements are uncorrelated. Indeed,
using (26),




E ek (p)eT⊥ (p + v) = E v̂T e(p)eT (p + v)Rv̂ =
v̂T C(v)Rv̂ = v̂T A(v)Rv̂ − v̂T B(v)v̂v̂T Rv̂ = 0,
(27)
where we have used Eq. (22) and the scalar-valued nature
of the functions A(v) and B(v).
To determine the required functions A, B, we substitute
Eq. (26) into Eqs. (24) and (25), yielding
Ck (v) = A(v)v̂T v̂ − B(v)(v̂T v̂)2 = A(v) − B(v) (28)
C⊥ (v) = A(v)v̂T RT Rv̂ − B(v)v̂T RT v̂v̂T Rv̂ = A(v).
(29)
Here we used RT R = I and Eq. (22). Eqs. (26,28,29) yield


C(v) = C⊥ (v)I − C⊥ (v) − Ck (v) v̂v̂T .
(30)

4.3. Consistency with Turbulence Correlation
Given Eqs. (10,15,17), the parallel and perpendicular
scalar autocorrelation functions must be set to satisfy




r
r
, C⊥ (v) = b⊥
. (31)
Ck (v) = bk
f θD
f θD
Thus, the desired autocorrelation function can be written as
C(v) = A(r)I − B(r)v̂v̂T
using the positive functions


r
A(r) = b⊥
f θD




r
r
B(r) = b⊥
− bk
.
f θD
f θD

(32)

(33)

In a 2D spatial image domain of size U × U , the autocorrelation domain v has size 2U × 2U .
We show an example using the following parameters:
λ = 550nm, pixel size 4µm, U = 1024 pixels, Nikon
AF-S Nikkor lens, with f = 300mm and f # = 5.6,
at height h = 4m. Object distance is L = 2km and
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Figure 6: The 2 × 2 matrix-valued C(v), based on parameters of
the example detailed in Sec. 4.3. In each sub-plot, the spatial dimensions of the v domain are 2048 × 2048 pixels, corresponding
to an image of size 1024 × 1024. The top-right scale-bar corresponds to Cxy , Cyx , having negative as well as positive values.
The bottom-right scale-bar corresponds to Cxx , Cyy , having nonnegative values.

Cn2 = 3.6 · 10−13 m−2/3 . The AA variance and correlation are then calculated using Eqs. (9-15). Figs. 6 and 7 plot
each element of the 2 × 2 matrix C(v), as a function of v.
Using the same fixed imaging parameters, this example is
further followed in this paper when creating Figs. 8,9,10,13,
as explained next.

5. Creating a Distortion Field
In this section, we derive a recipe for creating a random
distortion field e(p), whose auto-correlation is consistent
with C(v), given in Eqs. (32,33). Some of the expressions
here are matrix-valued generalizations of simple, textbook
relations of scalar-valued fields.
Let z(p) be a white noise vector field such that each element in it is a 2 × 1 vector and E[z(p)zT (p + v)] = Iδ(v).
A random vector field having an autocorrelation function
C(v) can be obtained by a convolution of z(p) with a deterministic matrix-valued kernel K(p):
Z
e(p) = K(p − p0 )z(p0 )dp0 .
(34)
Here K(p) is a matrix-valued field: there is a 2 × 2 matrix
K(p) for each vector p. The goal is to find a kernel K(p)
such that the field e(p) has the desired autocorrelation function C(v), given in Eqs (32,33).

Figure 7: A ×10 zoom-in on C(v) of Fig. 6.
The 2×2 matrix-valued autocorrelation function C(v) is
related to the 2 × 2 matrix-valued convolution kernel K(p),
through
Z
C(v) = K(p)KT (p + v) dp.
(35)
Deriving K(p) based on Eq. (35) is a deconvolution
problem. This deconvolution can be solved in the Fourier
domain. Let ω be a 2D spatial frequency vector. From (34),
the spatial Fourier transform of the vector field e(p) is the
vector field
Z
T
ẽ(ω) = e(p)e−jω p dp = K̃(ω)z̃(ω).
(36)
On the other hand, the spatial Fourier transform of C(v) is
the matrix-valued spectral density function
Z


T
C̃(ω) = C(v)e−jω v dv = E ẽ∗ (ω)ẽT (ω) , (37)
where ∗ denotes the complex conjugation. There is a 2 × 2
matrix C̃(ω) for each ω. Substituting Eq. (36) into Eq. (37):
h
i
C̃(ω) = E K̃∗ (ω)z̃∗ (ω)z̃T (ω)K̃T (ω)


= K̃∗ (ω)E z̃∗ (ω)z̃T (ω) K̃T (ω) = K̃∗ (ω)K̃T (ω).
(38)
Eq. (38) uses the fact that the spectral density of any white
noise field is E [z̃∗ (ω)z̃T (ω)] = I, ∀ω. Eq. (38) is thus the
spatial Fourier transform of (35).
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Figure 8: The 2 × 2 matrix-valued K̃(ω), that corresponds to
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the function C(v) shown in Figs. 6,7. It was calculated using
FFT, as described in Sec. 6. The plots here are a ×10 zoom-in on
the low-frequency domain. The top-right scale-bar corresponds to
K̃xy , K̃yx . The bottom-right scale-bar corresponds to K̃xx , K̃yy .

Figure 9: Part of a random distortion vector field e(p), derived

The autocorrelation function C(v) is real, symmetric
as a matrix, symmetric with respect to sign changes of its
argument v and its diagonal entries are positive definite
functions. As a result, its Fourier transform C̃(ω) is also
real, symmetric as a matrix, symmetric with respect to sign
changes of its argument ω, and its diagonal entries are positive functions. While there are many 2×2 matrices K̃ satisfying (38), it is natural to choose the symmetric square root
of C̃(ω), which enjoys the same properties. Given C̃(ω),
its matrix square root can be computed per ω using the formula [34]:
i
1 h
C̃(ω) + s(ω)I .
(39)
K̃(ω) =
t(ω)
q
q
Here s(ω) = det C̃(ω) and t(ω) = trC̃(ω) + 2s(ω).
For example, Fig. 8 plots each element of the 2 × 2 matrix K̃(ω), as a function of ω, in correspondence with the
function C(v) shown in Figs. 6,7.
To generate a random field e(p) with cross-spectral
density C̃(ω), it is not actually necessary to find K(p),
the inverse Fourier transform of K̃(ω). It suffices to do
the filtering in the Fourier domain, similarly to [50]. The
theoretical recipe is thus:
1 Calculate C(v) using Eqs (32,33).
2 Fourier transform C(v) to C̃(ω).
3 Calculate filter K̃(ω) using Eq.(39).
4 Sample a random Gaussian white noise field z(p).

5 Fourier transform z(p) to z̃(ω).
6 Use K̃(ω) in a simple multiplication per ω, as written in
Eq. (36), to obtain ẽ(ω).
7 Inverse Fourier transform ẽ(ω), to obtain the distortion
field e(p), of variance 1.
8 Amplify e(p) so its variance is consistent with Eq. (1).

from the autocorrelation function shown in Figs. 6,7. This is a simulated turbulence-induced distortion. For clarity, this plot zoomsin on a 80 × 80 pixel sub-domain of the image

For example, Fig. 9 plots a field e(p) created by this
recipe, in correspondence with the autocorrelation and kernel functions shown in Figs. 6,7,8. The plot in Fig. 9 zooms
on a 80 × 80 pixel sub-domain of the image, for clarity.

6. Practical Considerations
In practice, a computer does not perform a continuous
Fourier transform, but a discrete, fast Fourier transform
(FFT). This has several implications. In a square grid, the
spatial locations and frequencies are sampled. Using FFT
as in steps 2,5 above induces a multiplicative scale relative to a continuous-domain Fourier transform that is sampled. This factor is compensated for: in step 7 the field is
amplified to have unit variance.
Moreover, FFT is cyclic: elements in one side of its input
affect the other side. This wrap-around can cause problems
in functions that do not spatially decay fast enough. As
seen in Fig 4, b⊥ may decay very slowly. Despite having
very low values at the periphery, wrap-around issues produce negative oscillations in the Fourier domain that render

Table 1: Parameters of our examples
Example
Fig. 10
Fig. 11
Fig. 12



Cn2 m−2/3
3.6 · 10−13
3.6 · 10−13
3.6 · 10−13

L [km]
2.0
1.3
2.0

f [mm]
300
380
200

f#
5.6
5.6
3.2

h [m]
4
4
20

the supposedly positive spectral density invalid. This can
be mitigated by extending the spatial domain, at a higher
computational cost. In practice, we feathered C(v) using a
Blackman window that spans the domain of v.

7. Using the Distortion Field
A source turbulence-free image is graw (p), where p is
rectified on a regular grid. Due to turbulence, any pixel location p is displaced to p + e(p), creating the set of values
on a nonuniform grid
gnonuniform (p + e(p)) = graw (p) .

(40)

The eventual distorted image gdistorted (p) is rendered by interpolating gnonuniform (p + e(p)) to the uniform pixel grid.
For example, Fig. 10[Top] represents an undistorted view,
graw (p). Since Fig. 10[Top] is in color, we first calculated
γ(q) for λ = 450, 550, 650nm. Practically, we saw that
γ(q) is insensitive to λ in visible light, thus a single random
distortion field applies to all color channels. Based on the
example parameters that lead to Figs. 6,7,8,9, we rendered
a distorted image, gdistorted (p), shown in Fig. 10[Bottom].
We show additional examples. They use most parameter
values as in the example detailed in Sec. 4.3. The parameters that were changed are detailed in Table 1. Correspondingly, the results are shown in Figs. 11 and 12. Specifically, in Fig. 11, the focal length and object range changed
to f = 380mm and L = 1.3km, respectively. The distortion variance in pixel units is nearly the same, but the
correlation-range doubles. Hence, distortions have lower
spatial frequencies, yet similar amplitude. The process was
then run on a new random white noise field z(p) in step 4.

8. Verification
It is possible to verify empirically that distortion statistics are consistent with the theory. Let us render N distortion fields, {ei (p)}N
i=1 , each based on a different sampled
white noise field, in step 4 above. An empirical version of
Eqs. (24,25) is

Figure 10: [Top] A raw source 1024 × 1024 image, without random distortion. [Bottom] The image after undergoing distortion
consistent with turbulence. Part of the distortion field is shown in
Fig. 9. This distortion was derived from the autocorrelation function shown in Figs. 6,7.

N

Ĉk (v) =

1 XX T
v̂ ei (p)eTi (p + v)v̂
N |Λ| i=1
p∈Λ

N

1 XX T T
v̂ R ei (p)eTi (p + v)Rv̂,
Ĉ⊥ (v) =
N |Λ| i=1
p∈Λ

where Λ is a random subset of pixels.
(41)

Continuing with the example described in Figs. 6, 7, 8,
we rendered N = 1500 distortion fields, as the one in Fig. 9.
We used horizontal v vectors and |Λ| = 100. From Eqs.

Figure 11: [Top] A raw source 1024 × 1024 image, graw (p),
without random distortion. [Bottom] gdistorted (p), the image after
undergoing distortion consistent with turbulence. The parameters
are described in Sec. 4.3 and Table 1. Here 2D spatial correlations
of the distortion field have about twice the pixel-range, compared
to Fig. 10. Hence, the turbulence-distortion field is smoother here.

(10,16)
η=

θ
|v|
=
.
θD
f θD

(42)

Using Eqs. (41,42), Ĉk (v), Ĉ⊥ (v) are converted to b̂k (η),

Figure 12: [Top] A raw source 1024 × 1024 image, graw (p).
Photo courtesy of [http://pixabay.com]. [Bottom] gdistorted (p),
the image after undergoing distortion consistent with turbulence.
The parameters are described in Sec. 4.3 and Table 1.

b̂⊥ (η). Figure 13 compares the empirical b̂k , b̂⊥ to the theoretical bk , b⊥ . From Fig. 13, generally, there is very good
consistency between the theoretical AA correlation and our
rendered fields. For high |v|, i.e. η, the empirical correlation is a little smaller than the theoretical one. We believe
this is because of the FFT wrap-around, whose repercus-

function should be incorporated.
• In some cases, the turbulence field is not spatially stationary. Specifically, oblique views in steep angles as in astronomy pass through atmospheric layers having significant
spatial variations of Cn2 . Extending the approach to such
cases is important. It may be aided by assumptions that are
often used in astronomy, based on a layered structure.
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A coefficient function of the autocorrelation matrix
Parameter of 2 F1 ()
Angle of arrival
AA correlation
b component perpendicular to plane Π
b component parallel to plane Π
Empirical b⊥
Empirical bk
A coefficient function of the autocorrelation matrix
A coefficient that equals 0.5216
Matrix valued autocorrelation function
Spatial Fourier transform of C
Correlation of the horizontal components of field e
Correlation of the horizontal and vertical components of field e
Correlation of the vertical and horizontal components of field e
Correlation of the vertical components of field e
Parameter of 2 F1 ()
Turbulence structure constant
The covariance operation
Diameter of the camera lens.
Parameter of 2 F1 ()
A random vector field
Field component perpendicular to plane Π
Field component parallel to plane Π
Spatial Fourier transform of e
Expectation
Normalized inter-object view angle
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Hypergeometric function
Source turbulence-free image
Image distorted by turbulence
graw on nonuniform grid, created by turbulence
AA variance coefficient
Gamma function
Height above ground
An integrated function to derive b⊥ and bk
Index of distortion field
Identity
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Bessel functions of the first kind
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Spatial Fourier transform of K
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