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∞
∑

n=1

p
(n)
ii

)

p
(m)
ij

-7 (:-,' -9, 3:) :
i
*,

∞
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ii =∞
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∞
∑
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jj =∞
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j
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j
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∞
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p
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jj <∞
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∞
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n=1
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., 42/1 , (3 	72 6. (2-4) �/- , (3 	72( -5-0 -9:'0 ( -'01-� -5-�42;' , (3 . ('-)43 �/- ���� .(:(7.1 3:4�16* -;2(/ *2(7) (, * -:) : *-5813 27 . (2-4) 38(54 275 �
 3:(7. -;2 6�.(2-4) . (8(54 �2
S
5813 5/'1
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���� �� ����� ���
� ���� ��
�� ���� 4.28 �����

�
n
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(n)
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 ����� j 
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�
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� �����

*-581
4.4

'(-, 2) 31 �(+5 2)12 63'(�� 38(541 . (,8(-3 . (.)4 	-, �*-'5�13 .1'�,-+5 -7 �5(: (9 3'+�3163'(�� 38(54 �	5(17 
 , (3 *-5813 27 �� (, �� (:5 63' (�� 38(54 *-((31
6, 7

27 .8(54 -3 (9 '1 (27 6. ('-)43 �/-2 �/-5 (2) . (2-4)3 .8(54 ,-3
i
581 2) . ('-)43 .8(54

4.29 �����6
A

�5 * -5812 4' 2-5 (1
A

�5 581 27 *, 3'(�� 38(54 .,'4:
A

.('-)4 .8(54 6
i
�2 *-') (413 *-5813

6* -:) -: 3-581 27 *, .-:) -: .,'4: .8(54
7
581 2) . ('-)43 .8(54 6. ('-)4 .8(54 '-+�32 27 (: '/5:) 581 272 6* -581

8
3,53 31 �(+5

4.30 �����(:'. -, �*(7-�2 6
7
581 ., * � 32-71

6
581 2) . ('-)43 .8(54 �3-'01-�3 22�5( �

6
581 ., * � (+521 32-716(9 38(542 &(/1 581 �,2 * -2-5 (1 *:-, {6, 7} *-5813 	7) �3'(�� 38(54 ,-3 (9 38(54 6{6, 7} �.('-)4 .8(546'/, 581 �,2 ') (41 (:-, , (3) 	((-7 .,9 �+525 (. (, 32-713 �{3} .('-)43 .8(542 	--)

3
581 .,9 .1 (�238(54 3::-, 	, �.('-)4 .8(54 	7, ,-3 {1, 2, 4, 5} *-5813 .8(54 �.,9 .1 (�2 6

8
581 '(5� * � �;(. 39 /(. -:63 -2, 	--) (:-,) �

3
5812 2-5 (1 �38(542 	--)3 �

2
581 	7) 3'(��

1 2 3 6

74 5 8

*-581 �((-� �
 6� '(-,
) - -7 * -;2(/ 3-'5, 27 -9, 3'(�� 3:-, . ('-)4 .8(54 *, 6* -:) -: * -'5,3 27 3'(�� ( . -; (� .('-)4 .8(545638(/3 ( 3:11 -'0 -� +/ '5�1
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.;� (: 38(54 ( �. ('(�� . ('-)4 . (8(54 2) -;(� ';�12 4 ('-;2 .:.: . -; (� .')') 27 6�3/7 (3 ,22 

4.31 ��	�63' (�� 38(54 ,-3 ./, . ('-)4 .8(54 . (/;2 63'(�� 3:-,) 38(542 * -7--)3 * -;2(/ * -581 2) �34-' -2(, 
6�*-;2(/ 3'(�� 38(545 *:-,) *-5813 27 �'(1,7 ( 
 *-:) : 3'(�� .('-)4 .8(54 275 * -5813 27

. ('-)4 .8(54 �, 	-,) 	7. - �-; (� /'735 ,2 . ('(��3 . (8(543 ';�1 �*-581 2) 3-:1 	5 ';�1 *� .')')563'(�� 38(54 ) - *, (2-;, �3:) -: 581 �, 	-,) 	7.-( 3'(�� 38(54 �, 	-,) 	7.- �+/, 5811 '. (- .2�5
,-3 .'/, 6./, 3'(�� 38(54 '),1 '. (- 32 ) - *, 34-'; .')') .,'4: .-5 (4'1 .')')

4.32 �����63'(�� �318�2 0'; 
 38(54 .. 32 	-, *,
irreducible

.,'4: 38(54 6
indecomposeable

34-'; ,2 .,'4:
3,21 . (+-/, 	-, . (';�5 634-'; ,2 ,-3 	,

irreducible
3:-, +/, �2(/ 581 32 ) -) . -;(� .')') -7 52 * -) :6

indecomposeable
�2 ,-3 3:((73 '),7

irreducible
�) (15 *-)1.)13 ) -( . ('+�35

6* -') (41 *:-,) *-:) : * -581 -:) . (/;2 35 ) - *, 4'( *, 34-'; ,-3 .-5(4'1 .')') �3:4�1
) - .-; (� 3'(�� 38(54 275 � (+1 '-5�1 39 6(9 38(541 ,8: ,2 *2(�2 �3'(�� 38(542 	--) -.2/.33 5813 *,3'(�� 38(54 .1--4) 	7.- *2(, 6* -:) : 3 -581 27 -9, . ('-)4 .8(54 ,-3 38(543 *, ( �.(/;2 +/, 3:) : 58138(542 &(/1 -.2/.3 5815 2-/.32 	5(17 	7.- 6397 , (3 -.2/.33 5813) 	((-71 .,9 ��-�: ,2 3-2, ( �.;� (:6�2(/ /'735 , (3 397 -.2/.3 581 6-,'4, *-+�8 ';�1 '/,2 3-2, �-�32( �3'(��

6�2(/ 581 , (3 �38(545 5812 2-5 (13 3'(�� 38(542 &(/1 581 27 6�3/7 (3 ,22 

4.33 ��	�

.(5-)/ 27 	-, *2(, �*-'5�13 .1'�,-+ ., /.:2 (:-2� �*-:) -:( * -;2(/2 *-581 �((�2 -+7) �	7 *, �*-, (' (:,+525 . (.)43 -+- 2� .(�54: �3:) -: (, �2(/ 581 
 (2-, . (:(7. �'5�13 . (-('5.�3 2) *-4--(+13 * -7'�2',) ( �*-:) -: *3
6, 7

*-581 4'
4.5

'(-85 �2)12 	7 6�
0
,-3 '5�13 . ('5.�3 '),7 .)4 '--8: ,2 	5 (17 '),7 
6* -;2(/ *3 *-5813

�������
 ���� �� � ����������  ��

+8-7 62 (+� 4-;�1 *-+�8 ';�1 '/,2 58--.32 227 	'+5 30 (: 5 (4'1 . (')') 2) �(2-;3 -7 . ()/135 (:-,'
�(2-; *� .-5(4'1 .')') *-2-/.1 *, -7 +--1 3,': � �

3.17
3'+�3 
 .(-':(-80� 2) �) (13 *� (9 3+5 (� '5/26-':(-80� 	-23. 3-3. ,-3 -9, �*-,.1

.-5(4'1 .')') '(5�
Stationary, invariant

-0 :, -' ((:-, �(2-; (, -':(-80� �(2-; ,'4 -:
ν

�(2-;
4.34 �����',)- ��-+1-1 �+/3 
 � (2-;3 �39 �(2-; *� .')')3 ., 2-/.: *, �'1 (27 6

n > 0
272

ν(n) = ν
''(�

ν(0) = ν
*,6� (54

-5 (4'13 3'415 *2(, 6-+1-1 +/3 �(2-;2 4' ��(: , (3 �25 �(1 , (3 (:25-4) . (-':(-80�3 � (� �	(),' 0515
�4-;�1 39 �-:�(1 (33

�




�.-:�(1 (3 5 (4'1 .')') '(5�
4.35 ��	�

.8-'01 2) -2,1) -18� '(04 (( , (3 '1 (27 �
ν · P = ν

*--41 , (3 *, 4'( *, -':(-80� �(2-; , (3
ν

� (2-;3 6�6
1
-18� 	'� *� �*-'5�13

.')')3 �� (:5 *, 6
T

	191 2/3 -':(-80� 	-23. ,-3 . -5(4'13 .')')3 -9, -':(-80� �(2-; , (3
ν(T )

*, 6
6-':(-80� -,'4, 	-23. ,-3 .')')3 -9, −∞ < n <∞ 	19 272 .'+� (1
-9,

ν · P = ν
�(
ν(0) = ν

60 ('-; '.-5 3/7 (33 2� '(9/: 6
4.15

0;)1 3,' �3/7 (3
ν(n) = ν(0) Pn

= (ν(0) P)P(n−1)

= ν(0) P(n−1)

= (ν(0) P)P(n−2)

= · · · = ν(0) P = ν(0)

3'+�33 -;2 -9, -':(-80� , (3 �(2-;3 *, �-:) +81 6-':(-80� , (3 �(2-;3 3'+�33 -;2 	72(
ν P = ν(0) P

= ν(1) = ν

-7
4.14

0;)1 ./7(35 (:-,' 63'+�33 -;2 4 (+5:(
3.17

. (-':(-80�3 .'+�35 '79: .�7 6� 3:�0 ., (:/7 (3 	75 (
P {X(nj) = ij , j = 1, . . . , k} =

k
∏

j=2

p
(nj−nj−1)
ij−1 ij

νi1(n1) .
�
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2-�2 (:,'3 ( �

(nj + τ) − (nj−1 + τ) = nj − nj−1
�) 	((-7 .,9 �

τ
�5 *-:1 93 27 ., 9-9: *, 3:.)1 (:-, 39 -(0 -5'1 (27

n1
2) 	'�5 -(2. (:-, 227

νi1(n1)
-7

P {X(t1 + τ) = j1} = νj1(t1 + τ) = νj1(t1) = P {X(t1) = j1}

./7(3 6
T

	191 2/3 -':(-80� , (3 	-23.3 	72( 6
T

�5(
τ
�5 3(() 37'� 0';5(

τ
�5 3-(2. 3:-, 2-�2 . ('5.�33 	72('5�5 	19 . (+(4: 2� .(27.�3 -+- 2� -7 3+5(�31 .�5(: , -3 6	,7 3. (, 2(27: ,2( '. (- .57'(1 3:('/,3 3:�03'5�5 34 (/' 	19 .+(4:1 -7 3+5(�31( ��;, ,-3 �2(/ 5815 . (-32 . ('5.�33 /'735 -7 . (,'2 ');, 4 (/'32-�'.3 ., '(.; 3�;(.3 .:532 6-':(-80� �(2-;2 .-2,-8::(;�4, . ('-315 � :7.1 -+11 +/3 �(2-;3 ��(2-; 271 (6,53

	19 -:;2 * � .(-':(-80� 4-�32 	.-: ,2 -9,
t1 < T
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−∞ < ��
� � ��������� ���� �� �	� � � ��������� ���� �� �
0 �� �� 	�� ���������� � ��
� � ������ �� ���� 4.36 	 ����

��
n <∞

�
P{X(−1) = 1} = 1

���
n = −1

 ��	����

1/2
���� �
��� � ����
��� ��
�� � 	� ���
� {1, 2} ��
�� �� ����� ��

�
n < −1 ��
� ������ ����	 �	��� �� ����� ���

�
P{X(−1) = 1} = 1

���
n = −1

 ��	����

p12 = p22 = 1 �� �
��� � ����
��� ���
� {1, 2} � �
�� �� ����� ��
��
� ������� �� �� ��
�� ���� �	�
 ����� ���

T > 0 �� ��
 �
n < −1 ��
� ������ � ���	 �	��� �� ����� ���

�
T

���	 � ��� �
 	�� ��������� �	 ��
T �� �� 	�� ��������� ������� ��

0 ≤ n <∞

	� ��� ��������� ��� ����
 ��� −∞ < n < ∞ ���� � ��
� ������� ������� ����� ����� ������ �� ����� �� ����
�� ��
� � �
	�� ���

� �����
i �	�� 
�� 	�	 �� ���� �� ��	��� � �
��� ���� ��
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 � � ��	��� � �
��� ���
� ��
Tr 

 ���� ��

P {x(n) ∈ Tr | x(n−N) = i} < 1.
�
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n
	�	 �� ����� 	��	 ����� �������� � ��� �� ���� 	� ������� ����� ��
� �� ��� ���

P {x(n) ∈ Tr} = 0.
�
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 -'01-� '(7-) 	 (2-32 6-':(-80� � (2-; 	-, .;2(/ .')')2 -7 '('5 �+-/- , (3 -.1( �-':(-80� �(2-; *--4 -.13, (()13 2) �� (54 -+7 +� 
 +-/-3 -5 (-/3 	('.;3) 	((-7 �-':(-80� �(2-; 	-, �+/, 27
1/2

. ('5.�35 ±1
, (3 +�8
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ν · P = ν

6�(2-; (:-, '),
ν = (. . . , 1, 1, 1, . . . )

'(04 ((3 , (3
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4.37 ��	�6* -:) : * -581 2� 4'
0
�1 *-:() * -7'� 2541 -':(-80�3 �(2-;3 6+-/- , (3

. (+-/- '� (/ 6+-/- -':(-80� � (2-; 32 ) - 	--+�
irreducible
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3,(()12 �.-',:-2 3'5�2,5 . (,8(.1 �5 (: -':(-80� �(2-; * (-4 �3'�3
Px = x

�5(: 	71 6
1
-18� 	'� *� �-:1- 
 -18� '(04 ( ) -

P
38-'012 '1(27 ��

x = (. . . , 1, 1, 1, . . . )T '(04 ((3 
 	('. -; ) -
	((-7 �-7 /-051 . (8-'013 .'(.1 � (-:5 ('; �	('; 0;)1 6

1
-18� 	'� *� -2,1) -18� '(04 (( * � ) - (9 38-'012)*-5-7' �

P
2) '. (-5 2(+�3 -18�3 	'�2 	--)3 
 -2,1)3 -18�3 '(04 ((2 -9, �*--5 (-/ *3

P
38-'013 -'5,)6-':(-80� �(2-; (39

4.35
3:�01( ��(2-; 3-3 -) 	7 (. (, 21':2 	.-: �-; (� '(04 ((5 '5(+1) 	((-7 6* --5 (-/

27) /-:: 6. (4 -'; �-,3 .:(7. ., .1--41 3:-, 31 �(+3 	72( �.('(�� . (8(54 -.) )- (:-:;2) 31 �(+5
4.38 �����6

1/2
.('5.�35 *-'(4 *-'5�13

1 2 3 6 7

-':(-80� �(2-; �
 6
 '(-,
�(2-;3 �

0 ≤ α ≤ 1
272 -7 4 (+52 24 -9,

ν = (α/2, α/2, 0, (1− α)/2, (1− α)/2)
�
 6
� 

�':(-80�3 . ('5.�33 ., 42/2 	.-: �-5-0 -, (0 :-, 	;(,5 6+-/- (:-, -':(-80�3 �(2-;3 �'1 (27 6-':(-80� �(2-; , (3. (-('5.�3 -+- 2� .�54: 3'(��3 38(543 	 (.5 . ('5.�33 2) 34 (2/3 6(:-);: . ((,7 . (' (��3 . (8(543 	-5 . -638(543 	 (.5 '5�13
*-58131 +/,2 '(5� : ,2 *2(�2 9, (

2
5812 ,53 +�85 '(5� :

1/2
. ('5.�35 -9,

3
5815 2-/.: *, �2-�2 31 �(+5, (3

2
�2

1
�1 '(5�2 -(7 -�3 *2(, 6

1, 2, 6, 7
*-58131 +/, 275 . (-32

1/4
39 3'415 , (3 -':(-80�3 �(2-;3 6

6, 7*-5815 4' (,
1, 2

*-5815 4' (, '5+ 2) (; (�5 ,81: *--(�1
ω
'(5� 6

0
, (3

6
�2

1
�1 '(5�2 -(7 -�3) +(�5 �

16
6, 7.(�1)13 ., * � ) -�+32 5()/ �.-5(4'1 .')')2 �/-5 �.(-':(-80� � �) (15 ) (1 -)3 ., '-3532 5()/) *)763,8(.3 . �83 ( 3'+�35 4;.� : 	72( �'(43 '1 (/1 42/ (:-, ,) (:3 63 9 ')45 �.(-+(�', � �) (13 2) .+/(-13

� ������ ���� 	� �
d

 ����� � �� ��
 	���� ������ �	��� �� ������ ���� i 
�� 4.39 �����

{

n : p
(n)
ii > 0

}�
 6
� 

�� � ��� ���� ��
�� 	� ��

d ����� �� ������� ����� � ����� ���
� �
��� 	� ������ ���� d ��� �
1
� ��� 	��� ���

�� �� ���� ����� ����� � ������ ����� (indecomposable)
�����
�	 ��
 ���� ����� �

d �����
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) - 3:(. : . ('-)4 .8(545 *-5813 272 '1 (27 �.('-)43 .8(54 2) 3:(7. ,(3 '(9/13 	'(, -7 . (,'32 	.-:6�*--'(9/1 *:-, *2(7) (, 
 339 '(9/1
�� �
��� �����
��� �� �{1, 2, 3, 4, 5} � �
�� �� ����� ��
� 4.40 �����

pi(i+1) = 1, i = 1, 2, 3, 4, p51 = 1

�� �
��� � ����
��� �� ��� �� ��	 �
d = 5 ����� �����	 ���

p12 = p23 = p34 = p41 = 1, p55 = 1

�� �� ��
	 ��� ���� ����
5 
�� � d = 4 ����� �� ���� ���� 1, 2, 3, 4

��
�� ���

p12 = 1, p21 = 1/2, p23 = 1/2, p34 = p42 = p55 = 1

��� ���� ���� 
�� ��� ���

.-+(�', .')') 2) �(2-;3 *, -7 . (,'32 	.-: *2(, 6-+(�', 	-23. /'735 3:-, .-+(�', .')') -7 52 *)'. (- 6-+(�', 	-23. * � ,2, -':(-80� 	-23. 4' ,2 ,-3 .')')3 -9, -':(-80�3 �(2-;2 �, (3)27 ��'5 �3(()
�(2-;2 �

n → ∞ '),7 �� :7.1 �
X(n)

2) �(2-;3 '1 (27 
 5813 �(2-; �-.2/.3 �(2-; 272 �.-+(�', .')')5 �	71, (3 -0 :,-' ((:-,3 �(2-;3 	-52 �(2-;3 	-5 4/'13 *-+�8
t
'/,2 '1 (27 �-'01 (, � , (3 . (� :7.33 584 6-0 :, -' ((:-,36* -'5�13 .8-'01 2) (2+�5 -:)3 -18�3 	'�3 �2) 02/ (13 	'�3 
 , (3

β
�( �� (54 , (3

C
'),7

Cβt '. (-3 272
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���� ���� ������� ������� �

��

��� � ������ �
��
 � � �

';�1 , (3) 	19 �4+:-, *� *--,'4, *-:.)1 .'+� '1 (27 ���+-+5 	195 *--,'4, *-7-23.5 (:4��
3

4';5
	19 �4+:-,5 4 (�� : 39 4';5 6, -3)27 * -:19 .'+� ,(3) 	19 �4+:-,5 4 (��2( (9 3'+�3 5-/'32 ');, 6*2)-8/ ��*-';�1 *3

T1, T2
'1 (27 
 -;(� . (-32 2 (7 - '),

, T1 ≤ t ≤ T2
	19 2(('0 :-, '(5� '+�(- 	-23.3 '1(27 6� -8'

	-23. �+-+5 	195 (17 6�
T2 =∞ 	7 (

T1 = −∞ -; (� :-, (, �*3-:) ,2 	,
T2 =∞ (,

T1 = −∞ '1 (27 
 -; (� :-,6* -:.)1 2) �� (, , (3 -,'4,
�
a ≤ t ≤ b �� � 	�	 ����� �

X(t, ω)
��� 	� �� �� ���

[a, b] ��� 	� ����� ��	��
5.1 �����

., * ()':( 2913 '01'; ., 0-1) : *-.-�2(
X(t, ω), Xt(ω)

�*-2(4)3 
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n
27 '(5� *, -� (, � ,'4: {Xt, t ∈ [a, b]} , �. �3'+�36-� (, � , �( , (3

3-82'(4 (0 (,3 ( .2/ (.3 . (-84:(; -�� .-�1)1 +/ �54: (2) . ('5.�33 4 (/ -9,
[a, b]

�5 -� (, � , �.
Xt

*, �3:�0
t, t1, t2 ∈ [a, b], RX(t1, t2), µX(t)
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-,'4,3 '(04 (3

ti ∈ [a, b]
*-1--413

t1, . . . , tn
27 (

n
27 '(5� �3/7 (3

Z =
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Xt1 , Xt2 , . . . , Xtn

)T

2) -:) ( 	(),' '+�1 *-0 :1 (13 '(5� 6�-� (, � , �. ,(3 {Xt, t ∈ [a, b]}�) (:/:3 ( . (-3 
 -� (, � -,'4, '(04 ( , (3
�*--4.1

Z

E[Z] =
(

µX(t1), µX(t2), . . . , µX(tn)
)T

�(
E[ZZT ] = {E[Xti

Xtj
]} = {RX(ti, tj)}

�-�� 3:(. :
Z

'(04 (3 2) .-:-; (,3 3-84 :(;3 �
(ν1, . . . , νn)

27 '(5� 	72
φZ(ν1, . . . , νn) = exp







i
∑

νiµX(ti)−
1

2

∑

i

∑

j

νiνj KX(ti, tj)






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KX(t1, t2) = RX(t1, t2)−µX(t1)µX(t2)

'(797 '),76	-23.3 2) . ('5.�33 4 (/ ., *-'-+�1
RX(t1, t2)

�(
µX(t)

	72 �-,'4,3 '(04 (3 2) . ('5.�33 4 (/ .,
6-':(-80� , (3 5/'3 	5(15 -':(-80� -� (, � -,'4, 	-23. �3:4�1
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a(t)Xt

a(t)Xt + b(t)Xt+c2(5�3 *,) * � 3;8: 	72 6�/7 (3 �� (+1 
 *--0� -:-1'0+
c, b(·), a(·) 27 '(5� *--� (, � *-7-23.

dXt
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ε→0

Xt+c −Xt

ε6-� (, � , �. ,(3 * � 2(5 �3 �.(1-,.1 . (/:35 
 -9, �*--4
-9, �-� (, � , �.

Xt
3-3 -

∫ b

a

Xsds ≈
∑

i

Xsi
(si+1 − si)

*-7-23.3( -� (, � , �1 , (3
∫ ∞

−∞

h(t− θ)X(θ)dθ,

∫ ∞

−∞

g(t, θ)X(θ)dθ

6* --0� -:-1'0+
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E

∫ t

0

Xs ds ≈ E

∑

Xti
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∑

EXti
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EXs ds
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 .7'�1 3:(. : �{X(t),−∞ < t < ∞} 	-23.3 2) . ('5.�33 4 (/ � (+- �32,)3:-, 35().3 227 	'+5 �{Y (t),−∞ < t <∞} 3,-8-3 	-23. 2) . ('5.�33 4 (/ (31 6� (+- 3:(-;,) �.-',:-2
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E[Y 2(t)]
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	:�1 �� 6� '(-,
�*-� (9� 9 *2(5 �5 


*-� (9�9 *2(5 �� 6�� '(-,
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E[Y 2(t)] =
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�	142+7 .-' (-8 3'(85 ',.: 3-�53 ., 6��� (+1 
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Y (t) =

∫ ∞

−∞

X(θ)g(t, θ)dθ ∼=
∑

i

X(θi)g(t, θi)(θi+1 − θi)
�� 6

 


�*()':( -01.1 4 (-+ 2) . (-�52 	,7 �/-. : ,2
E[Y (t)] ∼=

∑

i

E

[

X(θi)g(t, θi)(θi+1 − θi)
]

→
∫ ∞

−∞

µX(θ)g(t, θ)dθ
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Y (t)
2) 	(),'

RX,Y (t1, t2) = E

[

X(t1)

∫ ∞

−∞

X(θ)g(t2, θ)dθ

]

= E

[∫ ∞

−∞

X(t1)X(θ)g(t2, θ)dθ

]

254:( .2/ (.3 ( 3-8'�0:-,3 '+� � -2/: 5 () (
RX,Y (t1, t2) =

∫ ∞

−∞

RX(t1, θ)g(t2, θ)dθ

��8(113 3,-8-3 4;�3 � .� -+- .22(7
RY (t1, t2)

.�-+-) 52 *-) 6
RY (t1, t2)

�5 	--�: �� (�52
E[Y 2(t)] = RY (t, t)

E

[

Y (t1)Y (t2)
]

= E

[∫ ∞

−∞

X(θ)g(t1, θ)dθ

∫ ∞

−∞

X(η)g(t2, η)dη

]

= E





∞
∫∫

−∞

X(θ)X(η)g(t1, θ)g(t2, η)nθdη





=

∞
∫∫

−∞

RX(θ, η)g(t1, θ)g(t2, η)dθdη
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ta, tb

27 '(5�
RY (ta, tb)

.,(
µY (t)

.�-54 ., .');,1 −∞ < t, t1, t2 <∞ '(5�
RX(t1, t2), µX(t)4 (/ ., 3'-+�1

Y (t)
2) -:) ( 	(),' '+�1 *-0 :1 (13 .� -+- 	72( -� (, � , �.

Y (t)
* � -� (, � , �.

X(t)
'),7 �5 
63,-8-3 	-23. 2) . ('5.�33
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t1, t2

27 '(5�
RX(t1, t2)
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(g(t, θ) = h(t − θ) '1 (27 


h(t)
*232 35(�.3 -�� .:-; (,1 ,-3 	195 3� (54 .7'�13 '),7

	-23. '(5� 6) +/1 /.;: 	, 6. (1+(43 . (,8(.5
h(t−θ) 5 g(t, θ) .;2/3 -�� 39 3'41 '(5� .()4 (513 . (,8(.3, (3 39 3'415 3,-8-( 3� -:7 	-5 ')43) 	((-7 6

g(t, θ) = h(t− θ)�( µX(t) = µX
-':(-80�

Y (t) =

∫ ∞

−∞

X(t− θ)h(θ)dθ

3-8'�0:-,3 ( .2/ (.3 '+� .;2/35 �254:
µY (t)

.
= E[Y (t)] =

∫ ∞

−∞

E[X(t− θ)]h(θ)dθ = µX

∫ ∞

∞

h(θ)dθ
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RY (t, t+ τ) = E

[

Y (t)Y (t+ τ)
]

= E

[∫ ∞

−∞

X(t− θ)h(θ) dθ
∫ ∞

−∞

X(t+ τ − η)h(η) dη
]

=

∞
∫∫

−∞

E

[

X(t− θ)X(t+ τ − η)
]

h(θ)h(η) dθ dη

=

∞
∫∫

−∞

RX(τ − η + θ)h(θ)h(η) dθ dη

= [RX ∗h ∗ ȟ](τ)

	7 (17 6
RX(τ) ∗ h(τ) ∗ h(−τ)�2 '. (- 	(7 : 	(1 -� ,-3 3:('/,3 3,(()13(

ȟ(τ) = h(−τ) (:'+�3 '),7
RX,Y (t, t+ τ) = E

[

X(t)Y (t+ τ)
]�� 6

 


= E

[∫ ∞

−∞

X(t)X(t+ τ − θ)h(θ) dθ
]
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=

∫ ∞

−∞

RX(τ − θ)h(θ) dθ�� 6
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�( 5/'3 	5(15 * --':(-80� {X(t), Y (t),−∞ < t <∞}

µY = µX

∫ ∞
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h(θ)dθ
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∫∫

−∞

RX(τ − η + θ)h(θ)h(η)dθdη
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∫ ∞
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∫ ∞
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'(5� 3,8(.3 2) -'4 -�3 ) (1-)3
RY (0) =

∫∫

RX(θ − η)h(θ)h(η)dθdη
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65/'3 	5(15 * --':(-80� *3) 3� -:7 -7 -23.5( 	195 . (� (54 . (7'�15 4' 4 (�� : 3,23 ( 3.�1

3-'(; . ('1.3
� 	195 . (� (54 . (-',:-2 . (7'�1 	(-;,2 . () -� -.) ) -) (:+12 . (7'�1( . (. (,5
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h(t)
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Y (t) = X ∗ h(t) =
∫∞

−∞
X(τ)h(t− τ) dτ 35(�.3 .254.1 6

X ∗ δ(t) =
∫∞

−∞
X(τ)δ(t− τ) dτ'+.3 , (3

2πf
�( '+.3 , (3

f
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(ei2πft)
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H(f)
3.5(�. -�� �'+.3 * (/.5 .7'�13 	(-;, � �5 3)-�

X(t) =
∫∞

−∞X(f)e2πft df
�37 (;3 3-'(; .'1.3 
 .(-:(1'3 . (+(:. * (7-� -��

X(t)
.-227 3� -:7 �(8- 6�-. -(93
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 3,-8-3 ( 3� -:73 	-5 ')43 -0� -:-1'0+3 3'415 6
Y (t) =

∫∞

−∞H(f)X(f)e2πft df
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�, (3
Y (t) =

∫ ∞

−∞

X(t− θ)h(θ)dθ
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RY (τ) =

∞
∫∫

−∞

RX(τ + θ − η)h(θ)h(η)dθdη
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63-' (; . ('1.3 �3'9/

�-�� .'+�(1
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X(t)
�5 2-/.:

X̂(f) = F{X(t)} =

∫ ∞

−∞

X(t)e−2πift dt
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∫ ∞
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X̂(f)e2πift df
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'(5� ∫∞
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|Xi(t)|2 dt <∞ *,)

∫ ∞

−∞

X1(t)X
∗
2 (t) dt =

∫ ∞

−∞

X̂1(f)X̂∗
2 (f) df
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−∞
X2(t) dt
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F{X(t)} = X̂(f)
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F

{

dX(t)

dt

}

= 2πifX̂(f)

-9, -)11
X(·) *,

F{X(−t)} = X̂∗(f)

F{X(t+ τ)} = e2πifτ X̂(f)

F{X ∗ h(t)} = F

{∫ ∞

−∞

X(t− θ)h(θ) dθ
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= X̂(f) · ĥ(f)
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∫ ∞
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∫ ∞
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∫ ∞
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∫∫
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∫ ∞
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 ∫∞

−∞ SX(f) df ≥ 0
�5 


��




�� 6�
 '(-,
6
SX(f) ≥ 0

�3:�0 �� 


�
f0

-. ('-') '+. 5-5� -2,-+-, 0'� '8 	:�1 . (-32
H(f)

�5 '/5: �3/7 (3
�	'�5 
 3-3- 39 3'415 3,-8-3 4;�3

0 ≤ E
[

Y 2(0)
]

=

∫ ∞
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