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= 0
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	� ��	 ���� �	� ������

�3/7 (3
E
[

(X − φ1(Y ))2
]

= E
[
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E[X ] = 3.5
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Y = 0 if X = 4 or 5 or 6

Y = 1 if X = 1 or 2 or 3
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P{X = 1|Y = 0} = P{X = 2|Y = 0} = P{X = 3|Y = 0} = 0

P{X = 4|Y = 0} = P{X = 5|Y = 0} = P{X = 6|Y = 0} = 1/3

	7 (17 6
E[X |Y = 0] = (4 + 5 + 6)1/3 = 5

�	72
P{X = 1|Y = 1} = P{X = 2|Y = 1} = P{X = 3|Y = 1} = 1/3

P{X = 4|Y = 1} = P{X = 5|Y = 1} = P{X = 6|Y = 1} = 0
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a
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X̂ l = aY +b
3'(831 	'�)1 ,81 �3-�5-(0 -53) 	7

b
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a
*-� (54 ,81

E[ε2] = E
[

(X − X̂ l)2
]

= E
[

(X − aY − b)2
]
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E[ε2] = E
[

(X − aY − b)2
]

= E[X2]− 2aE[XY ]− 2bE[X ] + a2E[Y 2] + 2abE[Y ] + b2
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b
-;2 2-�2 -(0 -53 ., '(9�: *,

b∗ = E[X ]− aE[Y ]

�254: .�8(113 . -� (5-'3 	 ('�)3 .,-�)2 -(0 -53 	 (.2
b∗
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E[ε2] = E
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(Xc − aYc)
2
]

= E[X2
c ]− 2aE[XcYc] + a2E[Y 2

c ]
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a
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a
-;2 2-�2 -(0 -53 .'-9� -�� �5() 6

Xc = X − E[X ]
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Yc = Y − E[Y ]
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a∗ =
E[XcYc]

E[Y 2
c ]

=
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Var(Y )
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]
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]
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X − aTY
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∑
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 = −2E[XYi] + 2
n
∑

j=1

a∗jE[YiYj ] 1 ≤ i ≤ n
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∑
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E[Y 2
1 ] E[Y1Y2] . . . E[Y1Yn]
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E[Y1Yn] E[Y1Y2] . . . E[Y 2
n ]





















a∗1666
a∗n











�.'8(41 3'(85(
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)−1
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∑
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∑

i=j

a∗jYj





2

+ E[ε2] + 2
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∑
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∑
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(X − E[X ])2
]
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((a∗)T (Y − E[Y ]))2
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E[X ] = E[Y1] = E[Y2] = 0 n = 2

E[Y1Y2] = 0; E[Y 2
1 ] = E[Y 2

2 ] = 1; E[XY1] = 5; E[XY2] = 7
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a∗1 = 5, a∗2 = 7

X̂ l
opt = 5Y1 + 7Y2

(E[ε2])min = E
[

(X − Y T a∗)2
]

= E[X2]− E
[

(5Y1 + 7Y2)
2
]

= E[X2]− 25− 49
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E[X2]E[Y 2] ≥ (E[XY ])2
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Y1 = X + N1

� ����� ����
N1 ��� ������ ������ � ��� �� �� ��� ��� ������ X �� ��� 	� ���  ���� 2.6 �����

��� ����� �	��	� ����	��� ���� � ������ �� ���� ����� ���� �
Y2 = X +N2

� ����� ��� �
N2 ��� �� ���� ���� � ��� �

���� � ���� �
1
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E[X ] = E[N1] = E[N2] = 0

E[X2] = E[N2
1 ] = E[N2

2 ] = 1

E[Y1Y2] = E[(X +N1)(X +N2)] = E[X2] = 1

E[Y 2
1 ] = E[X2] + E[N2

1 ] = 2

E[Y 2
2 ] = E[X2] + E[N2

2 ] = 2

E[XY1] = E[X(X +N1)] = E[X2] = 1

E[XY2] = E[X(X +N2)] = E[X2] = 1
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X − Y Ta∗
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3
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1

3
Y2

)2]

= 1− 1
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E[Y1 + Y2]

2 = 1− 1

9
(2 + 2 + 2) =

1

3
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272 �.(-54-� .) -'+
3.5 �����-,:.3 *--4.1

a1, a2, . . . , aN
3'+-�

P {X(t1) ≤ a1, . . . , X(tk−1) ≤ ak−1, X(tk+1) ≤ ak+1, . . . , X(tN) ≤ aN}

= P {X(t1) ≤ a1, . . . , X(tk−1) ≤ ak−1, X(tk) <∞, X(tk+1) ≤ ak+1, . . . , X(tN ) ≤ aN}

��(2-; . (-84 :(; 2) 	(1 -�5 �(,
FX(t1),... ,X(tk−1),X(tk+1),... ,X(tN )(a1, . . . , ak−1, ak+1, . . . , aN )

= FX(t1),... ,X(tN )(a1, . . . , ak−1,∞, ak+1, . . . , aN )

6'. (- * -7 (1 : *-+115 �(2-;3 .-84 :(;2 * -,.1 *-3 (5� *-+111 � (2-;3 .-84 :(; 2) -2()3 �(2-;3 '1 (27
6
T1, T1 + 1, . . . , T1 +N

3'(831 	19 . ('+�5 )1.)32 4 -;�1 �
3.4

3'+�35 -7 3,'3
3.6 	 ����


�



6+-+5 	195 *--,'4, . (. (, 2) . (,1 �(+ ';�1
i.i.d

3'845  �(2-; -(() ( . -0� -00� *--(2. -.25 * -:.)1 2) �� (, {X(n), n = 1, 2, . . . } 3-3-
3.7 �����'),7 �+-+5 	195 -,'4, 	-23. 2,7 '+(�13 �� (,2 �/--.32 ');, �

= independent, identically distributed
	52 ) �' ,'4: 	-23.3 -9, * --� (, � *3 , �13 *, 6	52 ) �' ,'4: 397 	-23. 6

t = 1, 2, . . .
*-12) *3 *-:1936-� (, � 	52 ) �'2 * -:((7.1( �	52 ) �' � /:(15 * -)1.)1 *-.-�2 -7 52 * -)2 ) - 6-� (, �

2+(1 *-5' *-'415 ��� (:5 6* -' (1-3 .:(71 2) . ('9(/ . (2�;35 . (-793 .'+-�7 2)12 � -; (1 	52 ) �' 	-23.6-24 -9-; )�'2 2+(17 -� (, � 	52 ) �'5 * -)1.)1 *-5' * -'415 �0';5 6397 , (3 . (+-+15 ) �'3
FX

�5 	1� : 63 9 �(2-; 4 (/ 5)/:( �	523 )�'3 	-23. 2) �(2-;3 4 (/ ., �5(4
X(1)

, �13 2) �(2-;3 -7 3,': 353
{ai, i = 1, 2, . . .} (-3 - 6�*-'/,3 *-:.)131 +/, 27 2) �(2-;3 4 (/ * � , (3) 

X(1)
, �13 2) � (2-;3 4 (/ .,254: {t1 < t2 < . . . < tk

*, �.(2.3 -, 22�5 -9, 6*3)27 *--)11 *-';�1
FX(t1),X(t2),... ,X(tk)(a1, a2, . . . , ak) = FX(t1)(a1) · FX(t2)(a2) · · ·FX(tk)(ak) =

k
∏

i=1

FX(ai)

-,'4, 	-23. '-+�: 6� (2-; -(() ( � �.5 *-)';3 	-23. , (3 '(7-) 	 (2-3 (, �-,'4, 	 (2-3
3.8 �����-+- 2� {Y (n), n = 0, 1, . . .}

Y (0) = 0, Y (n) = Y (n− 1) +X(n) n > 0

�.'/, '1,- ,2 *, 6� �.5 *-)';3 	-23. ,'4 -
Y (n)

	-23.3 � �.5 *3 {X(n), n = 1, 2, . . .} *-:.)13 '),76� (2-; -(() *3 {X(n), n = 1, 2, . . . } *-:.)13) /-:: (:,
* -1�01 

drunkard walk ����� � �	�� (, �
random walk

����� ��	�� * � ,'4: �(2-; -(() ( � �.5 *-)';3 	-23.
�*-)';33 	'+ 397 	-23. '-+�32 �25(41(  ');, 6�*-:5 (1

Y (n) =

n
∑

i=1

X(i)(3.2)

6291 .:(715 * -'(1 -3 .'+-�5 '50813 /(('3 , (3 397 	-23.2 . (-) �1 . (,1 �(+
* -:(1-�5 6. ('5.�33 .-84 :(; ' (5� 0 (); -(0 -5 * ()'2 	.-: �*-12) *-7'� 2)12 2541 ,(3 *, �397 	-23. '(5�

�
3.7

31 �(+ 2)
P {Y (1) = a1, . . . , Y (k) = ak}

= P {Y (1) = a1, . . . , Y (k − 1) = ak−1, Y (k − 1) +X(k) = ak}

= P {Y (1) = a1, . . . , Y (k − 1) = ak−1, X(k) = ak − ak−1}

= P {Y (1) = a1, . . . , Y (k − 1) = ak−1} · P {X(k) = ak − ak−1}


�



/.;:( 	-)1: 31 (+ 3'(85 6. (2.3 -, 22�5
P {Y (1) = a1, . . . , Y (k) = ak}

= P {X(1) = a1, X(2) = a2 − a1, . . . , X(k) = ak − ak−1}

= P {X(1) = a1} · P {X(2) = a2 − a1} · · ·P {X(k − 1) = ak−1 − ak−2} · P {X(k) = ak − ak−1}

=

k
∏

n=1

P {X(n) = an − an−1}

254: * -1 (+ * -2(4 -)1 -9, . (;-;8 -2�5 * -:.)1 *3 {X(n)} *, 6
a0 = 0

*-'-+�1 	('/,3 '5�13 	'(82 '),7
fY (a) = fY0(a0) ·

n
∏

i=1

fXi
(ai − ai−1)

�� 6� 

� �� ��	� ��	��� ��� ���� �� �� � �� ��� ��	�� �� ��� ��
A, φ ���� X(n) = A cos(ω0n+ φ)

��� ���� 3.9 �����

��	��� �� ��	 ���� a1, . . . , an
��� �� 	� ������ � ���� ���� �	��	 �� �{X(n)} ��	��� 	� ������� ��� ��

������ 	� � �	�� �� �� A cos(ω0k+ φ) ≤ ak
������ k 	� ��� ���� ��� P {A cos(ω0k + φ) ≤ ak, 1 ≤ k ≤ n}
������ ��	��� ���� ��� � �� ����� � �� �	��� 	�� ������� �

A, φ
	�

����� ���
(X(t1), . . . , X(tN ))

������ ���� ��� N, t1, . . . , tN 	�	 �� ����� ���� {X(n)} ����� ���
3.10 �����

��� ���

6��� (+1  -� (, � , �. ,(3 �-� (, � ,(3 * --,'4,3 *-:.)131 +/, 27 2) � (2-;3 (' (5� 	52 ) �' 2)12
�
��
 � ���� �� ��� ��� ��� �� � ��

'(5� 63 -82' (4 (0 (, . -84 :(; ( � :, -' ((3 �.2/(.3 . --84 :(; *3 -,'4, 	-23. *-',.13 '. (-5 * --� -�53 *-2+�3
�';�1 *3 ��

8.23
3'+�3  � :, -' ((43 ( ��

8.22
3'+�3  .(:()3 �*-0 :1 (13 ��

8.17
3'+�3  .2/(.3 �*--,'4, *-:.)1. (::(5.3 -�� �-:) '+� �22 (7  +� *-0 :1 (1 . (22(73 �-,'4, 	-23. 2) . (2-541 . (:(7. '-+�32 27 (: *.'9�5 6* -6

t1, t2
*-:1 95 * --(2. 	5 (17 (-3- * -2+�3 6

(X(t1), X(t2))
*-:.)13 �(95 (,

X(t1)
-,'4,3 3:.)15

., '-+�: �*2)
t
'),7  {X(t), −∞ < t <∞} -,'4, 	-23. '(5�

3.11 �����

µX(t) = E[X(t)]
.2/(.3 .--84 :(; 6�

RX(t1, t2) = E [X(t1) ·X(t2)]
3-82'(4 (0 (,3 . -84 :(; 6


��



� :, -' ((43 . -84 :(; 6�
KX(t1, t2) = E [(X(t1)− µX(t1)) · (X(t2)− µX(t2))]

= RX(t1, t2)− µX(t1) · µX(t2)

'(9-;3 ( �-0� -:-1'0+ 5('-4  �8(113 4' ,2 �	-23.3 2� .(�� .(7'�3 . (4;�1 3-82'(4 (0 (,3 ( .2/ (.3 . (-84:(;6. (:() 	19 . (+ (4:5 	-23.3 -7'� 2) �.-',:-23  .-0� -00�3 . (2.3 2) 37'�3 * � ,2, ��� :, -' (( 
6�
3.8

31 �(+  '(7-) 	 (2-3 ( �
3.7

31 �(+  	52 )�' '(5� (2, . (-84 :(; 5)/: 353
�
X(n)

	-23.3 '(5�
3.12 �����

µX(n) = E[X(n)]

= E[X(1)],-3 3-82'(4 (0 (,3 .-84:(; 6
n

	195 -(2. (:-,
µX(n) = µX

	72( �
n
�5 -(2. (:-, �(2-;3) 	((-7

RX(t1, t2) = E[X(t1)X(t2)]

=

{

E[(X(1))2] t1 = t2
*,

(µX)2 t1 6= t2
*, 6

�) 	((-7 6* -:() *3 *-:193 '),7
X(t2)

	-52
X(t1)

	-5 .-0� -00�3 . (2.3 -, 22�5( �	195 . (2.3 -, 22�5
E[(X(1))2] = E[((X(1)− µx) + µx)2] = σ2

x + 2 E[µx(X(1)− µx)] + µ2
x = σ2

x + µ2
x

�� 6
 
.-2273 3/� (:3 ., (:25-4

RX(t1, t2) = µ2
x + σ2

xδ(t1 − t2) .
�� 6� 

-7 +--1 �5 (: 	,71 6��.227 (13 3-84 :(;5 ,2(���+-+5 	195 ���'4:('4 2)
δ
�3 .-84 :(;5 '5 (+1 

KX(t1, t2) = σ2
xδ(t1 − t2) .

�� 6 
6
t1 − t2 )';33 	'+ 4' 	193 -:.)15 *--(2.

RX(t1, t2)
�(

KX(t1, t2)
-7 52 * -) :

��
8.20

3:�0  .2/(.3 2) . (-',:-23 .'9�5 254:(
( 3.2)

�(8--5 '9�: �
Y (n)

-,'4, 	 (2-3 '(5�
µY (n) = E[Y (n)]

=

[

n
∑

i=1

E[X(i)]

]

=

n
∑

i=1

µX(i)

��



30 ();3 3/� (:3 ., 254: ��(2-; -(() *3 *-)';33) 	((7
µY (n) = nµX

�
k ≤ n '(5� �.�7

RY (k, n) = E[Y (n) · Y (k)]

= E

[

n
∑

i=1

X(i)

]

·





k
∑

j=1

X(j)





= E





k
∑

j=1

n
∑

i=1

X(i)X(j)





= E





k
∑

j=1

n
∑

i=1, i6=j

X(i)X(j) +

k
∑

i=1

(

X(i)
)2





'57 (:5) -/ 6
i 6= j

'(5�
E[X(i)X(j)] = µ2�) 	7 �.(2.3 -,5 )1.) :( �

σ2 = E[(X(i)− µ)2]
�(
µ = E[X(1)]

	1� :254 : �
i = j

�) 	7
i ≤ n 2) +/, 	'� 4(-+5 (:) -

j ≤ k 272) 	((71 (
E[(X(i))2] = σ2 + µ2�)

E[Y (n) · Y (k)] =k(n− 1)µ2 + k(σ2 + µ2)

=knµ2 + kσ2

=RY (k, n)

	7 (
KY (k, n) = E[Y (n) · Y (k)]− E[Y (n)] E[Y (k)]

�� 6� 
=knµ2 + kσ2 − (nµ)(kµ)

�� 6� 
=kσ2 .

�� 6� 
'(7-) 	 (2-3 '(5� �*(7-�2

RY (k, n) = kσ2 + nkµ2 �
k ≤ n '),7�� 6�� 

KY (k, n) = kσ2 �
k ≤ n '),7�� 6�� 

6	-23.3 2) �(2-;3 ., *-�5(4
RY (k, n)

�(
µY (n)

-7 �5 (: . ('+�331 -9, -� (, � , �. ,(3 {Y (n)} *, -7 52 * -) :
63,53 3'(85 (2-,7 * -1.-' (�2, * ()'2 25(41 6* --5-�'(4' *-1.-'(�2, *-:/(5 *, .254.1 '. (- . -227 31 � (+

�




-3. 6�.-0� -00� *--(2. -.25 , �11 57'(13 -,'4, 	-23.  	52 ) �' {X(n), n = 0, 1, . . .} 3-3 - 3.13 �����-�� {Y (n), n = 0, 1, . . . } 	-23. '-+�: 6
Y (0) = y0

., �54:( �3:(. : 3-84:(;
g

Y (n+ 1) = Y (n) + g(Y (n), X(n)), n = 0, 1, . . . , Y (0) = y0

*2(, 63. (, /.:2 27 (:) -+71 -+1 .-227 ,-3 (9 3/� (: 6�)�' . (/7 (:5 � -5-�'(4' *.-'(�2, 2) -227 / (� -: (39
�2)12 �*-0 (); *-'4 -1 /.:2 	.-:

�� (2-; -(() ( � �.5 , �1 2) �� (, {X(n), n = 1, 2, . . . } -3 - 3.14 	 ����

P {X(1) = 1} = P {X(1) = −1} =
1

2

�'(5� . (,/� (: * ()' (,  ., 5)/ �
3.13

�(
3.8

�
3.7

.(,1 �(+ ' (5� 6
g(y, x) = x − y

2

3-84 :(; '-+�:(
Y (0) = 0

3-3 -
�
MATLAB

.'9�5 -(8'  00') 6
RY (t1, t2)

�(
RX(t1, t2)

3-82'(4 (0 (,3 . (-84 :(; ( �
µY (t)

�(
µX

.2/(.3 . (-84:(;* �+13 . (-84:(; *,  * �+13 . (-84:(; 2) �8(113 ., ( �	-23.3 2) * �+1 . (-84 :(; ';�1 �.2/(.3 . (-84:(; .,,(3 * �+13 . (-84 :(; 2) �8(113 -9,
X(t, ω1), X(t, ω2), . . . , X(t, ωk)

	3
1

k

k
∑

n=1

X(t, ωn)

.(-84 :(;3 ., 	7 (
RY (1, t)

�(
RX(1, t)

3-82'(4 (0 (,3 . (-84:(; ., 00') 6�
t

	193 3:.)1 2) 3-84 :(; ,-3)
CX(1, t;ω) = X(1, ω) ·X(t, ω)6. (:4�1 4�3 6(2-, . (-84 :(; 2) �8(113 ., (

ω
2) *-7'� ';�1 '(5�


� �� ������ ���� ������	 ����� �	 ��� 	� ��� ��� 	� ���� {Y (n)} ��	��� � 	� �� ��� ����� 3.15 �����

Y (n+ 1) = aY (n) +X(n) , n ≥ 0, Y (0) = 0
�� 6�
 

�������� ������ ���� �{Y (n)} 	� ����� ��� �� ��� �|a| < 1 ����

µy(n+ 1)
.
= EY (n+ 1)

�� 6�� 
= E[aY (n) +X(n)]

�� 6�
 
= aµy(n) + µx(n) .

�� 6�� 
���� �����	 ������ ���� 	� � ���� {µy(n)} ������������ ����� ���� � � ��� ���� ����� 	�  ���	 ����� 	 � ���
��� � ��	� ����

µx(n) = µx
�� ���� ����	���� ���� ����� 
 � ����� �	���� ���� �� � {µx(n)} � ��� ���� �����

������� �����	 �����
µy(n)

���

µy = aµy + µx
�� 6� 

��



�
µy = µx/(1− a) 
	 �� �	�

	�� �
n

	�	
µx(n) = 0

���� � ���� ��	 ����� ��� ��� �� ��	 �� �� �� �� ����

σ2
y(n) = EY 2(n)

�� 6�� 
= E [aY (n− 1) +X(n)]

2�� 6�� 
=a2σ2

y(n− 1) + 2aE[Y (n− 1)X(n)] + σ2
x(n) .

�� 6�� 
������ ���� ��

X(n), Y (n − 1)
�� �	 ��� � ������ � �� {X(k), k ≤ n − 1} 	� ������� ���

Y (n − 1)
� �����
������	 �

E[Y (n− 1)X(n)] = 0
��	 �� ��� ��� �	� ���� ������

σ2
y(n) = a2σ2

y(n− 1) + σ2
x(n) .

�� 6
� 
��� �	�� �������� ������ 	� ���� ��� ��� ���� �����	 � ����	 ����� 	� � ��� ��� ����� ���� ��� ��� ��� �	�
X(n)

	� �������� �� ���� �� �� ������ ������� �� �� ���� ���� �
a2


� ���� ������� �� ��� � �����	� ��������

	�� � ��

σ2
y(n)→ σ2

x

1− a2
.

�� 6
� 

6
AR: Auto-Regressive

	-23. 2) -0'; 3'41 , (3 (9 31 � (+5 ', (.13 	-23.3
, �. �2)12 �*--' (04 ( * -7-23.2 .-+--1 3'(85 5-/'32 	.-: * --,'4, *-7-23.5 *-4� (�3 39 4';5 * -�) (13 .,5-/': . ('+�33 ',) ., ( *-' (04 (3 	'+ '+�(1 . ('5.�33 4 (/ 6* --,'4, *-'(04 ( 2) �� (, , (3 {X(n)} -'(04 (6*,.35
'01';3 '),7

v = i+a
3, (()13 ., *--41 (2) 3+(5�3 * (/.5 '), -',:-2 -:('042, 5-7' (:-+-5

3.16 	 ����
n
�3 3+-+13 	7) �4-(+15 +(+12 * -2(7 - (::,

v
., 6�� (+-(  � (54 	'� 2�

i
., �54: 6� (+- (:-, (7'� 	, � (54 , (3

a

{X(n), n = 1, 2, . . .} ) �'3 -7 * -�+(- (:, 6) �' +(� ( 3+-+1 '1(27 �
v(n) = v +X(n) = i+ a+X(n)

., .:. (:
�
a
2) 	'�3 ) (;-/2 ,53 *.-'(�2,3 ., *-2-�;1 (:, 6

0
�8(11 *� �� (2-; -(() ( � �.5 *-:.)11 57'(1

a(n+ 1) = a(n) +
1

n
[v(n)− (i+ a(n))]

= a(n) +
1

n
[(i+ a+X(n))− (i+ a(n))]

6�*-++1: (, * -� (+- * -2+�5 4' )1.)1 , (3  � (8-52 	.-: *.-' (�2,3 -7 52 *)
.(�3:.3 ., ',. ( �

b(n)
	-23.3 '(5� .)'(;1 3/� (: * ()' 6

b(n) = a(n) − a 35833 -+- 2� 39 *.-'(�2, 0);6�2(+�
n
 5' . (-8'0 -, ';�1 '/,2 *.-'(�2,3
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.57'(13 35(�. *-2541 �35-8-( 	195 3� (54 .-',:-2 .7'�1 	'+ �-' (9/1 . (, (, �	195 � (54 . (, * -'-5�1 '),73�;(. . (,'2 ');, 63� -:73 . (,2 *.1,.3( �32/.33 -,:.2 3'()4 '5�1 .�;(. 65 -8- 5811( '5�1 .�;(.1666	--:�1 (:-, , (3 	, �� (54 . (,2 2-5413 , (3 �-,'4, 2+(�2 0'; -2(,  � (54 	-23. 6* --,'4, *-7-23.5 31 (+(2, . (. (,2 6* --':(-80�3 . (. (,3 *3 �	195 . (� -54 � 2) '. (- 3)2/ 3:(7. -2�5 . (. (, 2) '. (- .:--:�1 3/;)1.7'�15 '5 (� 397 . (, '),7 *,3 2(,)2 27 (:( �	232 '-+�:) 	5 (15 	195 3� (54 ,-3) .-0� -00� .(�3:.3 ) -6	195 . (� (54 . (-0� -00� .(:(7. 2�5 ,(3 ,8(13 . (, * � �	195 3� (54 ( . -',:-2
272(

τ
� (54 272 *, -':(-80� ,'4: {X(n), −∞ < n <∞} +-+5 	195 -,'4, 	-23. 6. (-':(-80�

3.17 �����6{X(t1 + τ), X(t1 + 1 + τ), . . . , X(t2 + τ)} 2) �(2-;2 339 {X(t1), X(t1 + 1), . . . , X(t2)} 2) � (2-;3
t1 < t26	19 . (993 ./. 3:.)1 (:-, �(2-;3 �'1 (276

τ > 0
27 (

t1 ≥ T 27 '(5� *--4.1 -,:.3 *,
T

	191 2/3 -':(-80� 	-23.3) '1,:
{1, 2, 3, 4, 5, 6} *-7'�3 ., 2541

Z
'1 (27 �3-5(4 .4-'9 ',.13 , �1

Z
3-3-( �, (3)27 , �1

Y
3-3-

3.18 �����63 (() . ('5.�35
6�	-:�1 ,2 -7 *,  -':(-80� 	-23. 	5(17 (39 6

n
272

X(n) = Y
'-+�: 6�

	-23.3 -9, 63 (() . ('5.�35 {1,−1} *-7'�3 ., 25413 -':-5 , �1
B

3-3- 6

B(n)

.
= B · (−1)n�� 6

 

3:.) - ,2 ,(3 -9, �-�(9 ';�1 , (3)
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P {Y (n+ 1) = i, Y (n) = jn, Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k}

P {Y (n) = jn, Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k}

=
P {Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k | Y (n+ 1) = i, Y (n) = jn}P {Y (n+ 1) = i, Y (n) = jn}

P {Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k | Y (n) = jn}P {Y (n) = jn}
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Y (n)
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P {Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k | Y (n+ 1) = i, Y (n) = jn}

= P {X(−n+ 1) = jn−1, . . . , X(−n+ k) = jn−k | X(−n− 1) = i,X(−n) = jn}

= P {X(−n+ 1) = jn−1, . . . , X(−n+ k) = jn−k | X(−n) = jn}

= P {Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k | Y (n) = jn}
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P {Y (n+ 1) = i | Y (n) = jn, Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k}
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P {Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k | Y (n) = jn}P {Y (n+ 1) = i, Y (n) = jn}

P {Y (n− 1) = jn−1, . . . , Y (n− k) = jn−k | Y (n) = jn}P {Y (n) = jn}
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P {Y (n+ 1) = i, Y (n) = jn}

P {Y (n) = jn}

= P {Y (n+ 1) = i | Y (n) = jn}
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g(k, l)
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P {X(n+ 1) = j | X(n) = i} = P {X(n) = j | X(n− 1) = i}
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Y (n+ 1) = Y (n) +A(n)I[Y (n) < K]−D(n)I[Y (n) > 0] .
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pij = 0 |i− j| > 1
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pi(i+1) =











λ i = 0
*,

λ(1− µ) 0 < i < K
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0 i = K
*,

pii =











1− λ i = 0
*,

1− µ i = K
*,

(1− λ)(1 − µ) + λ · µ .'/,
pi(i−1) =











0 i = 0
*,

µ(1− λ) 0 < i < K
*,

µ i = K
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n
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n
�5
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S = {1, 2, . . . ,K} �5 .')')3 -581 ., 	1� :( �{X(n), n = 0, 1, . . . } .1--(�1 5(4'1 .')') �54:

4.10 �����'(04 ( '-+�: .�7 6
νk(n)

.
= P {X(n) = k} '1 (27 νk(n)

�5
k
5815

n
	195 .,81: .')')3) . ('5.�33 ., 	1� :3'()

ν(n) = (ν1(n), ν2(n), . . . , νK(n))

= (P {X(n) = 1} ,P {X(n) = 2} , . . . ,P {X(n) = K})

�5 *-+�8
n
�5
j
5812

i
5811 '5�13 . ('5.�3 ., 	1� :

p
(n)
ij = P {X(n) = j | X(0) = i}

�� ���� ������ �� ����� m > n ��� �� ���� 4.11 	 ����

P {X(m) = k | X(n) = i,X(0) = j} = P {X(m) = k | X(n) = i}�
 6�� 
�
( 4.4)
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n > nk > nk−1 > · · · > n1
����	� � � ��� � ���� 	�	 � ���� ����� ��� ��

4.11
	���� ��� ������ �		 �

4.12 ��	�
� �����

P {X(n) = j | X(nk) = ik, . . . , X(n1) = i1} = P {X(n) = j | X(nk) = ik} .�
 6�� 

6. -;(� ( . -:�(1 (3 .')') 2) '5�13 . (-('5.�3( �(2-;3 5 () -/
4.13 ��	�
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n
�5 '5�12 . ('5.�33 6�

p
(n)
ij =

∑

k

p
(n−1)
ik pkj , p

(1)
ij = pij

6* -'5�13 .8-'01 2)
n
�3 349/3 '1 (27 �{p(n)

ij }ij
= Pn ,-3 *-+�8

n
�5 '5�13 . (-('5.�3 2) 38-'013 6
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Chapman-Kolmogorov

 5(' (�(12(4 �	1; �8 ./� (: ., 	72 (:25-4
p

(n+m)
ij =

∑

k

p
(n)
ik · p

(m)
kj

P(n+m) = Pn ·Pm

-+- 2� 5)/2 	.-:
n

��'5 	-23.3 2) . ('5.�33 .--84 :(; ., 6�
νj(n) =

∑

k

P {X(0) = k} · P {X(n) = j | X(0) = k}

=
∑

k

νk(0) · p(n)
kj

ν(n) = ν(0) · Pn

6-' (04 (( �(8--5 , (3 	('/,3 -(0 -53 '),7
312)3 . ('5.�33 ./� (:1 * ()': 63:�03 ./7(3

P {X(n) = j | X(0) = i} =
∑

k

P {X(n) = j, X(n− 1) = k | X(0) = i}

.-:. (1 . ('5.�3 .'+�31
P {X(n) = j, X(n− 1) = k | X(0) = i}

= P {X(n) = j | X(n− 1) = k, X(0) = i} · P {X(n− 1) = k | X(0) = i}
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P {X(n) = j | X(n− 1) = k, X(0) = i} = P {X(n) = j | X(n− 1) = k}

254: 	72
p

(n)
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∑
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P {X(n) = j, X(n− 1) = k | X(0) = i}
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∑
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∑

k
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ik pkj
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P {X(5) = i, X(100) = j}

=
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k

P {X(100) = j, X(5) = i, X(0) = k}
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k

P {X(100) = j | X(5) = i, X(0) = k} · P {X(5) = i, X(0) = k}

=
∑

k
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∑
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P {X(tk) = jk, X(tk−1) = jk−1, . . . , X(t1) = j1}

= P {X(tk) = jk | X(tk−1) = jk−1, . . . , X(t1) = j1}

× P {X(tk−1) = jk−1, . . . , X(t1) = j1}

= P {X(tk) = jk | X(tk−1) = jk−1} · P {X(tk−1) = jk−1, . . . , X(t1) = j1}254:( 339 30 -)5 	-)1: 6. (-5 (4'13 22�5
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T

	191 2/3 -':(-80� 	-23. ,-3 . -5(4'13 .')')3 -9, -':(-80� �(2-; , (3
ν(T )

*, 6
6-':(-80� -,'4, 	-23. ,-3 .')')3 -9, −∞ < n <∞ 	19 272 .'+� (1
-9,

ν · P = ν
�(
ν(0) = ν

60 ('-; '.-5 3/7 (33 2� '(9/: 6
4.15

0;)1 3,' �3/7 (3
ν(n) = ν(0) Pn

= (ν(0) P)P(n−1)

= ν(0) P(n−1)

= (ν(0) P)P(n−2)

= · · · = ν(0) P = ν(0)

3'+�33 -;2 -9, -':(-80� , (3 �(2-;3 *, �-:) +81 6-':(-80� , (3 �(2-;3 3'+�33 -;2 	72(
ν P = ν(0) P

= ν(1) = ν

-7
4.14

0;)1 ./7(35 (:-,' 63'+�33 -;2 4 (+5:(
3.17

. (-':(-80�3 .'+�35 '79: .�7 6� 3:�0 ., (:/7 (3 	75 (
P {X(nj) = ij , j = 1, . . . , k} =

k
∏

j=2

p
(nj−nj−1)
ij−1 ij

νi1(n1) .
�
 6

 
2-�2 (:,'3 ( �

(nj + τ) − (nj−1 + τ) = nj − nj−1
�) 	((-7 .,9 �

τ
�5 *-:1 93 27 ., 9-9: *, 3:.)1 (:-, 39 -(0 -5'1 (27

n1
2) 	'�5 -(2. (:-, 227

νi1(n1)
-7

P {X(t1 + τ) = j1} = νj1(t1 + τ) = νj1(t1) = P {X(t1) = j1}

./7(3 6
T

	191 2/3 -':(-80� , (3 	-23.3 	72( 6
T

�5(
τ
�5 3(() 37'� 0';5(

τ
�5 3-(2. 3:-, 2-�2 . ('5.�33 	72('5�5 	19 . (+(4: 2� .(27.�3 -+- 2� -7 3+5(�31 .�5(: , -3 6	,7 3. (, 2(27: ,2( '. (- .57'(1 3:('/,3 3:�03'5�5 34 (/' 	19 .+(4:1 -7 3+5(�31( ��;, ,-3 �2(/ 5815 . (-32 . ('5.�33 /'735 -7 . (,'2 ');, 4 (/'32-�'.3 ., '(.; 3�;(.3 .:532 6-':(-80� �(2-;2 .-2,-8::(;�4, . ('-315 � :7.1 -+11 +/3 �(2-;3 ��(2-; 271 (6,53

	19 -:;2 * � .(-':(-80� 4-�32 	.-: ,2 -9,
t1 < T

-; (� 	191 2/3 .'+�(1 .')')3 *, �-227 	;(,5 -7 52 * -) :6. (,53 . (,1 � (+3 . () -/11) -;7 �
T

��



−∞ < ��� � ��������� ���� �� �	� � � ��������� ���� �� �
0 �� �� 	�� ���������� � ��� � ������ �� ���� 4.36 	 ����

��
n <∞

�
P{X(−1) = 1} = 1

���
n = −1
 ��	����

1/2
���� ���� � ������� ���� � 	� ���� {1, 2} ���� �� ����� ��

�
n < −1 ��� ������ ����	 �	��� �� ����� ���

�
P{X(−1) = 1} = 1

���
n = −1
 ��	����

p12 = p22 = 1 �� ���� � ������� ���� {1, 2} � ��� �� ����� ��
��� ������� �� �� ���� ���� �	� ����� ���

T > 0 �� �� �
n < −1 ��� ������ � ���	 �	��� �� ����� ���

�
T

���	 � ��� � 	�� ��������� �	 ��
T �� �� 	�� ��������� ������� ��

0 ≤ n <∞

	� ��� ��������� ��� ���� ��� −∞ < n < ∞ ���� � ��� ������� ������� ����� ����� ������ �� ����� �� ����
�� ��� � �	�� ���

� �����
i �	�� �� 	�	 �� ���� �� ��	��� � ���� ���� ��

N 
 � � ��	��� � ���� ���� ��
Tr 
 ���� ��

P {x(n) ∈ Tr | x(n−N) = i} < 1.
�
 6
� 

n
	�	 �� ����� 	��	 ����� �������� � ��� �� ���� 	� ������� ����� ��� �� ��� ���

P {x(n) ∈ Tr} = 0.
�
 6
 
����� � ��� ��� ���� 	�� ����� ����� 	� ����
��� ��	��� �� �� �� ����� ����� ����� ���� 	� ��� ��� ��
���� ��� ��	��� �� ��� ���� ���� ���� ���� � ��������� ��	��	 ���	���� ��	�� � �	� �		 ������ ��� ������ �

��������� ��� ��� ������ �� ��� ��� ��� � 	� ���������� ��	��� ���� ���

�������� ������ �� ���� ��

27  -'01-� '(7-) 	 (2-32 6-':(-80� � (2-; 	-, .;2(/ .')')2 -7 '('5 �+-/- , (3 -.1( �-':(-80� �(2-; *--4 -.13, (()13 2) �� (54 -+7 +�  +-/-3 -5 (-/3 	('.;3) 	((-7 �-':(-80� �(2-; 	-, �+/, 27
1/2

. ('5.�35 ±1
, (3 +�8

��.-;(� �	-,3 
ν · P = ν

6�(2-; (:-, '),
ν = (. . . , 1, 1, 1, . . . )

'(04 ((3 , (3
�(2-;3 *, 4'( *, 34-'; 3:-, .')')3 6-':(-80� �(2-; ) - .-; (� 5(4'1 .')') 272 6�3/7 (3 ,22 

4.37 ��	�6* -:) : * -581 2� 4'
0
�1 *-:() * -7'� 2541 -':(-80�3 �(2-;3 6+-/- , (3

. (+-/- '� (/ 6+-/- -':(-80� � (2-; 32 ) - 	--+�
irreducible

3:-, ,-3 *, * � �34-'; ,2 .-; (� .')') -7 52 * -) :6�'. (- (,  .('(�� .(8(54 -.) * (-4 -+- 2� *'�:
78



3,(()12 �.-',:-2 3'5�2,5 . (,8(.1 �5 (: -':(-80� �(2-; * (-4 �3'�3
Px = x

�5(: 	71 6
1
-18� 	'� *� �-:1-  -18� '(04 ( ) -

P
38-'012 '1(27 ��

x = (. . . , 1, 1, 1, . . . )T '(04 ((3  	('. -; ) -
	((-7 �-7 /-051 . (8-'013 .'(.1 � (-:5 ('; �	('; 0;)1 6

1
-18� 	'� *� -2,1) -18� '(04 (( * � ) - (9 38-'012)*-5-7' �

P
2) '. (-5 2(+�3 -18�3 	'�2 	--)3  -2,1)3 -18�3 '(04 ((2 -9, �*--5 (-/ *3

P
38-'013 -'5,)6-':(-80� �(2-; (39

4.35
3:�01( ��(2-; 3-3 -) 	7 (. (, 21':2 	.-: �-; (� '(04 ((5 '5(+1) 	((-7 6* --5 (-/

27) /-:: 6. (4 -'; �-,3 .:(7. ., .1--41 3:-, 31 �(+3 	72( �.('(�� . (8(54 -.) )- (:-:;2) 31 �(+5
4.38 �����6

1/2
.('5.�35 *-'(4 *-'5�13

1 2 3 6 7

-':(-80� �(2-; �
 6 '(-,
�(2-;3 �

0 ≤ α ≤ 1
272 -7 4 (+52 24 -9,

ν = (α/2, α/2, 0, (1− α)/2, (1− α)/2)
�
 6
� 
�':(-80�3 . ('5.�33 ., 42/2 	.-: �-5-0 -, (0 :-, 	;(,5 6+-/- (:-, -':(-80�3 �(2-;3 �'1 (27 6-':(-80� �(2-; , (3. (-('5.�3 -+- 2� .�54: 3'(��3 38(543 	 (.5 . ('5.�33 2) 34 (2/3 6(:-);: . ((,7 . (' (��3 . (8(543 	-5 . -638(543 	 (.5 '5�13
*-58131 +/,2 '(5� : ,2 *2(�2 9, (

2
5812 ,53 +�85 '(5� :

1/2
. ('5.�35 -9,

3
5815 2-/.: *, �2-�2 31 �(+5, (3

2
�2

1
�1 '(5�2 -(7 -�3 *2(, 6

1, 2, 6, 7
*-58131 +/, 275 . (-32

1/4
39 3'415 , (3 -':(-80�3 �(2-;3 6

6, 7*-5815 4' (,
1, 2

*-5815 4' (, '5+ 2) (; (�5 ,81: *--(�1
ω
'(5� 6

0
, (3

6
�2

1
�1 '(5�2 -(7 -�3) +(�5 �

16
6, 7.(�1)13 ., * � ) -�+32 5()/ �.-5(4'1 .')')2 �/-5 �.(-':(-80� � �) (15 ) (1 -)3 ., '-3532 5()/) *)763,8(.3 . �83 ( 3'+�35 4;.� : 	72( �'(43 '1 (/1 42/ (:-, ,) (:3 63 9 ')45 �.(-+(�', � �) (13 2) .+/(-13

� ������ ���� 	� �
d
 ����� � �� �� 	���� ������ �	��� �� ������ ���� i �� 4.39 �����

{

n : p
(n)
ii > 0

}�
 6
� 
�� � ��� ���� ���� 	� ��

d ����� �� ������� ����� � ����� ���� ���� 	� ������ ���� d ��� �
1
� ��� 	��� ���

�� �� ���� ����� ����� � ������ ����� (indecomposable)
�����
�	 �� ���� ����� �

d �����

79



) - 3:(. : . ('-)4 .8(545 *-5813 272 '1 (27 �.('-)43 .8(54 2) 3:(7. ,(3 '(9/13 	'(, -7 . (,'32 	.-:6�*--'(9/1 *:-, *2(7) (,  339 '(9/1
�� ���� �������� �� �{1, 2, 3, 4, 5} � ��� �� ����� ��� 4.40 �����

pi(i+1) = 1, i = 1, 2, 3, 4, p51 = 1

�� ���� � ������� �� ��� �� ��	 �
d = 5 ����� �����	 ���

p12 = p23 = p34 = p41 = 1, p55 = 1

�� �� ��	 ��� ���� ����
5 �� � d = 4 ����� �� ���� ���� 1, 2, 3, 4

���� ���

p12 = 1, p21 = 1/2, p23 = 1/2, p34 = p42 = p55 = 1

��� ���� ���� �� ��� ���

.-+(�', .')') 2) �(2-;3 *, -7 . (,'32 	.-: *2(, 6-+(�', 	-23. /'735 3:-, .-+(�', .')') -7 52 *)'. (- 6-+(�', 	-23. * � ,2, -':(-80� 	-23. 4' ,2 ,-3 .')')3 -9, -':(-80�3 �(2-;2 �, (3)27 ��'5 �3(()
�(2-;2 �

n → ∞ '),7 �� :7.1 �
X(n)

2) �(2-;3 '1 (27  5813 �(2-; �-.2/.3 �(2-; 272 �.-+(�', .')')5 �	71, (3 -0 :,-' ((:-,3 �(2-;3 	-52 �(2-;3 	-5 4/'13 *-+�8
t
'/,2 '1 (27 �-'01 (, � , (3 . (� :7.33 584 6-0 :, -' ((:-,36* -'5�13 .8-'01 2) (2+�5 -:)3 -18�3 	'�3 �2) 02/ (13 	'�3  , (3

β
�( �� (54 , (3

C
'),7

Cβt '. (-3 272

��



���� ���� ������� ������� �

��
��� � ������ �
�� � � �

';�1 , (3) 	19 �4+:-, *� *--,'4, *-:.)1 .'+� '1 (27 ���+-+5 	195 *--,'4, *-7-23.5 (:4��
3

4';5
	19 �4+:-,5 4 (�� : 39 4';5 6, -3)27 * -:19 .'+� ,(3) 	19 �4+:-,5 4 (��2( (9 3'+�3 5-/'32 ');, 6*2)-8/ ��*-';�1 *3

T1, T2
'1 (27  -;(� . (-32 2 (7 - '),

, T1 ≤ t ≤ T2
	19 2(('0 :-, '(5� '+�(- 	-23.3 '1(27 6� -8'

	-23. �+-+5 	195 (17 6�
T2 =∞ 	7 (

T1 = −∞ -; (� :-, (, �*3-:) ,2 	,
T2 =∞ (,

T1 = −∞ '1 (27  -; (� :-,6* -:.)1 2) �� (, , (3 -,'4,
�
a ≤ t ≤ b �� � 	�	 ����� �

X(t, ω)
��� 	� �� �� ���

[a, b] ��� 	� ����� ��	��
5.1 �����

., * ()':( 2913 '01'; ., 0-1) : *-.-�2(
X(t, ω), Xt(ω)

�*-2(4)3  *-:(1-�5 . (-/ (:3 -;2 )1.) : 	,7 * �6
X(t), Xt

�7 	-23.3
X(t, ω), a ≤ t ≤ b �045 �� (54

ω
'(5� 6, �1 ,(3

X(2, ω)
�,1 �(+2 �, �1 , (3

X(t, ω)
�2913 '01'; 2) 3-84:(;76�� 6� '(-8 3,'  * �+1 . -84 :(; .,'4:3 �

t
2) 3-84 :(; , (3

ω
2) *-:() * -7'�5 �* �+1 . (-84:(; ) (2) �� 6� '(-,

�� -8' 	195 *--,'4, *-7-23. 2) . (0 (); . (,1 �(+ ';�1 	232
* -(4 	3 39 3'415 �* �+1 . (-84:(;  .(-� (;-0 2� .('(8 6, �1

A,B
'),7

X(t, ω) = A(ω)t + B(ω)
�� ,1 � (+6* -') -

2)12 3-(2.3  .-,'4, 3+(0 -2;1,( �'+)1 2) 32�;33 	195 2)12 3-(2.3  .-,'4, 39,; *� ,) (: 2� �
 ,1 � (+2�3 . (' (8 6, �1
A, φ

'),7
X(t, ω) = A(ω) sin(2πft + φ(ω))

�7 '(,.2 	.-: �*--24-9-; * -1'(� 54� 3./:356
φ
39,;(

A
3+(0 -2;1, . (2�5 . (-:(1'3 . (+(:. 	3 39 3'415 . (-� (;03

��



	3 39 3'415 . (-� (;0 2� .('(8 6, �1 *3
Xn

'),7
X(t, ω) =

∑N
n=1Xn(ω) sinnt

�-,'4, (,  � (54
N

�� ,1 � (+6' (5 -+ . (,2 25(41 2+(1 (3 9 6. (-:(1'3 . (+(:. 2) 224 ()1 * (7�
2) +525 -;(� ';�15 -(2. -,'4, 	-23. 27 ,2 �0';5 63 97 0 (); '(,.2 	.-: -,'4, 	-23. 27 ,2) 	5 (17'1 (27 �5('1 2�

p(t)
-3 - 63,53 3'(85 '+�(1 -.';� .'()42 . (,2 25 (41 2+(1 �31 �(+2 6* --,'4, *-'01';

p(t)
.
=

{

1 0 ≤ t < 1

0
.'/, 6�� 6� 

�2(;3 ., *-::;,13 �±1
*-7'� *-25413

An
*--,'4, *-:.)1  *-0 -5 2) �.-;(� :-,  3'+-� 2) '(+-) -9,-,'4,3 	-23.3 ., *-:. (: �5('13

X(t) =
∞
∑

n=−∞

Anp(t− nT ) .
�� 6
 

6
T ≥ 1

'),7
�-,'4, 	-23. 2) . ('5.�33 4 (/

27 (
n
27 '(5� �	142+7 . ('5.�33 -4 (/ �� (,5 	--� : 6-,'4, 	-23. {Xt, T1 ≤ t ≤ T2} 3-3 -

(T1 ≤ ti ≤ T2) t1, t2, . . . , tn

FXt1
, . . . ,Xtn

(a1, . . . , an) = P{Xt1 ≤ a1, . . . , Xtn
≤ an}

�0� -� :(43 4 (/ ., *--42 5--/ , (3 (
Xt

-,'4,3 	-23.3 2) . ('5.�33 4 (/ ,'4: � (2-; . (-84 :(; 2) 39 �� (,
�.(-0 :

FXt1 ,... ,Xti−1
,Xti+1

,... ,Xtn
(a1, . . . , ai−1, ai+1, . . . , an) = FXt1 ,... ,Xtn

(a1, . . . , ai−1,∞, ai+1, . . . , an)

Poisson process
	(�, (; 	-23.

.,-'4 	(�7 . (�;(. 2) 5' ';�12 2+(1 )1)1 39 	-23. 6	(�, (; 	-23. ,'4:3 , �. 2) 35()/ ,1 �(+ 3.� ,-5:
�*-5)/1 .'()4. .(7'�15 �+-1 '5�1 �*-:(;20 .-97'12 . (/-) .� -:7 �) -575 3+(4 :5 . (-:(71 '5�1 �'�--� 3:(1-,'4,5 )/'.13 � (', (:18�2 ',.: 	(�, (; 	-23. ., '-+�32 .:1 2� 6 �(7 ( * -:('042, .0-2; �*-'(. . (7'�16

(0, t]
	193 4';5 * -)/'.13 . (�'(,13 ';�1 .,

Nt
5 	1� :( *�; -+1

��� ���� ���� ��	�� �� ����� ���� �	� ����� � ������� ���� ����	� ����� 	��� ��	�� ��� ����� ��	��
5.2 �����

�� ��� 1
	� �� ��� ���	� � ����� 	� ��� ��	��

)1.) : 6+525
0, 1, 2, . . .

*-12) *-7'� 2542 2(7 -( +' (- ,2 -:(0 (:(1 , (3 �(:--3+ �0 (); 3-:1 	-23. , (3
Nt

	-23.3
f(ε)/ε → 0

*,
o(ε)

,(3
f(ε)

-227 	;(,5 
∆t → 0

'),7
∆t

-5 �2 /-:9 2+(� ,(3
o(∆t)

�,53 -01.13 	(1 -�5
�.(,53 . (/:33 ., /-:: 	-23.3 2) . ('5.�33 4 (/ -5 �2 6�

ε ↓ 0
'),7

�




�� ��� � ������ �� ������ ���� ���� ��	�� ��� ������ ��	��
5.3 �����

���
(t, t+ ∆t] �� �� ��� ���� ��� ����� �������	 � ������ �� �	� P{(Nt+∆t−Nt) = 1} = λ ·∆t+ o(∆t)

�� �

	��� ��� �� �� �
λ ·∆t+ o(∆t)

lim
∆t↓0

P {Nt+∆t −Nt = 1}
∆t

= λ .
�� 6� 
���

(t, t+ ∆t] �� �� ��� ����� �� ����� �	� ������� �� �	� P{(Nt+∆t −Nt) = 0} = 1− λ ·∆t+ o(∆t)
� �

�
1− λ ·∆t+ o(∆t)

��	 � ����� �� � ���	� ��	 ������ 	� ��	�� ���� ��� ��	�� � �� ���	� ��	 �� � ����� �	 �� � ���� � �� ��� �� �
��
3.8

�����


����� ��	�� ���� �� � �� ����� ����	� ��	 � ����� 	� ��	�� �� ���	�

����� ����� ���� �� �	�
N0 = 0
� ���� ���

3,': 	)135 6	-23.3 2) � (2-;3 ., -�1)1 +/ 	;(,5 3'-+�1 ,-3) '1(27 �3'-5� 3'+�33) '('5 ,2 39 52)56.4;�1 3'+�33 	7,)
P{(NT+∆t −Nt) ≥ 2} = P {'. (- (, . (�'(,1 -:)} = o(∆t)

�) �5(: �5 �( �,  1
*--(� -:

n
�5 . (/283

k
�2 . ('5.�33 -9,

(p+ q = 1) q
	(2) -7 -(7 -� (

p
3/283 -(7 -� ) - ++(5 -(� -:5 *, �.'(79.-(0 -53 -�� 3:(. : * --(2. -.25

(

n
k

)

pkqn−k =
n!

(n− k)!k! p
kqn−k .

*-�042 	193 '-8 ., 42/: '),7 �2-�2 -1 (:-53 . ('5.�33 4 (/ 2) 2(5�5 254.- 	-23.3 6	(�, (; 	-23.2 '(9/:
�254:) *-'843 	193 -�04 '(5� 6	19 -�04

n = T/∆
�2 42/:

(0, T ]
�043 ., 63,53 3'(85

∆t
	'(,5 * -:04

NT = k
4 (-+5 2542 .:1 2�) 52 *-) : 6

p = λ∆
�5 ('-45  254: 	04 �04 275 	72 6��  � �,  .(/:33 ., 2-�;:

� (', . (-32 	-'8 	19 -�04
k
5 (2-, ( ���	(2)7 �  � (', ,22 . (-32 	19 -�04

n − k *-7-'8
(0, T ]

�045 *-� (',
	72(

n→∞ 254:
n = T/∆

�) 	((-7 �
∆→ 0

	04
∆

'),7 �� (54
k
'(5� �	72 ���3/283 � 

P{NT = k} ∼= n!

(n− k)!k! (λ∆)k(1− λ∆)n−k =
n!

(n− k)!k!
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∞
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∞
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.-84:(; 3. (, ., ) - * -7-23. -:)2 (5 581 	7.- 6	-23.3 2) +525 -42/ '(,. *-:. (: * -0 :1 (1) '(792 5()/
	5(15 -':(-80� 	-23. 	7.-) (:-,' �0';5 6. -27.5 * -:() * �+13 . (-84:(; 	7 ( * -�(2-;3 	, �3-82'(4 (0 (, ( .2/(.6* �+13 . (-84 :(; * � 	7 ( *-:() *3 *-:() * -:1 95 (2) *-�(2-;3 '), �5/'3

.52081 3-82'(4
�




�(9 ' (5� 6�*--,'4, *-7-23. 2) . (� (9 2) -:) '+�1 *-0 :1 (15 * -' ()43  *-,53 *-�) (12 44+9: 	)133 	'(82
�	142+7 �3-82'(4� ('4  .520813 3-82'(43 ., '-+�: {Yt}�( {Xt} *--,'4, *-7-23.

RX,Y (t1, t2) , E[Xt1Yt2 ]

�	72(
RX,Y (t1, t2) = RY,X(t2, t1)254.1

Zt = Xt + Yt
'),7 6

t1, t2
272

RX,Y (t1, t2) = 0
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∞
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t1, t2

27 '(5�
RX(t1, t2)

., .�+2 	-'8
RY (t, t)
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., 2542 	72 27 (: 6
(g(t, θ) = h(t − θ) '1 (27 

h(t)
*232 35(�.3 -�� .:-; (,1 ,-3 	195 3� (54 .7'�13 '),7

	-23. '(5� 6) +/1 /.;: 	, 6. (1+(43 . (,8(.5
h(t−θ) 5 g(t, θ) .;2/3 -�� 39 3'41 '(5� .()4 (513 . (,8(.3, (3 39 3'415 3,-8-( 3� -:7 	-5 ')43) 	((-7 6

g(t, θ) = h(t− θ)�( µX(t) = µX
-':(-80�

Y (t) =

∫ ∞

−∞

X(t− θ)h(θ)dθ

3-8'�0:-,3 ( .2/ (.3 '+� .;2/35 �254:
µY (t)

.
= E[Y (t)] =

∫ ∞

−∞

E[X(t− θ)]h(θ)dθ = µX

∫ ∞

∞

h(θ)dθ
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'5 �33 , (3 	('/,3 2'�0:,3) 52 *-)
�3-82'(4 (0 (,2 '),5

RY (t, t+ τ) = E

[

Y (t)Y (t+ τ)
]

= E

[∫ ∞

−∞

X(t− θ)h(θ) dθ
∫ ∞

−∞

X(t+ τ − η)h(η) dη
]

=

∞
∫∫

−∞

E

[

X(t− θ)X(t+ τ − η)
]

h(θ)h(η) dθ dη

=

∞
∫∫

−∞

RX(τ − η + θ)h(θ)h(η) dθ dη

= [RX ∗h ∗ ȟ](τ)

	7 (17 6
RX(τ) ∗ h(τ) ∗ h(−τ)�2 '. (- 	(7 : 	(1 -� ,-3 3:('/,3 3,(()13(

ȟ(τ) = h(−τ) (:'+�3 '),7
RX,Y (t, t+ τ) = E

[

X(t)Y (t+ τ)
]�� 6

 

= E

[∫ ∞

−∞

X(t)X(t+ τ − θ)h(θ) dθ
]

�� 6
� 
=

∫ ∞

−∞

RX(τ − θ)h(θ) dθ�� 6
 
= [RX ∗ h](τ)�� 6
� 
= RX,Y (τ) .

�� 6
� 
6
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35-8-( 	195 3� (54 . -',:-2 .7'�13 �5/'3 	5(15 -':(-80� {X(t),−∞ < t <∞} *, �3:4�1

�( 5/'3 	5(15 * --':(-80� {X(t), Y (t),−∞ < t <∞}

µY = µX

∫ ∞

−∞

h(θ)dθ
�� 6
� 

RY (τ) =

∞
∫∫

−∞

RX(τ − η + θ)h(θ)h(η)dθdη
�� 6�� 
-':(-80� ( -� (, � {Y (t)} * � -7 �5(:( �-':(-80� * � , (3 -9, 5/'3 	5(15 -':(-80� -� (, � , �. {X(t)} *, �0';56�.()15 *--':(-80� ( �.()15 *--� (, � {X(t), Y (t)} 	7 (
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θ < 0

'(5�
h(θ) = 0

-9, .-.5-� .7'�13 *,
RY (τ) =

∫ ∞

0

∫ ∞

0

RX(τ − η + θ)h(θ)h(η)dθdη
�� 6�� 

9, ( �3,-8-3 4;�3 � , (3
RY (τ)

'(5� 3,8(.3 2) -'4 -�3 ) (1-)3
RY (0) =

∫∫

RX(θ − η)h(θ)h(η)dθdη

6�∞ +� ( �;,1 (, ∞ +� −∞�1 *3 3-8'�0:-,3 . (2(5� '),7 
65/'3 	5(15 * --':(-80� *3) 3� -:7 -7 -23.5( 	195 . (� (54 . (7'�15 4' 4 (�� : 3,23 ( 3.�1

3-'(; . ('1.3
� 	195 . (� (54 . (-',:-2 . (7'�1 	(-;,2 . () -� -.) ) -) (:+12 . (7'�1( . (. (,5

X(t) =
3-8-9(;';(� -��

X
.-. ('-') 3� -:7 �(8--(

h(t)
*232 3.5(�. -�� �	193 * (/.5 .7'�13 	(-;, � �, 3)-�6

Y (t) = X ∗ h(t) =
∫∞

−∞
X(τ)h(t− τ) dτ 35(�.3 .254.1 6

X ∗ δ(t) =
∫∞

−∞
X(τ)δ(t− τ) dτ'+.3 , (3

2πf
�( '+.3 , (3

f
	,7 

(ei2πft)
-:(1'3 '('�2

H(f)
3.5(�. -�� �'+.3 * (/.5 .7'�13 	(-;, � �5 3)-�

X(t) =
∫∞

−∞X(f)e2πft df
�37 (;3 3-'(; .'1.3  .(-:(1'3 . (+(:. * (7-� -��

X(t)
.-227 3� -:7 �(8- 6�-. -(93

��, 3) -�  3,-8-3 ( 3� -:73 	-5 ')43 -0� -:-1'0+3 3'415 6
Y (t) =

∫∞

−∞H(f)X(f)e2πft df
3-8-9(;';(� 5() (

�, (3
Y (t) =

∫ ∞

−∞

X(t− θ)h(θ)dθ

-�� 	(. : 3,-8-5 ( 3� -:75 3-82'(4 (0 (,3 . (-84 :(; 	-5 ')43 -,'4,3 3'415 (2-, (
RY (τ) =

∞
∫∫

−∞

RX(τ + θ − η)h(θ)h(η)dθdη

*)7( -');, 	7, '5+3) 3,': 	)135 �*--,'4, *-7-23. 2) 3'415 	5 (1 ..2 ');, �5 3) -�2 *,3 � 32,)6-,'4,3 3'415 * � 	7 '+.3 5/'15 39-2:,2 *-5' . (:('. - ) - -0� -:-1'0+3 3'415)
63-' (; . ('1.3 �3'9/

�-�� .'+�(1
X(t)

2) 3-' (; .'1.3 6∫∞

−∞
|X(t)|dt <∞�) /-::( -,'4, ,2

X(t)
�5 2-/.:

X̂(f) = F{X(t)} =

∫ ∞

−∞

X(t)e−2πift dt

-�� 3:(. : 37 (;33 3-' (; .'1.3(
X(t) = F−1{X̂(f)} =

∫ ∞

−∞

X̂(f)e2πift df
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i = 1, 2

'(5� ∫∞

−∞
|Xi(t)|2 dt <∞ *,)

∫ ∞

−∞

X1(t)X
∗
2 (t) dt =

∫ ∞

−∞

X̂1(f)X̂∗
2 (f) df

��-':(-80� , �. 2) -� (;0 * �+ 2) 3-�':,3 31 
X(·) 3-84 :(;3 2) 3-�':,3 ,'4: ∫∞

−∞
X2(t) dt

�2
*--4 * -1-,.1 *-,:.5 -9,

F{X(t)} = X̂(f)
*,

F

{

dX(t)

dt

}

= 2πifX̂(f)

-9, -)11
X(·) *,

F{X(−t)} = X̂∗(f)

F{X(t+ τ)} = e2πifτ X̂(f)

F{X ∗ h(t)} = F

{∫ ∞

−∞

X(t− θ)h(θ) dθ
}

= X̂(f) · ĥ(f)

.-2'04;� .(;-;8
*, '('5 ,2 	72( . -; (� :-, ,-3 .-� (;-0 * �+1 . -84 :(; 2) 3-�':,3 �-':(-80� , �.

(X(t),−∞ < t <∞)
'),7.-84:(; 2) 3-' (; .'1.35 	--:�.: (:, 6.,9 3) �: ,2 (:, �*:1, ( (97 3-84:(; 2� 3-' (; .'1.3 �852 ');, 2275

�., {Y (t), X(t)} �*--':(-80� , �. '(5� �'-+�: 63 -82'(4 (0 (,3
{X(t),−∞ < t <∞} 2) SX(f)

.-2'04;�3 . (;-;83 �, 

SX(f) , F{RX(τ)}

.520813 .-2'04;�3 . (;-;83 . -84 :(; �5 
SX,Y (f) , F{RX,Y (τ)}63 -' (; .'1.3 ) -

RX,Y (·), RX(·) . (-84 :(;2) 3/:35 .,9(
3,-8-5 . -2'04;�3 . (;-;85 	--:�.: 6

E[X(t)] = 0
/-::( 5/'3 	5(15 -':(-80� {X(t),−∞ < t <∞} (-)7� /-::

�-/7 (:3 3'415 6. -)11
h
-7 /-:: (:, 6

5.13
'(-,5 .',(.13 .-',:-2 .7'�1 2)

RX,Y (τ) = E

[

X(t)Y (t+ τ)
]

=

∫ ∞

−∞

RX(τ − θ)h(θ) dθ = RX ∗ h(τ)
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��� (+1  	72(

SX,Y (f) = SX(f) ·H(f)

�
SY (f)

-5 �2 632;712 37;3 3-8 (2 ((:(43
RY (τ) =

∞
∫∫

−∞

RX(τ − θ) + η)h(θ)h(η) dθ dη = RX(τ) ∗ h(τ) ∗ h(−τ)

3-8'�0:-,3 '+� -(:-)5 	72(
SY (f) =

∫∞

−∞RY (τ)e−2πifτ dτ
3'+�33 -; 2�

∫ ∞

η=−∞

∫ ∞

θ=−∞

∫ ∞

τ=−∞

e−2πifτRX(τ + θ − η)h(θ)h(η) dτ dθ dη =

∞
∫∫

−∞

SX(f)e2πif(θ−η)h(θ)h(η) dθ dη

= SX(f)H(f) ·H∗(f)

= SX(f)|H(f)|2

'1 (27 6-)11
h
-7 3+5 (�5 (:)1.)3 	('/, -:;23 	(-(()5 '),7

SY (f) = SX(f)|H(f)|2

�0';5 6'+.3 .5(�. 2) �39,;5 ,2(  3+(0 -2;1,5 4' -(2. .-)11 .7'�11 ,8(13 . (, * ('04;�) (:254 (
�, (3 22(73 �8(113 3,-8-3 4;�3

RY (0) =

∫ ∞

−∞

SX(f)|H(f)|2 df

-4 (/) (:-,'(
RX(τ)

2) 3-' (; .'1.3 ., �-+12 .-. ('-') 3'(85 �(:'+�3 �	142+7 , (3 �(-)7�2 	(7 : �581363/ (: 3'(8 * -2541 	195 3� (54 .-',:-2 .7'�1 	'+ '5�13
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SX(f)
.-2'04;� .(;-;8 �) (13 . (�1)1 ., 	-532 -+7

�.-'01-� ( . -)11
RX(τ)

�) -:;1 .,9(  .-)11
SX(f)

	7 (
SX(−f) = SX(f)

�, 

6�
RX(0)

, (3 2,1)1 -(0 -53 -7  ∫∞

−∞ SX(f) df ≥ 0
�5 
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SX(f) ≥ 0

�3:�0 �� 

�
f0

-. ('-') '+. 5-5� -2,-+-, 0'� '8 	:�1 . (-32
H(f)

�5 '/5: �3/7 (3
�	'�5  3-3- 39 3'415 3,-8-3 4;�3

0 ≤ E
[

Y 2(0)
]

=

∫ ∞

−∞

SX(f)|H(f)|2 df ≈ 2SX(f0)∆f
�� 6� 
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SX(f0) ≥ 0, f0

27 '(5� 	72(39 2+(� 6
f0

5-5� �	:�13 5-.71) -;7  '8 *-'+. * (/.5
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	-23.3 2) 4;�33 ., 3) �12 ++(1
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∆f
�5 -',:-2 5 ('-45 , (3

(Amp)2/Hz
(,

(Volt)2/Hz
2) . (+-/-5 ++1:

SX
(9 35-�1 6. -2'04;�3

'(797 6
(0, 2π]

* (/.5 +-/, �2(;1
φ
�( . �5

A, φ
'),7

X(t) = A(ω) cos(2πf0t+ φ(ω))
�31 �(+5 	--�:

RX(τ) =
1

2
E[A2] cos 2πf0τ

�� 6�� 
SX(f) =

1

4
E[A2][δ(f − f0) + δ(f + f0)]

�� 6�
 
32,)5 4' ,2, �0'�3 5/('5 -(2. (:-, 0'� '8 	:�1 ,8(15 4;�33( �.227 (1 3-84:(; , -3 �.(;-;8 �3 (9 31 �(+56,2 (, 	:�13 -+- 2� *�/:

f0
'+.3 *,
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SX(f) = 0
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F{Y (t)} = 2πifF{X(t)} (' (5� *--4.1( * -3 (5� *-'+. 0 -251

Y (t) = dX(t)/dt
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� ,-3) *232 35 (�.2 31-,.1
Y (t) =

∫ t

t−∆
X(θ) dθ
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Y (t)
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62-�2 '(-85 � -; (1
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	1� : �∫∞

−∞
|τR(τ)| dτ <∞ /-:: �0;)1

XT (t) =

{

X(t) if |t| < T

0 if |t| ≥ T

X̂T (f) = F{XT (t)} -9,
E

[

1

2T
|X̂T (f)|2

]

−→
T→∞

SX(f)
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�3/7 (3

E

[

1

2T
|X̂T (f)|2

]

=
1

2T
E





T
∫∫

−T

XθXηe
−2πif(θ−η) dθ dη



 =
1

2T

T
∫∫

−T

RX(θ − η)e−2πif(θ−η) dθ dη

	72
τ ≤ θ − η ≤ τ + dτ

(' (5�) '83 �;3 2� 3-8'�0:-, *+(4 �85: �
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τ = θ − η 	1� :
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E
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1

2T
|X̂T (f)|2

]
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1

2T

∫ 2T

−2T

RX(τ)e−2πifτ (2T − |τ |) ·
√

2
dτ√

2

=

∫ 2T

−2T

RX(τ)e−2πifτ
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1− |τ |
2T

)

dτ −→
T→∞
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SX,Y (f) = F{RX,Y (τ)} = F{E[X(t)Y (t+ τ)]}6
SWZ(f) ≡ 0
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t1, t2

272 �;,2 3 (() '1 (27 
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∫ ∞

−∞

Sn(f)|H(f)|2 df +

∫ ∞

−∞

SX(f)|1−H(f)|2 df

��




) �' 2) ( . (, 2) .-� (;-0 .-2'04;� .(;-;8 �� 6
� '(-,

.-',:-2 .7'�15 *-'5(� ) �' .;� (.5 . (, �� 6
 '(-,

.-',:-2 .7'�15 *-'5(�3 ) �' .;� (.5 . (, 2) 32(4) 3 �83 �� 6
� '(-, 6
�2)12 6

H(f)
�2 . (:() . (�83 . (()32 27 (: (-)7� 6. 22(73 .�8(113 .-� (5 -'3 3,-�)3 '(5� )'(;1 -(0 -5 (:254

�852 �
f0

'01';3 2) 3-84:(;7 3,-�)3 ., 5)/2 27 (: �
R-C

.::�1 �(:--3+ 
H(f) = (1 + if/f0)

−1 '(5�63 97 	:�1 '(5� .-21-:-1 .�8(11 .-� (5 -' 3,-�)2 * ('�-) '. (-5 5 (03
f0

'01';3 ., ,(812( 3-89-1-0;(,
3'415 6* (1 -:-12 .�8(113 . -� (5-'3 3,-�)3 ., ,-5-) -21 -0;(,3

h(t)
, (3 31 2(,)2 ,-3 '. (- . 9� (: 3) -�

�-21 -0;(,3
h(t)

.,-81 2) *-'41 -:) 	-5 	-/532 ) - 39
6-.5-� 3-3-

h(t)
�) 3)-'+ 	-, �(:--3+ �

h(t)
2� . (25�3 	-, 6,

���



6-.5-� 3-3 -
h(t)

�) 325�1 .1--4 65
	(:-�3 .-�5 6-� (2:, 	;(,5 *, ( -20 -�-+ 	;(,5 *, �(2) 5 ('4 (,  (. (, )112 	.-: -9, -.5-� , (3 	('.;3 *,(. (, ,-5: ,2( 3)4 ,(3 	('.;3 *2(, ':-( . ::�17 3� (+-(

Wiener
-�� 3'.;: . (-.5-�3 .25 �1 *� -21 -0;(,3*,3 �,-3 +-1 .2,) :3 32,)3 6	)135 (5 97'.:( . -�/- 24 ,(3 . (-.5-�3 .25 �1 ,22 	('.;3 639 �'(45(, -�(2:, 	;(,5 �(2) 5 (0 5('4 (,  (. (, )112 	.-: *,3 �(:--3+ �-24 -9-; 	5(1 ) - . (-.5-�3 .25�1 ,22 	('.;23:-,

h(t)
-9, �/-:9 (, 

h(t) = 0, t < −T0
'(5� '),7

5.28
'(-,5 3� -; (13 3'(831 	('.; (:254 *, �-20 -�-+

-; (� -2-2) 42/ *� .-.5� ,2 *23 .5(�. �� 6
� '(-,
	(�7  3--3)3 2(5�2 ');, 	35 . (-�55 �	72 6)112 27 (:

5.29
.7'�13 ., '1(27 6. -.5-�

h(t−T0)
*2(, . -.5-�

3-3)3 -+- 2� .-.5� ,2 .7'�12 -) �1 5('4 �� 6
� '(-,
':-( . ::�1 � *-,'(4 39 	('.;2 6. -24 -9-; . (�1)1 . (-.5-� ,22 	('.;2 ) - �3'45 . (-�52 +(�-:5 .'()4. . (-�56�.-;(� :-, 3--3)3 *�

.-� (5 -'3 3,-�)3 6* (1-:-12 .�8(113 . -� (5-'3 3,-�)3 ., 3,-513 .-21-0;(,3 .::�13 .,-81 . -�52 '(9/:
�-�� '(1,7 .:.-: .�8(113

E

[

ε2(t)
]

=

∫ ∞

−∞

Sn(f)|H(f)|2 df +

∫ ∞

−∞

Sx(f)|1−H(f)|2 df

6
H(f)

.(::�13 27 -:; 2� * (1-:-1 3-3-
E[ε2(t)]

�) 	7
H(f)

.::�1 ,81 ���3-�53(
,'4:3 * (/.5 -(81 -227 	('.;( �.57'(1 ,-3 * (1-:-12 2'�0:-, 3,-513 3-84 :(; .,-81 2) .-2273 3-�536* -52) 3) (2)5 3. (, '(.;:( �.-�/- 30 (); (:-:;2) 3-�53 �(:2912 6. (-8, -' (( 	(5)/

��




�+/, 2'�0:-,7 3,-�)2 -(0 -53 ., * ()': �.-),'
E

[

ε2(t)
]

=

∫ ∞
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∑
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∑
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∑
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2
6= E

[

A2(ω)

2

]

6-+ (�', 	7, 	-23.3
A(ω) ≡ const

'(5�) . (,'32 ');,
(-3- 6�
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Rz(τ) = E

[

X(t+ τ + λ)X(t+ τ)X(t+ λ)X(t)
]

-9,
ψ(τ) = Rz(τ) −R2

X(λ) 62-�2 �
5.45

 -, :.3 ., *--42 	-'8
'+�1 *-0 :1 (13 ., * � ,2,

X(t)
2) -:) '+�1 *-0 :1 (13 ., 4' ,2 .�+2 (:-2�

ψ(τ)
., .�+2 . :1 2� �3'�3

��;, .2/ (. *� -� (, �
X(t)

'),7  *--4.1 �*--:)3 	-5 ')4 ) - -� (, �3 3'415 6-� -5'
ψ(τ) = RX(λ+ τ)RX(λ− τ) +R2

X(τ)63 -82-' (43 -5 �2 -+(�', 	-23.3 -9, '31 4-;�1 �;,2 +'(-
RX(τ)

*, 39 3'415 	72(
. (+-+1 -5�2 . (-+(�',3 . (�1)1

-,:.5 *3-2, * -'+()13 . (. (,2 *-02413 .5(�. ., 4 (+52 . :1 2� 6. (-(175 '8(-13 0241 	(�7 .7'�1 3:(. :. (, '(0':�1 57'(1 '(413 6* -'+()13 . (. (,3 ., '8--13 '(41 32-713 3+-+1 .7'�1 *-:(5 (:, �-:(8-/ )�'
�
�



.(+-+13 	 (.1 27 (:( .7'�13 . (�3:.3 ., +(+1:( * -'8(-13 *-02413 +/, ., '5/: (9 .7'�12 6)�' '(0':�(2) 2(+� ';�1 -:; 2� �3. (,: 3'(85  �81:( . (+-+13 2� '(9/: *, 60241 (. (, 2) (5-0 '(5� .(,8(. 25422(+� ';�1 2� *, 	-5 ( ++(5 0241 2� *, 	-5 �. (+-+1 	.(, 275 6* -0241 �(� (. (, 5-0 2� 37'�3 254: * -0241) �' -' (0':� ';�1 2� 0241 27 4 (+52 * -7-'8 (:--3 -2(, *8�5 6) �' '(0':� (. (, �.(,-815  ',): �*-0241 2)');, 	72( -+ (�', , (3 ) �'3 '(0':�1 '8(:3 ) �'3) *-/-:1 (:,) ,-3 35().3 �� (+1 6.,9 * -) (� ,2 *2(, �812(5--/ ++(5 * �+ 27 -+ (�', 3-3- 	-23.) .:1 2� �3) �'35 �'57 '5� (3) -;7 ( . (-3 +/, )�' '(0':�5 4;.�326'+()13 . (,3 -5 �2 * � �;(. 2(4 -) (. (, 62542 2(7 - 	-23.3) . (-');,3 2�3 . (' (8 27 ., 2542 �� .('5.�35 .(,) 3/:35 �5 () 6�812( . (, -' (0':� 35'32 0241 27 '5/2 *-7-'8 (:--3 �-,'4, . (, , (3 '+()13 '(413 *,4;.�32 27 (: �-+(�', , (3 -,'4,3 '(413 . (,) 6+-/- . (, '(0':�5 4;.�32 27 (: �-+(�', ,(3 -,'4,3 '(4136+-/- . (, '(0':�5

�





����� �

��� ��� � � �

(2) .-2'04;�3 . (;-;83) ��;, .2/ (. 2�5 )�' '(41 *--4 �,53 3'415 . (5' �*-4� (� .(-) �1 . (-�55
�'-(817 ��0'� 5/' '(41 �  +(,1 *-3 (5 � *-'+.2 +� .7)1:( +(,1 * -7 (1: *-'+.5 32-/.1

0'� 5/' '(41 � 6� '(-,
	04 (2) 0'�3 5/(' *2(, 0'� 5/' -2(, '5 �13 6

K
/.1 .'5�3 (

∆F
0'� 5/ (' 2�5 '5�1 	'+ '5� (1 39 )�'3) �12 .-2'04;�3 . (;-;83 �'5�17 2� (; '5�13 (5) *-'+.3 * (/.5 �.('/, *-2-15 6) �'3 2) 391 35'356'5 �131 3,-8-5 .-5-04;,3 ) �'3 .18(� 31 ,-3 32,)3 63� (54

) �' 2� '5 �1 .�;)3 � 6
 '(-,
,-3 3,-8-5 . -5-04;,3 ) �'3 .18(�

√

Ropt(0) ∼=
√

K2N02∆F

3-�53 '(5� 5'(41 2+(1 * -:(5 (:--3 	(. :3
Sn(f)

* (415 *, 6
N0

39 5 ()/) 31 63,-8-5 3�-;(1 ,2
fc

�) 52 * -).-2'04;�3 . (;-;83) ) �' '(41 6
Ropt(0)

'(5� 3,8(. 3. (, * -2541 (:--3 *-'+.3 275
Sn(f) ≡ N0

*-/-:1 (6�	52 )�' � ,'4: * -'+.3 275
N0

,-3 (2)
*,) 52 * -)

Sn(f) = N0

�
�



-9,
Rn(τ) = N0δ(τ)6∫∞

−∞
N0df =∞ -�� 	(. : 4;�33 -7

Sn(f) = N0
�5 '57 3� -; (1 (9 3-�5 6

Rn(0) ' ∞ 9, (
6-; (� �8(11 4;�3 *� 	-23.7 *--4 (:-, , (3 �-24 -9-; -,'4, 	-23. 2) 3-89-2, -+-, , (3 	52 ) �' �.('/, *-215
Sn(f)

2) *-7'�3 *-� (+- ,2 . (5('4 *-.-�2 . (,-815 631 �(+5 (:',.) -;7 -24 -9-; 	-23. 2) 5('47 (. (,'2 ) -(:. (, * -:--:�13 *-'+.5) , (3 � (+-) 27 6�*--(�1 '+.2 2�1 , (3) � (+- 4'  � (+- (:-,
fc

(2-;, ( * -3 (5� *-'+.53-84:(;2 .-; (� 3-�':, �/-2 ');, *,3 -0� :-1'0+3 3'415 �5 �, 
N0

31'5 3� (54 .-2'04;�3 . (;-;83
	52 )�' '(41 '(5� 6+ (,1 / (: 5 ('43 32, *-'415 	72 6��

δ(t)

3,-8-3 4;�3 �

∫ ∞

−∞

N0|H(f)|2df =

∫ ∞

0

2N0|H(f)|2df

�.-++8 �+/ . -2'04;� .(;-;8 *-'-+�13 ) -
-++8 �+/

S(f) =











0, f < 0

2S(f), f > 0 9, (3,-8-3 4;�3 �

-++8 �+/
N0 ·∆f ·K2.-�+:3 3+(5�5 (2-, ( �.-++8 �(+ . -2'04;� .(;-;8  (:'+�3) -;7

S(f)
., '-+�32 /(: * --0'(, -. . (:(5)/5*3 3'+�3 (9-,5 ,+(2 	-'8 '1,1 (, ';�5 	(-� 2) 3'41 275 6. -++8 �+/ .-2'04;� .(;-;85 )1.)32 / (:6. -++8 �(+3 3'+�35 )1.)32 	-)1: (:/:, 6* -)1.)1

�	142+7 �	52 ) �' -�� '8(: (2-,7 � 	52 ,2 ) �' 27 . (,'2 ');,

5.7(1 * ('04;� *� )�' '(8-- � 6� '(-,
. (-(');,3 ./,5 '(/52 ');, -9,

S(f) = 1
1+(2πf)2

*, �2)12

H(f) =















































1

1 + i2πf

1

1− i2πf

1
√

1 + (2πf)2

�




.(,'32 ');, 6��(9-,  .-.5-� ,-3 ) (2)31 ./, 4') 52 * -) 6
S(f) = 1

1+(2πf)2
., 	.-. 	31 ./, 27 (*,) �

Paley-Wiener
2) 	(-'0 -'43 

∫ ∞

−∞

| logS(f)|
1 + f2

df <∞

6	52 ) �' 3� -:75 '),7
S(f)

.-2'04;� . (;-;8 3,-8-5 .:. (:3 .-.5-�
H(f)

.1--4 -9,
'9(�5 	--�:

) �' 2) 3'-9� � 6
 '(-,
S(f)

'(5� *-,53 *-'415 	--�:

S(f) =







































N0

1

1 + f2

1

1 + f4

�'(9�2 ');, 32, . (' (411 (2-,
6�;(. (::-, 	52 ) �' 2) 5('43) -'3 '9(�5 '5 (+1 *,) ,(3 27)33 '� (1

	52 )�' 2) *-2'�0:-,
. (-0� -:-1'0+ . (-84 :(;

h1(t), h2(t), . . .
3:-3. (

N0
.-2'04;� .(;-;8 *� ) �' {n(t),−∞ < t < ∞} 3-3 -6∫∞

−∞
h2

i (t)dt <∞, i = 1, 2, . . .
.-;(� 3-�':, . (2�5

	1� :
Xi =

∫ ∞

−∞

n(t)hi(t)dt

�
�



��+,1 2(+� 0'� 5/' 2�5 	-23. �
n(t)

 	52 ) �' 2) 3'+�33 /('5 �-9,
E[Xi] = 0

E[Xi, Xj ] = E

[
∫ ∞

−∞

n(t)hi(t)dt ·
∫ ∞

−∞

n(s)hj(s)ds

]

=

∞
∫∫

−∞

hi(t)(t)hj(s)E
[

n(t)n(s)
]

dt ds

= N0

∫∫

−∞

hi(t)hj(s)δ(t − s)dt ds

= N0

∫ ∞

−∞

hi(t)hj(t)dt

3-82'(4 .8-'01 ( �;, .2/ (. *� -� (, � -,'4, '(04 (
(X1, X2)

-� (, � 	52 ) �'
n(·) *, �+/ (-15 (

E[X2
1 ] = N0

∫ ∞

−∞

h2
1(s)ds

E[X2
2 ] = N0

∫ ∞

−∞

h2
2(s)ds

E[X1X2] = N0

∫ ∞

−∞

h1(s)h2(s)ds

�*--(2. -.25 , �1 (-3-
X1, X2

�) .:1 2� 39 3'415
h2(·)�2 h1(·) 	-5 ')43 . (-32 	-'8 31
���� �� �� ��
 ��� �� �� � ��

*-'+.5 �;,1 3:() ( *-3 (5� *-'+.5 �;, 0�17
H(f)

(:--3+
Low-Pass

�(�1
H(f)

.'(�1. .-84:(; 3:(. :6
6.20

'(-,5 ',(.17 *-7 (1:

. -) �1 *-7 (1: 3'-5�1 .'(�1. .-84:(; � 6� '(-,

�
�



�3,53 3'+�33 ,-3 .25 (41 3'+�3 6(97 .'(�1. .-84 :(;2 �-5-04;, 0'� 5/ (' � '-+�32 * -8('
∆F ,

∫ ∞

−∞

|H(f)|2df

2|H(0)|2

	-52
N0 = 1

*� 	52 ) �' 3� -:75 '),7 3,-8-3 4;�3 	-5) �/-3 , (3 �
∆F

�) �'2 -5-04;,3 0'�3 5/(' '1 (276. ('/, . ('+�3 * � )-) '(792 -,+7 	, �. (-�5 35'32 -+12 3/ (: (9 3'+�3 6
2|H(0)|2

�,1 � (+
H(f) =

1

1 + i f
f0

	72(
H(0) = 1

6
3 db

2) 0'�3 5/(' , (3
f0

-9,
∆F =

1

2

∫ ∞

−∞

|H(f)|2df =
f0
2

∫ ∞

−∞

df/f0
1 + (f/f0)2

=
π

2
f0

6π
2 f0

, (3 ) �'2 -5-04;,3 0'�3 5/(' 	72(
�'/, '+.2 �/-.32 * � ');,

H(0)
�2 -5-04;,3 0'�3 5/(' ., '-+�32 * (415

∆F =

∫ ∞

−∞

|H(f)|2df

2|H(f0)|2.'(�1. .(-84:(;2 (:--3+ �
Band Pass

� (;01 �*-'5 �1 	5 (17 22(7  .'(�1. .(-84 :(;2 +/ (-15 3/ (: (9 3'+�3
�� (;-031

0'� '-5�1 	:�1 � 6 '(-,

(Nyquist
��� ����� ���

)
��� ��� � ��

+�:3) .:1 2� +�:5 . (-32 *-5--/ 32, *-:('042, 6. -,'4, 3� (:.5 * -,81:3 *-:('042, *:) - -24-9-; +�: 275*2(, �;, *32) �8(113) +�:3 -:; 2� *-/.1 .'8(- +�:5 .-,'4,3 *-:('042,3 .� (:. 6*'9 '-5�32 	7, 27 (-
�) �' '(41 � ('85 -2,-+-, +�:1 57'(17 -24 -9-; +�: 27 . (,'2 (:-2� 	72 6�;, (::-,) ) �' /.1 , (3 -��'3 /.13

�
�



)� (' +�:2 2+(1 � 6� '(-,
., , (812 ,-3 3-�53( -':(-80� -,'4, 	-23. , (3 +�:3 ) �') /-:32 27 (: 35-5�3 *� �24)1 -((-) � -, :.5* -'1 (/3 2) �

T
3'(0';103 2) �

R
.22(73 . (+�:.33 2) �'+.3 2) 3-84:(; -2(, 3-3-

Sn(f)
-227 	;(,5 6

Sn(f).('(41 ,22 �*-254 ( *-2-2� �*-+�: .)' (,  +�:5 * -4� (� (:,) ) -�+: 6(2) 3-'01 (,-�3 2) ( +�:3 57'(1 *31
�*-2-2� �*-254 � *-+�;3 -'�/ *-0 :12, * � *,3 �3,53 32,)3 ., 2,) : 	-)1:) -:;2 6* --:(8-/ 4;�3

�,-3 35().3 �+�: (17 *32) *-4+33 2� )�' * -'8(- * --2,-+-, *-'(01'(;� :'0

���



6) �' .'8(- 3::-, * -+�;3 .'�/ .)' � �, 0;)1
�+�:2 .'5(/13 *-+�;3 .'�/ .)'5 	--�: �3/7 (3

* -+�;3 .'�/ .)' � 6� '(-,
(2, * -/.1 �) �' -/.1 .'8(- 3.-3 *-+�;33 .'�/ .)'3 *, 6-1:-+(1'. 24)1 -((-)5 .,81: .7'�13) /-::(.)'( '/,1 *-+�;33 .'�/ .)'3 ., *1/2 *-2(7 - * :-, +�:3 2) ) �'3 -/.1 	19 (. (,5 6+�:3 ., *-11/1 (-3+(�-:5 .,9( .''4.1 3.-3 .)'3 (2-, ( *1/.1 3-3 +�:3 �3,8(.3 64;�3 2542 32(7- 3::-, * -+�;3 .'�/6)�' '8--2 32(7 - 3::-, *-+�;3 .'�/ .)' 	72( -');, -.25 397 581 	72 634-1-:-+(1'.3 2) -:)3 4 (/2

�+�:3 *� -' (03 ) �'3 '(41 '(5� � �5 0;)1
Sn(f) = 2k TR

�.-) �13 3/� (:3 � �3'�3  6
1.38 ·1023 Joul/oK

	182(5 2) 30:0� :(43 ,-3
k
'),7 �+(,1 . (3 (5 �� . (-('-+.2 +�6�

∆f
*-'+.3 * (/.5 � (5-'5 /.13 �8(11} = 4kTR∆f

�) 	(7 : +-1. �*(41 271 � ���� ���
Sn(f) = 4kTR

,-3
�)� (' +�:� 	-, (9 3,8(. -;2 6+�:3 2) 3-'01 (,-�5 (, * -'1 (/5 3-(2. 3::-, ( . -2�'5-:(, ,-3 3,8(.3) 52 * -)3,8(.) )-�+32 ) - 6* -'8(- *3) )�'3 2) 0513 .+(4 :1 3+-1 3. (,5 * -�' (, * -5(0 * -+�:3 27 � �04) +�:��(* -1'9 (7'+ *-1-'91) +�:5 '5 (+1)7 3:(7: 3::-, ,-3 *2(, �.++(51 .7'�15 '5 (+1 '),7 3:(7: 02/35 (96, -5:) 39 0;)12 �.-42/3  3/7 (35 '35.. (9 3+(4: 6* --:(8-/
'),7  . (::�1 ( * -� :+;1-, * (,. -2��1 . (�81,5 39 2, 39 *. (, '5/:

Rb
�(
Ra

*-+�: -:)5 	--� : �.-42/ 3/7 (3*� ( 318� 	-52 3:-5 -1 :-+(1'. 24)1 -((-)5 .,81: .7'�13) /-::( �*-+�;3 -'�/ . (::�13 ( * (,.3 -2��135-5�3

+�: ) �' 5() -/2 2��1 � 6� '(-,

���



�	142+7 �'. (- 30 (); 32(4) .7'�1 00') :

+�: ) �' 5() -/2 0) (;1 2��1 � 6�� '(-,
�(:--3+ �0'� .'8 .::�1 	'+ '5�1 -'/, +�:3 2) *--��'3 *-) �'3 *3

nb(t), na(t)
'),7

E
[

n2
a(t)

]

≈ Sa
n(f0) · 2∆f

E
[

n2
b(t)
]

≈ Sb
n(f0) · 2∆f

6
nb(t)/2Rb

, (3 -:1 -3 '(4131(
na(t)/2Ra

, (3 -2,1)3 '(4131 ,8(-) *'93 �*-� :+;1-, * (,. 2) 3/:35
��*-� :+;1-, * (,. *--4) '(79:  ,(3 -:1-3 �+�:3  �1(�2 '� (1 -2,1)3 '(413) 4;�33

1

2
na(t)

na(t)

2Ra

�,(3 -2,1)3 �1(�2 '� (1 -:1-3 '(413) 4;�33 �31(+ 3'(85
n2

b(t)

4Rb*-4;�3 2) �8(11 	(9-, * --4.32 5--/ �-1:-+ (1'. 24)1 -((-) 2) 2(4 -) 	 (.1 �	72(
E

[

n2
a(t)

4Ra

]

= E

[

n2
b(t)

4Rb

]

(,
Sa

n(f0)

Ra
=
Sb

n(f0)

Rb

.(-32 2(7 - (::-, 25,
T

3'(0';105 (,
f
'+.5 -(2. . (-32 2(7 -) -2�'5-:(, �/- , (3

Sn(f)/R
�/-3 �3:4�130 (); 3-'01 (, -� *� +�: 2) 39-2:, -��) 3/7(3 ,22 254: 6�3-'01(, -�5( '1 (/5 -(2. ,2 6, 69  +�:3 �(�5 -(2.. (,'32 ');,

Sn(f) = 2k TR

�� 




4-;�1 *-'+.5 �3:(7: (93 3,8(.3 . ('-+. (9-, +� 6* -+�:3 27 '(5� .1--4.1 3,8(.3 �(:,53) 2(4 -)3 22�5(3,8(.3 -� -�5 	;(,5 6�+�: . (-32 4-�;1 +�:�3 ,2-11 2�3 	'(, 2) 2+(� '+�5 *3 +�:3 -+1-1 '),7 *-3 (5�6. (-0;(, . (-('-+.2 5 ('4 +� 3:(7:
�.('�3

�(:--3+ �*-4;�3 2) � -�5 2�� *-17.�1 ) �'3 -/.1) 52 * -) 6,

2(4) 2��1 �'(05 *-+�: ' (5-/ � 6�� '(-,
* -7'�3 ., (254 - ) �'3 4;�3 	3( 32(4)3 . (+�:.33 	3) 	7 * -+�:3 -:) 2) .-5-04;, 3'(0';10 '-+�: �	72((,

2k(T1R1 + T2R2) = 2kTeff(R1 +R2)
'1 (27 �*-:(7:3

Teff =
T1R1 + T2R2

R1 +R2

-' (0 3'(1. 2��1 * (415 -2-541 3'(1. 2��1 65

+�: ) �'2 -2-541 3'(1. 2��1 � 6�
 '(-,
6-2-541 *'9 ' (417 ) �'3 *� 3'(1. 2��15 � -2/32 �� (+-7 ');, �-' (0 /.1 '(417 )�'3 *� 3'(1. 2��1., 3(() : �

Si(f)
*'93 2) 39 *�

Sv(f)
/.13 '(41 2) .-2'04;�3 . (;-;83 	-5 ')43 ., , (812 .:1 2�

i(t)R = v(t)
�*-4+33 -:; 2� *4-' /.13

���



	72(
R2E

[

i(t+ τ)i(t)
]

= E
[

v(t+ τ)v(t)
]

	,71 (
Si(f) =

Sv(f)

R2
= 2kt TG6�

G = R−1 '),7
Si(f) = 4k TG

254:
Sv(f) = 4k TR

'(5� ( 
.-5-�; .)'5 	--�: � �� 0;)12 '(5�:

2��1 2) ) �' � 6�� '(-,
 6�
 '(-8

�.)'3 2) 3� -:73 -4+3 -:; 2� ) �'3 31 63.5-5� *� -1 :-+(1'. 24)1 -((-)5 .,81: .)'3
�*2(, �*-4+33 -:; 2� )�'3 7 �3� ., );/2( (2) ) �'3 '(41 ., +�: 272 �-� (32 	5(17 27 (:

, (3 �-1:-+(1'. 24)1 -((-)5 .,81:3 . -5-�;  .)' 2) 3� -:73 � :+;1-, *, � �� 0;)1
Zin(f) = Rin(f) + iXin(f)

�3-3- 2��13 -4+3 -:; 2� ) �'3 /.1 2) .-2'04;�3 . (;-;83 -9,
S(f) = 2kT Rin(f)

v2 =
∫∞

∞
2kTRin(f)df

3-3 - ) �'3 4;�3 7 �3� (
2 (4 -)3 6* -� :+;1-, * (,. *� (

f0
�2 5-5�1 0'� .'8 .::�1 . (�81,5

R
+�: *� 	(. :3 2��13 ., '5/: �3/7 (36.)4 (513 3,8(.3 ., +-1 (:2 	.(: �254.13 4;�32 3 () '�1:3 4;�33  -1 :-+(1'. 24)1 -((-) 2)

2��15 	--�: �,1 � (+
�3'(1.3 2��1 -�� *-4+33 -:; 2� ) �'3 ., 5)/2 27 (:

��




0 (); 2��15 ) �' � 6�
 '(-,

0 (); 2��15 ) �' � 3'(1. 2��1 � 6�� '(-,
�254: 3,-8-3 -4+32 ) �'3 /.1 '(411 .'(�1.3 .-84 :(;

H(f)
'),7(

S(f) = |H(f)|2 · 2kTR =

(

1
2πifC

R + 1
2πifC

)2

2kTR =
2kTR

(2π)2f2R2C2 + 1 (:254) 0;)13 -;2
Zin(f) =

R · 1
i2πfC

R+ 1
i2πfC

=
R(1− i2πfRC)

1 + (2πfRC)2

	72(
Rin(f) =

R

1 + (2πfRC)2 63,8(. 3. (, 	5 (17 �.254.1(
�2-�'.

�.(0 -) -.)5 *-4+33 -:; 2� ) �'3 ., ,81 6
R

.(+�:.3 2�5 '(30 +�: (17 �3:.1 2��13
R =

√

L
C

'(5�2�) ) �'3 2� 32, . (' (41 .�;)3 5() -/ ( * -+�:31 +/, 272 )�' '(41 .;� (3 -�� �5  6 �� 0;)15 ) (1) -�� �, 62��13 -4+3 -:;
3,'  +/, 	((72 32 '�1:3 4;�33 27 ., .:'(4 ,-3 '(+-) .:0 :,7) .-:((-7 3:0 :,5 	--� : �39 � -��2 * (-� .'�3

�38(/3 	'4 (1 32 '�1:3 4;�33 27 �(:--3+  �*-+�;3 .'�/ ,-3) ( �'(-83
���



-2-541 �-' (0 2��1 � 6� '(-,

.-:((-7 3:0 :, � 6�� '(-,
�*-,53 *-:((73 +/, 2, 3;(8 3:0 :,3) /-:: 6

Rin
�'(30 -13 (, , (3 3:0 :,2 3� -:73 � :+;1-,) /-::

6�
1000 MHz

�5
5o K

�72 +'(- �
100 MHz

�5
1000o K

2) 2+(� '+�5  � �52/3 2-5)2 58-:5  22/3 �, 

6�
1000 MHz

�5
15o K

�72 +'(- �
100 MHz

�5
4000o K

2) 2+(� '+�5  � 52/3 2-5) �5 
�
300o K

�7  � &',3 '(+7 �� 

6�	-((24 . (2�1 -;2, 2) 2+(� '+�5  � �+525 )1)2 	-'4.) 	7 4 -;�1 3'8 3:-'4 .1(2, /-::  )1)3 �+ 
3:0 :,3 2) 3'(1.3 .1-7� 3-3. ) �' 2) 0513 .+(4 :1

.-:((-7 3:0 :, 2) 2+(1 � 6�� '(-,
6. (1-,.13 . (' (0;103 ., �-832 ) - * -'4131 +/, 275 '),7

��



(Shot noise)
�� ���� ��� � � 

*-)';3 *� 3-:1 	-23. , (3 	(�, (; 	-23. �'(797 6	(�, (; -7-23.2 .;� (. ,-5: �3+(-+3 ) �'2 �/-.:) -:;2-2() �(2-; ( * --(2. -.25
P{Nt = k} =

(λt)k

k!
e−λt

6	-23.3 584 , (3
λ

� '),7
	(�, (; �(2-; -;2

K
-,'4, ';�1 2-'�: �*-(�1

T
�54: �	142+7 �5)/1 2�  -,'4, 	-23. 2) 3-82(1-� �85:3+-/, 3'(85 *-�2(;1 ( * --(2. -.25 �

[0, T ]
�5 * -:1 9

K
-,'4,5 '/5:

K
., (:2'�3) -'/, 6

λT
.2/(. *�.�7 

(t1, . . . , tK)
)+/1 *:1� :( 32(� '+�5 *-:1 93 ., '+� : �

(θ1, . . . , θK)
32,3 *-:193 ., 	1� : 63 93 * (/.5

�	142+7 32(� .(�'+1 . -84 :(; *31 3:5:( �
t1 ≤ t2 ≤ · · · ≤ tk

	(�, (; 	-23. � 6�� '(-,
3:�0  	(�, (; 	-23. 2) . ('5.�33 4 (/ ,(3 (:,813) -,'4,3 	-23.3 2) . ('5.�33 4 (/ ��3/7 (3 ,22  3:�0
K

�) *-�+(- (:, *, ( .1 (82 3� -�1 .-:(71) -,'4,3 	-23.3 2�7 	(�, (; 	-23. 2� 5 ()/: *, �+(,1 .-:(-�3 (9
�(2-;) /-:32 '-5� ( .'/,3 2� .�+(- ,2 .1 (82 (�-�-) . (-:(7131 ./, 27 �

[0, T ]
	193 �045 .1(82 (� -�3 . (-:(716�

(0, T )
�5 +-/, �(2-; 3-3- .1(82 3.��3

. (�1)1 �3+(-+3 	'+ �� (54 
I0

*'9 * -1 -'91 (:,) /-::( 	('042,3 	�01 .,
q
�5 	1� : �3+(-+5 *'92 .�7 '(5�:63+ (:,2 3+(0431 *-'5 (� *-:('042,

I0/q
3-:) 275) ,-3 '5+3

0'� 5/' '(41 � 6
� '(-,
 6�� '(-8

���



I0
'(30

D.C.
*'9 +�:3 ( 3+(-+3 	'+ '5(� 3-3 �3-:)5 * -:('042, �� (� :-, �(  ��;, � 3-3 	('042,3 	�01 *,3.-3 *'93 2) .-2'04;�3 . (;-;83 (

S(f) = I2
0δ(f)3'(831 .-2'04;� . (;-;82 3;8: -; (� 	�01 -2�5 * -:('042, -�� *'�: *'93 ( '/,1

S(f) = I2
0δ(f) + Sn(f) 6

Sn(f)
., 5)/2 ,-3 (:.'01

�	72(
ie(t)

*'9 2��15 3')1
t = 0

��'5 02;:3 	('042, �(:2) 2+(15
	('042,3 	�01

= q =

∫ ∞

−∞

ie(t)dt

/-:32 '-5� 3+(045 *-:() * -' (9-,1 *-02;: * -:('042,3( '/,1 6* -:('042,
I0T/q

�8(115 (02;-
T

	193 �045./:935  	72 6	(�, (; 	-23. , (3 *-:('042,3 .0-2; 	-23.) /-:32 �	72 �27 (: 630 -2;3 -:1 9 	-5 . (2. -, ) -)
�2 (+�

T
6, 69 �.((843 04;,

I(t) =

K
∑

k=1

ie(t− tk)

�	72 6
[0, T ]

*(/.5 +-/, *-�2 (;1
tk

�(
λ = I0T/q

�	(�, (; �(2-; -;2 �2 (;13 , �1
K

'),7
E
[

I(t)
]

= E

[

E

[

K
∑

k=1

ie(t− tk)

∣

∣

∣

∣

∣

K

]]

= E

[

K
1

T

∫ T

0

ie(t− θ)dθ
]

=
q

T
E[K] =

q

T

I0
q
T = I0

X
, �1 '(5� 

Eg(X) =
∫

fX(θ)g(θ)dθ
�3+5(�5 * -)1.)1 -:)3 	(-(()5 �342/33 .:(7.1 , (3 	(),'3 	(-(()36	(�, (; 	-23. 2) .2/ (.3 3� -; (1 -� -5'3 	(-(()5( . ((843 ./:93 -(0 -5 -+-2 3,5 -) -2)3 	(-(()5 ��

g
3-84:(; (

�-:)3 0:1 (12 .�7 3:;:
R(τ) = E

[

I(t+ τ)I(t)
]

= E





K
∑

k=1

ie(t+ τ − tk)

K
∑

j=1

ie(t− tj)





= E

[

K
∑

k=1

ie(t+ τ − tk)ie(t− tk)

]

+ E





∑∑

k 6=j

ie(t+ τ − tk)ie(t− tj)





04;, ./:935 �	72 6
K

-:; 2� 7 �/,(
tk

�3 -:; 2� 32-/. �81: 6
[−T/2, t/2]

*(/.5 +-/, *-�2(;1
tk

�3) .�7 /-::
�
K

2� � (81 	1� -
E
 �.((843

R(τ) = E

[

K
∑

1

1

T

∫ T/2

−T/2

ie(t+ τ − θ)ie(t− θ)dθ
]

+ E





∑∑

k 6=j

1

T 2

∫ T/2

−T/2

ie(t+ τ − θ)dθ
∫ T/2

−T/2

ie(t− η)dη





∼= E[K]

T

∫ ∞

−∞

ie(τ + θ)ie(θ)d(θ) +
E[K2 −K]

T 2
q2

���



	(�,(; 	-23. '(5�
E[K2 −K] = (λT )2 ; E[K] = λT

	72
R(τ) =

I0
q

∫ ∞

−∞

ie(t+ τ)ie(t)dt+ I2
03-' (; .'1.3 -�� 254:( �

Ge(f) = F{ie(t)}�5 	1� :
S(f) = I2

0δ(f) +
I0
q
Ge(f)G∗

e(f)

Ge(f) ∼= Ge(0)
*--4. -

τf � 1
*-1--413

f
*-'+. '(5� �3+(:,2 3+(0431 	('042, 2) '5�13 	19

T
3-3-

	72(
Ge(0) = q

(:2) 3'415(
S(f) ∼= I2

0 δ(f) + I0 · q (,
Sn(f) = I0q 63+ (-+3 ) �' ./� (: ,-3 (:254) 3,8(.3

�.('�3
6
q

	('042,3 	�01 ., -:(-� : 	;(,5 ,(812 ');, 3+(-+3 )�' .+-+1 -�� ( (:254) 3,8(.3 .'9�5) 52 * -) �, 

�� (+1
2I0q

,/� (:3 *-,8(1 '9� -';�5 �5 
04;, ,'4:3 �� (: 04;, � -; (1 * -2(+� 3+(-+ -1'9 '(5� 6-+1 *-2(+� ,2 3+(-+ -1'9 ' (5� ,-3 (:254) 3,8(.3 �� -5/'1 	�01 *-'8(- *3 3+(043 ., *-:('042, 35'3 *-59(� *-(�1 ��'5 *, �	142+7 ,(3 ( -5/'13 	�013-�� 	(. :31 	 (1: 3+(-+ )�'2 *'(� 39 04;, 6* -;� (: * -:('042, 2) 30-2;3 ., 57�13 �3+(:,2 3+(043 	-5 6/ -:9 , (3 -+1 * -3 (5 � ,2 3+(-+ -1'95 *2(, (:254) 3/� (:3

�� ���� ��� �� � � �� � ��� � ��� ��� � ��

�3+(-+5 -7 '-79:
I = I0(e

q V/KT − 1)

�	7 3+(-+5 * -1'93 ., 2+12 	.-: �3) �12(
I0 e

q V/kT

−−−−−−→
3;-/� *'9

−I0←−−−−−−
3-9(;-+ *'9

�	72 6� �.5 �*--:�, (; * -1'9 *3 3-9;-+3 *'9( 3;-/�3 *'9
Sn(I) = qI0(1 + eq V/kT )

���



�
V = 0

'(5� (
Sn(I) = 2qI0

� 6� 
�3+(-+3 '(5� -7 52 *-) : �.-),' 2��13 ., .�7 '5/:

R

∂I

∂V
=
qI0
kT
· eq V/kT

�+�: (17 3+(-+3 . �3:.1 �
0
/.1 5-5� �	72(

∂I

∂V

∣

∣

∣

∣

V =0

=
qI0
kT

=
1

R

� 6
 
�	72 6* -� :+;1, * (,. *--4.1 �397

R
.'-/5 *� �	72

2qI0 = SR,I
n

	,71(
SR,I

n =
2 kT

R

�/.1 ) �'2 '5�15 �	,71(
SR,V

n = 2kTR
� 6� 

��� ��� ����
 � ��

6(., -8-5 	 (1: ) �'( 37 (1: 3'5�3 *� -:)3 ( (.,-8-5 3 (5� ) �'( 33 (5 � 3'5�3 *� +/,3 �*-'5 �1 -:) *-:(. :) /-::6-/7 (:3 � -��5 4 (�� : 39 �(�1 . (-�55 �-:)3 -:;2 *-)2 � -+� *3-:)1 39-, -:)3 '/,2 +/, *31 39-,
4;�3 '5 �3 �-(81 4;�3

254.- 39 4;�3 6' (4131 2542 ');,) -21-�71 4;�3 � '(413 2) -(81 4;�3 �'-+�:( * -(�1 '+.5 	--�:
�-(813 4;�33 254.-

6.21
'(-, '(5� 	72( * -� :+;1-, .1,.3 -,:.5

�
�



'8--1 , (3) ) �'3 ( 2��1 � 6
� '(-,
�-�� 	(. : -(813 )�'3 4;�3) 254: �

∆f
*-'+. * (/.5 -1'0 ) �' '(5�

E

[

e2(t)

4R(f)

]

=
2kTR(f)∆f · 2

4R(f)

= kT ∆f 6-5-�; -24 -9-; '(415 -(813 ) �'3 4;�3 39(
�.('+�3

�-5 -04, (, -5-�;  , (3)27 '(41 2) .-5-04;,3 3'(0';103 6,
Teff =

1

k ·∆f · [∆f
0'� 5/'5 -(813 )�'3 4;�3

]

3,-8-5 -(81 4;�33� -:75 -(81 4;�3 = Ga
�4;�3 '5�3 65

.7'�15 	--�: 6�) �' .';� �( �'5�1 2) .-5-04;,3 ) �'3 .'(0';10 � *-�) (13 2� .'8(41 3'-4� ,-5: 	2326' (413 .'(0';10 2) 3-84:(;7 3,-8-5 ) �'3 4;�3 ., '--8:(
(Tin)

'(413 2) 3'(0';103 ., 3:) : �.'-(813
�'-(817 .'+�(1

∆T
.-5-04;,3 ) �'3 .'(0';10 6�'5�131 42/ ,2 , (3

R0
'(413 �52 * -) 

'5 �13 ) �' � 6

 '(-,
3-3- ,2 7 �3�) 	7 '(413 .'(0';10 ., 32�:( )�' ,22 25, 339 '5�15 ) � ('3 '5�13 � -2/: . ('/, *-2-156

∆T
35(). �� -� (32 	-'8 317 6-(:-)

�
�



3+-+1 � '5 �13 ) �' � 6
� '(-,

�3-3-
G

'5 �3(
∆f

0'� 5/ ('5 '5�13 .,-8-5 -(813 )�'3 4;�3 �3'+�33 '(,2
G · k · (Tin + ∆T ) ·∆f

�-9, �
T �� ��� � �2 3;(8 3:0 :,3( * -+�;3 .'�/ 3:0 :, ( .'(�1. (4 	'+ '5 (/1 '5 �13 *, �	72630 -243 ., ';) -

∆T
�5 '(;-) -9,

T �� ��� � � ∆T
*,63) �12 ';) - ,2

∆T
'(;-) -9,

∆T � T �� ��� �
*,

�*--� (;-0
∆T

-';�1
T0 = 300o K ∆T ∼= 10× T0

32(�1 ,2 * -2� ('4 -1 0241
−4× T0

�2(�1 *-2� ('4 -1 0241
∆T ∼ 80oK

-'01'; '5 �1
��3+4�4  39 '/, 395 *-'5 �1 -:) 2) .22(73 . -5-04;,3 3'(0';103 �3:�0

'(05 *-'5�1 '(5-/ � 6

 '(-,
�
Gk∆f(T ���� + ∆T )

, (3 ��++(5  '5�1 2) 3,-8-5 )�'3 2) -(813 4;�33 �(:'�3 '57) -;7 .-),' �3/7 (3'5�1 .,-8-5 -(813 ) �'3 4;�3 �3+4�4 '(5� 6�'(413 2) ) �'3 .'(0';10
T ���� �( -(813 '5�33 �

G
'),7 

�-(81 ) �' 4;�3 3-3 -
b
'5�1 2) 3,-8-5 	72( �

Gak∆f(T ���� + ∆Ta)
-�� 	(. :

a

GbGak∆f(T ���� + ∆Ta) +Gbk∆f∆f∆Tb = GaGbk∆f

(

T � ��� + ∆Ta +
∆Tb

Ga

)

�
 




�	72(
∆Tab = ∆Ta +

∆Tb

Ga6
a
-:;2

b
., (,

b
-:;2

a
., *-)2 �-+� *, 0-2/32 27 (: ,/� (:31) 52 *-)

35-5�3 .'(0';105 +�: '5�13 .� -:72 '5/: �	142+7 .'+�(13
F

) �'3 .';� ,(3 '5�13 )�'2 �� (: 	-;,1
�.�7 '-+�: 6

300kG∆f
	5(17 3-3- ' (413 2) -(813 4;�33 6�

300oK


F =

�'5 �13 ) �' 22(7  '5 �13 .,-8-5 -(813 ) �'3 4;�3
300k∆fG -��

∆T
2 '()4

F
	72(

F = 1 +
∆T

300) �'3 .;� (. -�� '5�13 ) �' ., 	--;,1
∆T

�) 52 *-) 6
F = 1

�(
∆T = 0

) �' '8(- (:-,) -2,-+-, '5�1 '(5�6
300oK

2) 3'(0';105 '(413 '),7 �'(413 ) �'2 2;7 *+41 -�� '5�13 ) �' ., 	--;,1
F

(2-, ( �'5�13 *'(�),(3
∆T

�.-. ('-') � (/ - .+(4 : .)'(+ 3:-,
∆T

.'+�3 (2-, ( . -. ('-') 3'(0';102 �/-5 '+�(1
F

�) 	(-716�'. (- -� -�5 �) (1
3+4�45 *-'5�1 -:) '(5-/ '(5�) /7(3 �2-�'.

Fab = Fa +
Fb − 1

Ga

Matched Filter
�
�� ���� � ��

	1� : 6
t > 0

'(5�
u(t) = 0

�) /-:: . (0);3 	�12 6
u(t)

�.-;(� 3-�':, 2�5 -0� -:-1'0+ . (, �3� -:73 . (,
6.25

'(-,5 	--� 6
U(f) = F{u(t)}

) �'( . (, � 6
� '(-,
6
N0

.-2'04;� .(;-;8 �;, .2/ (. �	52 )�' �3� -:73 )�'

�
�



��) �' ,22  +525
u(t)

. (,3 -(81 3� -:75 '),7 �3,-8-3
Y (t) =

∫ ∞

−∞

u(t− θ)h(θ)dθ

3-3.
t = 0

��'5 63 9 . (, 2� �+-13 27 ., 22(7
0

	195 ,8(13 	'� �*--5 (-/ * -:1 95 �;,.1 -(8'3 . (,3) 	((-73,-8-3
Y (0) =

∫ ∞

0

u(−θ)h(θ)dθ

�	142+7
t = 0

��'5 3,-8-5 ) �'2 . (, �/- '-+�:
(

S

N

)

out
t=0

=
(Y (0))23,-8-5 �8(11 ) �' 4;�3

'+.3 5/'15
Y (0)

., *()'2 27 (: 2((�'; 0;)1 -;2 6');,3 277 2(+� 3-3- 39 �/-) 38':(
Y (0) =

∫ ∞

−∞

H(f)U∗(f)df

���8(11 4;�3  3,-8-5 ) �'3 4;�3
∫ ∞

−∞

|H(f)|2 ·N0df

�5(: 2((�'; 0;)11 �	193 5/'15(
∫ ∞

−∞

|H(f)|2 ·N0df = N0

∫ ∞

−∞

h2(θ)dθ

	72(
(

S

N

)

out
t=0

=

[∫ ∞

0

u(−θ)h(θ)dθ
]2

N0

∫ ∞

0

h2(θ)dθ

=

[∫ ∞

0

U∗(f)H(f)df

]2

N0

∫ ∞

0

|H(f)|2df

6-21-�71 3-3- ( S
N

)

out
t=0

�/-3) 	7 �
H(f)

(,
h(θ)

��� .:--; (,1  .-',:-2 .7'�1 ,81 �3-�53
�.(-�42;1(4 . (-84 :(;2  &'(() 2) 	(-((-)3 -, �.'(79.

(

∫ T2

T1

f1(t)f
∗
2 (t)dt

)2

≤
∫

|f1(t)|2dt ·
∫

|f2(t)|2dt

&'(() 2) 	(-((-)3 -,1 254: �	72 6�-. ('-') 3-8'(; ('; *+41
α) f2(t) = αf1(t)

'),7 	(-((-)2 	;(3 	(-((-)3 -, (2-�2 * --(0 -531(
(

S

N

)

out
t=0

≤

∫ ∞

0

(u(−θ))2dθ
∫ ∞

0

h2(θ)dθ

N0

∫ ∞

0

h2(θ)dθ

=
1

N0

∫ ∞

0

(

u(−θ)
)2

dθ

�





'),7 	(-((-)7 *--4.- 3.� 39 (:254) 	(-((-)3 -,) &'(() 2) 	(-((-)3 -,1 �5(: 	7 (17
h(θ) = αu(−θ)6-7 :,3 '-83 -5�2

u(t)
2) -,'3 .:(1. , (3 -21 -0;(,3

h(t)
�3:4�13 	,71

.1, (.1 .::�1 ( . (, � 6
 '(-,
6.1, (.13 .::�13 �,'4: -21 -0;(,3

h(t))1.)3 �	193 5/'15 -(0 -55 )1.)32 * (415 6'+.3 5/'15 -(0 -5 ( 	193 5/'15 -(0 -5 � -; (1 *+(43 +(1�5 �3'�3.'1.3 -�� (
αU∗(f)

,(3 -21-0;(,3
H(f)

�) �&'(() 2) 	(-((-)3 -, .'9�5  2542 .:1 2� '+.3 5/'15 -(0556
αu(−t) , (3 -21 -0;(,3

h(t)
�) 3,8(.3 ., .-:) 	5 (17 254: 37 (;3 3-' (;

�
�



� ��� �

��������� � ��� � �� ��� �� ���� �

6. -',:-2 3'5�2,2 	7 ( �.('5.�33 .'(.2 . (' ()43 . ('(79. ( . ('+�3 � (�,: 39 4';5
������� � � �

6{ω} �.(+(4 :� 2) �� (, , (3
Ω
* �+13 5/'1

8.1 �����

6-(� : 2) . (-');,3 . (,8(.3 27 �� (, 2�7 * �+13 5/'1 2� 5 ()/: .-5-0 -, (0 :-,
2) ��-. ('-')  �� (, '/5: �.(-');, . (,8(. )) ) -) 	((7 63 -5 (4 .4-'9 2) 2+(1 . (:52 * -8 (') /-::

8.2 �����6{a, b, c, d, e, f} �� (,3 ., '(/52 * � 27 (: 6{1, 2, 3, 4, 5, 6} *-';�13 �� (, �2)12 6* -18� 3) -)
* �+1 5/'1 *-:(5 * -1�;2 6'. (- 	5(�1 * �+13 5/'1 3-3- 	7 �'. (- .75(�1 3�;(. 2) 2+(1 . (:52 * -8 (') 2776'. (- '/ (,1 52)5 2+(13 2) . (5/'3 ');,2 (, �0 (); 3:51 *� 5/'1 �-)32 -+7 .,9 �&(/: '),1 '. (- 2(+�
�� (,5 63+-/-3 2��1 �4-3 2� .(+(4 :3 �� (, ., * �+1 5/'17 '(/52 27 (: �302(' 2) 2+(1 . (:52 -+7

8.3 �����62��13 2� �047 �302('5 3,8(.  �'(,1 27 ',.2 	.-: 6302('5 . (-');, . (,8(. ) - '),1 . (+(4 : '. (- 39
. (-84:(;3 27 �� (, . (-32 2(7 - * �+13 5/'1 �

[0, 1]
	193 �045 '5�11 3,-8- ) �' '(5� 2+(1 . (:52 * -8 (' *,6

[0, 1]
	193 �045 . (;-8'3

6* -,53 *-,:.3 ., . (1 --413 �
Ω
2) . (8(54 .. 2) �� (, , (3

F
.(�'(,13 �� (,

8.4 �����

6�'(,1 ,-3
Ω
2)

Ω
38(543 .. �(, ��'(,1 , (3 3'(4 +-1.) 3'413 '1(27 �

Ω ∈ F
6�

6
A1 ∪A2 ∈ F

'1 (27 ��'(,1 , (3
A1 ∪A2

* � -9, �.(�'(,1 *3
A2

	7 (
A1

*, 6

6
F
�2 	--)

Ac (2) * -2)13 * � -9,
F
�2 	--)

A
*, 6�

* � -9,
i = 1, 2, . . .

'(5�
Ai ∈ F

*, �-01.1 	(1 -�5 6�'(,1 ,(3 �, .(�'(,1 2) . (:132 	.-: +(/-, 6
6∪∞i=1Ai ∈ F

-:) �
σ-algebra

 3'5 �2, 31 �-� (, �
σ-field

 3+) 31 �-� ,'4: 2-�2 * -,:.3 27 ., *--413 . (8(54 .. �� (,6��) (1 (. (,2 . (1)
*, *-'9 * -,'4:

A,B
.(�'(,1 �(9 6∅ �5 	1 (�. �'5+ 32-71 3:-,) 38(543 '1 (27 �34-'3 38(543

8.5 �����6
A ∩B = ∅ *, '1(27 ��. ()1 '5+ *32 	-,

�




., .1--41( ��
F

�5  �'(,1 27 '(5� .'+�(13 3-84 :(; , -3
P {A} .('5.�3 (, �.('5.�3 .-84 :(;

8.6 �����

�*-,53 *-,:.3
6
A ∈ F

272
0 ≤ P {A} ≤ 1

6�
6
P {Ω} = 1

6

*--4.1 ��

i 6= j
*,

Ai ∩Aj = ∅ '1 (27  *-'9 *3) {Ai, i = 1, 2, . . . } .(�'(,1 2) �3-:1 	5  �� (, 272 6�
P

{

∞
⋃

i=1

Ai

}

=

∞
∑

i=1

P {Ai}

6
P {A}+ P {Ac} = 1

*--4.1
A

�'(,1 272 -7 �5(: � �( 
 �1
6. ('5.�3 5/'1 *-,'(4 {Ω,F,P} 3)2)2 8.7 �����

��� �� � �
��
 ���� � ��

.('5.�33 -31 2(,)2 ');, �'5 �131 3,-8-3 ) �' '(5� 6* -0 (); . (�'(,1 (:',.
8.2–8.3

.(,1 �(+5
8.8 �����

�2913 3:.)1 � .,  ) �'3 	-23. , (3
n(t) = n(t, ω)

'),7 ∫ 1

0 n
2(t) dt ≤ 3

2)12 �-+1 32(+� ,2 3-3. 3-�':,3)-+7 .-01.1 . ('-39 '. (- 3) ('+ 	,7 6���-;)1 ( *--4 , (3 	, �'. (- 0 (); 3-3 - 	(1 -�3) -+7 �227 	'+5 0 -1) :
ω6��.'+�(1 3:-, . ('5.�33 -9, �,2 *, -7  �'(,1 (39 	7,) ,+((2

a
-)11 ';�1 27 '(5�) 	7

Ω
* �+13 5/'1 2�

X(ω)
3-84:(; , (3 �, �1 �'(8-45  -,'4, 3:.)1

8.9 �����6�'(,1 ,-3 {ω : X(ω) ≤ a} 38(543
*-1�;2 �31 (+ 3'(85 6

X(ω)
�2 * -:((7.1 '),7

X
*()'2 25(41 '1(27 �

ω
3:.)13 ., 0-1)32 25 (41) 52 * -)6{ω : X(ω) ≤ a} �'(,13 ., ',.2 * -:((7.1 (:, '),7 �{X(ω) ≤ a} �2)12  '(8-45 * ()':

) �'3) /-::(
n(t) = n(t, ω),

-�� 	(. : '5�11 3,-8-5 ) �'3) /-:: 6
X

�5 -,'4,3 3:.)13 ., 	1� :
8.10 �����

�*-,53 , �13 ., '-+�32 	.-: -9, 6�	193 2) 3-84:(;7  � -8'
6
X(ω) = n(2, ω) = n(t, ω)|t=2

,(3 ��
V

02((5 ++1: �-21)/ /.1  2)12
t = 2

��'5 '5�13 ) �' 2) 	'�3 •6
X(ω) =

∫ 1

0
n2(t, ω) dt

,-3
[0, 1]

	195 * (/.5 ) �'3 . (, 2) 3-�':,3 2)12 �'. (- * -57'(1 , �1 '-+�32 ');, •6
Y = max0≤t≤1 n(t, ω)

, (3
[0, 1]

*(/.5 ) �'3 . (, 2) -21-�413 	'�3 •
�
�



,+((2 ) - �-,'4, 3:.)1 ,(3
X(ω)

�) .(,'32 -+7 	, 6
Ω

�5 38(54 ,-3 {ω : X(ω) ≤ a} -7 ' ('5 �.-01.1 3'�36. -/7 (:3 .'��15 ,2 	, �.() �32 	.-: 39 27 6
F
2) 3'+�32 �/--.32 ) - 	7 *)2 6�'(,1 (39 -7

�
1
�(

0
	5 * -7'� .25413 �-)11 3:.)1 2) 3-84 :(; , -3

X(ω)
-,'4, 3:.)1 2) �(2-;3 .-84 :(;

8.11 �����3.'+�3(
FX(a) = P {X(ω) ≤ a}

FX(a)
�(2-;3 .--84 :(; 6

X(ω)
-,'4,3 3:.)13 2) � (2-;3 .--84:(;5 *-4� (� (:,) 3391

X
	1-�3 �(9 3'+�356+525

a
3:.)13 2) 3-84 :(; ,-3

��3/7 (3 ,22 
FX(a)

�(2-;3 . --84 :(; . (:(7.
8.12 ��	�

�	-1 -1 3;-8'( ��.+'(- ,2  .-:(0 (:(1 ,-3 �(2-;3 . -84 :(; •*-7'� 4' 2541 -,'4, 3:.)1 �'1 (27 6
FX(−∞) = 0

�(
FX(+∞) = 1

�.-01.1 4-(+1 -'1 �2 ,2 	(1 -�5  •6* --; (�
-9,

a1 < a2
*, •

P {a1 < X ≤ a2} = FX(a2)− FX(a1)

6�3-5(4 2) �(2-;3 .--84 :(; ., '--8  .(8-;45 32(� ( �*-�04 -:; 2� 3� (54
FX(a)

-9, �+-+5 3:.)1 , (3
X

*,
a
272) 	7 �

fX(θ)
�5 	1� :) ��	1-' . -2-5'�0:-,  3-84:(; .1--4 *,

8.13 �����

FX(a) =

∫ a

−∞

fX(θ) dθ(8.1)

6
X

, �13 2) -2(��3 �(2-;3 (, �
X

, �13 2) . (;-;83 .-84 :(; ,'4.
fX

-9,
�
��
 ��� ��� � ��

�*--,'4, *-:.)1
N

2) �� (, , (3
N

+1-15
X

-,'4, '(04 ((
8.14 �����

X(ω) = {X1(ω), X2(ω), . . . , XN (ω)}′

148



, (3 -,'4, '(04 (( 2) �(2-;3 6
Xi(ω)

'(04 ((3 -5-7' 272 291 '01'; (. (,  *-5-7'3 272 �.()1 ,(3
ω

�) 	5 (17-,'4, 3:.)1 2) � (2-;3 �) (1 2) 35/'3
'(04 (( 2) 3-84:(; , -3

X(ω) = {X1(ω), X2(ω), . . . , XN (ω)}′ -,'4, '(04 (( 2) �(2-;3 .-84 :(;
8.15 �����3.'+�3 ( �

1
�(

0
	5 *-7'� .25413 �

a = {a1, a2, . . . , aN}′ -)11
FX(a) = P {X1(ω) ≤ a1, X2(ω) ≤ a2, . . . , XN(ω) ≤ aN}(8.2)

a
272) 	7

fX(a)
3-84:(; .1--4 *, �

8.13
3,'  .(;-;8 .--84 :(; ) - -,'4, '(04 ((2

FX(a) =

∫ a1

−∞

· · ·
∫ aN

−∞

fX(a) da1 · · · daN

-�� 3. (, 5)/2 	.-:
fX(a) =

∂NFX(a)

∂a1∂a2 · · · ∂aN

���� ���� ���� �
 � � 

6. -0� -00� . (2. -,
8.16 �����6

P {A ∩B} = P {A} · P {B} *, �� �.5  .-0� -00� *--(2. -.25 * -,'4:
A,B

. (�'(,1 �(9
{ω :

.(�'(,13
a, b

*-';�1 �(9 272 *, �� �.5  .-0� -00� *--(2. -.25 *-,'4:
X,Y

*--,'4, *-:.)1 �(9* --4.1
a, b

272 *, � �.5 *3
X,Y

*--,'4,3 *-:.)13 �.('/, *-2-15 6� �.5 *3 {ω : Y ≤ b}�( X ≤ a}
P {X ≤ a, Y ≤ b} = P {X ≤ a} · P {Y ≤ b}

�3:() 	(1 -�5 �(,
FX,Y (a, b) = FX(a) · FY (b)

*--4.1
a, b

272 *, � �.5 *-,'4:
X,Y

*-'(04 ( -:) �339 3'(85
FX,Y (a, b) = FX(a) · FY (b)

6� �.5 *3 * �
X, g(Y )

-9, �2'(5 .--84 :(; �*-4+4+12  ,-3)27 �.-0� -:-1'0+  3-84:(; , -3
g
�( � �.5

X,Y
*,

149



��� �� � ��

3'(85 .'+� (1 .2/ (.3 6
EX = X = mX

. ('(831 ./,5 	1� :
X

-,'4, 3:.)1 2) .2/(.3 .,
8.17 �����63,53

�) -,:.5 .'+�(1 .2/ (.3 6{αi, i = 1, 2, . . .} 2)12 �*-+-+5 *-7'� 25413 -,'4, 3:.)1
X

-3 - •
∞
∑

i=1

|αi|P {Xi = αi} <∞

,-3 .2/ (.3 -9, *--4.1 39 -, :. *, (
EX =

∞
∑

i=1

αi P {Xi = αi}

�) -,:.5 .'+� (1 .2/ (.3 -9, 6. -2(�� .(;-;8 ) -
X

3:.)12) /-:: •
∫ ∞

−∞

|α|fX(α) dα <∞

,-3 .2/ (.3 -9, *--4.1 39 -, :. *, (
EX =

∫ ∞

−∞

αfX(α) dα

2) 3/� (:5 *-)1.)1 �+-+5 3:.)1 -+- 2� 3:.)13 ., *-5'41 6* -5 ('4 -+- 2� .2/(. * -'-+�1 �-227 	;(,5 •
k(n)

�2
(−n, n)

�043 2) �.-;(�  34 (2/ '/5:
n
';�1 272 �0 ('-; '. -5 65 ('-43 ., *-';)1 ( �+-+5 3:.)1*--4.) 34 (2/31 ) ('+: 6* -�04

−n = α
(n)
1 < α

(n)
2 < · · · < α

(n)
i < α

(n)
i+1 < · · · < α

(n)
k(n)−1 < α

(n)
k(n) = n

max
i
α

(n)
i+1 − α

(n)
i → 0

*--4) -,:.5 .'+� (1
X

-,'4, 3:.)1 2) .2/(.3 6�
n
�1 '. (- '31 2+�-

k(n)
�) 	-'8 	7 *)2 

n→∞ '),7
�) 	7

B
� (54

k(n)
∑

i=1

|α(n)
i |

[

FX(α
(n)
i+1)− FX(α

(n)
i )
]

< B

���



,-3 .2/ (.3 -9, �*--4.1 39 -, :. *, 64 -;�1 2(+�
n
272

E[X ] = lim
n→∞

k(n)
∑

i=1

α
(n)
i

[

FX(α
(n)
i+1)− FX(α

(n)
i )
]

(8.3)

�.(,53 . (' (831 ./,5 �2'�0:-,7 39 2(5 � *-:1�1 �* (7�3 .'(8 22�5
E[X ] =

∫ ∞

−∞

αdFX(α) =

∫ ∞

−∞

αFX(dα)

6
Stiltjes-Lebesgue

�52 �� �82-0� 2'�0:-, ,'4: 397 2'�0:-,
-,'4,3 3:.)13 '),7 . (1+(43 . ('+�32 339 3,8(. .:. (: .2/ (. 2) .-2273 3'+�33) 4 (+5

8.18 	 ����6. (;-;8 ) - -,'4,3 3:.)12 '),7( �*-+-+5 *-7'� 2541
-9, 6

Y = g(X)
-,'4, 3:.)1 '-+�:

g
3-84 :(; (

X
-,'4, 3:.)1 	.:35

8.19 ��	�

E[Y ] = E[g(X)] =

∫ ∞

−∞

αdFY (α) =

∫ ∞

−∞

g(α) dFX(α)

.'9�5 5 () -/3 ., �852 ');, �(2) �(2-;3 ., 5)/2 	'(8 	-,
Y

3:.)13 2) .2/(.3 ., 5)/2 -+7 �'1 (276
X

2) �(2-;3 .-84:(;
-2(�� �(2-; . (-84:(; *� , �1 '(5� �31 �(+2 6.2/ (. '-+�32 	.-: +-1. ,2( �.-;(� .2/(. ) - , �1 272 ,2

fX(α) =







0 α ≥ 0
*,

2/π

1 + α2
α < 0

*,
fY (α) =

1/π

1 + α2 -7 *--4.1
∫ ∞

−∞

αfX(α) dα =

∫ 0

−∞

αfY (α) dα = −∞

�) 	((-7 �.,9 .1(�2 6. -; (� �	-, ,-3 .2/ (.3 *2(, �
X

3:.)13 '(5� .2/(. '-+�32 ');,) 	7
∫ ∞

0

αfY (α) dα =∞

6.2/(. '-+�32 227 	.-: ,2
Y

'(5� 	72(

151



3-84:(;3 .,
IA

�5 	1� : 6�
ω 6∈ A *, 4'( *,

ω ∈ Ac '1 (27  *-2)13 �'(,13 .,
Ac�5 	1� :

A
�'(,1 	.:-35

�	7 '+�(13 -,'4, 3:.)1 (39 6
A

�'(,13 2) .:--813
IA(ω) =

{

1 ω ∈ A *,
0

6
ω ∈ Ac *,

6.2/ (.3 . (:(7.
8.20 ��	�

�
A

�'(,1 272 6�
E[IA] = 0 · P {Ac}+ 1 · P {A} = P {A}

6
EX = C

-9, �-,'4, (:-,) � (54
X = C

*, 6

-9, 6* -� (54 �(9

a, b
(-3 -( �.2/(. ) -

X,Y
*-:.)12) /-:: �. (-',:-2 6�

E [aX + bY ] = a · E[X ] + b · E[Y ]

6(,2 *, 	-5 ( . -0� -00� *--(2. *-:.)13 *, 	-5
-9, �.2/(. *32 ) -(  .-0� -00� *--(2. -.25

X,Y
*-:.)13 *, 6


E[X · Y ] = E[X ] · E[Y ]

6
P {X = Y } = 1

*, 4' 	7.- 	(-(() '),7 �
E[X ] ≥ E[Y ]

-9, �
P {X ≥ Y } = 1

(, 
X ≥ Y *, 6�

-9, �*--5 (-/ ( * -12) *-7'� 2541
X

3:.)13 *,
8.21 ��	�

E[X ] =

∞
∑

k=1

P {X ≥ k}

��




�39 3'412 .2/ (.3 .'+�3 -;2 �3/7 (3
E[X ] =

∞
∑

k=0

k P {X = k}

=

∞
∑

k=1

P {X = k}+

∞
∑

k=1

(k − 1) P {X = k}

= P {X ≥ 1}+

∞
∑

k=2

(k − 1) P {X = k}

= P {X ≥ 1}+
∞
∑

k=2

P {X = k}+
∞
∑

k=2

(k − 2) P {X = k}

= P {X ≥ 1}+ P {X ≥ 2}+

∞
∑

k=3

(k − 2) P {X = k}

= P {X ≥ 1}+ P {X ≥ 2}+ . . .

=

∞
∑

k=1

P {X ≥ k}

��� �� � ��

6* -0 :1 (1 * -,'(4 -,'4, 3:.)1 2) . (4 9/ 2) . (2/ (.2
'-+�: 6-,'4, 3:.)1

X
-3 -

8.22 �����

E[X2]
�-:) 0 :1 (1 •6

E[Xn]
�
n
'+�1 0:1 (1 •6

E[|X |n]
�
n
'+�1 02/ (1 0 :1 (1 •

E

[

(

X −X
)n
] �
n
'+�1 -97'1 0 :1 (1 •

σX =
√

Var(X)
	4.3 .--0� 6

Var(X) = E

[

(

X −X
)2
] ��� :,-' ((  .(:() •

6
E
[

X2
]

= 1
�(

E[X ] = 0
*, 21'(:1 ,'4:

X
, �1 •

, �13 -9, �-; (� -:) 0 :1 (1 2�5 ,(3) 27 , �1 , (3
X

*, �3'+�33 -;2
Z =

X − E[X ]

σX

�� 6
 
���



621'(:1 , �1 , (3
5('-4 ,-3 �	(),' 0 :1 (1  .2/(.3 �-:) +81 6(2) * -0 :1 (13 27 ., 5)/2 ');, , �1 2) . ('5.�33 4 (/ 	 (.1* -3 (5 � *-0 :1 (1 6-0� -:-1'0+3 5 ('-43 5-5� '(9-;3 (31 ',.1 -:)3 -97'13 0:1 (13 ( �, �12 '-5� -0� -:-1'0+6� (2-;3 2� �� (: �+-1 * -4;�1 '. (-
4 (/ ., *-'-+�1 *-0 :1 (13 -9, �-+1 '31 32(� (:-,

(E[|X |n])
1/n�) -:703 -,:.3 *--4.1 *, �-227 	;(,5 �3'�36-�1)1 +/ 	;(,5 �(2-;3

6* --,'4, *-:.)1 �(9
X,Y

(-3 -
-�� '+�(1 , �1 �(9 2) � :, -' ((43

8.23 �����

Cov(X,Y ) = E[(X −X)(Y − Y )]-.251 2-+532  .-',:-2 * --(2. -.25 (, �*-1, (.1 -.25 (, �3-82'(4 -'�/ *3 , �13) '1,:
Cov(X,Y ) = 0

*,-�� '+�(1 , �13 	-5
ρ
*,.-13 *+41 (, �3-82'(43 *+41 6��.-0� -00� *--(2.

ρ =
Cov(X,Y )

√

Var(X)Var(Y )

/-:: ��8(115 -(2. (:-, *,.13 *+41) 	((-7 6|ρ| ≤ 1
-7 3,': 353 6

ρ = 0
-9, .-',:-2 * --(2. -.25

X,Y
*,('(5�

λ
';�13 2) 	'�3 ., );/:(

E[(X−λY )2]
-5 (-/3 -(0 -55 	:(5. : 5 () -/3 	'(82 6

0
�8(11 *-:.)13 -:)2)'(5� �) (1 * (1-:-13 -7 254 : 3'-9�31 6��2 3 (() :(

λ
-;2 ' (9�: �* (1-:-1 , (812 -+7 6-21 -:-1 3-3- -(0 -53

λ∗ =
Cov(X,Y )

Var(Y ) 254: �39 	'� 5-8: *,
0 ≤ E[(X − λ∗Y )2]

= E[X2]− 2λ∗ Cov(X,Y ) + (λ∗)2 E[Y 2]

= E[X2]− (Cov(X,Y ))2

Var(Y )

�) 	,71 (
Var(X)Var(Y ) ≥ (Cov(X,Y ))2 6) '+:7 |ρ| ≤ 1

(,
*)2 � --�2 *-2(7 - * -0 :1 (1 +8-7 3,'1 39 ')4 6. (-('5.�3 	-52 *-0 :1 (1 	-5 *�'(;1 ')4 ',.: �*--:5 * (7-�76. (1--(�1 . (-('5.�3 5('-4

154



50 -3 '+� (1
E[g(X)]

-7 �� (:5 ) ('+: 632(� ( . -5 (-/ 3 -84 :(;
g
-3. ( , (3)27 -,'4, 3:.)1

X
-3 -

8.24 ����

�
α
';�1 272 -9, 6-; (� (

P {X ≥ α} ≤ E[g(X)]

g(α)
(8.5)

2� 5()/2 ');, �3-8-, (0 :-,3 .5(02 62'�0:-,7 .2/ (.2 �
8.3

3,'  -2273 	(1 -�5 (9 3/7 (35 )1.) : �3/7 (35)/:(
α
., �54: 6

fX(x) dx
�2 '(8-47

dFX(x)
-(0 -53

E[g(X)] =

∫ ∞

−∞

g(x) dFX(x)

≥
∫ ∞

−∞

I{x≥α}(x)g(x) dFX (x)

≥
∫ ∞

−∞

I{x≥α}(x)g(α) dFX (x)

254:( .2/ (.3 . (:(7.5 )1.): .�7 632 (� 3-84:(; , -3 -7 -:)3 ( �.-5(-/
g
-7 *--4.1 	(),'3 	(-(()3 -, '),7

E[g(X)] ≥ g(α)

∫ ∞

−∞

I{x≥α}(x) dFX (x)

= g(α) P {X ≥ α}

�(::�0) -;7 �	72(
P {X ≥ α} ≤ E[g(X)]

g(α)

6�
Markov

 5(4'1 0;)1 ., 32-/. ,-5: 6. (1�'(;1 . (:4�1 ';�1 ) -432 ');, 39 0;)11
*--4.1

α > 0
272(

X
-5 (-/ -,'4, 3:.)1 272

8.25 ��	�

P {X ≥ α} ≤ E[X ]

α

'-+�32 ');, �-5 (-/
X

�) 	((-7) 52 (1 -) �*-4+4+12 6-5 (-/
X

�) 	((-7 �
g(x) = x

3'-/531 +--1 .�5 (: (9 3 :�0666.2� (. .'�/ ,-3 3:�03 �.-;(� �	-, .2/ (.3 *-,) 	5(17 6-, :. 27 ,22 .2/ (. (2
6�
Chebyshev

 5)-5 �8 *�/ .,'4: 39 0;)11 .�5(:3 .;� (: 3 :�0

���



*--4.1 -5(-/
α
272(

X
-,'4, 3:.)1 272

8.26 ��	�

P {|X | ≥ α} ≤ E[X2]

α2

P {|X − E[X ]| ≥ α} ≤ Var[X ]

α2

�-5 (-/
α
272) 	((-7 �0;)131 .-+--1 .�5(: 3 :(),'3 3'()3

P {|X | ≥ α} = P
{

|X |2 ≥ α2
}

6
X − E[X ]

-,'4,3 3:.)13 2� 0;)13 .2�;3 -�� �� :, -' (( 2) 3'+�331 .�5(: 3--:)3 3:�03(
6�
Chernoff

 5(:' �8 *�/ , (3 0;)1 (. (,1 �5(:3 .-�/- )+/ *�/
*--4.1

θ ≥ 0
272(

α
272 �

X
-,'4, 3:.)1 272

8.27 ��	�

P {X ≥ α} ≤ E

[

eθ(X−α)
]

6.1 --4 	-1 - +85 .2/ (.3) -,:.5
2542( 0;)13 ., 2-�;32 ');, 	72 632 (� ( . -5 (-/ 3-84 :(; , -3

x
3:.)13 2)

eθ·x 3-84:(;3) 52 * -) :
P {X ≥ α} ≤ E

[

e(θ·X)
]

eθ·α

= E

[

eθ(X−α)
]

������
 ������� � ��

-�� .'+�(1 , -3 6
ν
-)113 3:.)13 2) 3-84 :(; , -3

X
, �1 2)

φX

.-:--;,3 3-84:(;3
φX(ν) = E

[

eiνX
]

=

∫ ∞

−∞

eiνα dFX(x).

fX(α)
�. (;-;8  -2 (�� � (2-; ) - 3:.)12 *,

φX(ν) =

∫ ∞

−∞

eiναfX(α)dα

.-:--;,3 3-84:(;3 �3'41 275 -7 . (,'32 ');, 6
fX(α)

2) 3-'(; .'1.3 2) 57 ('13 +(183 , (3
φX(ν)

�'1 (276
FX(·) �(2-;3 . --84 :(; ., .-�1)1 +/ 3'-+�1

φX

��



-7 ��.1--4 +-1. 	72(  50 -3 .'+� (1 .-:--;,3 3-84:(;3 -7 52 *)
∣

∣eiα
∣

∣ = 1

.(4 9/ '(0 -+- 2� .-:--;,3 3-84 :(;3 ., �8--2 	.-: -9, �'+� 271 * -01 (1 * -1 --4 *, 6
α
272

φX(ν) =
∞
∑

k=0

(iν)k

k!
E
[

Xk
]

�*--:70 * -,:. ./.  '),7
φX(0) = 1

∂φX(ν)

∂ν

∣

∣

∣

∣

ν=0

= iE[X ]

∂kφX(ν)

∂νk

∣

∣

∣

∣

ν=0

= (i)k
E
[

Xk
]

6* -0 :1 (13 2) 5() -/ .');,1 .-:--;,3 3-84 :(;3 .� -+- �0';5) 	7
����� ��� ��� ������� � ��

-+- 2� .'+�(1
B

�'(,1 	.:35
A

�'(,1 2) . ('5.�33
8.28 �����

P {A | B} =
P {A ∩B}

P {B}

2) . (:(7.3 27 ., 32 ) - 	72( �
B

38(545 .97 ('13 �
A

2) 3-84 :(;7  .('5.�3 -3 (9 �� (54
B

'(5� -7 52 * -)
�3'+�331 . ('-) - .�5 (:( �+,1 .-) (1 -) 3,53 3:�03 6�

8.6
3'+�3  .('5.�3

*--4.1
P {Ak} 6= 0

*-1--413 {Ak, k = 1, 2, . . . ,K} .(�'(,1 '(5�
8.29 ��	�

P {A1 ∩A2} = P {A1 | A2} · P {A2}

P {A1 ∩A2 | A3} = P {A1 | A2 ∩A3} · P {A2 | A3}

P
{

∩K
k=1Ak

}

= P
{

A1 | ∩K
m=2Am

}

· P
{

A2 | ∩K
m=3Am

}

× · · ·

× P {AK−2 | AK−1 ∩AK} · P {AK−1 | AK} · P {AK}

P
{

∩K−1
k=1 Ak | AK

}

= P
{

A1 | ∩K
m=2Am

}

· P
{

A2 | ∩K
m=3Am

}

× · · ·

× P {AK−2 | AK−1 ∩AK} · P {AK−1 | AK}

���



* ()'2 	.-: -9, 6
B = {ω : X(ω) = β} �'(,13 ., � (54

β
'(5� '-+�:( �*--,'4, *-:.)1 *3

X,Y
-7 .�7 /-::

P {A | B} = P {A | X(ω) = β} =
P {A ∩B}

P {B}+8-7 6
P {B} = 0

��;, ,-3
B

�'(,13 2) . ('5.� -33 ��.(;-;8 ) -
X

3:.)12 *, 2)12  *-5' * -'4 -15 *2(,
�.-:. (13 . ('5.�33 ., 9, '-+�:

'-+�:
X

-,'4, 3:.)1(
A

�'(,1 '(5�
8.30 �����

P {A | X(ω) = β} = lim
ε→0

P {A | β ≤ X(ω) ≤ β + ε}

6. (1--4.1 . (:(7.3 27) 	7 .-:. (1 . ('5.�3 '-+�1( �*--4 +-1. 39 2(5 �) /-:: (:,
�7 '+� (1

X
3:.)13 	.:35

Y
3:.)1 2) 3:. (13 �(2-;3

8.31 �����

FY |X(α | β) = P {Y ≤ α | X = β}

62 (5�3 	'+ (. (, '-+�: �.(;-;8 *� 3:.)1
X

*, 632�12 '+�(3 	-1 - +8
6�+-1 27 3;-� (1 3:-, 3-:.33 -9, �.-0� -00� *--(2. -.25

X,Y
*,

-9, * --(2. -.25 *3
A,B

.(�'(,13 *-,
8.32 ��	�

P {A | B} = P {A}�� 6 
-9, �.-0� -00� *--(2. -.25 *3

X,Y
*-:.)13 *, �	72

FY |X(α | β) = FY (α)

-9, � �.5
A,B

*, �.-:. (1 . ('5.�3 .'+�31 . (�5 (: . (:�03 -.)
P {A | B} =

P {A ∩B}
P {B} =

P {A}P {B}
P {B} = P {A}

63 :. (13 �(2-;3 .'+�31( 	71 .�5 (: 3-:)3 3:�03
�) 	7

f
3-84 :(; .1--4 *,

8.33 �����

FY |X(α | β) =

∫ α

−∞

fY |X(θ | β) dθ

6
X

	.:35
Y

2) .-:. (1 . (;-;8 (, 3:. (1 -2(�� �(2-; ,'4.
f
-9,

���



.(;-;83 ., 5)/2 ');, -9,
fX,Y (α, β)

.;. ()1 . (;-;8
Y

�(
X

�2 ) - *, -7 �5 (: . -:. (1 . (;-;8 2) 3'+�331
�	2327 .-:. (13

fY |X(α | β) = lim
δ→0

FY |X(α+ δ | β)− FY |X(α | β)

δ

= lim
δ→0

P {α ≤ Y ≤ α+ δ | X = β}
δ

= lim
δ→0

[

lim
ε→0

P {α ≤ Y ≤ α+ δ, β ≤ X ≤ β + ε}
δ · P {β ≤ X ≤ β + ε}

]

=
δ · ε · fX,Y (α, β)

δ · ε · fX(β)

=
fX,Y (α, β)

fX(β) -9, .;. ()1 . (;-;8 ) - *, �*(7-�2
fY |X(α | β) =

fX,Y (α, β)

fX(β)
(8.7)

fY |X(α | β)
.-:. (13 . (;-;83 (

FY |X(α | β)
3:. (13 �(2-;3 * � 	7 (

P {Y ≤ α | X = β} .-:. (13 . ('5.� -33
�	5(17 �254.- 6

X
-,'4,3 3:.)13 ., �

β
';�13 * (415 5-832 .�7 	.-: 6

β
3:.)13 2) . (-84:(; *2(7 *3-+- 2� '+� (13 �
ω

�5 -(2.  )+/ -,'4, 3:.)1
P {Y ≤ α | X} = P {Y ≤ α | X = β}|β=X

	(-(()3) �5(: (9 3'+�31
FY |X(α | X) = P {Y ≤ α | X = β}

6
fY |X(α | X)

2) . (�1)13 ., 	-532 ) - 31(+ 3'(85 6
X(ω) = β

*--41
ω
*, 4'( *, *--4.-

	'+5 .-:. (1 .2/ (. '-+�32 ');, ��2-�' � � (2-; 2) . (:(7.3 27 2�5 , (3 3:. (13 � (2-;3 � (54
β
'(5� �'(1,76.2/ (. (:'+�3)

-+- 2� .'+�(1
β

	'�3 ., 2541
X

3:.)13) 	.:35
Y

-,'4, 3:.)1 2) .-:. (13 .2/ (.3
8.34 �����

E [Y | X = β] =

∫ ∞

−∞

αdFY |X(α | β) =

∫ ∞

−∞

αFY |X(dα | β)

-9, �3:. (1 -2(�� � (2-; ) - * -,
E [Y | X = β] =

∫ ∞

−∞

αfY |X(α | β) dα

���



*--4.1
g
,-3)27 3-84 :(; ' (5�

E [g(Y ) | X = β] =

∫ ∞

−∞

g(α)FY |X(dα | β) =

∫ ∞

−∞

g(α)fY |X(α | β) dα

63 :. (1 -2(�� �(2-; *--4 ( 3+-15 * --4.1 	('/,3 	(-(()3 '),7
3'415 (17 	72( �

β
3--:.33 3:.)1 2) 3-84:(; , -3 (:'+�3) .-:. (13 .2/ (.3 �32-�' .2/ (. 2) 3'415 (176

β
*(415

X
3:.13 3:.)13 ., 5-832 ');, �*-:. (1 �.(;-;8 (, � (2-;  . ('5.�3 2)

E [Y | X ] = E [Y | X = β]|β=X.-:. (13 .2/ (.3 6�'. (- .4 -(+1 (  '. (- .0);(1 ,-3 .-:. (1 .2/ (. 2) .4-(+13 3'+�33 �*-4+4+12 3'�33-3- . -:. (1 .2/ (. (5 3� -; (1) 	(-(() 27 	72 ��;, (. ('5.�3) �'(,1 -+7 +� 4' .'+� (1 �-,'4, 3:.)-17 6(9 3+(4 :2 �/--. : ,2 	)135 6�;, 3. ('5.�3)
ω
.8(542 0'; 	(7 :

.2/ (.2 ) - *2(, �.2/(.3 . (:(7. ., .)'(- , -3 	72 632-�' .2/ (. (17 .5) (/1 .-:. (13 .2/ (.3 � (54
β
'(5�6. (-+(/- . (:(7. * � .-:. (13

'(,.5 6. -; (� .2/(. (2 ) -) 3:.)1 272 .'+� (1 .-:. (13 .2/ (.3 6. -:. (13 .2/ (.3 . (:(7.
8.35 ��	�.2/(.2 31(+5 6.1--4 3-3. .-:. (13 .2/(.3) -+77 *-) ('+3 * -,:.3 *-1--4.1) +-1. /-:: 2-�2 . (:(7.3

�32-�'3
�
X

-,'4, 3:.)1 272(
A

�'(,1 272 6�
E[IA | X ] = P {A | X}

6
E[Y | X ] = C

-9, �-,'4, (:-,) � (54
Y = C

*, 6

-9, 6* -� (54 �(9

a, b
(-3 - �. (-',:-2 6�

E [aZ + bY | X = β] = a · E[Z | X = β] + b · E[Y | X = β]

E [aZ + bY | X ] = a · E[Z | X ] + b · E[Y | X ]

6
E[Z | X = β] ≥ E[Y | X = β]

-9, �
P {Z ≥ Y | X = β} = 1

(, 
Z ≥ Y *, 6
6. -:. (13 .2/(.2 . (+/ (-1 	3 . (,53 . (:(7.3

6
E[X | X ] = X

* � 	72(
E[X | X = β] = β

6�
�	3)27

g, h
.(-84:(; ' (5� 6

E [g(X) · h(Y ) | X = β] = g(β) E [h(Y ) | X = β]

��



X,Y
*-:.)13 -:)5 3--(2.

h
*, �'. (- -227 	;(,5(

E [g(X) · h(X,Y ) | X = β] = g(β) E [h(β, Y ) | X = β]

31,.35 *-'413 -:)5 * --4.1 �.('+�33 -;2 �	72
E [g(X) · h(Y ) | X ] = g(X) E [h(Y ) | X ]

E [g(X) · h(X,Y ) | X ] = g(X) E [h(X,Y ) | X ]

6�
E [E(Y | X)] = E[Y ]

-9, .-0� -00� *--(2. -.25
X,Y

*-:.)13 *, (
E[Y | X ] = E[Y ]

6�
E [g(X) · h(X,Y )] = E [g(X) · E(h(X,Y ) | X)]

* �  � (547
X

�2 �/--.32 ');, *:1, 9, �*--(�1 	'�2 �54: 3:.17
X

2) (7'� *-, -7 .'1 (, � 3:(7. �.('�36�342/3 � .(,'4: ��( � .(:(7. 6�3:.17 4' ,2 �3:. (17 (+-4;.5
�(2-;3 .'9�5 3,':  3:(7. ., 6�3.2+ � , (3 (18� *�

X
2) �.()13 �(2-;3 	7) �.('+�331 .�5 (: � 3:(7.* -:() * -+-4;. 	-5 +-';32 ');,. (9 3'+�3 6

Z = X
,-3 (.'+�3)

Z
)+/ 3:.)1 '-+�: 3/7 (33 	'(82 63:. (13-7 . (,'32 (:-2� �)+/3 	(1 -�5 6

X
3:.)13 (. (, 2)

E [g(Z) · h(Z, Y ) | X = β] = g(β) E [h(β, Y ) | X = β]

�3'+�33 -;2
E [g(Z) · h(Z, Y ) | X = β] =

∫ ∞

−∞

∫ ∞

−∞

g(z)h(z, y)FY,Z|X(dz dy | β)

=

∫ ∞

−∞

g(β)h(β, y)FY,Z|X(dy | β)

	7
X = Z

�5 97'.1 �(2-;3 ��.-:. (13 . (;-;82 3/� (:3 ., 0';5 3,'  �.()13 3:. (13 � (2-;3 .'+�31 	((-71, (3 �.-:. (13 �(2-;3 . --84 :(; . :-/51 -0 :((2' (:-,
Z
3:.)13 39 52)5 63.2+ .-84:(; , -3 .-:. (13 . (;-;83)
��



*, 62'�0:-,2 &(/1 2, (, -8 (32 ');, 	72( �2'�0:-,3 .:-/51 � (54 ,(3
g(β)

��� (:5 6* -0 :1 (�',3 2� � -;)1 (:-,
	7

E [g(Z) · h(Z, Y ) | X = β] = g(β) ·
∫ ∞

−∞

h(β, y)FY |X(dy | β)

= g(β) E [h(β, Y ) | X = β]

6. -:. (13 .2/ (.3 .'+�31 �5 (: 	('/,3 	(-(()3 '),7
( 8.7)

3/� (: ., 0';5 3,' �3:. (13 �(2-;3 . (:(7.1 �5 (: � �5 	(),'3 	(-(()3 63'+�331 *-�5(: �5 * -:(-(()3 ',)6. (1+(43 . (:�031 �5 (: � �� (�52 6
8.32

3:�01 �5(: -:)3 	(-(()3 6. -:. (13 . (;-;83 '(5�

� 



	îáåà åçæøä òì äñúáøåú
	îáåà
	îäìê ääøöàåú 
	 çæøä òì äñúáøåú 
	å÷èåøéí à÷øàééí 
	äôéìåâ äâàåñé 
	äñúáøåú îåúðéú

	ùòøåê 
	îáåà 
	ùòøåê àåôèéîìé 
	ùòøåê ìéðàøé 
	ò÷øåï ääùìëä )ò÷øåï äàåøúåâåðìéåú (

	úäìéëéí à÷øàééí áæîï áãéã
	çå÷ ääñúáøåú ùì úäìéê à÷øàé
	úåçìú åîåîðèéí ùì úäìéê à÷øàé
	ñèöéåðøéåú åàøâåãéåú

	ùøùøåú îø÷åá
	ãåâîàåú åäâãøåú
	ùøùøåú äåîåâðéåú
	çéùåá äôéìåâ åäñúáøåéåú äîòáø
	îöáéí ðùðéí åçåìôéí
	ôøå÷ îøçá äîöá
	ñèöéåðøéåú åùøùøåú îø÷åáéåú

	úäìéëéí à÷øàééí áæîï øöéó 
	îáåà, äâãøåú åãåâîàåú 
	ñèöéåðøéåú: 
	úäìéê à÷øàé âàåñé
	 îòáø úäìéëéí à÷øàééí ãøê îòøëåú ìéðàøéåú
	îòáø úäìéëéí à÷øàééí ñèöéåðøééí áîåáï äøçá ãøê îòøëåú ÷áåòåú áæîï

	äææú ñô÷èøåí 
	ñéðåï ìéðàøé àåôèéîìé 
	ëîä îéìéí òì àøâåãéåú 

	øòùéí
	øòù ìáï
	øåçá ñøè àô÷èéáé ìøòù
	øòù èøîé )øòù äðâã, øòù PD1LHEcmrcmrmmnnNyquist (
	øòù äãéåãä PD1LHEcmrcmrmmnn(Shot+.2222em noise)

	øòù èøîé - ôúåç îúåê îåãì øòù äãéåãä
	àôéåï øòù îâáø
	îñððú îúåàîú PD1LHEcmrcmrmmnnMatched+.2222em Filter 

	 çæøä ðåñôú òì "îáåà ìäñúáøåú"
	äñúáøåú
	îùúðä à÷øàé åôéìåâ
	åå÷èåø à÷øàé
	àé úìåú ñèèéñèéú
	úåçìú
	îåîðèéí
	ôåð÷öéä àôééðéú
	äñúáøåú åúåçìú îåúðéí


