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8.1.1 WXYZ[
H(s) =

1

s + λ
ROCH = {<e (s) > −λ} .

3\.].] 4
^U _G GHI _JIJ I`NaLI bHJHJK GNIK

(−λ)c` GNI `dNRI MP NJU beHKPP f
λ > 0

HU gHSS

h(t) = e−λtu(t) .
3\.].h 4
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�t ≥ 0

MN`V �GHI IaM�PJ I`NaLI
S(t) = (h ∗ u)(t) =

∫ t

−∞
h(τ) dτ

3\.].� 4
=

∫ t

−∞
e−λτu(τ) dτ

3\.].� 4
=

∫ t

0
e−λτ dτ

3\.].� 4
= − 1

λ
e−λτ

∣

∣

∣

∣

t

0
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=

1

λ

(

1 − e−λt
)

.
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JUU b 1

λ cJ I � IMRP`cccV N`RJ LTGNK IaM�PI L`NaL NJHGN �JN�a
t

MN`V
0cJ LTGNK _JII L`NaL

λ > 0cK ^NNHULTGNK e_JII LVTKI _NL MgGJ f IOHSU GJJ LUMVPIK ^` NP` ML NH IMHIP LUMVPI L`NaL �U �ML NH J N�a
λcKMLNH IJN�a L NMHIP`ccc_HHNSHK GJJ MP NJUccc	`HQH	 `QPJN �MLNH IJN�a L NMHIP`

0
I`NaL GNIK IgNSP `QPJ

1/e
H�U �V `MRLL IaM�PJ I`NaLIK �V KNM�I ^P �U

τ
I`NaLI ^P � LG JKPJ MH�aS bIaM�P LOHSU JK IMRP`NG

e−λτ = e−1 MKGU IMRH I � b eJ N�a
tc` f HTNOI �MVJ

τ =
1

λ
.
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MP NJU �GNIKJU OTG _a KH LUMVPJ _G

H(s) =
s + a

s + λ
=

a

s + λ
+

s

s + λ

3\.].i 4
HU J`RS H�G

h(t) = ae−λtu(t) +
d

dt

(

e−λtu(t)
)3\.].]
 4

= ae−λtu(t) +
(

−λe−λtu(t) + δ(t)
)3\.].]] 4

= (a − λ)e−λtu(t) + δ(t) .
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IgSI` ^HH�V f LUV N� ILJ� LOHSUJ I`NaLI `NK �MgG IMRP JU` bILJ� GHI _JII L`NaLK J`RS

a = λ
MN`VHTNOI �MVJ L`MRLP N e

δ cI JJa` f
1

�MV` IJHgLP I � IMRP` IaM�PJ I`NaLI b
λc` IHNJLI LNMHIP` e

λ > 0cKb
λ
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ÿ + bẏ + cy = x

3\.h.] 4
�� �&����� �  &�� �� ���� .� ���$$ �� � �$1#$� �' ,��'

1

2

(

−b ±
√

b2 − 4c
)

.
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.7#( �1 #� 7�*�� �� + ( �&�  0� ���$$ �� � ��,�� �2�

b2 ≥ 4c
�� ,(  � ���' %� �!  �

c ≤ 0
��% ��, ,1�$ ( ',*$ �(�� (  ! -( �� �  '�' 3�-,1$� (! -(  � 4 ���� (! -( (� � �,� %( �& ,$  �'�� ���,��  ! �,#$� (� %'� %+!& .(  � 2 (  &#�$� %'� 03� ���$$� � ��&��$ 1+� �, � �* (+� �' 4�&(�$ 

ωn
�!  �+  ��$$ �&(�$ ,�1-�� �' & %' �* .c > 0

�2� � �!' ,$ � ��,�� �� 0",�! .� �!' ,$� �� �(,1-��
ξ

��$$
ω2

n = c
3\.h.� 4

2ξωn = b .
3\.h.� 4

,$  �'
b2 < 4c

� �  &(  � %��&*$� �  +(�
4ξ2ω2

n < 4ω2
n → ξ2 < 1 .

3\.h.� 4
�, /�$ �&� ,1�$ (��� �/&,�1 ��   �$ %+!& 0%' ��

ÿ + 2ξωnẏ + ω2
ny = ω2

nx
3\.h.� 4
�' !� � �� & .3� �� " �!� (� "*$ "��� 1* �$

x
�� �1#$� 4 .|ξ| < 1

���#$  ��$$
ξ8 �!  �+

ωn
,��'0

|ξ| < 1
�,#$! � �  &�� %��&*�� ( ,$� 07�  &! .�&� ,1�$ ( �,�&�� ��  �$ �'� � ��($  &�� �2 , �()� �, � (,$(� * /�! �1 � �* ,1(� (! -( (� !�+& .ξ �� �,* �'� !" �� (,1- $ ��   �$�

(jω)2Y (ω) + 2ξωnjωY (ω) + ω2
nY (ω) = ω2

nX(ω)
3\.h.� 4

H(jω) =
ω2

n

(jω)2 + 2ξωnjω + ω2
n

3\.h.\ 4
=

ω2
n

(jω − c1)(jω − c2)
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c1 = −ξωn + ωn

√

ξ2 − 1
3\.h.]
 4

c2 = −ξωn − ωn

√

ξ2 − 1 .
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ξ
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H(jω) =

1
(

1 − ω2

ω2
n

)

+ j2ξ ω
ωn

.
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H(s) =
ω2

n

s2 + 2ξωns + ω2
n
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|ξ| < 1
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h(t) =
ωn

√

1 − ξ2
e−ξωnt sin

(

ωn

√

1 − ξ2t
)

u(t) .
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%(  & , �� � !  � �+ �� � 0,(  � �  ,� �-,1$� (! -( ! � �+
s(t) = (h ∗ u)(t)

3\.h.]� 4
=

{

1 +
ωn

2
√

1 − ξ2
e−ξωnt

[

ejωn

√
1−ξ2t

c2
− e−jωn

√
1−ξ2t

c1

]}

u(t)
3\.h.]� 4

=

{

1 − e−ξωnt

√

1 − ξ2
sin

[

ωn

√

1 − ξ2t + θ
]

}

u(t) .
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($  *� .ωn

�,*! !/#! %� (  1 &(� 3%"#
ξ

4 %"# �  ' �� , !* �'  �� (  �+�  &$ , ,! .θ = cos−1(ξ)
,��'�� '� �-,1$� (! -( 07�  &! .(  �" �� %� (  1 &(� 

ωn

� � �'�*1� !/# 3
|ξ| ≈ 1

4 �  1- �  ' �� , !* (�2�*� (  &�!#  �� �&'� �,* �* �� * �!  -(� �,* �2 �,#$! )
t

�� � �$ �� �$ � �',* , !* ( ����� (  ���
.overshoot

��(  � &'(� !/# )�-,1$ (! -(! (  �,# �*� (  *� (� �(� (� � ��!#$  &� �&� ,1�$ (',*$ , !*(',*$�� +�&& .�(  $' %�  �!  2 (  -� &(� � �,�($� ��11$ ,��$ %' �� ,�1-& .(  1 &(  ��  �� �,*�,�� �� � �,*� (��  � �-,1$� (! -( � 1-
t

, !*� +�&& 0�  �+ (  � � �� �-,1$� (! -(� �' �!�/�, �1-& .ξ > 08� 1!�! 0�2 7 �*�! (,�  ($� �&� ,1�$ (',*$! !/$�  �2 .3steady state
4
yss 8! %$�&(*'

.yss8$ 90%
�� �,*� �*�-$ �! -(�� 1* %$ 2� �  � 3

Rise time
4 � ��*� %$2 8 tr •

.�!  -(� �� ��$ ��'$� �,*� �!#($  ! %$ 2� �  � 3
peak

4 � ��� %$ 2� 8 tp •

.� �2 +�! �"  !$ ! ,� .yss

��  �� �,*� �*$ ( �!,$� �-�,+� � �� 3
overshoot

4 ��*$� �-�,+� 8 OS •5,  &�/ 66 �  (! (!/��($ �! -(� ����  &$$ ,�� %$2� �  � 3
settling time

4 (  !/��(�� %$2 8 ts •�,1&� #  �1� ��(�! 0
5%

 �
2%

0
1%

)� �11 ! � �2 +� �  � �! #$ !+ , .��  �� �,*� !�!� % (&
.(',*$�$

.�-,1$ 8 �� �&'� �� �,*� �+�! �� �-�� ,$ �'
1 − yss8' (,1- $ 01�$($� !/$� (��-� 8 ess •
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�IG`I IMNQ`

tr
LG `KgJ MKTG

( 8.1.1)
LUMVPI MN`V

8.2.1 WXYZ[
e−λtr = 0.1

3\.h.]i 4
tr = − log 0.1

λ

3\.h.h
 4
OS

IaHMgI bLHSNdNSNP IMNQ` IJNV I`NaLI ^UK HTNO ^HG GNI
tpcK ^` NPU bHV`dI OHO`I JV GNI _LHMaNJI MKGU_HUMVI LG J`RP MKG f

α
JK IGHaK �MV MN`V �IHJVI ^P � `NKHgJ II� LN`QHLII ^P � `NKHg bI`HO ILNGP

0
GHIe

0.05
NG

0.01, 0.02

e−λts = α
3\.h.h] 4

ts = − log α

λ
.

3\.h.hh 4
b
ess = 0 �� NO`J

L NgTJ f LUMVPI LNaISLI
ξ2 > 1

_G b
ξ > 0cK IJHgL gHSS

( 8.2.6)
HSK M�OP LUMVPI MN`V

8.2.2 WXYZ[LUMVPIK MPGS _HUMVI JK I� _NgL` bL N� NSL ISHHIL GJ ^UK �^NKGM M�OP LUMVPJ IP N� eL HL NUHG ISHg`Pb`UNMPI MNKHPI JK JGPK �Q` _HSNK �G _HHKPP _H`dR HSK LUMVPJ I � `QP` be
overdamped

f MLH ^NOHM` GHILUMVPJ I� IMRP`N HdHMR ^NOHM GMRS I� `QP �ξ2 = 1
MKGU GNI LN� NSL LJJNUI L NaISLIJ I� `QPP M`VPI^NOHM LL `QP` NSGN L N� NSL ISHHIL H�G

ξ < 1
_G b`UNMPI MNKHPI JK JGPK �Q` _HI � _HHKPP _H`dR aN�HLJ` LUMVPI b`UNMPI MNKHPI JK JGPK �Q` e_H� NPQ f _H`UNMP _H`dR aN� LUMVPJ I� IMRP` be

underdamped
fMHQI JV e_H� NPQ f _HP N�P _H`dR aN� LUMVPJ I � IMRP` bL HMN�gP GHI I`NaLI I� IMRP`N

ξ = 0
_G LSONMPb`UNMPI MNKHPI JK IP N�PIb

ξ2 < 1
� NV JU ISHHIL LN� NSL b`UNMPI MNKPI JK ^HP H �Q` _I _H`dRIN I`HQH ISHG LUMVPI

ξ < 0
_G �� NO`J

9@�� =:; �@� ��:�A �� �?�<: � ��	 
 A�@ DE�
(��& �/, (, �$( (�/#& � (�*! (',*$ �' �� #� �, /! 0, 51$ �1� �* (,�  ($� (',*$ �' �' !� � �� &�, /! ,�(� %( �&

H(s) = C

∏N
n=1(1 + s/αn)

∏M
m=1(1 + s/βn)

= C ′

∏N
n=1(s + αn)

∏M
m=1(s + βn)

3\.� .] 4
* !#� (,2*! (',*$� (� ,�(� %( �& %'� .(−βm)

�� (',*$� �!"#  
(−αn)

�� (',*$� ���� ,��'
.(',*$� �� � �����  � �!"#� �  # �$ (� ,�($� 8� ���� � �!"# (�$8"  ",� (,2*! 

C1/! � ����� � �!"#� ,��  0!' ,$� , � �$� �� %�$ � 1/! � �!' ,$ � �1 $/ � ���� - 2 � 2 "  ",�!
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×

×
0

0

0
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T0(s) =
ω2

n

s2 + 2ξωns + ω2
n

.
3\.� .h 4

�� 1+ (',*$ �!#& 
(−a)

�1 # &! ��� (',*$� 7��  & (*'
T (s) = T0(s) +

s

a
T0(s) =

ω2
n

s2 + 2ξωns + ω2
n

(

1 +
s

a

)

.
3\.� .� 4

�, /! (�2 �  �,& ��
T (s) =

ω2
n

s2 + 2ξωns + ω2
n

+
s

a

ω2
n

s2 + 2ξωns + ω2
n

3\.� .� 4
 2 �! -( �� (,2-&� (��  (! 0

T0
�� �-,1$� �! -(� ��� �-,1$� �! -(� �' (  �,�&���$ , ,! �2�

T
(',*$� �� �-,1$� �! -(� �2�

s(t)8! �-,1$�
T0

�� �! -(� (� %$�& �� 0,$  �' .3*  !# � �' 4� ��
y(t) = s(t) +

1

a
ṡ(t) .

3\.� .� 4
�, /�$ %��1* � �� �!  -(� �' ��,& �!�

y(t) =
[

1 + A1e
−λ1t + A2e

−λ2t
]

u(t) .
3\.� .� 4
8$( (�/#& �! ,! 1$� %  �'$� !� � �� & 0

( 8.3.5)
��   �$!

( 8.2.17)88( 8.2.15)
(� !�/& (�2 (  �,� �1'� �$1#$� ,$ �' )

δ
��'�� �� ' � �&�� �-,1$� (! -( 0�&'$� ,1�$ �$$ %"# �& $� ,1� �, !* (, �

.3� �$�� % 2��$ �- (  �,� %( �& (�2 4 (���($ �(�1� (,2-&�  ��' ��� �$1#$! � &��� .λ1, λ2

%$2� �* !# �* �� �� 0� �$1#$� �* �*���$ ���� (��  (� ��� �&#�$�
.�� �� �,*� �* *��� � �� ! �/�� �,#$! �� � 36 '  �-�,+ 4  &,1-�� � �11$! � &�� %!  $' �  ,-�(  �,� ,��� �2� 0!' ,$� , � �$� �� ��$� 1/! � ��/$& � �!"#� ,$ �' 0�!�/ � � �� (',*$� ��

.%"#
t

, !* �� *
s(t)8� 3�(�+(� �,* �� � �,* �"��$! �  $ �� �  ( 4 �-,1$� (! -(� ���'� � " �!�$�- 3!' ,$� , � �$� �� ��$� 1/! �  �  &��  �� ���� ,$  �' 4

a > 0
�� 0( �!  �+ � �� (,2-&� %'��-,1$� �! -(�� �!#& 0(1, � (,2-&� �2�

a < 0
�� (�2 ($ *� .� �,/# � �&$2! �� *

T
�� �! -(���$� 1/! ��� (��  � %�! �(  �$ �& � � � �2 %!  $! .� ��* �' ,+� #, 0���� (+($ �� �1�,�! ���+($

.!' ,$� , � �$� �� �&$ ��  1�/! ��� (��  � %�!� 3
minimum phase
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a8� �'' �'  &�!�#� � " �!�$ , ,! 7�  &!0�� 1- �*��� ���( (���,� !  ,# ���� 0����� .,(  � �&"#  (*��� � ��( �' 0!' ,$� , � �$� ��(*' 0�&'$� ,1�� �  � �& $� ,1�� �'� �  ,-( �&� ��� (��  ( �' !� � �� & .� �,/# � �&$ 2! (  +��
.(',*$� (  -�&(�! �(  �$ � &�� ��� �(*' ,�1-& �7�  & !"  # (��  � �*���$ 1/�'

T (s) =
ω2

n

s2 + 2ξωns + ω2
n

1

1 + s/β
.

3\.� .� 4
� �$1#$ �* 4 � ��, #$� ��!"#� � �$ ��($� ��,!� �&� �!#& � ��#�+ � �,!�� #  ,�� ��*& �� (*'�, /�$ � " �! 7�  &!  3� �,+�

A3

1 + s/β
.

3\.� .\ 4
�, /�$ � " �! %( �( �' �� �,$(� %$2� , � �$!

y(t) =
[

B0 + B1e
−λ1t + B2e

−λ2t + B3e
−βt

]

u(t) .
3\.� .i 4
�, /! *��  $ (  ��� � ' � ! �/ �� !/$� �! -(� (�&'($  !� !/#� %��1* )�!�/ � (',*$� 

β > 08� +�&&*��� � �$ 1$� ,�/� ,(  � !  ,#� !"  #� 0,$  �' .ξωn 8$ %"#
|<e β|

�� �,#� �2 .β �1� �* ( �(  �$���( �*���� 0� 1- ��$$ #�+ �*! �  �
β
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.
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