Fundamentals of Stochastic Processes 048868
Home Assignment 2
Weak convergence. Conditional expectation. Regular conditional
distributions.
Submit until: April &

1. Weak convergence:

(a) Let X1, Xo,..., be iid. N(0,1) (standard normal). Let M, = maxm<n Xm.
i. By using the following inequalities, that hold for all z > 0:

s x—s)e—;ﬁ/z & /m e~V 2gs < g 1g0"12,

€T
show that for any @,
P (Xz >+ “g)

li =
xi)nf;lO P(Xz > 33) €

-0

ii. Forn=1,2,..., let b, be the unique number with P(X; > b,) = 1/n. Show

lim P(b,(My — by) < z) = exp(—e™").
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iii. Show that b, ~ (2logn)'/? and conclude M, /(2log n)'/2 — 1 in probability.

(b) Let X,,1 < n < oo be integer valued. Show that Px, = Px, if and only if
P(X,, = m) =nsoo P(Xoo = m) for all m.

(c) Show that if X,, = (X},..., X®) is uniformly distributed over the surface of the
sphere of radius v/n in IR™ then Px1 = N(0,1). Hint: Let ¥1,Y3,... be iid.
N(0,1) and define Xi = Y;(n/ X% _; V;2)/2.

2. Conditional expectation:

(a) Let Var(X|F) = E(X?|F) — BE(X|F)?. Show that
Var(X) = E(Var(X|F)) + Var(E(X|F)).

(b) Show that if E(Y|G) = X and EX? = EY? < oo then X =Y as.

(c) Give an example on Q = {a,b,c} in which

E(E(X|F1)|F2) # E(E(X|F2)|F1)-




