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A multiclass many-server system is considered, in which customers are served according to a nonpreemptive priority policy
and may renege while waiting to enter service. The service and reneging time distributions satisfy mild conditions. Building
on an approach developed by Kaspi and Ramanan, the law-of-large-numbers many-server asymptotics are characterized as
the unique solution to a set of differential equations in a measure space, regarded as fluid model equations. In stationarity,
convergence to the explicitly solved invariant state of the fluid-model equations is established. An immediate consequence of
the results in the case of exponential reneging is the asymptotic optimality of an index policy, called the cu/0 rule, for the
problem of minimizing linear queue-length and reneging costs. A certain Skorohod map plays an important role in obtaining
both uniqueness of solutions to the fluid-model equations and convergence.
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1. Introduction. A multiclass system with many servers is studied under a law-of-large-numbers (LLN)
scaling. In this system, customers of various classes are served according to a fixed nonpreemptive priority
policy; they may leave the system while waiting to enter service. The goal is to study the scaling limit of the
queue length and other processes of the model via the approach of Kaspi and Ramanan [14] and Kang and
Ramanan [12, 13]. In this approach, developed in Kaspi and Ramanan [14] for the G/G/N queue, and extended
in Kang and Ramanan [12] to include customer reneging, the scaling limit is described in terms of a fluid
model, comprising a system of differential equations in measure space. The relation to the fluid-model equations
(FME) is then used to show convergence of stationary laws of the queueing model to the invariant state of the
FME, and is applied to prove the asymptotic optimality of the so-called cu/0 rule for linear abandonment and
queue-length costs, in the case of exponential reneging.

Although multiserver queues are important as they arise in many applications, they are harder to analyze than
single server queues. As was first observed by Halfin and Whitt [9], letting the number of servers increase to
infinity may sometimes simplify the system’s description. In particular, in Halfin and Whitt [9], a G/M/N queue
was studied with scaled-up number of servers and arrival rate, and a central limit theorem (CLT) was established
in which the limiting dynamics were identified as a one-dimensional diffusion process. It is well understood
that, whether in LLN or CLT scale, it is the exponential distribution assumption on the service time that enables
to describe the limiting dynamics in terms of a (deterministic or stochastic) ordinary differential equation in
one real variable. In Kaspi and Ramanan [14], the G/G/N queue was analyzed in a many-server LLN scaling,
and the limit behavior was shown to be governed by a (deterministic) differential equation in measure space. In
this approach, the Markovian state descriptor of the queueing model consists of the number-in-system process
and a measure-valued process that records the age in service of each of the customers being served. The FME
characterize the dynamics of the limits of a properly scaled version of these quantities. The extension by Kang
and Ramanan [12] to a setting with reneging has an additional ingredient in the state descriptor, that accounts for
the age in system of customers prior to reneging, and accordingly an extended set of FME. The limiting behavior,
in LLN and CLT scales, was also identified by a different approach by Reed [17] and Puhalskii and Reed [16]
(see Kaspi and Ramanan [14], Kang and Ramanan [12] for further references on many-server limit results).

This paper extends the results of Kaspi and Ramanan [14] and Kang and Ramanan [12] to the setting of
multiclass systems with reneging, where the service allocation adheres to a fixed nonpreemptive priority among
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the customer classes. Convergence of the scaled queueing model processes to a suitable set of FME is established,
on a finite time interval, and in stationarity. The approach and much of the technique build on Kaspi and
Ramanan [14] and Kang and Ramanan [12, 13], including the Markovian formulation, representation formulas
for solutions to the FME, tightness of various processes, and the analysis of stationary measures and their
convergence. In fact, this paper can be viewed as an attempt to demonstrate the applicability and versatility of
the approach.

Yet the techniques developed in the above papers alone fall short of covering the model under consideration,
particularly the uniqueness of solutions to the FME and the convergence of the queueing model processes to
the FME solution do not follow directly from these treatments. As we show, a certain Skorohod map (SM) can
be used to represent some of the model’s processes (queue length, idleness, arrival into service) as images of
others (exogenous arrivals, departure, reneging). This representation turns out to capture a useful property of the
priority policy. Indeed, continuity and other properties of the SM play a key role in the proofs of uniqueness
and convergence alluded to above. Although this is a simple example of a SM, to the best of our knowledge it
has not been used before in a queueing setting.

A major motivation for this study arises from a natural dynamic control problem in which scheduling is to be
determined so as to (asymptotically) minimize a linear abandonment/queue-length cost in stationarity. Although
the problem is interesting under any reneging time distribution, we focus in this part of the paper on the relatively
simple case of the (class-dependent) exponential distribution. Under this assumption, the cost can be expressed
solely as a queue-length cost. This problem was considered in Atar et al. [1, 2] in the case where also the
service times are (class-dependent) exponential, in which the Markovian state descriptor is finite dimensional.
Denoting by c¢;, u;, and 6, > 0, respectively, the cost per customer per unit time, the rate of service, and the rate
of reneging for a class-i customer, it was shown that a policy that prioritizes classes in the order of the index
c;i;/0; (with highest priority to the largest index) achieves asymptotic optimality. In addition, a lower bound on
the cost was established in Atar et al. [2] for general service time distributions. It was proposed in Atar et al. [1]
to refer to this policy as the cu/0 rule, as it is reminiscent of the well-known cu rule (which is, under suitable
assumptions, optimal for multiclass scheduling in systems without reneging). It follows from the main results of
the present paper that the aforementioned lower bound is achieved, in an asymptotic sense, by the cu/6 rule for
a general service time distribution. Here, w; now stands for the reciprocal mean class-i service time. Although
the priority rule is simple to state, the proof of the asymptotic optimality result is not so simple, and in fact uses
the main results of this paper to their full strength.

In summary, the main contribution of this paper is the treatment of a multiclass many-server queueing system
with nonpreemptive priorities, with general service and reneging distribution, based on the approach of Kang
and Ramanan [12] and Kaspi and Ramanan [14] and significantly extending it. This extension, that we believe
may be of broader interest in the analysis of priority queues, includes the following:

o The formulation of a set of FME for the multiclass many-server system with reneging, under a nonpreemp-
tive priority policy. We establish uniqueness of solutions to this set of equations (Theorem 3.1), and identify
their invariant state (Theorem 3.3). Although the formulation of the FME follows the approach of Kang and
Ramanan [12]-Kaspi and Ramanan [14], and several tools are borrowed from these works (Proposition 3.2),
a crucial new tool is a certain two-dimensional Skorohod map, that effectively captures the nature of the priority
discipline (§3.2).

o Convergence analysis. We establish convergence in law of the scaled queueing processes to the FME
solution (Theorem 4.3), and consequently the convergence of any invariant state distribution of the scaled
queueing processes to the invariant state of the FME (Theorem 4.4). Here, the methodology follows closely the
framework of Kang and Ramanan [12]-Kaspi and Ramanan [14]. Continuity properties of the Skorohod map,
alluded to above play a role here.

As a corollary of the convergence results, we obtain

e Asymptotic optimality of the cu/6 priority rule for exponential reneging and general service time distribu-
tion (Theorem 5.1), significantly extending a known result for the case of exponential service.

We use the following notation. For x € R, x* = max(x, 0) and x~ =max(—x, 0). For x € R, ||x|| = X%, |x;].
For y: R, — R* and 7> 0, |ly[l, = sup,cjo 5 l¥(s)[|. The modulus of continuity of y is defined as

w(y, 0,1) = sup{||y(s) —y(w)||: s,uel0,t],|s —u| < 0}, 0, t>0.

If y: R, — R is locally of bounded variation, we write |y|, for the variation of y over [0, t]. Note that we
sometimes use y(¢) and y, interchangeably as convenient.

Given a nondecreasing, right-continuous function f: [0, co) — [0, o), denote f, = sup,., f(¢) and, in the case
when f, = oo, define f~': [0, 00) — [0, 00) by f~'(r) =inf{s > 0: f(s) >t} for t € [0, 00). When f, < oo, let
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£~ [0, 00) — [0, 0o] be defined as above for ¢ € [0, f.], and set f~!(t) = oo for t € (f,, 00). This is the left-
continuous inverse of f. For a measure m over [0, H) (some H € (0, 0]), we will write m[a, b) as shorthand
for m([a, b)) and m[a, b] for m([a, b]). We write F™(x) for m[0, x] and denote

(f,m) = f[o L Jdm T [0, H) — R. (1)

Note that
(F™)~'(y) =inf{x = 0: m[0, x] > y}. (2)

For a € R, §, denotes the unit mass at a. For an event A € 7, 1, denotes the indicator of A.

Given a Polish space E, its Borel o-field €, and an E-valued random variable X on the probability space
(Q,F,P), the probability measure (X) on (E, %), defined as PoX~!, is referred to as the law of X. Given
random variables X, X, X,, ... taking values in E, we write X, = X for convergence in law defined as the
weak convergence of the laws, 2(X,) — 2(X), as probability measures over (E, €). The sequence {X,} is said
to be tight if the corresponding laws form a tight sequence in 2(E, €). Denote by %[0, H) the space of RCLL
paths from [0, H) to E, equipped with the usual Skorohod topology. A sequence X, of random variables taking
values in this space is said to be C-tight if it is tight and every subsequential limit has continuous paths w.p.1.

We write [0, H) for the space of finite measures on [0, H), and endow it with the topology of weak
convergence. All stochastic processes in this paper are assumed to have RCLL sample paths.

Finally, the dependence on 7 € [0, oo) of a process, say X;, will be denoted by X; ; and X;(¢) interchangeably,
whichever notation is more convenient.

The paper is organized as follows. The queueing model is introduced in §2. Section 3 describes the FME,
establishes their uniqueness, and identifies the invariant state. In §4 the convergence results are stated and
proved. The results are then applied in §5 to prove the asymptotic optimality of the cu /6 rule under exponential
reneging. Finally, certain properties of the SM are proved in the appendix.

2. The N-server system. In this section we give a precise description of the model. The system has N
identical servers that serve customers of J classes. Each customer has a single service requirement and leaves
the system once his service is completed. Another possibility for a customer to leave the system is by reneging
while waiting to be served. The system is considered under a work conserving, nonpreemptive priority policy.
Thus, customers that arrive into the system when one of the servers is idle are immediately assigned a server.
Otherwise they are queued in a buffer (with infinite room and are sent to the service as soon as a server
becomes available. The order in which the customers are assigned to service follows a priority rule, where
each class i has priority over all the classes i 4+ 1, ..., J. Within the class, customers are sent to servers in a
first-come-first-served manner.

The model is defined on a probability space (), F,[P). For the jth customer of class i to enter the system
we let

e r; ; be the patience time of the customer, and

e v; ; be the service time requirement of the customer.

This means that the customer reneges if he waits in the queue r; ; units of time, and if the customer is assigned
a server, he keeps the server busy for v; ; units of time. We assume that the patience times of class-i customers,

{r. ;7 j=1,2,...}, are independent and identically distributed (i.i.d.) random variables with distribution G7,
density g/, finite mean 6!, and hazard rate function 4/ (x) = (1— G/ (x))~' g/ (x), where, by convention, 0/0 = 0.
We denote H; =inf{x: Gj(x) = 1}. Similarly, the service times of class-i customers, {v; ;: j=1,2,...}, are

i.i.d. random variables with distribution G!, density g, finite mean w;', and hazard rate function 7!(x) =
(1-G:(x))'g(x). Also, H; =inf{x: Gi(x) =1}.

We refer to the system containing N servers as the N-server system, or simply the Nth system. For each fixed
N we consider the following arrival processes associated with the Nth system:

o (& ;) where e ; is the time of arrival into the system of the jth customer of class 7, and

e EV, the corresponding counting process of class-i arrivals into the system for ¢ > 0, so that EV(7) is the
number of class-i arrivals in [0, 7].
We further denote by %fv o the number of class-i customers that have arrived before + = 0. We assign to these
customers negative indices between —%IN o+ 1 and 0, and to those that arrive at or after time O positive indices
from 1 to co. Hence e}'; = (EN)~'(j) for j > 1.

We assume that the arrival processes {E): i =1,...,J} are mutually independent renewal processes with
mean interarrival times (A})~', respectively. It is further assumed that the collections r; . , v, . , and e}, (equiv-

1

alently, EV), i=1,...,J, are mutually independent for each N. At this point of the article we are interested in

Ay
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the evolution of the systems for # > O starting from a given initial state, a term that refers to quantities associated
with customers that are present in the system at time O (including their number, arrival time, and time already
spent in service). Therefore, the distribution of the initial state is not specified. Starting at §4, the initial state
will be considered with a (generic) distribution. We will assume that, given the ages of the customers in service
(as part of the initial state), their residual service time distribution is that of independent random variables with
densities g’(x +y)/(1 — Gi(x)) for a customer of class i with age x in service. A similar statement holds for
ages in queue, with g/ and G/ replacing g’ and G3.

We proceed to define some additional processes for the Nth system that depend on the above primitive
variables, starting with the following:
° sff'j, the time of entrance into service of the jth customer of class i. If the customer reneges before entering
service we set s"; = oo.

o K lN , the counting process of class-i customers that enter service for 7 > 0.
Define next the age-in-service measures, denoted by v,",(dx). For class i and t € [0, 0), ¥}, puts a unit mass at
every x € [0, co) for which a class-i customer, that is in service, has been there x units of time at time ¢. More

precisely,
EY(1)

(0= 3 (@) oz ) 3)

_oN
J==% g+

where {0 <71 —s) ; <v; ;} indicates that the customer entered service but has not completed it yet, and
N N
al ()= ((t=s")vO0)Av, ; 4)

represents the age in service of the respective customer at time ¢. Next, consider the potential queue measures,
nY,(dx). These measures represent the age in queue, under a policy that never assigns servers to any customers
(this policy is not actually implemented in our model, and is mentioned only as a means of describing the
potential queue measures). Therefore, these measures encode information about arrival and reneging, but not

service. Specifically,
EY(n)

nzl\,]t(dx) = Z 5wf?'/-(z‘) (dx)l{Osr—efl/<ri_/}’ (5)

. oN
‘[:7@110‘*’1

where {0 <t — eff’ i< ;) indicates that a customer has arrived prior to ¢ but has not reneged yet, and w{f’ ; are
the potential waiting times, defined by

wl ()= ((t—e))VO)Ar, ;. (6)

Although nﬁ’ . encodes the age in queue under a fictitious policy, the information about the ages of customers in
queue under the actual policy can be recovered from it, using additional ingredients of the system description,
as we shall see below.

Let BY(r) = (1,v},) denote the total mass of v, representing the number of class-i customers that are in

i,t°

service at time 7, or equivalently, the number of servers busy with class-i customers. Let QV(7) denote the
number of class-i customers in the queue at time 7. Let

X' =0/ () + B (1) ™

denote the total number of class-i customers in the system at time ¢. Then we require that

N—iBﬁ(t):(N—_ijX{V(t)y, t>0. (8)

This relation asserts that servers do not idle when there are customers waiting in the queue. It thus expresses
the work conservation property.

Introduce the process x;¥(¢) representing the waiting time of the “oldest™ class-i customer in the queue, and
set it equal to zero when the class-i queue is empty. Namely,

X () =inf{x = 0: 9 [0, x] = ) (1)} = (F"™) 7' () (1)), ©)

where we recall the definition of the inverse in (2). Evidently,

Q;' (1) =, [0. x;" ()],

Ay
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The cumulative class-i departure-from-service process, denoted DV, is given by

EY(n)

DlN(t)Z Z Z 1((da,{vj/dt)(s—)w,(daff/./dz)(s+)=o}» (10)
j:7?€{YO+l s€l0, ¢]

where we denote by (df/dt)(t+) and (df/dt)(t—) the right and left, respectively, derivative of f at 7. The
cumulative potential reneging of class-i customers in [0, 7], denoted SY (), is equal to

EN (1)
sfy= > > 1{(dw{Y//dt)(s—)>O,(dwff'j/dt)(s-#):o}' (11)

j=—%N,+1 s€[0,1]

The cumulative reneging of class-i customers in [0, 7], denoted RY(7), is equal to

EN(1)
N
Ri (t) = Z Z 1{w{t]/-(s)</\/[N(:—),(dw{t’l-/dt)(s—)>0, (dwﬁ//)/dl‘(s+)=0}‘ (12)
jzf%;,'\fmq s€l0, ¢]

Additional relations satisfied by these processes are the so-called balance equations, obtained by counting cus-
tomers in the system (13), in the potential queue (14), and in service (15). Namely,

xY=x",+E"—-DY—RY, (13)
(L") = (1 mlo) + E =S, (14)
BY=B" +K—-DY. (15)

The nonpreemptive priority rule is expressed as

KN (1) = /[

N .
o,[]l{zgl o) (s)=0) 4K; (s), i=2, t=0. (16)

This relation imposes a necessary condition for a class-i customer to be sent to service at time s, namely, that
at time s no class-k customers are present in the queue, for k <.

REMARK 2.1.  Although (16) captures precisely the nature of the priority rule, it may seem that the following

variant is also a valid condition, namely,

KN (t)= o Lisict o¥ooym0) AKT (5), 122, 1>0. (17)

Here the respective queues are observed just before time s. However, as we explain below, (16) and (17) are not
equivalent, and (17) is not the right condition.

(a) Condition (17) does not agree with the priority policy. Fix k < i. Consider a scenario when two arrivals,
of class k and class i, occur at the same time. Assume that just prior to this time the queues are all empty
and there is exactly one free server. The policy should assign the server to the new class-k customer. However,
condition (17) allows for the class-i customer to be sent to service rather than k. Condition (16) prohibits this
behavior.

(b) Condition (17) contradicts work conservation. Suppose two servers become idle at the same time, and
just before that time there is one class-k customer and one class-i customer in the queue. Both should enter
service. However, (17) prohibits this.

We further consider the departure-from-service marked point processes, defined for bounded measurable ¢ on
[0, H?) xR, via
EN (1)

DfY(p(t): Z Z 1{(da?’,-/ds)(sf)>0,(daf\_’//dx)(x):o}qo(agj(s)’S)a (18)

J=—%N,+15€[0,1]
and similarly the potential reneging marked point processes, defined for bounded measurable ¢ on [0, H) x R, via

EN ()

S,']Ylp(t): Z Z 1{(dw,’t'j/d.s)(.sf)>0,(dw;t’j/ds')(s')zo}lp(wﬁ]j(s)’S)' (19)

j:_‘g{YOH s€l0, 1]

L
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Let
Ry (1) =57 gn, (1), (20)

where (0N¢)(x, s) = 0N (x, s)P(x, s), and
07 (x,5) = 1y oy (X (5-)). (21

Then, the reneging process RY is given by
RV (1) = RY, = S)0 (0). (22)

For h € (0, o], we denote by €!-'([0, h) x R,) the space of compactly supported functions ¢ for which
the directional derivative lim,_,o((¢(x + A, 7+ A) — @(x,1))/A) exists for all x € [0, k), € R,, and lies in
€.([0, h) x R, ). We shall abuse the notation slightly and denote this directional derivative by ¢, + ¢, whether
the partial derivatives ¢, and ¢, exist or not. For ¢ € €!-1([0, H}) x R..), the measure-valued processes satisfy
the following relations:

() = (6080 + [ o) + 6,009 1) ds = D0+ [ 909K ). (29

where ¢, + ¢, is the directional derivative alluded to above. Similarly, for ¢y € €' ([0, H]) x R,),

WD) = 0 ) + [ a9+ o) ) ds = S2, 0+ [ 90 dEY (). (24)

The proof that, given K and EV, (23)—(24) are satisfied by the measure-valued processes, is identical to that
of Theorem 5.1 of Kaspi and Ramanan [14]. The construction of collection of processes satisfying the N-server
system Equations (3)-(16), (18)—(22) is very similar to that in Appendix A of Kang and Ramanan [12], with
obvious adaptations to address the priority policy.

Although the detailed proofs appear in Kang and Ramanan [12] and Kaspi and Ramanan [14], it is in order
to give an explanation of the various terms in the above equations. First, 8" (x, s) is the indicator of the event
that the waiting time of the customer at the head of the queue, just before s, is larger than x. Hence Si’f’ o ()

is the potential reneging applied to the function 6, which counts all reneging of customers while they are
in queue, that is, the actual reneging in [0, ¢]. Equations (23)—(24) describe the evolution of the measures v
and nf" , where the second, third, and fourth terms on the right correspond to three different causes of evolution.
The second term is due to the fact that ages of customers in service (respectively, waiting times of customers
in queue) increase at rate 1. The variables (x, ) for the test functions ¢ (respectively, i) correspond to age
(respectively, waiting time) and time. Since both these elements are affected by the flow of time, the directional
derivative as defined above appears in these expressions. Clearly, in the special case when ¢ (respectively, ¥) is
a function of the space variable x alone, only the term (¢, (), ;") (respectively, (¢, ")) will appear. Next,
those customers that have left the system in [0, 7] because of end of service in (23) and because of reneging
in (24), should be subtracted, resulting in the third term on the r.h.s. Finally, the last term represents entrance
to the service (respectively, the system) during [0, #]. The test functions appear here as ¢(0, s) (respectively,
(0, 5)) because of the fact that at the time customers enter, their age (respectively, waiting time) is equal to 0.

3. The fluid model. In this section we analyze a deterministic fluid model that will be shown, in later
sections, to govern the LLN behavior of the N-server system, as N — oo. It consists of a set of equations derived
from the equations satisfied by the N-server model. The main issue addressed here is showing that the solution
of the fluid-model equations is unique. We also provide here some additional properties of the fluid model and
characterize its invariant state.

3.1. The fluid-model equations. Write 7}, (R, ) for the set of members of g, (R,) that are nonnegative
and nondecreasing (componentwise). We are given data E € U, (R,) and initial conditions X, , € [0, c0),
v,y € Mp[0,H) and m; , € Mp[0,H), for i=1,...,J. Set B; , = (1,v; ). We consider equations satisfied
by (B,X,0,D,K,R,v,n), where B=(B;),_, .., etc, and, for each i, B;, X;, Q;, D;, K;, R; are members of
Zr(R,), and »; and m; are members of %, (o 45 (R,) and &4 1o pry(R,), respectively.

The measures v; and 7),; are assumed to satisfy

t t
/ (hi,v; ;)dT < oo, / (hi,m; ;) dT < o0, t>0. (25)
0 0

Ay
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Balance equations and basic relations (in analogy with (7), (13), (14), (15)) are expressed by

B;=B,,—D;+K, (20)
Xi:Xi,O_Di+Ei_Ri’ (27)
Q;=X,—-B, (28)

0, and B, are nonnegative. (29)

Work conservation and nonpreemptive priority (8), (16), correspond to

J J +
1:=1—ZB,.=(1—ZX,-> : (30)
i=1 i=1
K, are nonnegative, nondecreasing (31)
K,.J:/ Lo, -y dK; 122, 120, (32)
[0,1] JELES ’
Note that one can deduce that X; are nonnegative from the nonnegativity of Q, and B;, and that } B, <1
from (30). Also note that (30) imposes an assumption on the initial condition.

Furthermore, in analogy with (23) and (24), we write the following integral equations. Namely, for ¢ €
€1([0, H) x R,) and ¢ € €1 ([0, H) x R,),

(0,7, = 00,002 0) + [ 9.09)+ 6,009, ds

[t ) myds+ [ 0.5)dK,, (33)

0 0

W01 = W01+ [ Ca9) + 8,090, ds

[ s m ) ds+ [ (0. 5)dE, . (34)

0 0

Finally,

Bi,t=<1’Vi,t>’ (35)
D= [ [ hCow, @, (36)
Ri= [ [ W1 00, ms () ds. (37)

Equations (25)—(37) are called the fluid-model equations. A tuple (B, X, Q, D, K, R, v, n) satisfying these equa-
tions is said to be a solution to the FME with initial conditions (X,, v, 1,) and data E.

REMARK 3.1. (a) Uniqueness of solutions to the FME is established in the next subsection. We do not address
existence of solutions in this section. However, we will show (in Theorem 4.3), under suitable assumptions, that
fluid-scaled versions of the processes associated with the N-server system do converge weakly to solutions to
the FME, by which existence follows.

(b) As in the case of the N-server system equations, the evolution of the fluid measures v; , and 7, , is due
to three sources. First is the motion resulting from the age (respectively, waiting times) increasing at unit rate.
This accounts for the second term of (33) (respectively, (34)). The second is due to departures (respectively,
potential reneging), which correspond to the third term, and finally the last term is due to beginning of new
service (respectively, new arrivals into the system).

(c) Equation (36) describes the fluid departure process. Note that v; (dx) represents the fluid mass of cus-
tomers with ages in [x, x+dx) at time s and 4{(x) represents the rate at which mass with age x departs from the
system. Thus (h{, v;) gives the departure rate, which explains (36). A similar explanation holds for the reneging
process, Equation (37), except that in this case the indicator of {, [0, x] < Q; ,} appears. This factor corrects
for the fact that n corresponds to the potential, not the actual queue. Fluid mass of customers with waiting time
within [x, x 4+ dx), where 7;[0, x] > Q,, does not appear in the actual queue, and therefore its fictitious reneging
must be deleted.

Ay
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We next recall Theorem 4.1 and Remark 4.3 of Kaspi and Ramanan [14], which we state here as Proposi-
tion 3.1. This result establishes a representation of the solution to equations of the form (33) and (34).

PrOPOSITION 3.1 (THEOREM 4.1 AND REMARK 4.3 OF KASPI AND RAMANAN [14]). Let G be a cumulative
distribution function on R, with density function g and hazard rate h=g/(1 — G). Let H =sup{x: G(x) < 1}.
Suppose that {v,},.g € D 10, m[0, 00) has the property that for every m € [0, H) and T € [0, o) there exists
C(m, T) < oo such that

[ o). ) ds < Com Dlgle

for every @ on [0, H) x R continuous with support contained in [0, m] x [0, T], where |¢||.. = supjo p)xg, |¢]-
Then given any v, € M0, H), z that is locally of bounded variation on [0, oo) with z(0) =0, one has that
{7.}0 satisfies the integral equation

(1. 7) = (90w + [ (0us)+ 0,09 B ds = [ ((Doo0). ) ds+ [ 6(0.5)d2(o)

for every ¢ € €-1([0, H) x R,) and t € [0, o), if and only if {P,},-, satisfies

1-—G(x+1)

=G " @)+ [ £(=9)(1 = Gt =) dz(s),

[ f@p@=[  fe+n
[0, H) [0, H)

for every bounded, continuous function f on [0, H) and t > 0. Moreover, for any bounded differentiable function
fon[0,H) and t >0,

t t t
[ Fa=9)1 =Gl =5)dz(s)= FO0) + [ f1(1 =91 =Gl =) dz(s) = [ S =) =)z(s)ds.
Applying the above results to (G3, i, v; o, ¥;, K;) and (33) and to (G!, k], m; o, m;, E;) and (34) and D; in
(37) we obtain the following.

PROPOSITION 3.2.  Any solution to the FME satisfies the following for ¢ € €}'([0, HY) x R,) and § €
€0, H) x R,),

olm) = [ o et @0+ [ (1= Gl =Dt -5 dK, (Y
ean) = [ e e m @+ [ 0= Gl -0 dE, (59
D= LS a0+ [ w9k, b (@0

Proofr. Identical to the proof for the case of one class, from Kang and Ramanan [12] and Kaspi and
Ramanan [14]. See Kaspi and Ramanan [14, Theorem 4.2, Corollary 4.4] for their proofs. [

Equation (39) uniquely determines 7. Indeed 7, , is part of the system initial conditions and E is the data.
Clearly, a similar statement cannot be made about v and (38), since K is a part of the solution, rather than
the data.

3.2. Uniqueness of solutions. In this subsection we prove uniqueness of solutions to the FME. The proof
is based on a representation of Q and K as images of (E, D, R) under a certain continuous mapping involving
a two-dimensional Skorohod map. The crux of the argument shows up in the case of two classes (J =2) and
no reneging, that is presented first. The continuity property is lifted to a general number of classes, by using
essentially the same, two-dimensional argument. Uniqueness is addressed (for the full model, including reneging)
by combining the continuity property with Proposition 3.2. An additional property (42) regarding the modulus
of continuity is proved along the way; it is used in the next section.

The Skorohod problem (SP) of interest is concerned with constraining paths that reside in R? to

G={xeR* x, >0 or x, <0},

via the fixed constraint direction d = e, — e, (see Figure 1). Here, x = (x;, x,) € R%, ¢, = (1,0), e, = (0, 1).
Denote the interior of the set G by G°.

Ay



Downloaded from informs.org by [132.68.56.7] on 18 January 2017, at 07:32 . For personal use only, all rights reserved.

RIGHTS

Atar, Kaspi, and Shimkin: Fluid Limits for Many-Server Systems with Priorities
680 Mathematics of Operations Research 39(3), pp. 672-696, © 2014 INFORMS

D, - (DZ_AL)EI
\\

FIGURE 1. The dynamics of 0= (Q,—1, Q,). The boundary of the set G is shown (thick line) along with the constraint direction e, —e,.
When Q, > 0 (equivalently, Q, — I > 0), an increase in E, (E,) contributes to an increase in Q, (Q,), whereas an increase in either D, or
D, decreases Q,.

DEFINITION 3.1 (THE SP (G, d)). Let B € Dp(R,). Then (y,m), ¥ € Do (R,), n € D (R,) are said to
solve the SP for B if

o y=B+(e;—ey)m,
e v,€G forall t >0,
e 7 is nondecreasing, and [, 1, cgoy dn, =0.

As shown in the appendix, this problem is uniquely solvable. The solution map 8+ 7 is denoted throughout
by I". The solution map B+ (vy, 1) is denoted by I'. The following two properties, crucial to our treatment, are
shown in Proposition A.l in the appendix:

There exists a constant ¢ such that
ly =7l <clB=Bll, =0, whenever y=T(8) and 7=T(B), (41)
w(y,0,1) <cw(B,0,r), 6,t>0, whenever y=1I(B). (42)

The model without reneging is obtained by setting 4! and R; to zero (of course, Equation (34) then becomes
redundant). Consider the model without reneging, with two classes (J = 2). Given a solution to the FME, denote

Q~=(Q1_I’ Qz) (43)
Note, as an immediate consequence of (28) and (30), that
0=0", (44)

where for x = (x,, x,) € R*> we write x* for (x;, xJ). The main observation regarding the SP is the following
fact, involving only Equations (26)—(32). As a convention, for H=B,X,Q,D or K and H=B,X,Q,D or K,
respectively, (possibly corresponding to solutions with different data, say E and E), we write AH for H — H
(as well as AE =E — E).

LEmMMA 3.1.  Consider the model without reneging, with J =2. Given E € QD;{Z(RQ, let the tuple (B, X, Q,
D, K) satisfy Equations (26)—(32). Then (Q, K,) solve the SP for

E:= Q0+E_(D1+D2’O)~ (45)
As a consequence, given E and E, the corresponding solutions (with common initial conditions) satisfy
1AQ|, = c(IAE[, +[|AD|,), #>0. (46)

Moreover,
w(Q,0,1) <c(w(E,0,1)+w(D,0,1), 1 0>0. 47)

ProOOE.  Verifying the first bullet in the definition of the SP amounts to showing

Q1 —1=0Q,0—Ih+E —-D —D,+K,, and 0, =0) 0+ E,—K,. (48)

Ay
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For the first equality, note by (26)—(28) (recalling we have set R =0), that
Qo= +E —D —D,+K, =0, g—14+B,(+B, g+ X, =X, +B,-B, (=0, — 1+ B, +B,.

The second statement in (48) follows similarly.
That Q resides in G will be shown by arguing that, for all ¢ > 0,

0,eGCG, 1>0,
where 3
GZ{(.xl,xz)eG: X2ZO}.

Since 0, is nonnegative (see (43) and (29)), it suffices to show that Q,(r) = Q,(7) > 0 implies Q, (1) = Q, (1) —
1,>0. By (28) and (30), if Q,(¢) > O then indeed /, = 1 — Y_; B; , = 0. This shows Q, € G for all 1.

Finally, K, is clearly nonnegative and nondecreasing by (31). Moreover, since Q, € G, the condition Q, eG’
implies Q,(7) > 0, and, in turn, Q,(¢) > 0. Hence

[ VocondKa = [ 110, 0 dKy =0,
by (32). This completes the proof of the first assertion.
The second and third assertions follow from the first on using (41), (42), and (44). O

REMARK 3.2. A review of the proof shows that the nonnegativity and the nondecreasing property of E are
not used. Thus the result continues to hold when E, E € 9. (R, ). This observation will be used when the model
with reneging is considered.

We next argue that for general number of classes J, results similar to Lemma 3.1 continue to hold. To this
end, fix i, €{2,3,...,J} and write

ig—1 J
BV=Y"B, BO=YB, (49)
j=1

J=lo

with a similar convention for X, Q, D, K, and E. The key point that allows reducing the problem to a two-
dimensional one is this. Given any solution (B;, X;, Q;, D;,K;, E,), i=1,2,...,J to (26)—(32), the quantities
(BY,x®, 00 DO KO ED) j=1,2 satisfy precisely the same relations. As a result, Lemma 3.1 is applicable.
Since i, is arbitrary, we conclude that there exists a constant c;, such that whenever (B, X, Q, D, K) and
(B,X,Q, D, K) are two solutions corresponding to some E and E,

10 -0l <c,(IE=E|,+D~=Dl,), >0, (50)

and
w(Q,0,1) <c(w(E,0,1)+w(D,0,1)), t 6=>0. (51)

Finally, for the full model (J > 2, with reneging) we have the following:

PROPOSITION 3.3.  Given E and E in D (R,), let
S=(B,X,0,D,K,R) and S=(B,X,0,D,K,R)
be corresponding solutions (with common initial conditions) to Equations (26)—(32). Then
1AQIl, < e, (IAE[, + |AD], + |AR]|,), >0, (52)

and

w(Q,0,1) <c (u)(E, 0,1)+w(D,0,t)+w(R,H, t)), t, 0>0. (53)

ProoF. This follows from (50) and (51) upon replacing E by E — R, and recalling Remark 3.2 by which the
data need not be nondecreasing. [

We can now prove the following:

THEOREM 3.1. Assume h} are bounded. Let S and S be two solutions to the FME (25)~(37), corresponding

to the same initial conditions and the same data E. Then S = S.

Ay
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PrOOF. The structure of the FME is such that given any 7 > 0 and a solution {S,},., corresponding to data
{E,},> (and some initial condition), {Sy,,},-, is a solution corresponding to the data {E;,, — E;},., and initial
condition (X7, vy, 17). Therefore, by the usual argument by contradiction, it suffices to prove that uniqueness
holds over [0, T] for however small T > 0.

By (26)—(28), AK = —AQ — AR. Thus by Proposition 3.3, with ¢, = ¢, + 1,

IAK]l, < e>([AD], + [AR],), =0, (54)

By (40), .
AD; = / g (t—s)AK, ds,
0
o) ,
1D, <3 [ 0(6) K], < 713K,
provided ¢ > 0 is sufficiently small. Hence

IAD], < ;(IADI|, + | ARI|).

Next, by (37), if ¢; is an upper bound on 4/,

t
AR | <c; [ 180, |ds
0
Thus, making ¢ > 0 even smaller if necessary, we have
IARI, < ;(IAD], + [AR],).

As a result, for some ¢ > 0,
[AD], + ARl < 5(IAD], + [AR] ).

Thus AD = AR =0 on [0, 7]; by (52) and (54) a similar conclusion holds for AQ and AK. Finally, by (38),
v =" on [0, #]. This completes the proof. O

We end this subsection with two properties of the FME not directly related to uniqueness (but used later
in §4), regarding the two-dimensional versions of the form (49). Recall the map I' defined in the paragraph
following Definition 3.1.

LEMMA 3.2. Let data E € U, (R,) be given.
(i) Let S=(B, X, O, D, K, R) be the corresponding solution to (26)—~(32). Fix i, € {2,3, ..., J} and consider
(B(i), X(i), Q(i), D(i), K(i), R(i), E(i)), i=1,2,

defined as in (49) and in the discussion that follows (with the additional component R defined similarly).
Define
0=(Q"~1.0%)

(in analogy with (43)). Define
E:=0(0)+(EV, E®)— (RM, R?) — (DD + D?, 0)

(in analogy with (45), but taking into account R). Then (Q K@) = [A] namely, (Q K@) solve the SP for
E. (The transformation we have just defined from (B, X, Q, D, K, R) to (Q, K®, E) will be denoted by ©.)

(ii) Let now S = (B, X, Q, D, K, R) satisfy (26)—(31) (i.e., not including relation (32)). Assume, moreover,
that for every iy €{2,3,...,J},

J J

2 K= /[0 ol o= d<2 K) 1z 0. (55)
i=ij ’ =i

Then S satisfies (32).

ProOF. (i) This follows from Lemma 3.1, the discussion following Remark 3.2 and considering E — R in
place of E.

Ay
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(i) Owing to the nonnegativity of Q;, the assumed condition (55) is equivalent to

J
/[O, g lyinig 209 <Z Km) =0, =0

i=iy

Thus

/[O! i 0,0 @Ky =0, 120

Since this holds for every i, € {2,3,...,J}, (32) follows. O

3.3. Some properties of the solution. We show that the entrance into service can be represented in terms
of the entrance and departure (processes) in a way that reflects the priority discipline.

THEOREM 3.2. Assume that for every i, E; is nondecreasing and absolutely continuous, and denote \;(t) =
(d/dt)E,(t). Denote 8(t) = (d/dt) YL, D, = ST (m, v;,) (see (36)). Then K; are absolutely continuous,
and the derivatives k; satisfy a.e., for j=1,2,...,J,

5(1) F3 0,0,

i=1

D_Kki()=18() A A1) ifZQi,tZO’ 2.B.=1,

i=1 i=1

J J
o) if B, <l
i=1 i=1

The second entry in the above formula corresponds to the case where the system is critically loaded, namely,
all servers are busy and all queues are empty. The rate at which mass is sent to service is then the minimum
between the rate of arrival and the rate at which servers become available, as one intuitively might guess.
However, as shown in the proof below, it is legitimate to replace the expression 8(r) A Y_/_, A;(¢) by the simpler
one Y7 ; A (1).

PRrOOF.  Since E, are absolutely continuous, so are X, by (27), (36), and (37). As a result, so is (1—Y_7_, X,)™.
In view of (30) and (26), one has that Y7, B, and, in turn, Y"/_, K, are absolutely continuous. But since K,
are nondecreasing (31), it follows that each K; must be absolutely continuous. Denote by «; the corresponding
densities.

If Z,-le B, , <1 for some ¢, then by the work conservation condition (30), Z,./:I X; ; <1, and by the continuity
of the latter in ¢, this holds on a neighborhood of ¢. In such a neighborhood, it is seen, by combining (28) and
(30), that Q;, =0, and by (37), that R; do not increase. Hence using (26), (27), and (28), for s in a neighborhood
of t,

K=K, =0, ,—Qi,+E —E =E —E,.

This shows k,(t) = A,(¢), for all i.

On the other hand, if Y-/_, Q;, > 0, then the same is true in a neighborhood, by continuity of Q; (which
follows from (26), (27), and (28), using the continuity of K;, E; and R;). By (32), K, remains constant on
any such interval, for all i > j + 1. Moreover, using (28) and (30), 37_, B; is equal to one. Hence for s in a
neighborhood of 7,

J J J
Z(Ki,s - Ki,t) = Z(Ki,s - Ki,r) = Z(Bi,s - Bi,t + Di,s - Di,t)
i=1 i=1 i=1

J
= Z(Di,s - Di,t)’
i=1

where we used (26) for the second equality. This shows Y°_, k,(1) = 8(¢) if YL, Q,,>0.

Finally, since Zi’:] B; and Z{Zl Q; are absolutely continuous, it follows that (d/dt) Z{:l B, =0 a.e. on
A i={t: YL, B, =1} and (d/dt) I, Q,,=0ae.on A,:={t: Y/_, 0, , =0} (Dupuis and Ellis [8, Theo-
rem A.6.3]). But

d J J

dtz’ 2 ki =9,

i=1 i=1

Ay
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and _ )
d / d
= = — Kk, ——R. ).
d[ IZZIQI §</\1 Kl dl l)

Note by (37), that a.e. on {t: Q;(t) =0}, (d/dt)R; =0. Thus a.e. on A=A, N A,, we have Yk =Y0 A
and Y7 k;,=8. Hence ae.on A, YLk, =Y A, =8AY_ A, O

3.4. Characterization of the invariant state. We now consider the case where, for all i, E,(t) = A;t for
t >0, where A; > 0 are constants. Recall that u; € (0, o) denote the reciprocal expected service times, that is,

1 5]
—=/ (1-G(x)dx, i=1,...,J.
M 0
For each i, let p, = A;/u;.

A tuple 3, = (X,, ¥y, 1) is said to be an invariant state if any solution

S=(B,X,0.D,K,R,v,n)

to the FME with initial condition %, satisfies (X (¢), v(¢), n(t)) = (Xy, v, M) for all £ > 0. If %, is an invariant
state and S is the corresponding solution then B, , := B;(0) = (1, v, ) and Q, , := Q,(0) = X, ( — B, o, as dictated
by (35) and (28).
Denote ;
L=inf{j: Zp,»zl}. (56)
i=1
THEOREM 3.3. Let the hypotheses of Theorems 3.1 and 3.2 hold, and suppose that G} is strictly increasing
in [0, H]). Then there exists a unique invariant, given as follows:
(i) m;,0(dx) = A;(1 = G{(x))dx =: 7, .(dx).
(i) If Y, pi <1 then v, o(dx) = A,(1 — G3(x))dx, X, o= {1, v, ), Q;.0=0 for all i.
(i) If o, p; > 1, let p=3"" p; < 1 (note that L < J in this case). Then

v o(dx)=A(1-Gi(x)dx, i=1,2,...,L—1, (57)
v o(dx) = p, (1= p)(1 - Gy (x))dx, (58)
v, o(dx)=0, i>L. (59)

Moreover, X; o= (1,v;g) =p; for i<L—1, X; y=(1,v, )+ Qro=1—p+b, where b >0 is uniquely
determined (owing to the strict monotonicity of G}) by

G, (b)) = ==L (60)

L

xe(y) =inf{x: m; [0, x] > y}.
Finally, for i > L, one has X, ;= 0, ,>0, R/(t) =A;t, K;(t) =0, and

Qo=A [ (1-Gi(x)dx. (61)
0
Proor. First we show that any invariant state satisfies assertions (i)—(iii) above. Suppose that (X, v,, 1,) is

an invariant state. Since X (7) = X,,, () = v,, it follows that B(¢) = B, and Q(¢) = Q,, t > 0. In addition, by
Proposition 3.2, for f € C,[0, 00), (f, M, ¢) < o0,

<f’71i,o>:/ 1-Gix+1)

0o 1—Gl(x) f(x+t)ni,0(dx)+/\i/0 (1=Gi(t—s))f(t—s)ds, t>0.

As t — oo, the first integral converges to zero by dominated convergence, and the second converges to
A Joo (1= G (u)) f (u) du. Thus

M 0(dx) = A, (1 — G (x))dx = m; ,(dx).

Ay
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In addition, . .
/0 h:(x)l{n,"l[O,x]<Q,"l}ni,s (dx) Z/O hf(x)l{n,,o[o,x]<Q,,0}77i,o (dx) =: p;, (62)

so that, by (37),
Ri(1)=p;t.

Owing to the strict monotonicity of G} on [0, H)),
0, >0 implies p; > 0. (63)

By (26), (27), and (28),

K, =0 0—0Q;,+E  —R ,=(—p)r

It follows, again by Proposition 3.2, that

1-Gi(x+1) ! N
Fona= [, TG G 0@+ = p) [ =G —)F (= s)ds
which converges, as t — oo, to (A; — p;) fooof(u)(l — G!(u)) du. Hence

viodx) = (A; — p)(1 = G} (x))dx = (A; — p;)v; ,(dx).

Let us show that for all j <L, Q; , =0. Arguing by contradiction, assume Q, o+ -+ Q; o > 0, for some
j < L. Then by Theorem 3.2,

Ki(t)+- -+ k(1) =0(1) = thf’ Vi) = ;()‘i —Pi)s

and k;,,(t) =---=k,(t) =0. This implies that for i > j, A; = p;, so that v; ; =0. But
J J J I A —p. DY
1 pl 1

ZB5,0=Z<1’ Vi.o) :Z<1» Vi) ZZ— SZ_ <L
i=1 i=1 i=l =1 Mi i=1 Mi

Because of the work conservation condition (30), this contradicts the assumption Z{:l Q; ¢ > 0. This shows
Q;o=0forall j<L.If Zle p;=1and Q; , > 0, then by (63) p, > 0, and this, together with x; ,(¢) ="---=
k,(t) =0, implies that
! 4 - A —p; - A
Y Bo=)lLyg=) ——<) —=1,
i=1 i=1 =1 M i=1 Mi
which, again, contradicts the work conservation assumption.
As aresult, for j < L, R;(t) =0, p; =0, and thus k;(t) = A;, and if ZJL.:I p;=lthenalso Q; =0, R, (t) =0,
p.=0and k, (1) = A,.
So assume from now on that ZJL.=lpj > 1. Suppose that Q; , =0. Then R, (t) =0 and p;, =0 so that

v, o=Arv, , and
L

J L L 0 .
S ) =X ) = XA [ (=GN dr=Y 2 =1,

i=1 i

which is impossible. Thus Q; , > 0 so that Y_7_ (1, v, o) = 1. It follows by Theorem 3.2 that K,(t) = 0 for
i>L+1 and therefore v; =0 for i > L +1 and

J L L—1 0 o
L= (ng) =X (L) = XA [ (=Gl dxt O =p) [ (1-Gix)d

L—1
AA—
e N
—1 M M

Hence
L )\
PL= (Z — = I)ML'

i=1 Mi

Ay
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Since by its definition in (62) for all j, p; = A;G}(x;(Q; o)), it follows that Q; , = b where b is such that

GL(x. (b)) = (ZiL:I pi—1)/p..
For j> L+1, since v; , =0, we have X; , = Q; . But p; = A,G(x;(Q; ) so that

X;(Q; o) =inf{x: G;(x) =1}= H;.

That is
. y -
1nf{y: /\j/O (1 - G(u) du > Qm} = H].

Hence Q; 0= A, fy" (1—G'(u)) du.
We have thus shown that any invariant state satisfies (i)—(iii) above. It can be easily checked using similar
calculations that the tuple (X, vy, m,) specified by (i)—(iii) is an invariant state for the FME. O

4. Convergence of scaled processes. The goal of this section is to argue that the processes underlying the
N-server model, normalized in fluid scale, converge to the corresponding quantities of the fluid model, both on
a finite time interval and in stationarity. Given our treatment from §3, the main results presented here follow
almost immediately from those of Kaspi and Ramanan [14] and Kang and Ramanan [12, 13].

4.1. The N-server system as a Markov process. Fori=1,...,J, let
aY(t)=inf{s > 1: E)(s) > EN(1)} —1t,
be the forward recurrence time at time ¢ of the arrival process of class-i customers. Consider
YN = (aN,XN, vV, nN) = {afv(t),XiN(t), V[N(t), nfv(t): i=1,...,J, tzO}.

This process takes values in % =R’ x N/ x XI.J:1 Mp[0, HY) x XI.J:1 Mp[0, H), where we recall that, for
0<a<b<=<oo, Mp[a,b) is the space of finite measures on the measurable sets of [a, b) and let /,, be the
subset of ./, that consists of measures of the form Y'_, d,,, where 8, is a point mass at x (x € [a, b)). If we
endow R, with the Euclidean topology, N with the discrete topology, and /(,[a, b) with the weak topology,
then %, endowed with the product topology, is a Polish space.

We hereafter consider YV as a stochastic process over ¢ > 0, with initial conditions Y¥(0). As implied by the
system description in §2, it is assumed that Y (0) is independent of {r; Vi eff’jﬂ — e{Yj, i=1,...,J,j>1},
namely, the patience and service times of future arrivals, as well as their interarrival times.

THEOREM 4.1. YV is a strong Markov process on the state space Y.

ProoF. The proof of this theorem follows along the lines of Appendices A and B of Kang and Ramanan [12]
for the one-class model, relying on the process being a piecewise deterministic Markov process (as defined,
e.g., in Jacobsen [10]). The construction of the process from the model primitives in our case is slightly more
involved because of the priority classes, and differs because of the component a” being the forward rather than
backward recurrence time, but is quite straightforward, and we have therefore chosen to omit it here. Also, as in
Kang and Ramanan [12], the deterministic functions that govern the process between its jumps are continuous.
Thus the strong Markov property then follows by Theorem 7.5.1 of Jacobsen [10]. O

From here to the end of the next subsection we fix N, consider the Markov process YV, and suppress N
from our notation. We denote by P, its law given ¥ (0) =y and, given any probability measure u over %, let
P,= JP.(-)p (dx). We denote by E, and [, the corresponding expectations.

For each bounded measurable function ¢ on % and A > 0, let UMy(y) = E,[f;” e ™(Y,) di] denote the
A-potential of the process Y applied to the function .

The state space contains points that we call “special.” These are points y = (a, X, v, ) € %, having the
property «; = «; for some two distinct indices i and j. When starting from such a point, customers of two
classes are scheduled to arrive at the same time. Write % for the set of special points and %¢ = Y\Y,.

Ay
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ASSUMPTION 4.1.  For each i, the class-i interarrival distribution has a density.

LEMMA 4.1.  Let Assumption 4.1 hold. Then for each bounded, continuous function  on Y, the function
y > UM(y) is continuous at any y € Y¢.

ProoF. For e, an exponentially distributed random variable with parameter A that is independent of Y, we
can write

V)= S E ().

Suppose that y™ — y® € % as m — oo, that Y™ (respectively, Y°) is the process Y that starts at time O at y”
(respectively, y°).
For each me Z_, let Y™ be the state descriptor of a multiclass N-server queue with initial state

k/”,i [/”,l
Y"(0)=y :<a ,x™ ,Z(su;n,i,zsz;n.i, z:l,...,J)eay,

j=1 j=1

for some k™' €{0,...,N}, I™" eN, i=1,...,J. Suppose that all {Y": m € Z_,} are defined on the same
probability space constructed using all the interarrival, service and patience times as primitives. Suppose further
that y" — y°. This immediately implies that x" " = x%i k™! =% [™i =% for m sufficiently large and that
a™i— a0t u;'“ — u?’i, z;',"i — z;.’;i for 0 < j <k% 0<j <1%. We may assume without loss of generality
that k™! = k%!, ™1 =% x™1 = x%1 that the residual service the jth customer of class i in service has the
density g”."(u}""' +t)/(1— Gsti(u;”’i)) and the residual patience of the j'th customer of the class i in the queue
is g"'(zf"" +1)/(1 = G"'(z}"")). It is further assumed that

o all interarrivals after the first one, a” ', are identical for each N-server process Y";

o all service times of customers that arrive after time zero are identical for each N-server process Y.
Since "' — )" and u"" — u"’, it follows that the remaining patience of customers in the queue at time 0
and the remaining service times of customers in service at time 0 converge in distribution to those associated
with z?’i and u?l Since we are looking for the convergence of U*(y(y™) to Us(y°) that is the convergence of
E,((ey)) to Ep((e,)) we may as well assume that

e foreach j'=1,...,1% the remaining patience times of the customer associated with 8 m.i converges almost
surely as m — oo to the remaining patience time associated with the point mass 8 0. and for j=1,..., k% the
remaining service time of the customer associated with 8u71,f converges almost sufely to the remaining service
time associated with the point mass BM?J (by using the Skorohod representation theorem).

Observe that for y° € %, two customers of different classes arrive at the same time o’ = % . If the number of
busy servers at that point of time is equal to N — 1, say, then it is possible that, for a subsequence m’ along which
a™ < o for m' large, customer from class i will go into service at time ™!, and for another sequence m”,
having o > o™ the opposite will occur. This may cause {Y”(a"™)} to have two limit points, which may
in turn cause two different limits of Y™ (a™ '+ 1). To avoid this possibility we have assumed that y° € %¢. Since
we have assumed that all interarrival time distributions have densities, the following event has probability zero,
namely, that the arrivals of two customers of different classes, at least one of which is not a first arrival after
time 0, coincide. Furthermore, Kang and Ramanan [13, Lemma 4.2] and the fact that the interarrival times and
service times have densities, exclude the possibility that arrivals and departures will coincide. Those proofs carry
over with no change to our situation of multiclass queues and via the same argument one can prove that arrivals
and reneging do not coincide when the patience times have densities.

Let {7": n=1,2,...} be the jump times of ¥" and {7%: n=1,2,...} be the jump times of Y°. Since
i is bounded, by dominated convergence it suffices to show that #(Y"(e,)) — (Y°(e,)) a.s. Since e, is an
exponential r.v., independent of the processes Y, m=1,2, ..., and Y?, it suffices to show that

Y"(t) — Y°(t) for every t, a.s. (64)

Combining now the facts that: (1) the deterministic functions that govern the motion between the jumps are
all continuous functions on %; (2) for all 7, Y°(¢) € %¢ as we have explained above; and (3) no arrivals
of two customers (for the process Y™), beyond possibly those at o™, coincide, one can now use the same
argument as the one used in Kang and Ramanan [13, Lemma 4.1] to prove that for each i € N, 7" — 7°, and
Y™ (™) — Y°(19).

Finally, if ¢ is not a jump time of Y° then there is an n so that 70 <t <70, and therefore for sufficiently
large m, 7' <t < 7,7, ;. By the continuity of the deterministic functions that govern the motion between jumps,

it follows that Y™(¢) — Y°(¢) a.s. as m — oo, for such ¢, as we set out to prove. This completes the proof. O

Ay
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4.2. Stationary distributions. In this subsection we show that the process Y has a stationary distribution.
Since Y is a Markov process, this can be done by finding invariant distributions to its semigroup. For that
we shall use the Krylov-Bogoliubov theorem (see Da Prato and Zabczyk [7, Theorem 3.1.1]). The statement
of this theorem requires the semigroup of the process to be Feller, a condition not met in our case, since we
work with the forward recurrence time «". We therefore argue that the Krylov-Bogoliubov candidate for the
invariant measure is invariant with respect to the 1-potential operator U' defined above, proven in Lemma 4.1 to
map bounded continuous functions to bounded functions that are continuous on %¢. We then use Azema et al.
[4, Lemma 1, p. 159] to conclude that any measure that is invariant with respect to U! is invariant with respect
to the Markovian semigroup P,i(y) =E, (/(Y,)), and therefore a stationary measure for Y.

For each measurable set B C % and ¢ > 0 define

L*(B) = % /0, P, (Y(s) € B) ds, (65)

where u is any initial distribution for the process Y. Obviously, for each ¢, L, is a probability measure on the
measurable sets of Y.

THEOREM 4.2. Let Assumption 4.1 hold. Assume, in addition, that for all i=1, ... ,J, one has [E/L(l, 7],.,0) <
o0o. Then the family of measures {L}},_, is tight. Any subsequential limit of this family is an invariant measure
for U', and thus for the semigroup of Y.

ProOE. The proof of the first assertion follows along lines similar to those of Kang and Ramanan
[13, Lemmas 4.4-4.8], proved for all classes in our case, and we shall not repeat it here. Since in the Krylov-
Bogoliubov Theorem it is required that the semigroup be Feller, we shall show how to adjust its proof to our
setting. Let ¢, — oo as n — oo be a subsequence along which the sequence of probability measures Li converges
weakly to a measure £.

Since by Assumption 4.1 the interarrival times have densities, with probability one, no two arrivals occur at
the same time, except possibly the first arrivals of some of the classes (i.e., in the case of starting at a special
point of the state space). Hence

lim P, (Y, € %,) =0,

and therefore any limit of L’ does not charge the set of special points, %,.
Let ¢ be a bounded continuous function on %. Then U'Y is bounded, and by Lemma 4.1, it is continuous
on %¢. Denote by (P,),., the semigroup of Y. Then

Uy, &) = <U W, lim L“)

t,—> 00
1 Iy
= lim <U11,[/,—f P.(Y, e )ds>
t,—>00 [n 0
:lim</ ’Pt,bdr,—/ [FD(Ye)ds>
t,—oo\Jg tn 0
1
= lim ’<P¢ 7/ P(Y, e )ds>dr
t,—>o00J(
t,l+r
= th_r)rgo P.(Y,€-) ds> dr
= e lim

e
< " rPM(YS e -)ds>dr
m o+

+ Z<¢’ ft P,(Y, .)ds>— tl<¢/ /OrPM(YS c -)ds>] dr

= [ W dr=w.8).
where the second equality follows from weak convergence, the fact that U's is bounded, and is continuous

on a set of full §-measure, the fourth by Fubini’s theorem, the fifth by the Markov property, and the sixth by
dominated convergence. [J
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The following result relating integration against L} to integration with respect to invariant measures will be
used in §5.

PROPOSITION 4.1.  Let Assumption 4.1 hold and assume that E,({1,m,)) <oo,i=1,...,J. Let ¢;, i =
1,...,J be nonnegative constants and recall that Q,, . .., Q, denote the queue lengths of the various classes.
Let & be an invariant measure obtained as above, and t, the corresponding subsequence. Then

N R
<01Q1+"‘+CJQJ7§>=1113;7/0 E,(c;Qi(s)+---+c;0,(s))ds. (66)
Consequently, there exists an invariant measure §A such that
~ . 1 T
€101+ +¢,0,,8) = llrrnsup? EM[[) (€101(8) + -+ +¢,0,(5)) dsi|- (67)

Proor. We first prove (66). Recall that for each i =1,...,J, Q;(t) = X;(t) — (1,v,,). Thus Q;(t) is
obtained as a continuous function on the state space of the Markov process («, X, 1, v). If it were bounded the
result would follow from weak convergence. To obtain the result for the unbounded function at hand, we shall
prove that {Q;: i=1,...,J} are uniformly integrable with respect to the sequence of measures L. That is,
that supn([EL# (Qilig,~ K})) — 0 as K — oo, where [EL# is the expected value with respect to the measure Ly’ .
Note that for each i, 0;(t) <(1,7,,), and so the uniform integrability of Q, will follow from that of {1, n,).

Using Theorem 4.9 of chapter 3 of Cinlar [6], and the fact that (1, 7, ,) are nonnegative, it suffices to show
that E; ((1,7,)) < oo, that ((1,7,), &) < oo, and that lim, __ E;x (L, 1)) = (1, m,), €).

We first recall Kang and Ramanan [13, Lemma 4.4] that proves in the single-class case that sup,, E({1, ,)) < cc.
Their proof carries over to our case with E, replacing their E, with no changes. This immediﬁtely implies that
E.x ({1, m;)) < oo. Next, recall that since ¢ is a stationary distribution, and ({1, 1;), §) is the expectation, under
the' stationary distribution, of the number of customers in a G/G/co queueing system with the arrival process
EY and service distribution G, it follows from the Little’s law (Little [15]) that it is equal to AY6;!, where we
recall that (AY)~! are the mean interarrival times and 6! are the mean patience times. It therefore remains to
show that lim,  E;« ((1,m,)) = Ay 07"

To lighten the notation we restrict ourselves to one class and suppress the symbol i. From Kang and
Ramanan [13, Proposition 2.2] we have

i) =E,( [ @) + [ 1 6 -5 et (68)

where e(s) =[E,(E(s)), and (E(s)),5, is the arrival process (of class i customers in the N-server queue). We
shall treat the two terms of (68) separately.
We first note that since E, (1, 79) < oo and lim,_, (1 —G"(x+1))/(1 — G"(x)) =0, it follows by dominated
convergence that
©]1-G" t
limE, [~ =GO+

dx) =
Jm A 1—G(x) Mo (dx)

and therefore that

hm — [E /oo - GG(T(_'_)S) Mo (dx) ds =0.

As for the second term in (68)

F[ =Gy deyai== [ et =1 = G

n VU=

:[_/;:‘O/ze(l,l—u)(l -G (u))du+ / e([n_u)(] —G’(u))du

,,ut

We shall treat the two terms on the right-hand side of the above equation separately. For the second term,
tu

1 e(tn—u)(l—G’(u))dufM[tt/};(l—G’(u))du.

t, Ju=1,2

Ay
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By the elementary renewal theorem 7, 'e(z,/2) — %)\N as t, — oo whereas f,:“/z(l —G"(u))du— 0, as t, — oo,
by our assumption that the patience time has a finite expectation. As to the first term, it is equal to
W2 e(t,—u)t,—u )
/ =W b =" Grw) du.
U

- t,—u t

n

One can choose 7, large enough so that |e(t, — u)/(f, — u) — Ay| < 1, for all u € [0, ¢,/2]. Thus applying the
dominated convergence theorem to the above term we have
) W2 e(t,—u)t,—u
lim - -7

n—Ju—o  t,—u t r

(1= G () du= ANme(l — G () du= 2—”

n

Summing all the above we have proved that

. A
Tim Ep ((1,m) =22

as required. This being proved for each class, we have shown that (1, n;), i=1,...,J are uniformly integrable
under [Ew and therefore so are Q,, i=1,...,J. It follows that

J J
Epx (ZciQi) _)<ZCIQI’§> as f, —> oo
i=1 i=1
as claimed.

Next, to show that (67) follows, let {7, } be a sequence along which the r.h.s. of (67) is achieved. It follows
from Theorem 4.2 that the sequence {L’;} is tight, and that any subsequential limit is invariant. Select one such

invariant measure and denote it by é . Denote by {n'} the corresponding subsequence. Then (67) follows from
(66) by substituting (&, {T,}) for (¢, {¢t,}). O

4.3. Convergence. We now relate a scaled version of the N-server system to the fluid model. The scaling is
performed as follows. For the initial conditions we write XY, = N~'X| and BY, = N~'BY,. For the real-valued
processes we let XY = N~'X", and define EV, BY, DV, KN, RY, OV, IV analogously. For the measure-valued
processes, 7y =N~"'vY,, vV =N~'v¥, and Y and 7 are defined analogously.

The first two of the three items in the assumption below summarize the hypotheses considered in the main
results of §3. Recall L defined in (56).

ASSUMPTION 4.2.  One has the following:

e The hazard rates h! are all bounded.

o G is strictly increasing in [0, H)).

o For each i, hi is either bounded or lower semi-continuous on (L}, H}), for some L} < H?.

Next are assumptions regarding convergence of the initial distributions and mean interarrival times (recall that
for the Nth system, the class-i mean interarrival times are given by (AY)™"). For simplicity we assume that the
limiting initial conditions are deterministic.

ASSUMPTION 4.3. As N — oo,

o N'AN — A, >0, for every i;

. )_(l.lj’o, i=1,...,J converges a.s.; its limit is denoted by X o;

o Y, converges a.s., weakly in M [0, H}), for every i; its limit is denoted by v, ;

e 0, converges a.s., weakly in M[0, H]) for every i; its limit is denoted by m, .. Moreover, for each i,
;.00 t) are continuous in t. Finally, one has E[(1, 7)))] = (1, m, ), for every i

o X, o Vo and m; o are deterministic.

Owing to the structure of the arrival processes (renewal with finite mean interarrival), EV converge a.s.,
uniformly over finite time intervals, to E;, where, here and in what follows,

E(t)y=M\t, t>0, i=1,...,J.

Recall our notation from §3 and denote by S = (B, X, Q, D, K, R, v, ) the solution to the FME with data E
and initial condition (X, v,, 1,). Note that S is uniquely defined under the assumptions of this section and in

L
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view of the results of the previous section. We can now prove convergence of the scaled N-server system over
a finite time interval. The process

(EN’SN) _ (EN,BN’XN’ O, DY, KV, RV, iV, 7—]1\/)

takes values in %, where % = RY x X, Mp[0, H?) x X, Mp[0, H'). We endow it with the product topology
(R, with Euclidean, /[, with weak topology). It is a Polish space. The process’s sample paths belong to
Dy (R.), which we endow with the corresponding Skorohod topology.

THEOREM 4.3.  Under Assumptions 4.1, 4.2, and 4.3,
(EV,8")=(EY, BY, X", 0", D", K", R, ", 7") = (E,S)=(E,B,X,Q,D,K,R,v, 7).

ProoF.  First, as mentioned above, EV converge to E;, which have continuous sample paths, by which {EV}
are C-tight. Tightness of each of the sequences DY and R follows precisely as in the case treated in Lemma 6.3
of Kang and Ramanan [12]. We thus omit the details. Note that each of the jumps of these processes is of size
N~'. As a consequence, these processes are, in fact, C-tight (see Jacod and Shiryaev [11], Proposition VI.3.26).

Note that, for each N, EV and the components of SV satisfy Equations (26)—(32), as follows from the equations
listed in §2 for the unscaled processes. As a result, Proposition 3.3 applies for the scaled processes. Thus, for
any ¢, 60 > 0,

w(QY, 0,1) <c, (w(EN, 6,t)+w(D",0,t)+w(R",0, t)) (69)

Using (27) and (28) we also have
1O™ ] < L+ 1IXg" I + IEV L+ 1D | + | R]|- (70)

The C-tightness of each of the sequences EN DN and RN implies, in view of (69), that, for each ¢t > 0, £ > 0,
g > 0 there exists 6 > 0 such that P(w(Q", 6, t) > g) < €& for all large N. Using also the assumed convergence
of XY gives tightness of the r.h.s. of (70) (see, e.g., Jacod and Shiryaev [11, Proposition VI1.3.26 ]). As a result,
C-tightness of each of the sequences QV follows (ibid.).

Next, recalling that the scaled processes satisfy (27), (28), and (26), it follows that each of the sequences X7,
and in turn, BY and KV are C-tight as well.

Furthermore, the measure-valued processes are tight. The argument follows closely of that provided in Kang
and Ramanan [12, Lemma 6.6], and we thus omit the details.

Since the scaled processes satisfy (26)—(31) and (35), any subsequential limit also satisfies these equations.
The prelimit processes also satisfy (32). Let us argue via continuity of the Skorohod map that so do the limit
processes. To this end, fix a subsequential limit (B, X, Q, D, K, R) of (BN, X", Q", D", K", R"). Since the
prelimit processes satisfy (26)~(32), Lemma 3.2(i) is applicable. Fix i € {2,3, ..., J}. Recalling the notation
© from this lemma, as well as the solution map I' from Definition 3.1, we have (QN KN-@) =T[E], where
(OV, KM@ ENY=@©(BY, X", 0", DV, K", R"). Recall that I is continuous in the uniform topology (41), and
note, by Definition 3.1 and the definition of I, that so is I". As a result, if (Q, K®, E)=0(B, X, 0, D, K,R),
one has (Q, K@) =T[E]. By (44),

(021 QVZQ) 71)

J=l

Now, by the third bullet in Definition 3.1 we have, a.s.,
Lioigecn dK® =0.
‘/[07 ) {0(s)eG°} s

By the structure of the set G and the nonnegativity of Qz, it follows that Q(s) € G° if and only if QI (s) >0,
which, by (71) holds if and only if Z"’ : Q;(s) > 0. We thus obtain, as.,

. @ —
/[0, ) 1{2}‘;}‘ 0;(5)>0) dK;” =0.
Recalling that i, is arbitrary and applying Lemma 3.2(ii) we obtain that the limit processes satisfy (32).
Now, any subsequential limit satisfies also Equations (33), (34), (36), and (37). The argument here follows that
of the proof of Theorem 7.1 of Kang and Ramanan [12]. More precisely, the first inequality of (25) and identity
(36) follow as that of Kang and Ramanan [12, (7.2)]. This relation corresponds to (5.49) established in Kaspi
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and Ramanan [14, Proposition 5.17] that relies on Lemmas 5.8(1) and 5.16 of that paper. Those continue to
hold in the presence of abandonments and priorities. The second inequality of (25) and identity (37) are proved
in Proposition 7.2 and Lemmas 7.3-7.6 that are a part of the proof of Theorem 7.1 of Kang and Ramanan [12]
and carry without any change for each class, to our model. The fact that (33) and (34) are satisfied follows as
in the proof of Theorem 7.1 of Kang and Ramanan [12] or Kaspi and Ramanan [14, Theorem 5.15] applied to
each class. We avoid repeating the details of these arguments here.

Having shown that any limit satisfies all of (25)—(37), we can apply Theorem 3.1, by which the limit must
be equal to (E, S) a.s. This shows the claimed convergence and completes the proof. [

Finally we present the result regarding convergence of invariant distributions. Let 2§ = (Xg, v, 15) denote
the unique invariant state of the fluid model, identified in Theorem 3.3. Let Lf’ be defined by

- 1 pf -
LYB) = [ P(XY.5).7)) € B)ds.
0

for any measurable set B C % = RZ x X7, Mp[0, H;) x X Mp[0, H'). We endow R, with the Euclidean
topology, and ., with the weak topology and % with the corresponding product topology. It follows from
Theorem 4.2 that these measures are tight in ¢, for each N.

THEOREM 4.4. Let Assumptions 4.1, 4.2 and 4.3 hold. For each N, fix a subsequential limit £V of I:ﬁv . Then
§N:>82(>§ as N — oo.

ProOOF. Given the result of Theorem 4.3, this follows as in Kang and Ramanan [13, Theorem 3.3]. O

5. Application: The cu/6 rule. The main results of this paper are concerned with the behavior of the
system under a particular policy, namely, a policy of priority type. In this section we relate these results to a
dynamic control problem in which a control policy is sought to minimize a given cost. In Atar et al. [1, 2] such
a control problem was studied for a multiclass many-server system with abandonment, under a LLN scaling,
and a general lower bound on the asymptotic performance was obtained in Atar et al. [2] for general service
time distribution and exponential reneging time distribution (see Proposition 5.1). In addition, in the case of
exponential service time, this bound was shown to be achieved by a simple fixed priority policy (the priority
ordering is described below). The goal of this section is to show that this bound is achieved by the same policy
for general service time distribution. The proof of this fact uses the results of this paper to their full strength.

To describe the control problem we consider a queueing system analogous to the one presented in §2, under
a wide range of control policies. The fixed priority policy of §2 will be a special case. Thus, as before, N
represents the number of (identical) servers, and EY, BY, XY, OV, DY, RY are processes having the same
meaning as in §2. The probabilistic and scaling limit assumptions that we shall impose on arrival, service, and
reneging will be consistent with the general framework of this paper, except that we will only be concerned
with exponential reneging distributions.

A control policy is usually defined as a rule for scheduling jobs. For our purpose, however, specifying the
set of rules is not necessary, and instead, a control will be associated with a collection of processes satisfying
a minimal set of relations. More precisely, given N, let NJ mutually independent renewal processes Ei’ o
i=12,...,J,k=1,2,..., N, be given, where D, , specifies the service times of class i in server k. The
interrenewal times for each of these processes are distributed according to G¢ (with mean u; '), and D; ,(0) =0
(i.e., no renewal counted at time 0). For each i, k, let B, be a process that takes values in {0, 1}, and indicates
the business of server k with a class-i customer. The number of class-i service completions by server k, up to
time ¢, is given by

D=4 @00+ [ B0 ds), @

where @', (0) denotes the time that a customer of class i that occupies server k at time O (if such a customer
exists) has already spent there by then. The number of class-i customers in service and number of class-i
departures, respectively, are given by

N N
ZB;Y/(:BIN’ ZD?,VFDIN' (73)
k=1 k=1

It is assumed that interruption of service is not possible (i.e., a server that is assigned a new customer serves it
until completion of the service requirement). The total number of customers reneging up to time # is given by

RO=R(0[ 00 as) (74)
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where R; are mutually independent standard Poisson processes, and 6, > 0 are given parameters, representing
the per-customer reneging rate. The arrival processes (E!) are as defined in §2.

For each N, the collections (EV), (R,), and (bi, ¢) are assumed to be mutually independent. Given are,
in addition, initial conditions (X,N0 V{,‘f ;). We refer to these stochastic processes and initial conditions as the
primitives. Note that the initial age-in-queue measures (nff’o) are not relevant here because of the memoryless
property of the exponential patience distribution. The initial age-in-service measure v} may be used to determine
the parameters @ ,(0) in (72) in an obvious way (that is, each nonzero a.", (0) corresponds to a unit point mass
of v, at x = a/,(0)). In addition, the primitives are related to the assumptions made in the previous section.
First, for each N, EV are mutually independent renewal processes with interarrival distribution having mean
1/AY, and satisfying Assumption 4.1 (regarding density) and the first item of Assumption 4.3 (convergence).
Next, the first and second items of Assumption 4.2 are satisfied because of the exponential assumption on the
patience. The last item of Assumption 4.2, regarding the service time distribution, is assumed, as well as all
items of Assumption 4.3, regarding initial conditions. Thus, all of Assumptions 4.1—4.3 are in force. Finally, it
is assumed that the system is overloaded, in the sense that 3" p, = > A,/u; > 1. (The results below are still valid
in the underloaded case but are trivial, as the fluid cost V in (79) is zero in this case.)

Clearly, we require

X' =X"(0)+E" - R’ - D, (75)
oY =x"-BN>0, (76)

and §
BY>0, Y BY<N. (77)

Given the primitives, any collection of processes
m=((B"), B", (D}',), D", R*, X", Q")

satisfying Equations (72)—(77) is regarded as a policy for the Nth system, and the set of all policies for the Nth
system is denoted by Il,. The priority policy analyzed in this paper (specialized to exponential reneging) is a
valid policy according to this definition. As in the rest of this paper, normalized versions of XV, OV, and B"
are denoted by XV = N~'XV, Q¥ = N~'Q" and BN =N~'B". Fix c =(c,,...,c;) € (0,)’. Given N and
policy 7 € IT", consider the long-run average, expected cost

C_'N(ﬂ')zlimsup%E”[/TZCiQ_fV(I)dt], (78)

T— o0

where ciQ_lN represents a linear holding cost for class i. See Remark 5.1 for the incorporation of reneging
penalties in this cost function. Let also

cN(m) =1iminfl[E”[/TZc-Q_N(t) dti|
= Tooe T o - iXi '

The following is a result from Atar et al. [2]. Denote S’ ={beR/: > b, <1}.

PROPOSITION 5.1 (ATAR ET AL. [2, PROPOSITIONS 2.1 AND A.1]). Under any sequence of policies w" € IV,
NeN,
=A,i=1,2,...,J} (79)

i

liI{/ninng(ﬂ'N) > V:=inf{c-q: (¢,b) € (R}, S’), 6,q;+ u;b

It is easy to see what pair (g, b) achieves the infimum on the r.h.s. of (79). Namely, ¢; are determined from
b; via the equations 0,q; + u;b; = A;, and b, are determined by the relations

J JoA.
dbi=1AY L, j=1,2,...,J,
i=1 i=1 M
where the classes are labeled in such a way that, with L, = c;u;/0;,
LizL,>-->L,. (80)

In what follows, we assume that the labeling is as above. What is referred to in Atar et al. [1, 2] as the cu/6 rule
(in analogy with the well-known cu rule) is the nonpreemptive priority policy according to the ordering (80).
The main point of this section is to show that prioritizing according to (80) is asymptotically optimal.
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THEOREM 5.1.  Let 7* denote the priority policy according to the class ordering (80). Then

limsup CN(7*) = V.
N—oo
Proor. This is a consequence of the main results of this paper. First, by Proposition 4.1, specifically (67),
there exists, for each N, an invariant distribution ¢ = £V such that

J J
CN,* = éN(W*) = %<Z CinN’ éN> = <Z CiQ_lN’ é',':\N>
i=1 i=1

Next, note that the hypotheses of Theorem 3.3 are satisfied and thus the invariant state of the fluid model is
uniquely given by that result. Denote the invariant state and the corresponding quantities from Theorem 3.3 by
Sy = (By, Xy, Qp> Dy, Ky, Ry, Vo> My)- Arguing as in the proof of Theorem 6.2 of Kang and Ramanan [13] one
can show that any sequence of stationary measures for the processes Y is tight. Our convergence results of
the previous section (particularly, Theorem 4.4) show that any subsequence of stationary distributions of the
scaled N-server system converge to the unique stationary state of the fluid equations. Hence <Z,—J:1 C; _f." , ENY
converges in distribution to ZLI ¢;Q; o- To deduce that

: SN, % : d AN EN !
AI,LIEOC =A}grgo<i_zlciQ,- € >:§ciQi,0,
it suffices to show that Q¥ are uniformly integrable with respect to the stationary measures éN . Again, to show
that, it is enough to show that (1, 7") are uniformly integrable with respect to éN . As in §3, one needs to
show that sup, ((1, V), éN> <00, (1, m; ) < oo, where 7, , is the ith component of 7, of the unique invariant
state of the fluid, and that lim,_, ({1, V), éN) = (1,7, ). But as we have shown in §4, by Little’s formula,
(1,9, éN> = (/\fv/]\l)(l/ﬁi), which converges as N — oo to Xi(l/ﬁi) = 5\1- fooo(l —Gl(u))du=(1,7;,). We
have thus shown that CN* — ¢ - Q, as N — .

It thus remains to show that V =c - Q,. In view of the discussion following Proposition 5.1, it suffices to
show that the pair (Q,, B,) satisfies the equations

Ai=0,0,0+mBio, i=12,....J, (81)
; :
S Bo=1AYp, j=12....J. (82)
To this end note that, for i < L, by (57),
=] )‘
Bo=M [ (1-Gi(x)dx="1=p,
0 M
whereas Q; , =X, ; — B; y =0. Equation (81) thus holds in this case. Since B; , = X; , = p;, so does (82). For
i>L, by (59), B, =0, and by (61), Q; , = A,/8;, which again shows that (81) and (82) are valid. Finally,
consider i = L. By (58), B, , =1 — p. Thus (82) holds. Moreover, Q; , = b, with x,(b) =x, 1, ,[0,x] =
A, [y e da=b. Along with Equation (60) this gives
ﬁ p+p,—1
6, 3
As a result, (81) holds for i = L as well. This shows (81) and (82), and hence CY¥-* — ¢-Q,=V. O

QL,O =

REMARK 5.1. In addition to the holding cost treated above, it is reasonable to penalize abandonment of
waiting customers. That is, replace the expected value in (78) with the augmented cost

e[Sar @+ [ donal,

where RY = N~'R" is the normalized cumulative reneging process. Recalling (74), it may be verified that the
equality

RN =70, [ 0 o

Ay
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holds for all T > 0, provided that the policy 7 is nonanticipative, that is, Q" (¢) is measurable on the history
{RY(s), EN(s), D" (s),s <t; Q" (s), s < t}.

(The nonanticipative property is needed to ensure that the integral 7, = =0, fo ON(s)ds is independent of the
future increments R,(7, + s) — R;(7,) of the Poisson process R,(f).) See, e.g., Atar et al. [3, Lemma 1] for a
proof of the above equality via a martingale argument. Given this equality, the augmented cost is equivalent to
the one in (78), with ¢; = 6,c* +c?.
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Appendix. Here we analyze the SP (G, d) (see Definition 3.1). Uniqueness of solutions to the SP (and Lipschitz
continuity of the solution map) in convex polyhedral domains are well understood, but on a nonconvex polyhedron sufficient
conditions are perhaps less standard. However, the particular setting under consideration is simple. Indeed, owing to the
direction of constraint being fixed, questions of uniqueness, explicit representation, and Lipschitz property can be addressed
via a one-dimensional SP on a time-varying domain.

PROPOSITION A.1.  The SP (G, d) is uniquely solvable for any B € D2 (R,). Moreover, the Lipschitz property (41) and
the statement (42) regarding the modulus of continuity hold.

PrOOF. The proof is based on a result from Burdzy et al. [5] regarding a one-dimensional SP with moving boundary.
Let £ € Dr(R,) be fixed. Let a path B € Dr(R,) be given. A pair (7,1), ¥ € Dp(R,), N€P r, (R,), is said to solve the
SP on [£(-), o) for B if

o« V=641,

e v(t)>£(¢) for all t>0,

e 1) is nondecreasing, and f[o, o) L(0)> 090} dn(s)=0 )

It follows from Burdzy et al. [5, Theorem 2.6, Remark 2.7] that for any path 3 there exists a unique pair (7, 1) that solves
the SP on [£(-), o) for B, and X R
Y(1)=B@)+ S:;(l)pﬂ[ﬁ(S) =BT, t=0.

Turning to the SP (G, d), let B be given, and consider a solution (y, n). Denote é, = d/+/2 = (e, — e,)/~/2 and é, =
(e; + ¢,)/~/2. Let (B,,B,) and (y,,7,) represent B and 7y in the coordinate system (é,,é,). By Definition 3.1, we have
v, = 3,. Moreover, letting

Lt)=—|By(1)], =0,

it is straightforward to check that (y,, ~/2m) solves the SP on [£(-), o) for 3,. Hence, by the result cited above, there exists
a unique solution (v, n) for the SP (G, d) for B, and vy is given by

(1) =B,(1)+ sup [=[Br(9)| =B ()], 120,

s€l0, 1]
Y2 =Bs.

Both properties (41) and (42) follow from this explicit representation. This completes the proof of the proposition. [

References

[1] Atar R, Giat C, Shimkin N (2010) The cu/6 rule for many-server queues with abandonment. Oper. Res. 58(5):1427-1439.

[2] Atar R, Giat C, Shimkin N (2011) On the asymptotic optimality of the ci/6 rule under ergodic cost. Queueing Systems 67(2):127-144.

[3] Atar R, Mandelbaum A, Reiman M (2004) Scheduling a multi class queue with many exponential servers: asymptotic optimaly in
heavy traffic. Ann. Appl. Probab. 14(3):1084—1134.

[4] Azema J, Kaplan-Duflo M, Revuz D (1967) Mesure invariante sur les classes récurrentes des processus de Markov. Z. Wahrschein-
lichkeitstheorie verw. Geb. 8:157-181.

[5] Burdzy K, Kang W, Ramanan K (2009) The Skorokhod problem in a time-dependent interval. Stochastic Processes and Their Appl.

119:428-452.

] Cinlar E (2010) Probability and Stochastics (Graduate Texts in Mathematics, Springer, New York).

] Da Prato G, Zabczyk J (1996) Ergodicity for Infinite Dimensional Systems (Cambridge University Press, Cambridge, UK).

] Dupuis P, Ellis RS (1997) A Weak Convergence Approach to the Theory of Large Deviations (John Wiley & Sons, New York).

9] Halfin S, Whitt W (1981) Heavy-traffic limit theorems for queues with many servers. Oper. Res. 29:567-588.

] Jacobsen M (2006) Point Process Theory and Applications: Marked Point and Piecewise Deterministic Processes (Birkhduser, Boston).

] Jacod J, Shiryaev A (1987) Limit Theorems for Stochastic Processes (Springer-Verlag, Berlin).

] Kang W, Ramanan K (2010) Fluid limits of many-server queues with reneging. Ann. Appl. Probab. 20(6):2204-2260.



Downloaded from informs.org by [132.68.56.7] on 18 January 2017, at 07:32 . For personal use only, all rights reserved.

RIGHTS

Atar, Kaspi, and Shimkin: Fluid Limits for Many-Server Systems with Priorities
696 Mathematics of Operations Research 39(3), pp. 672696, © 2014 INFORMS

[13] Kang W, Ramanan K (2012) Asymptotic approximations for stationary distributions of many-server queues with abandonment. Ann.
Appl. Probab. 22(2):477-521.
] Kaspi H, Ramanan K (2011) Law of large numbers limits for many-server queues. Ann. Appl. Probab. 21(1):33-114.
5] Little JDC (1961) A proof of the queueing formula L = AW. Oper. Res. 9:383-387.
6] Puhalskii AA, Reed JE (2010) On many-server queues in heavy traffic. Ann. Appl. Probab. 20(1):129-195.

] Reed JE (2009) The G/GI/N queue in the Halfin-Whitt regime I: Infinite server queue system equations. Ann. Appl. Probab. 19:
2211-2269.

NN )



	Introduction.
	The $N$-server system.
	The fluid model.
	The fluid-model equations.
	Uniqueness of solutions.
	Some properties of the solution.
	Characterization of the invariant state.

	Convergence of scaled processes.
	The $N$-server system as a Markov process.
	Stationary distributions.
	Convergence.

	Application: The $c\mu/\theta$ rule.

