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Chapter 1: Transmission Lines

In this chapter we shall first recapitulate some of the topics learned in the
framework of the course "Waves and Distributed Systems" and then we shall
extend the analysis to topics that are of
importance to microwave devices. But first a
few examples:
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1.1 Simple Model

First we shall examine the propagation of an electromagnetic
wave between two parallel plates located at a distance a one
of the other as illustrated in the figure. The principal
assumptions of this simple model are as follows:

1. No variation in the X direction i.e. 0, =0.

2. Steady state e.g. exp( jot).

3. The distance between the two plates (a) is very small so that even if there is any
(field) variation in the y direction, it 1s negligible on the scale of the wavelength (a < 1)

19 (1.1.1)
ay 82 8y
4. The constitutive relations of the vacuum:
D=¢gE, B=uyH where u, =47 x10" [Henry/meter] and

g, = 8.85x107"? [Farad/Meter].




Based on the assumptions above, ME may be simplified.
(a) Gauss'law V-E=0 ~+ 0,E,=0= E, =const. we
conclude that E, is uniform between the two plates.

Imposing next the boundary conditions on the two plates
E(y=0=0 E/(y=a)=0
which means that the longitudinal electric field vanishes (E, =0).

(1.1.2)

(b) In a similar way the magnetic induction satisfies V- B =0 and it may be shown

that the longitudinal component of the magnetic induction vanishes (B,
(c) Faraday's equation reads V xE = — ja)é thus explicitly

L1, 1, .+ -0,E, = —]jwB,
0 0 o,]=-joB =1, : 0,E, = -jwB,
E. E, 0 , + 0 = 0

- 0).

(1.1.3)

There 1s no variation in the y direction therefore since E, =0 for both y =0

and y =a, as in the case of E,, we have E, =0 therefore B, =0 thus

0 .
—E = |ouH..
oz "’ JOHoT

(1.1.4)




(d) Ampere's law reads VxH = joD, or explicitly taking
advantage of the vanishing components we get

L 1, 1, L 0 = 0

0 0 o,=jwD =1, : 8,H, = joD, (1.1.5)

H, 0 0 L :0 = 0

hence
2H = Jowe E.. (1.1.6)
oz’ )

From these two equations [(1.1.4) and (1.1.6)] it can be readily seen that we obtain the
wave-equation for each one of the components:

5 |

_Hx:Ja)goEy 2 2

oz Lo [ S 2 g 0 (1.1.7)
OE, = jouH or_¢c

oz’ o

which has a solution of the) form

Ey=Aexp(—jQZj+ Bexp(jgzj (1.1.8)
C C



It is convenient at this point to introduce the notation in terms of

voltage and current. The voltage can be defined since 4}@ .dl=0; it

reads

V(z2)=-E (2)a. (1.1.9)
In order to define the current we recall that based on the boundary conditions we have
nx(H,—H,)=K where K is the surface current. Consequently, denoting by w the

height of the metallic plates, the local current is | = K,w or
1(z)=H, (z)w. (1.1.10)
Based on these two equations [(1.1.9)—(1.1.10)] it 1s possible to write
0 : ol Vv : I 0 : a
—E =jouH, = —|—|=jou,— => —V=—jo|uy—I|I
oz’ oz| a W oz W
- (1.1.11)
0 : o\ | : Vv 0 : W
—H,=JogE, = —|—|=]og|-——|=> —l=-Jojg—|V
0z oz| W a 0z a

The right hand side in both lines of (1.1.11) represent the so-called transmission line
equation also known as telegraph equations.



%V(z):—ja)Ll(z)

d

(1.1.12)

—1(z)=—)JwCV (z
-, 1(2)=-jeCV(2)
C being the capacitance per unit length whereas L is the inductance per unit length;

a W . .
L=u,— and C =¢,— . As expected, these two equations lead also to the wave equation

w a
dv. . ] 2
E=—JwLI(Z) {d—zwz}wz):o
i L[ 0z (1.1.13)
—=—JwCV (2 _
dz Jo (), p= LC

The general solution is V(z) = Ae 15 + Be 15z and correspondingly, the expression for
the current 1s given by

1(2y=—L9V _ ﬁrAe_Jﬁz—BeJﬂz} (1.1.14)
joL dz wL
defining the characteristic impedance Z_' = p_oNLe or |Z. = L, we get
wlL wlL C




|(z)=zi[Ae‘jﬂz—Be+jﬂz} (1.1.15)

c
In the specific case under consideration

(1.1.16)

1.2 Coaxial Transmission Line

As indicated in the previous case, two parameters are to

be determined: the capacitance per unit length (C) and
the inductance per unit length (L). According to
(1.1.11) these two parameters can be determined in
static conditions. We determine next the capacitance
per unit length of a coaxial structure. For this purpose
it 1s assumed that on the inner wire a voltage V, is 2Rint

applied, whereas the outer cylinder is grounded.
2Rext




Consequently, the potential is given by

o(1) =V, In(r/R,,) |
ln( Rint / Rext)
and the corresponding electric field associated with this potential is

9 __y! : (1.2.2)

"o  °rin(R
The charge per unit surface at r =R

(1.2.1)

/ Rext).
is calculated based on fi-(D, - D,) = p, and it is

int

ext

given by
V, 1
=& : 1.2.3
,OS ' Rext hl( Rext / Rint) ( )
Based on this result, the charge per unit length (A,) may be expressed as
\Y/ 2
QoR =gt L oiR =g T v, (1.2.4)
A, R.. (R j In(R. /Ry
€X ln th X mn
int

Consequently, the capacitance per unit length is given by



2Rint
Q/A, 2% (1.2.5)
VO ln( Rext / Rint) ZRCX'[

In a similar way, we next calculate the inductance per unit length. Assuming that
the inner wire carries a current |, based on Ampere law the azimuthal magnetic field is
I
H (r)=—. 1.2.6
4(1) Tt (1.2.6)
With this expression for the magnetic field, we can calculate the magnetic flux. It is given
by

®=puA jRC’“ drH ()= u A 1R (1.2.7)
Ho: Rint ’ Ho 27 Rim' o
The inductance per unit length A, is
L=0A _ Ko R (1.2.8)
| 2r \ R,

7
2

o

7

k— 4,




To summarize the parameters of a coaxial transmission line 2Rint

Z :\/E:n 1 ln( Rextj 2Rext
C 27 Ry (12.9)

Exercise 1.1: Determine Z_ and S for a coaxial line filled with a material (&, z,)?

Comment: When evaluating the inductance the skin-depth was tacitly assumed to be
zero. What happens if this 1s not the case.

10



1.3 Low Loss System

Based on Ampere's law we obtained

VxH = jos,cE Wdi 1(2) =—jaCV (2),
Z
(1.3.1)

where we assumed a line without dielectric (¢,) and Ohm (o) loss. In the case of

dielectric loss we have

g =&—]jg" (1.3.2)
or in our case
JoC —> joC+G =Y. (1.3.3)
In a similar way based on Faraday's law
VxE =—jouuH :>div<z)=—ja)|_|(z) (1.3.4)
Y4
and the magnetic losses
He = He — 1
allows us to extend the definition according to
joL ~~ joL+R=2Z (1.3.5)

hence the equations

11



d = —
EI(Z)_ YV (2)

d

(1.3.6)

N@=-2()

may be conceived as a generalization of the transmission line equations in the presence of
loss. The characteristic impedance for small loss line is

z,afinz{Lg{ C__ Rj} (1.3.7)
y “\cC 26C 20l

and the wave number, assuming a solution of the form exp(—yz),

y=a+]p
o = 2; +G220 (1.3.8)
RG G? R?
~=w\VJLC|1- + +
P { 40°LC 8w’C? 8w’ Lz}

Exercise 1.2: Prove the relations in Eq. (1.3.8).

12



1.4 Generalization of the Transmission Line Equations

The fundamental assumptions of the analysis are:
(1) TEM, (i1) the wave propagates in the z direction, (ii1) we distinguish between

—_

longitudinal (z) and transverse (L) components V =V L+ —TZ.

0z
From Faraday law, V xE =—ja)yoyrl:l,we obtain
L1, L] L&) 9.E,
o, 0, 0,|=1,  9,E, (1.4.1)
E, B, 0] L 0,E, —0,E,
thus \
l,: —0,E, =—jouuH | - - 6E . B}
1 : +0 Eyz—;a)zZH T I (14.2)
y z X ofrily ~ - q
l,: o,E,-0,E, =0 | l,: V, xE =0.

13



In a similar way, from Ampere's law we have ‘

R S A LTy S
VxH =+ ]Jwe,c.E = 0z (1.4.3)
Tz:ﬁLxI:IL = 0.
From the two curl equations
VixE, = 0 = E =0(@)V,exy) = Vip=0 (1.4.4)

6¢ X I:iJ_ = 0 = I:iJ_ =h(2)V y(xy) = Vig =0,
we conclude that the transverse variations of the transverse field components are
determined by 2D Laplace equation justifying the use of DC quantities adopted above
(capacitance and inductance per unit length). From the other two equations we get the

wave equation

o~ OE . oH

—| L x—= |=— L

az{z 82} Yoo —
82

(1.4.5)

—

EJ_ i| = _ja)lumuf |:TZ X aHJ— jl B _jwﬂoﬂr[ngogrEL]’

I x| 1, x<=
0z 0z

or explicitly

14



2 2
|:a—2+a)—2,ur8r} E =0 (1.4.6) ‘

The last equation determines the dynamics of g(z) [see (1.4.4)] and

the solution has the form g(z)=¢e Ih where = (w/C)\/& 4, - Note that

Tz X aEJ— = _ja)/umurl:ij_ = Tz X EJ. = &&HL
0z &, &
- (1.4.7)
Lx—L=jwesE, =1 xH, =— ﬁili
oz Ho Hy

15



As 1n the previous two cases, in what follows we y e V =
show how the electric parameters can be calculated
in the general case and for the sake of simplicity we z

assume that the medium has uniform transverse and
longitudinal properties. The electric field in the entire space 1s given by

E . =—(V,pe Ip whereas the magnetic field 1s

H, = fii(—fz XVL(p)e_J'BZ. (1.4.8)
Hy Hy

Note that associated to this electric field, one can define the voltage
V,=—[*E,di=["V,p-di=["dgp (1.4.9)
5

| |

such that V(2) =Voe_J'B 2 On the two (ideal) conductors the electric field generates a

surface charge given by *

p.=¢e60-E,, (1.4.10) <
therefore the charge per unit length is /

Q _ _ L P _'f'f : 1--\; s
A—Z—qulps—gmlgogr(n-EL). (1.4.11) Vs / AN N

Since by virtue of linearity of Maxwell's equations -

16 E FIELDN ——
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the charge per unit length is proportional to the applied | z

voltage Ag =CV, we get

z

1 L =
C= gogrv—oglidl(n E,). (1.4.12)

In a similar way, the magnetic field generates on the metallic electrode (wire) a surface
current given by

—

J =fixH,. (1.4.13)
Since it was shown that H, = Lol 1, xE, we conclude that
Ho M,y
J—fixH, —ix[LxE ] J_ \/ﬁ(ﬁ-&ﬁz (1.4.14)
HoHy Ho Ky
hence the total current 1s
— — g g —
l,=¢J, -1 dl= [ ¢dl(n-E (1.4.15)
=9 Ho pa(m-E.)

At this point rather than calculating the inductance per unit length we combine the
previous result for the charge per unit length and (1.4.15) the result being

17



E,E, g Z
| /chdI n-E,
I W o -_¢ (1.4.16)

Q/A, E,E, Cﬁdl i-E, JHLE, .

However, having established this relation between the current and the charge per unit
length we may use again the linearity of Maxwell's equations and express Q /A, =CV,.

Substituting in Eq. (1.4.16) we get

IO

C
= (1.4.17)
CVO aY, ﬂrgr
but by definition
\I/—OZZC, (1.4.18)
0
which finally implies that
1 c
CZ, Jme,

This result leads to a very important conclusion namely, in a transmission line of
uniform electromagnetic properties it is sufficient to calculate the capacitance per

unit length. Bearing in mind that Z_ =+/L/C we find that once C is established,

18



Z
L= LA (1.4.19,

C ¢
It 1s important to re-emphasize that this relation 1s valid only if the electromagnetic
properties (&,,x, ) are uniform over the cross-section.

Exercise 1.3: Calculate the capacitance per unit length of two wires of radius R which
are at a distance d > 2R apart. After considering the ideal case (o — o), discuss the
finite conductivity case.

Another quantity that warrants consideration is the average power
1 = i ).1 1 = 1 «E* 1 Eoéy
—ERe{'[dxdy(EL xH;)- 12} —ERe{jdxdy[EL x(T, x EL)]- 12} /U

= ZoCr 1] dxdygogrﬁl-ﬁj} (1.4.20)
Holly  Eo8, \ Mokl |4

EooEr Hy & My

19



Exercise 1.4: In the last expression we used the fact that W, =W_ -- prove it.

Exercise 1.5 Show that the power can be expressed as P = %ZC 1, = %VO ..

Finally, we may define the energy velocity as the average power propagating along the

transmission line over the total average energy per unit length
P C

V., = :
W, +W_ ULE,
Exercise 1.6: Show that the material is not frequency dependent, this quantity equals
exactly the group velocity. What if not? Namely ¢ (w).

20
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1.5 Non-Homogeneous Transmission Line

}

There are cases when either the electromagnetic properties or the
geometry vary along the structure. In these cases the impedance per unit
length (Z) and admittance per unit length (Y ) are z-dependent i.e.

V@ _ 710

e (1.5.1)

==Y (2)V(2).

As a result, the voltage or current satisfy an equation that to some extent differs from the
regular wave equation

dvV  dZ@) .. 5,412
dz2  dz (2)-2(2) dz
d dVv

A solution of a general character is possible only using
numerical methods. However, an analytic solution is
possible if we assume an "exponential" behavior of the

21




form
Z(z) = joL,exp(qz)

Y(z)= joC,exp(—qz)
Substituting these expressions in Eq. (1.5.2) we get

dz\/gz)—qd—vmzLocov:o
dz dz

therefore assuming a solution of the form V (z) =Voe_7/ I we conclude that
7, = —%[q i\/q2 —40°LC, J = —%[q —\/q2 —40°LC, J
In a similar way, the equation for the current is given by

d’l dil d
- In[Y (2)]-YZI(z)=0.
7 a g Y @]=Y2l@)

Assuming a solution of the form | = |oe—7/ 2* we obtain

v, = %[q i\/q2 —4w°L C, J :%[q +\/q2 —40°L C, }

It is convenient to define

(1.5.3)

22

\

\

I

)1

(1.5.4)
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(1.5.6)

(1.5.7)

(1.5.8)




w

which sets a "cut-off" in the sense that for v <@, both y, and y, are real.

The second important result is that the impedance along the transmission
line

/]

JAN

V(z) _Ve "

— =ZCOqu
(z) 167 ©

(1.5.9)
is frequency independent.

Exercise 1.7: Plot the average power along such a transmission line as well as the
average electric and magnetic energies. What is the energy velocity?

23



1.6 Coupled Transmission Lines

(1)

Microwave or high frequency circuits consist ~-1) ©)
typically of many elements connected usually with wires that )
may be conceived as transmission lines. The proximity of
one line to another may lead to coupling phenomena. Our purpose in this section is to
formulate the telegraph equations in the presence of coupling. With this purpose in mind
let us assume N transmission lines each one of which is denoted by an index
n(=1,2---N) -- as illustrated in the figure above. Ignoring loss in the system we may
conclude that the relation between the charge per unit length of each "wire" is related to
the voltages by

N
%zZQ% (1.6.1)
z n=1

C,, being the capacitance matrix per unit length. In a similar way, it is possible to

establish the inductance matrix per unit length relating the voltage on wire v with all the
currents

O
A

N
v =N (1.6.2)
n=1

z

24



Having these two equations [(1.6.1)—(1.6.2)] in mind, we may naturally extend the
telegraph equations to read

%Vv(z):_jwil‘vnln(z) %lv(Z)Z—jQ)icvnVn(z)- (163)

Subsequently we discuss in more detail phenomena linked to this coupling process
however, at this point we wish to emphasize that the number of wave-numbers (5°)
corresponds to the number of ports. This is evident since

Vz)=Vie P2 T@)=1.e 177, (1.6.4)
enabling to simplify (1.6.3) to read
BV, =olLl, B, = wCV, (1.6.5)
thus the wavenumber is the non-trivial solution of
[@’LC- 6N, =0 or [&’CL-p’6]l,=0 (1.6.6)

wherein & is the unity matrix. Clearly the normalized wave number 3° =(Ac/ a))2 are
the eigen-values of the matrix LC (= CL since both matrices are symmetric) and if the

dimension of C and L is N then, the number of the eigen wavenumbers is also N.

25



1.7 Microstrip

In this section we discuss in some detail some
of the properties of a microstrip which is an
essential component in any micro-electronic as well
as microwave circuit. The microstrip consists of a
thin and narrow metallic strip located on a thicker
dielectric layer. On the other side of the latter, there
is a ground metal; the side walls have been
introduced in order to simplify the analysis and the

.

o

- W

T,

X

width w 1s large enough such that it does not affect the physical processes in the vicinity
of the strip. We examine a simplified model of this system and for this purpose we make
the following assumptions: (i) The width of the device is much larger than the height
(w> h) and the width (w>> A) of the strip. (ii) The charge on the strip is distributed

uniformly. We also postulate, the existance of the TEM mode'.

Our goal is to calculate the two parameters of the transmission line: capacitance
and inductance per unit length. With this purpose in mind we shall start with

' As subsequently shown, the fact that the dielectric does not fill the entire volume, causes the mode not to be pure TEM

26




evaluation of the capacitance therefore let us assume a general
charge distribution on the strip

w A
n(X) |X—5|<5
O, (X) =1 A (1.7.1)
0 | X——=P—=
2 2

With the exception of y = h the potential is given by

Zﬁsm(ﬂnxjsmh(ﬂny] 0<y<h

W

¢(X: y) 9

0 (y—h)
ZB sm(ﬂnxje w y >h.

L n=1 W
The continuity of the potential at y = h implies

py=m=Y A sin(;rn X jsmh(ﬂnhj 3B, sin(”—”xj

w W w

= Ahsmh(ﬂnhj B, |

w
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(1.7.3)




le
f

T %?%L

" X

The electric induction D, is discontinuous at this plane. In each

one of the two regions the field is given by

A e

w w
D,(x,y>h)=¢ ZB ( jsin(ﬂnxjexp{—”—n(y—h)}
W w W

With these expressions, we can write the boundary conditions i.e., ﬁ-(l31 — [32) = p, 1In
the following form

(1.7.4)

w A
x=2 1<

g Z(ﬂnjsin(ﬂnxj B, +¢ A]cosh(ﬂnhj =<77(X) 22 (1.7.5)
W WA o

W W 0 |[X=——=P—
k 2 2

Using the orthogonality of the sin function we obtain [for this reason the two side walls
were introduced]

W+ A

B +5 A cosh(ﬂnh) - ii dxn(x)sm( V';X) (1.7.6)

&, N
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The next step is to substitute (1.7.3) into the last expression. The

T,

result 1s
W+ A
nh nh 1 2 TNX
sinh| 2— |+ ¢ cosh| — | |=——=-( 2 dxm(x)sin| =— | 1.7.7
R e e
2

Consequently, subject to the assumption that 77(X) is known, the potential is known in the

entire space and specifically at y =h is given by

w4+ A
O e[ nX 1 1 2 ) o . [ X
¢(x,y—h)—2sm( ” j S ﬁan_A dxn(x)sm(Tj. (1.7.8)
" 1+¢ . ctanh| — |7 )
w

In principle, this is an integral equation which can be solved numerically since the
potential on the strip is constant and it equals V,; many source solution.

At this point we employ our second assumption namely that the charge is uniform
across the strip and determine an approximate solution. The first step 1s to average over
the strip region, | X—W/2|< A/2. The left hand side is by definition constant thus
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r%% =

W+ A

) _
Vo =—fiy 2 P00y =)

2
[ W+A 1 w+A |
1/¢.)(2/7n 1 . 7nXx v X
=Z (1/&,)( ) |1 2 dXsm(—j IW—ZA an(X)sm( " j
2

w-A
" 1+grctanh(7mhj A
W i

(1.7.9)
Explicitly our assumption that the charge is uniformly distributed, implies 7=Q /A A,

therefore
[ W+A T
V0=giz 2 1 Ly dxsin| 2™
A, &, 5 n znh )| AJW—-A W
270 1+ ¢ ctanh| — )
w L _

and finally the capacitance per unit length is

Fipe = 27311 =335 v=10.55¢



A

—l

C= = (1.7.10)

V, Z 1/n L of AN o 7TNA
(ﬂ'nh)snl 2 2w

" 1+ ¢ ctanh
W

With this expression we can, in principle calculate all the parameters of the
microstrip. For evaluation of the inductance per unit length we use the fact that the
dielectric material cannot have any impact on the DC inductance. Moreover, we know
that in the absence of the dielectric (¢, =1), the propagation number 1s @w/cC and the

characteristic impedance satisfies

__ b1 ::/Eﬁifll
Z, G =1)cﬁ TPy (1.7.11)

Since the DC magnetic field is totally independent of the dielectric coefficient of the
medium (electric property), we deduce from the expression of above that

= L(e, =1)=— : ,
cC(e =1)

(1.7.12)

or explicitly
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_ —Z e {exp{—ﬂ(Zv +1)%}sinh{ﬂ(2v +1)H }sincz [%%(2v+1)}(1.7.13)

With the last expression and (1.7.10) we can calculate the characteristic impedance of the
microstrip

- —h . .9 2 " . 1/2
z - \/E _ 7702 Ze sinh(h, )sinc™(A)) Z sinc”(A)) (17.14)
C | 2v+1 7= 2v+1)[1+¢,ctanh(h,)]

A :
where h, =7(2v+1)h/w and A = z—(21/ +1). The next parameter that remains to be

2w
determined is the phase velocity. Since L and C are known, we know that /=@ LC
implying that

i sinc’(A,) 1
v - 1 c |0 2v+1 1+¢.ctanh(h))
o JLC i sinc’(A,)

= 2v+l1

: (1.7.15)
exp(—hv)sinh(hv)
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Contrary to cases encountered so far the dielectric material fills only part of the entire
volume. As a result, only part of the electromagnetic field experiences the dielectric. It is
therefore natural to determine the effective dielectric coefficient experienced by the
field. This quantity may be defined in several ways. One possibility 1s to use the fact that

when the dielectric fills the entire space we have the phase velocity in V :T it

2
. . . . C
becomes natural to define the effective dielectric coefficient as & = —- thus
ph

> SH;C (Al )exp h, )sinh(h,)
g =10 VT . (1.7.16)
i sinc’(A,) 1
= 2v+1 1+¢.ctanh(h))

The following figures illustrate the dependence of the various parameters on the
geometric parameters.
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70 0.40 7.2

ol 7.0
0.39
= o . 6.8
£ s B
x > 6.6
N 0.38
40 - 6.4
30 | | 0.35 | | G2 | |
1.0 2.0 3.0 4.0 1.0 2.0 3.0 4.0 1.0 2.0 3.0 4.0
Almm] Almm] Almm]
(a) (b) (c)

(a) Characteristic impedance vs. A; h=2mm,w=20mm,¢, =10 and v <100.
(b) Phase velocity vs. A; h=2mm, w=20mm, & =10 and v <100.
(c) Effective dielectric coefficient vs. A; h=2mm , w=20mm, & =10 and v <100.
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70 0.41

60 0.40 |-
g o :
5 50 £ 0391 Az
N =
40 — 0.38 -
30 \ \ 0.37 \ \
1.0 2.0 3.0 4.0 1.0 2.0 3.0 4.0 .
h [mm ] h [mm ] h [mm ]
(a) (b) (c)

(a) Characteristic impedance vs. the height h; A =2mm, w=20mm, &, =10, v <100.
(b) Phase velocity vs. the height h; A=2mm, w=20mm, & =10, v <100.

(c) Effective dielectric coefficient vs. the height h;A=2mm, w=20mm, & =10,
v <100.
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Finally the figure below shows several alternative configurations

1M S
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Exercise 1.8: Determine the effective dielectric coefficient relying on energy
confinement.

Exercise 1.9: What fraction of the energy is confined in the dielectric and how the
various parameters affect this fraction?

Exercise 1.10: Examine the effect of the diclectric coefficient on Z ,& and V.

Compare with the case where the dielectric fills the entire space. (For solution see
Appendix 11.1)

Exercise 1.11: Show that if w>h,A the various quantities are independent of w.
Explain!! (For solution see Appendix 11.2)

Exercise 1.12: Analyze the effect of dielectric and permeability loss on a micro-strip.

Exercise 1.13: Calculate the ohmic loss. Analyze the effect of the strip and ground
separately.

Exercise 1.14: Determine the effect of the edges on the electric parameters (L,C).
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1.8 Stripline

Being open on the top side, the microstrip has limited ability to confine the
electromagnetic field. For this reason we examine now the stripline which has a metallic
surface on its top. The basic configuration of a stripline 1s illustrated below

YT_X Th dT

The model we utilize first replaces the central strip with a wire as illustrated below
and as in Section 1.7 our goal is to calculate the parameters of the line.
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For evaluation of the capacitance per unit length it is first assumed that the charge density
1s given by
Q

p(X, y)=A—5(X)5(Y—h), (1.8.1)

z
and we need to solve the Poisson equation subject to trivial boundary conditions on the

two electrodes. Thus

V=L
E,E,
Hy=0)=0 b= g(x, y)=2¢n(x)sm(%”yj. (1.8.2)
p(y=d)=0 n
Substituting the expression in the right hand side in the Poisson equation we have
d’ zn’y zny -
—@ (X)—| — X) |sin| —= |=————5(X)o(y—h 1.8.3
;{dxzqﬁn() (d j h( >}sm( - ) A 0003y =h (1.8.3)

and the orthogonality of the trigonometric function we obtain
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dx?

where

d

gO gr z

The solution of (1.8.4) 1s given by

A exp —ﬂngj X>0
9, (X) =+

B, exp ﬂngj X<0

and since the potential has to be continuous at X =0 then

A =By,
integration of (1.8.4) determines the discontinuity:
de do (ﬁnj
. —— =— = —|— +B,]1=-Q..
dX | o+ OX|,_o < d LA+ B =0

From (1.8.6) and (1.8.7) we find

40

{dz —(ﬁnj }ﬁn(x): _QA 5(X)§Sin(%rmj=—(?n5(x),

(1.8.4)

(1.8.5)

(1.8.6)

(1.8.7)




A =B = Q ___Q Esinc(ﬂng} (1.8.8)

2(#”) g,&A, d
d

This result permits us to write the solution of the potential in the entire space as
( nx

Q E y sinc(ﬂnhjsin(ﬂ—nyje d X>0
HX.Y) &0, d T d d
X,¥Y) =

(1.8.9)
TNX

At this stage we can return to the initial configuration and assume that the central
strip 1s a superposition of charges Q. located at X, and since the system is linear, we
apply the superposition principle thus

h/d

_ e[ N o (1Y X=X
d(X,Y) A Zsmc( 3 jsm( 3 jZQiexp[ zn r } (1.8.10)

ogr z N i
In the case of a continuous distribution we should replace
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YL
_m‘x _ Xi 1 _Ln|x_x’| X Th dT
Y Qe d = dex'Q(x')e d (1.8.11)

and consequently

h/d . (#znh) . (7ny )1 n
X,y)=———) sinc| — |sin| —= |— | dX'Q(X)exp| ——|x—=X"| | (1.8.12
(. Y) 0%; (dj(deJ Q()p(dl |]< )
which again leads us to an integral equation; note that the surface changes density as
P (X)=Q(Xx)/AA,. As in the microstrip case, we shall assume uniform distribution

therefore

o(X,y =LdAZsinc(ﬂTnhjsin(ﬂ—nyj% AA//zde'exp(—%nw—X’ |j. (1.8.13)

ogr z N d
The potential is constant on the strip
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YT_' Th dT

1 (A2
Vo= A/20|><¢5(><y h)

(h/d)Q 7znh . 5 #nh A2 A2 7N ,
Z T A/2d _A/zdx CXp —F|X—X |

rznl

(1.8.14)

and the two 1ntegrals may be simplified to read

— A/zdxl A/2dx'ex (—ﬁ—n‘x—x')=(ﬂ—néj l—ex —ﬂ—néjsinhc(—ﬂnAj
A2 Rl A2 T T 2 d P72 4 2
(1.8.15)
such that
wona ().
V, = Y nz;smc (ﬂghj{l exp( ZZAjsmhc(gr:jAﬂ. (1.8.16)

The last result enables us to write the following expression for the capacitance per unit
length

c - QA _ o _ﬁ_?j{zsmc (””hjp exp(—¢, )sinhc(gn)]} (1.8.17)
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whereas & = znA/2d, thus with it the characteristic impedance reads
2
Z. :L: n. \/{ hd S sinc? (”Tnhj[l—exp( £ )sinhe(&) ] (1.8.18)

The two frames show the impedance dependence on the width and height of the strip

c=10

2 2
Z(A ,h,d) = 377~i-h—~ Z|:sinc(n~n E) (1 - exp(—n-ni) sinhc (nnijj
\/E A-d d 2d 2d

150 T T T 50 ' ' '




Exercise 1.15: Determine the inductivity per unit length and analyse the dependence of
the various characteristics on the geometric parameters. (For solution see Appendix 11.3)

Exercise 1.16: Compare the dependence of the various characteristics of the stripline
and microstrip as a function of the geometric parameters.

Exercise 1.17: Compare micro-strip and strip-line from the perspective of sensitivity to
the dielectric coefficient. (For solution see Appendix 11.4)

Exercise 1.18: Determine the error associated with the assumption that the charge is
uniform across the strip.

Exercise 1.19: Analyze the effect of a strip of finite thickness. Remember that
throughout this calculation the strip was assumed to have a negligible thickness.
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1.9 Resonator Based on Transmission Line

1.9.1 Short Recapitulation

Resonant circuits are of great importance for oscillator circuits, tuned amplifiers,
frequency filter networks, wavemeters for measuring frequency. Electric resonant circuits
have many features in common, and it will be worthwhile to review some of these by
using a conventional lumped-parameter RLC parallel network as an example, the Figure
illustrates a typical low-frequency resonant circuit. The resistance R is usually only an
equivalent resistance that accounts for the power loss in the inductor L and capacitor C
as well as the power extracted from the resonant system by some external load coupled to

the resonant circuit. One possible definition of
resonance relies on the fact that at resonance the |
input impedance is pure real and equal to R
implying Zin |V R g L —— C
= PI +2j(()(VVm _We)
) /2 '

Although this equation is valid for a one-port
circuit, resonance always occurs when W_=W,, if we define resonance to be that

condition which corresponds to a pure resistive input impedance or explicitly
@, =1/+/LC ; note that these are the lumped capacitance (C) and inductance (L).
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An important parameter specifying the frequency selectivity, and performance in general,
of a resonant circuit is the quality factor, or Q. A very general definition of Q that is

applicable to all resonant (W, =W._) systems is
Q- @, (time — average energy stored in the system).

hence,

, (1.9.2)
energy loss per second in the system

Q=w,RC=R/o,L. (1.9.3)
In the vicinity of resonance, say o = @, + Aw, the input impedance can be expressed in a

relatively simple form. We have

2
___@RL R (1.9.4)

" &L+ j2RAw 1+ 2Q(Aw/ @)

A plot of Z,, as a function of Aw/ @, 1s given below. |%i”|
When |Z, | has fallen to 1/4/2 (half the power) of its —R
maximum value, its phase 1s 45" if w <, and -45" if
0.707R
@ > @, thus .
2022 = 1=(Aw=L|  (1.9.5) &
@, 2Q
\\ - 90°

4 BW  4£Zin




The fractional bandwidth BW between the 0.707R points is twice this value, hence
@, 1

= = : 1.9.6

Q 2A  BW ( )

If the resistor R in Fig. 8 represents the loss in the resonant circuit only, the Q give by

(1.9.3) is called the unloaded Q. If the resonant circuit is coupled to an external load that

absorbs a certain amount of power, this loading effect can be represented by an additional
resistor R, in parallel with R. The total resistance 1s now less, and consequently the new

Q 1s also smaller. The Q, called the loaded Q and denoted Q,, 1s
Q - RR, /(R + RL).
a,L
The external Q, denoted Q,, is defined to be the Q that would result if the resonant
circuit were loss-free and only the loading by the external load was present. Thus

(1.9.7)

Q, =1 (1.9.8)
a,L
leading to
1 t,1 (19.9)
Q Q Q

Another parameter of importance in connection with a resonant circuit is the decay factor
7. This parameter measures the rate at which the oscillations would decay if the driving
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source were removed. Significantly, with losses present, the energy stored in the resonant
circuit will decay at a rate proportional to the average energy present at any time (since
P ocVV and W ocVV", we have P c W), so that

W _ 2y = szoexp(—ziJ (1.9.10)
dt T T

where W, is the average energy present at t =0. But the rate of decrease of W must

equal the power loss, so that

W2,
dt ¢

and consequently,
1 R _ao B o
r 2W 2 W 2Q
Thus, the decay factor is proportional to the Q. In place of (1.9.10) we now have

(1.9.11)

W =W, exp(—%t} (1.9.12)

49



(<,

Zin 209 ﬂa a
1.9.2 Short-Circuited Line °

By analogy to the previous section, consider a short-circuited line of length I,
parameters R,L,C per unit length, as in Fig. 10. Let 1=4,/2 at f = f, that is, at

w=a,. For f near f,,say f=f,+Af, pl=2xfl/c, nw/w,=r+mA\o/®,, since at
@,, Bl = . The input impedance is given by

2, =Z, tanh(jl + o) = z, WA LS @n L (19.13) s\ ©
1+ jtan Sl tanh ol ) ) _

mJ

But tanhal = al since we are assuming small losses, so that E: “m° b __:;
al <1. Also tanfl =tan(z + 7A@/ @) =tan 7A@/ @, = 7A@/ @, __ mi -
since Aw/ @, is small. Hence -

Il

in

g Arimolo, o[22 qo1a T
1+ jalrAw/ w,

Wy
since the second term in the denominator is very small. Now

Z.=\L/C, =%RYC=(R/2)\/C/L, and fl=aVLCl=7; so

7/ @, =1V LC, and the expression for Z,, becomes
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C

Z = L{IER\/%+jAwIJLCjz%RHjILAa). (1.9.15)

It 1s of interest to compare (1.9.15) with a series R L,C, circuit illustrated
above. For this circuit
Z,, =R, + jol,(1-1/&’L,C, )
If we let @ =1/L,C,, then Z_=R,+ ja)LO(a)2 —a)oz)/a)z. Now if w—a@, = Aw is small
then
Z. =R, +2 ] Aw. (1.9.16)

By comparison with (1.9.15), we see that in the vicinity of the frequency for which
| = 4, /2, the short-circuited line behaves as a series resonant circuit with resistance
R, =RI/2 and inductance L, = LI/2. We note that RI, LI are the total resistance and

inductance of the line; so we might wonder why the factors 1/2 arise: recall that the
current on the short-circuited line 1s half sinusoid, and hence the effective circuit
parameters R, L, are only one-half of the total line quantities.The Q of the short-

circuited line may be defined as for the circuit
Q:wol-o _ol _ IB
R, R 2a

(1.9.17)
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1.9.3 Open-Circuited Line

H
N1
20
S

N
>

N
o

i
<

By means of an analysis similar to that used earlier, it is readily verified that an open-
circuited transmission line is equivalent to a series resonant circuit in the vicinity of the
frequency for which it is an odd multiple of a quarter wavelength long. The equivalent

relations are

Z,=|al+j(x/2)(Aw/®,)]|Z,=RI/2+ jAolLl

1=4,/4,R, =RI/2, L, =LI/2, &} =1/L,C,

(1.9.18)

Comment: Note that formally from (1.9.13) in the lossless case i.e., Z, = jZ_tan Sl we

conclude that there are many (infinite) resonances
since tan(fl) vanishes for Sl=7 but also for

pl=zn, n=1,2,3... corresponding to all the
"series" resonances. In case of "parallel" resonances
the condition tanfl =400 is satisfied for

Ll =§+7zn, n=1,2,.... In practice, only the first

resonance is used since beyond that the validity of
the approximations leading to the equations are
questionable.
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1.10 Pulse Propagation

1.10.1 Semi-Infinite Structure
So far the discussion has focused on solution of problems in the frequency domain.

In this section we shall discuss some time-domain features. Let us assume that at the
input of a semi-infinite and lossless transmission line we know the voltage pulse
V(z=0,t)=V,(t). In general in the absence of reflections

V(z.t) = [da (o) e 1?7 1F ()2 (1.10.1)
and specifically
PN RS [0
V(z—o,t)—jde(a))e (1.10.2)
or explicitly, the voltage spectrum V (@) is the Fourier transform of the input voltage
V()= ij‘”dtV(z —0,t)e Jet = ijwdtvo(t)e‘“‘)t. (1.10.3)
27 9 27 9>

Consequently, substituting in Eq.(1.10.1) we get
V(2= [ dael IO [ gy 2= 0,067
o —00 72' —00

!

(1.10.4)

- "’°dt\/(z=o,t’)2i “dwel - 1A(@)2
o —00 72' —00
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and in the case of a dispersionless line we have f(w)= Q\/;r which leads to
C

Vb= [dtv(z= O,t’)é(t’—t +5\/Zj —V (z —0,t' =t—5£) (1.10.5)

C C

implying that the pulse shape is preserved as it propagates in the z-direction. If the
phase velocity is frequency-dependent, then different frequencies propagate at different
velocities and the shape of the pulse is not preserved. As a simple example let us assume

that the transmission line 1s filled with gas
2

0,
g(w)=1-— (1.10.6)
@
Since

V(z,t)= j_‘:dt'v (z= O,t')i!dwexp{ja)(t —t')—%,/a)ﬁ —a)z} (1.10.7)

it is evident that sufficiently far away from the input, the low frequencies (@ <®,) have
no contribution and the system acts as a high-pass filter.

The dispersion process may be used to determine the frequency content of a signal.
In order to envision the process let us assume that the spectrum of the signal at the input
is given by
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\7(a))=iav exp{—(“x@] ] (1.10.8)

where all the parameters are known and that Aw, /@, <1; note that at the limit that
Aw,/w, — 0 the Gaussian function behaves very similar to Dirac delta function. In such
a case it is convenient to expand

w/g(a))zﬂ/g(a)v){wﬁ a‘;(a‘)‘))} (0-,) (1.10.9)

and also to use the fact that

1 :6ﬂ: 0 {Qm}zdé‘(a))_i_g 1 @6‘(0))

Vo, Oo oJw|cC C c 2{e(w) Ow
1,0l 1 )
Vi €2)s(w) Ow .

With these two observations, we now aim to develop an analytic expression for the
voltage at any location z and at any time t. Specifically, to demonstrate that the peak of
the Gaussian pulses depends on t=7/V  (®,) and reveal the way this signal varies in

(1.10.10)

space.
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The voltage variation in time is given by

V(2,0 = [ doV (@)el - 1F(@)

I IRt (1.10.11)
s horaf (2]

wherein the wave number is f(w) = Q«/e(a)) therefore,
C
2
o w—
V(z,t)= Y a | dwexp|— -
(z.1) Zj p“m ”

X eXp ja)t—ji)z{«/g(a)v)Jr(a)—a)v){ 1 ag} }

(1.10.12)

2\/&(w) Ow

Rearranging the terms we have
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V(z,t)=Zavexp{ja){t—%w/g(a)v)}
xjdwexp{j(a)—a)v){té«/g(a)v L9 (dg} }} (1.10.13)

c2 e(w)\do

xexps —(o—-m,))’ ! +jE ! (dg} :
" Aw, T c2e(w) \do ],

The first term in the integrand can be written as

exp{j(a)a)v)[tzﬂ (1.10.14)
v,

whereas for the second term it is convenient to write

11 (d‘g} o (1.10.15)
c2e(w)\do -0, O\ Vg V

v ar ph

and define

L _ 1 12(‘%) <t (1.10.16)
AQ(Z) Aw, @, \ C \Y Vv

v gr,v ph,v
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Consequently,

V(Z,t)Zavexp{jwv[t(Z:«/e(a)v)ﬂ_[ida)exp[j(a)a)v)(tsz(wA;;V)v] ]

gr

4 o 5. Z
Vph(wv)}}mv defexp(—f + jEAQY, (t _Vgn
(1.10.17)

The integral may be evaluated analytically since fda e = J7z such that finally we

= Zav exp{ jo, {t —

get

oz
V

ar,v

V<z,t)=iav AQ, (27 exp{ jo, (tvzﬂexp {AQ(Z)

2
(1.10.18
2 o

According to (1.10.16) the width of the pulse varies with the distance from the input.

Comment: Discuss possibilities of spectrum measurement by its decomposition in space.
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1.10.2 Propagation and Reflection

Other phenomena which may significantly affect the propagation of a pulse along a
transmission line are discontinuities. For a glimpse into those phenomena let us consider
three transmission lines connected in series.

4 4 Z,

T — R —
[ -y -y
4 - g

A

1 2

Z;O z=d

The reflection and transmission coefficients in the frequency-domain are
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_ cosy(Z,—2,)Z,+ jsiny(Z,Z, - Zzz)
cosy(Z,+Z,)Z, + jsiny(Z,Z,+Z;)
T: 27,2,
cosy(Z,+Z,)Z, + jsiny(Z,Z,+Z;)
y = B,d.

With these coefficients we aim to determine the transmitted signal in the time domain.
Assuming that the incoming voltage is

V(i”)(z,t)=jide(w)exp[jwt— i5(0)z] (1.10.20)

(1.10.19)

wherein

\7(a))=ifdtv(i”)(z=O,t)e_ja)t. (1.10.21)
2w d—

Based on this expression, the transmitted signal is
V©(z,t)= I_w doV (o) exp[ jot— ] B (w)(z—-d )]r(a)) (1.10.22)

which assuming dispersionless transmission lines entails
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v (t»Z):fwdw[zijwdt\/““’(z =O,t’)e_ja)t,}
ol |

42,2, eXp(—jW)eXp{ja)[t— Z\;dj:| (1.10.25)
3

X .
[1+exp(=2jyw) (2, +Z,)Z, +| 1-exp(-2w) |(2,Z,+ Z5)
We now define

5:

4727, _ (4 +4)2,+ 22, + Z3
Z,(Z,+2Z)+22,+2Z;° g (Z,+2)2,+2,Z,+Z;

enabling us to write

. { ., z-d d}

expy Jo|t -1 — - —

(tr) * (in) N Lo V3 Vz
Vv (z,t)=§LDdt\/ (2=0.t)—[ do . (1.10.24)
I—Zexp(—Zj\j{)d}

2
Since y <1 we may expand
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1 - du (1.10.25)
1-u v=0

and further simplify

VT (z,t)= fjidt'\/(i”)(z = O,t’)ir:oda)exp{ ja{t ~t’ —Zv;d—vi}}
? (1.10.26)

3
xz;(v exp[—2 jvgd j
v=0 V2

The integration over w is straight forward resulting in a Dirac delta function therefore

VO (2, =¢&> yv® {z =0,t- Z\;d — Qv H)vi} (1.10.27)
v=0

3 2

A delay in the occurrence of the pulse reflects in the third term. The term v =0
represents the first pulse which reaches the output end. After a full round-trip, the second
contribution occurs. Effects of round-trip time and pulse duration as well as the sign of y

are revealed by the following frames.
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1.11 Appendix
1.11.1 Solution to Exercise 1.10

70 0.40 7.2
__60F
= 0.8
%’ 50 S |
N g0k 6.4+
. . 30 | !
Microstrip: 1 1 2 3 4
dependence of Almm]
various
parameters on 70 7.2
the geometric 60
parameters and E 50 = 6.8
the dielectric & ® -
coefficient. For w 6.4
all the graphs the 30 i . : i
paramters are h
(when they are [ ]
not the variable): 140 70
A =2 mm, L
W =20 mm, T 104 e 46
h=2 mm, 'E;' 5 N
& =10 and 68 29l
| |
1 4 7 10
&r




v=0,1---100.

1.11.2 Solution to Exercise 1.11
Show that if w> h,A the various quantities are independent of w.

60
n=100, 150, 200
_ 0.415
S,
NO
28| 0.408
20 | |
0 100 200 300
(&)
wmm] "= 0.400
o
>
6.75
n=50, 100, 150, 200
Dependence of various parameters in 6.70 0.393
W.[A=2 mm, & =10, h=2 mm and 6.65
v=0,1---100]. 3
6.60 0.385

\ \
5 36.67 68.33 100

6.55 w[mm]

6.50
5 70 135 200

w[mm]




1.11.3 Solution to Exercise 1.15

Determine the inductivity per unit length and determine its dependence on the
various parameters.
The inductivity per unit length of the stripline can be determined according to Eq.

1.7.12) L=1/c’C(&, =1) substituting the expression for the capacitance per unit length
r g

2 o .
given by Eq. (1.8.17) L=2y, E—dzsincz (ﬂngj{l _ eXp(—én ) smg(fn)
n=1 0

1 A

where & =57zn—.

d 0.36

0.34 -

0.32 -

L[zH /m]

The figure shows the inductance per unit length of a
stripline as a function of h. Clearly it is symmetrical around 0.30
the maxima point h =2 mm, corresponding to the
symmetrical stripline configuration. [d =4 mm, A =2 mm,

0.28 ' ' '
1.0 1.5 20 25 30

o h|mm]




n=1,2,---200].

The figure shows the dependence of L on A, the strip
width. The inductance per unit length of the stripline decreases
as the strip width increases, and saturates as A becomes very
large compared to h. From this result one can conclude that
the inductance per unit length of a metallic wire is larger than
that of a strip[h=2 mm, d =4 mm n=1,2,---200].

The characteristic impedance of a stripline as a function
of d (Eq. (1.8.18)). The impedance decreases as d decreases,
due to increase in the capacitance per unit length of the
stripline as shown in Figure 20. The symmetrical case where
d = 2h, is obtained at the knee of the graph corresponding to
d =4 mm. An asymptotic behavior is observed as d becomes
large compared to h,A.[h=A=2 mm, ¢, =10,
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n=1,2,---2001.

1.11.4 Solution to Exercise 1.17

Compare micro-strip and strip-line from the perspective of sensitivity to the

dielectric coefficient.

The characteristic impedance of a
microstrip (the red solid line) and a stripline
(the blue dotted line) as a function of ¢,. The
characteristic impedances of both the microstrip
and the stripline decrease as ¢, increases. This
result can be explained by noting that increasing
the dielectric constant increases the capacitance
per unit length of the line (C) and thus
decreases the characteristic impedance, which is
inverse proportional to the capacitance
according to Z, =1/CV,,, where V is the

phase velocity, in turn ¢, decreases V; but in

ph >

lower rate than the increase of C.[h=A=2
mm, d =4 mm (stripline), @ =20 mm,

150

8}




n=1,2,---200, and v =0,1,...200 ].

The derivative of the characteristic impedance of a 0
microstrip (solid line) and a stripline (dotted line)asa | VY _——==========
function of ¢,. At low values of ¢,, the absolute value

Stripline

of the dZ_ / de, is larger in stripline (dotted line) than 20
B Microstrip

in microstrip (solid line), implying a higher sensitivity ) s
to variations in &, 1n the stripline geometry at that low | N W

. e T | ©
range of &,. As &, 1s increased, the sensitivity of the 40
microstrip characteristic impedance (Z,) becomes
slightly larger than that of the stripline. At high values

of ¢, the sensitivity of both configurations approach -60 | |
zero asymptotically as expected. [h = A =2 mm, 0 5 10 15
d=4 mm, =20 mm, n=1,2,---200, and .
v=0,1,...200].
35
=1 | eeeee—eqemmmmmmmmmmmmmemmmmaao
Sensitivity to dielectric coefficient of a E 3 O — \ SRT
microstrip (solid line) and a stripline (dotted i Strlphne
line) as a function of ¢, . The figure shows La 25 -
clearly that the stripline geometry is more (—
sensitive with respect to &, than the microstrip — -
SN N O« 20 - -
configuration [h=A=2 mm, d =4 mm T - MlCI’OStI'lp \
15 ~—— i
0 5 10 15
Er




(stripline), ® =20 mm, n=1,2,---200, and v =0,1,...200].

The normalized phase velocity of a microstrip (solid line)
and a stripline (dotted line) as a function of &,V of stripline is

simply ¢/ \/g—r (for a TEM mode), V,, of microstrip (for the

quasi-TEM mode) 1s ¢/, /e , where ¢, 1s given by Eq. (7.17).

As ¢, is increased, V, /C decreases as expected, according to

1/\/¢, and 1/,/e relations, for stripline and microstrip cases

respectively, where the following inequality holds 1 <¢4 <¢, . In

the special case ¢, =1 where only vacuum is experienced by the

electromagnetic field, V, is simply c for both geometries

[h=A=2 mm, d=4 mm (stripline), @=20
n=1,2,---200, and v =0,1,...200].

0.8

The derivative of the normalized phase velocity of
a microstrip (solid line) and a stripline (dotted line) as a
function of ¢, . The absolute value of the derivative is

higher for the stripline case compared to the microstrip
case, implying higher sensitivity in the stripline with
respect to changes in ¢, . For relatively high values of &,
the sensitivity of both configurations approaches zero
asymptotically [h = A =2 mm, d =4 mm (stripline),

70

o Microstrip
= 0.6 \
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Chapter 2: Wavequides — Fundamentals

2.1 General Formulation

So far we have examined the propagation of electromagnetic waves in a structure
consisting of two or more metallic surfaces. This type of structure supports a transverse
electromagnetic (TEM) mode. However, if the electromagnetic characteristics of the
structure are not uniform across the structure, the mode is not a pure TEM mode but it
has a longitudinal field component.

In this chapter we consider the propagation of an electromagnetic wave in a closed
metallic structure which is infinite in one direction (z) and it has a rectangular (or
cylindrical) cross-section as illustrated in Fig. 1. While the use of this type of waveguide
Is relatively sparse these days, we shall adopt it since it provides a very convenient
mathematical foundation in the form of a set of trigonometric functions. This is an
orthogonal set of functions which may be easily manipulated. The approach is valid
whenever the transverse dimensions of the structure are comparable with the wavelength.
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Rectangular waveguide; a and b are the dimensions of the rectangular cross section. a corresponding to
the x coordinate, b to the y coordinate.

The first step in our analysis is to establish the basic assumptions of our approach:

a) The electromagnetic characteristics of the medium: x = 1, and € = g,¢, .

b) Steady state operation of the type exp( ja)t).

c) No sources in the pipe.

d) Propagation in the z direction -- exp(—jkzz); k, can be either real or imaginary or
complex number.

e) The conductivity (o) of the metal is assumed to be arbitrary large (o — ).
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Subject to these assumptions Maxwell's Equations may be

written in the following form
VxE =—jouH

=T
\
\
\
\
\
=
o
=X

Substituting one equation into the other we obtain the wave equation

Vx(VxE)=-jou(VxH)
V(V-E)-V’E = - jou( jocE)

2
V(ﬁ-é)—vzéz(ﬂj E

{vu —ﬂézo

TN
<|8

VxH = jocE (2.1.1)
Vx(VxH)= jws(VxE)
V(V-H)-V?H = joe(- jouH)
2
V(v H)_vzﬁz(ﬂj .
v (2.1.2)

where v =1/,/ue is the phase-velocity of a plane wave in the medium. Specifically, we
conclude that the z components of the electromagnetic field satisfy

2
{v%”—z}EZ:o, {
\'

2
V2+a)—2}HZ =0
v

(2.1.3)
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=T

\
\

\

\
=\
o
=

and subject to assumption (d) we have
2 2 a X
(Vi—kf+ijZ:O (Vi—kf+ijZ:O.

2 2

Y Y
As a second step, it will be shown that assuming the longitudinal components of the
electromagentic field are known, the transverse components are readily established. For

this purpose we observe that Faraday's Law reads

1 1, 1
VxE=-jouH = |0, 8, -ijk|=—jouH. (2.1.4)
E. E, E
M 1: o, +jkKE, =- jouH ~ JKE +jouH, =- 0,
(i) 1,:— (0E,+IkE) =- JouH, ~ -—JKE +]jouH, = 0FE,
(m) 1,: o,E -0,E =— JouH, ~~ O0E -0FE, =— JjouH.,.
In a similar way, Ampere's law reads
1 1, 1
VxH = josE = |3, d, —jk,| = joeE, (2.1.5)
H, H, H,
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or explicitly

(iv) 1 oH,+])kH, = JoweE, ~ JoweE —]JkH, = 0JH,
v) 1,:- (OH,+JkH) = JjowsE, ~ JjowsE +jkH =- 0H,
(viy 1,: oH, -d,H, = JwekE, ~ 0OH -0H, = JoeE,.

From equations (ii) and (iv) we obtain

jkoe |1 1
| | H, =—-2 —0,E,+—0d H
_szEx—l_Ja)lLlHy:aXEz —> y kZZ_(a)/V)2|:kZ - we y Z:| (216)
ja)gEX—ijHy:asz - B

_ j
EW—&A%QNY[&@EfHWﬁﬁt}

It is convenient at this point to define the transverse wavenumber

2
ka%}—&z (2.1.7)

That as we shall shortly see, has a special physical meaning.
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This allows us to write the last two expressions in the following

form
EX__JkZa e, %5 .,
— —JO)E sz
H, =——0,E,——0,H,.
ki ki
In a similar way, we use equations (i) and (v) and obtain
e ="JeoE Ja’“aH
H = ‘”‘95 E, - kza H..

o

(2.1.10)

(2.1.11)

Equations (2.1.8), (2 1.10) and (2.1.9),(2.1.11) can be written in a vector form

—

g =_day g JUG v
% %
A =-y n JkC()EJYXVLE

L

k2

L
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Comments:
1. The wave equations for E, and H, with the corresponding boundary conditions and

the relations in ((2.1.12)--(2.1.13)) determine the electromagnetic field in the entire
space (at any time).

2. Note that the only assumption made so far was that in the z direction the
propagation is according to exp(—jkzz). No boundary conditions have been

imposed so far.

3. Therefore it is important to note within the framework of the present notation that
TEM mode (H, =0,E, =0) is possible, provided that k, =0 or substituting in the
wave equations

V2E, =0; V2’H, =0 (2.1.14)

4. By the superposition principle and the structure of ((2.1.12)--(2.1.13)), the

transverse field components may be derived from the longitudinal ones.

Complete Solution = (E, =0)and(H, #0) + (E,#0)and (H, =0)
Transverse Electric(TE) Transverse Magnetic(TM)
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2.2 Transverse Magnetic (TM) Mode [H, =0] . X

In this section our attention will be focused on a specific case where H, =0. This

step is justified by the fact that equations ((2.1.12)--(2.1.13)) are linear, therefore by
virtue of the superposition principle (e.g. circuit theory) and regarding H, and E, as

sources of the transverse field, we may turn off one and solve for the other and vice
versa. As indicated in the last comment of the previous section, the overall solution is,
obviously the superposition of the two. The boundary conditions impose that the
longitudinal electric field E, vanishes on the metallic wall therefore

E,=> A, sin(ﬂ—mjsin(%wje_m’”*mz. (2.2.1)
n,m d
This further implies that the transverse wave vector, k , is entirely determined by the
geometry of the waveguide (substitute in (2.1.3))
2 2 2
m zn @
k? :(—j +(—j =— k% (2.2.2)

a b Y
From these two equations we obtain
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K2 =@ 2@ _(7M) (70 a —J X
z,n,m 2 1 2
\Y; \Y; a b

K, :i\/“f —(”mj —(”—”j | (2.2.3)
\Y; a b

This expression represents the dispersion equation of the electromagnetic wave in the
waveguide.

Exercise 2.1: Analyze the effect of the material characteristics on the cut-off frequency.
Exercise 2.2: What is the impact of the geometry?

Exercise 2.3: Can two different modes have the same cut-off frequency?
What is the general condition for such a degeneracy to occur?
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Comments:
a) Asymptotically (@ >k, Vv) this dispersion relation behaves as if

no walls were present i.e. @ =K,Vv.

b) There is an angular frequency «, , , for which the wavenumber k, vanishes. This is
called the cutoff frequency.

wkj(ﬂj (2 =) EJ(mj (2 eaa
o a b mn 2 a b

where v =c/\/¢, 4, .

c) Below this frequency the wavenumber k, is imaginary and the wave decays or grows
exponentially in space.

)
d) The indices n and m define the mode TM, ; m

represents the wide transverse dimension (x) whereas n
represents the narrow transverse dimension (y).

Wec12

Wec11
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2.3 Transverse Electric (TE) Mode [E, =0]

The second possible solution according to (2.1.12)--(2.1.13) is when E, =0 and
since the derivative of the longitudinal magnetic field H, vanishes on the walls (see
(2.1.12)) we conclude that

—jk -z
H, :ZAﬂncos(”—mjcos(%wje Funm?, (2.3.1)
m,n , a
The expression for the transverse wavenumber k, is identical to the TM case and so is

the dispersion relation. However, note that contrary to the TM mode where if n or m
were zero the field component vanishes, in this case we may allow n=0 or m=0
without forcing a trivial solution.
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For convenience, we present next a comparison table of the = =
P P — q — |

various field components of the two modes.

TM mode TE mode

E, ‘Z Annsm( A ]sm[ﬂgy) _szmn szzmannCOS( j (ﬂl’l)’) K.z

S (el e ()

_ Ja)g m Zmx ny _ jou ZmX zny
H, zmnAm ( " jcos( ]sm( - j E,=> B, % ( jsm( )cos( - )
H,=0 E, =
E, =, An kjlf ( aj (”:X)sin(%ny)... H,=> B, +kji( (”:Jsm( jcos(%nyj...

_ jk Tmx zny | +]JK, (7N . ( zny
E, ZmnAm ( ] n( jcos( - H,=> B, % ( j ( jsm(Tj...

-1/2

512 )
E = Z(TM) H Z(TM) \/Z 1— fc,m,n H - _ Ey mn Z(TE) \/; 1— fc,m,n
X,mn mn y,mn ? c f X,mn Z(TE) ’ < f

— (T™M)
Ey,mn - _Zmn Hx,mn H — EX,mn

y,mn Z(TE)

Exercise 2.4: Check all the expressions presented in the table above.
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Comments:
1. The phase velocity of the wave is the velocity an imaginary observer has to move
in order to measure a constant phase i.e. wt —k,z =const.. This implies,

f2 -1/2

@ —_— C

Vph = k_ - V|:1—?j| . (232)

2. The phase velocity is always faster than v!! Specifically, in vacuum the phase
velocity of a wave is larger than c. In fact close to cutoff this velocity becomes
"infinite"!!

3. The group velocity is defined from the requirement that an observer sees a constant
envelope in the case of a relatively narrow wave packet. At the continuous limit this
Is determined by

aa) f 2 1/2

vV =—=V[1-—*5| . 2.3.3
ok, { fz} ( )

4. The group velocity is alway smaller than v. Specifically, in vacuum it is always

smaller than c. It is the group velocity is responsible to information transfer.
5. When the waveguide is uniform

ViV = V2 (2.3.4)
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2.4 Power Considerations P a

2.4.1 Power Flow
Let us now consider the power associated with a specific TM mode; say

E, = A, Sin(”—mxjsin (%nyje—kamzl

d

At this stage, for simplicity sake, we assume that this is the only mode in the
waveguide. Based on Poynting's theorem, the power carried by this mode is given by

P, = Rel [“dx[ dy'S (2.4.1)
mn 0 0 z,mn (" v
Explicitly the longitudinal component of the Poynting vector is
1, - . = 1 . .
Sz,m,n = E(E x H )]7 = E[EXHy — Eny]m,n

=220 [z ]
2 y

Above cutoff the characteristic impedance is a real number therefore the next step is to
substitute the explicit expressions for the magnetic field components and perform the
spatial integration:

(2.4.2)

m,n
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P =2z™ [“ax["dy[[H, [ +|H,[ e
mn_E IO XIO y|:‘ Y‘ +‘ X‘:|
i |
1w e?a bl(am)’ (”_”T
T [
.
p = ”W\Aﬂnf”g ib. (2.4.3)

The last expression represents the average power carried by the specific mode.

Exercise 2.5: What is the power at any particular point in time?

Exercise 2.6: Since the two sets sin(zmx/a) and sin(zny /b) are two orthogonal sets of

functions, the total average power carried by the wave in the forward direction is a
superposition of the average power carried by each individual mode separately. In other

words show that P=> P, .

Exercise 2.7: Show that below cutoff, the power is identically zero although the field is
not zero.
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Exercise 2.8: Note that the average power is proportional to the
average magnetic energy per unit length. Calculate this quantity. Compare it with the

average electric energy per unit length.
Exercise 2.9: Calculate the energy velocity of a specific mode v, =(P)/W,,,. Compare
to the group velocity. What happens if the frequency is below cutoff?

Exercise 2.10: Repeat the last exercise for a superposition of modes A, ..
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2.4.2 Ohm Loss

So far it was assumed that the walls are made of an ideal metal (o — ). If this is
not the case (o) a finite amount of power is absorbed by the wall. In order to calculate
this absorbed power we firstly realize that the magnetic field is "discontinuous™ which is
compensated by a surface current

J =fixH. (2.4.4)

This current flows in a very thin layer which is assumed to be on the scale of the skin-
depth [J = J, /6] therefore, the dissipated average power per unit length is given by

11 =2
Py == [ dxcy|3]" (24.5)
or explicitly 2
1 J 1 “p_R 7
P, =—@dls|=| =——¢dI|J.| =—=¢dI|J_|, 2.4.6
D20<]5 5250955 2953 (249

where 6 =./2/ wu,0, R, =\/wu, | 20 and the integration is over the circumference of
the waveguide
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This is the average electromagnetic power per unit length which is converted into heat
(dissipation) due to Ohm loss. Based on Poynting's theorem we may deduce that the
spatial change in the electromagnetic power is given by

d
—~ P=-P 2.4.8
& b (2.4.8)
and since in case of a single mode both P and P, are proportional to | A,
Poc|A” and P, oc|Af (2.4.9)
we conclude that the change in the amplitude of the mode is given by
d|Af ~
% = 2a|A = |AQ@)f =|A(z=0) e 2%2. (2.4.10)
Z

The coefficient o represents the exponential decay of the amplitude and based on the

arguments of above is given by

I:)D

o=— 2.4.11
2P ( )

Let us denote by k © the wavenumber in a lossless waveguide. Subject to the
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assumption of small losses (k> a) we can generalize the * —
solution in a waveguide with lossy walls by k, =k © - ja.

Exercise 2.11: Based on the previous calculation of the power show that this parameter is
given by

- ,7\/1_(1:0/ £ b m?b%a + nZa’
R, is the surface resistance. Note that «is very large close to cutoff.  Explain the
difficulty/contradiction.

(™) 2R 1 m*’+n’a’

(2.4.12)

2.4.3 Dielectric Loss
If the dielectric coefficient of the material is not ideal, in other words, it has an
imaginary component ¢, = & — je , then the wavenumber is given by
W1lo w
k =k @ —je == :
AT ck,©
where we assumed that (i) the dielectric loss is small and (ii) the system operates remote

from cutoff conditions [i.e. k. > Je wicl.

(2.4.13)
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We can now repeat the entire procedure described in the L L S0t E:
« g — X

previous subsection for a TE mode. Here are the main steps and
results (g, =1landg,., =2)

H, =B, cos(”—mjcos(”—wje_m’m”z, Pon = Re{fadXI bdySZ mn},
a b 0 0 :

e e o 1
S.m =5 (EH; —EH)), = o= [\EX\%\Eﬂm. (2.4.14)

zZ,m mn
mn

2 2 2 2 2 2
=Ll | 2 (2 Sty o ()

R AL k! \Lb ) 2 k! La )2
(2.4.15)
1 ab 5 I o’ 1
_gzrgnE)‘ mn‘ ki

2 2 2 2.2
g®=_ 2R 1 (1+Ej fo] yBf 8 (L] |fmabrna ||l 4 16
b a)l f al| 2 f m-b° +n‘a
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Exercise 2.12: Check equation (2.4.16). In particular check the cases n=0 or m=0.
Repeat all the exercises from the above (TM mode) for the TE mode. Make a comparison
table where relevant.

Exercise 2.13: Note that both ™ and ™ are large close to cutoff and increase as

Jo for large frequencies. In between there is a minimum loss for an optimal
frequency. Calculate it.

Exercise 2.14: Calculate the loss very close to cutoff.
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2.5 Mode Comparison

CHARACTERISTICS OF COMMON WAVEGUIDES
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TE), | ™ 5,
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bla=1

1
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bla=1/2
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«
—
o

=
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b 1
- T, Y= —
10 a 10
\/ b
. | |
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- b 1
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L b
—— IMy —=1
—] a
B TE,, by
\ \ \ \ \ \ \ \ \ 4
0 5.000 10,000 15,000 20,000 25,000 30,000
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Attenuation due to copper losses in rectangular
waveguides of fixed width.

Mode comparison for a rectangular waveguide.
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2.6 Cylindrical Waveguide

2.6.1 Transverse Magnetic (TM) Mode [H, =0]

In this section we shall investigate the propagation of a wave in a cylindrical
waveguide. The longitudinal component of the electric field satisfies
[V2 +KZ1E, =0, (2.6.1)
2
where k? = a)—z— k? or explicitly
Y
o° 10 1 ¢
L R
o’ ror r°op
The solution of this equation subject to the boundary conditions E,(r = R) = 0 reads

£, =Y, ( ps,n%]e_jkz’s'"z (A, cos(ng) + B,, sin(ng) | (263)

where J_(u) is the n'th order Bessel function of the first kind. This function behaves
similar to a trigonometric function (sin or cos). It has zeros, denoted by p,, i.e.,

ps,n : ‘]n(ps,n) = O'

+kﬂEZ=Q (2.6.2)
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The first few zeros of the Bessel function are tabulated next.

s=1 s=2 5=3
n=0 2.405 5.52 8.654
n=1 3.832 7.016 10.174
n=2 5.135 8.417 11.62

Substituting (2.6.3) in (2.6.2) we obtain
2 2 2
5_2+}Q+i2 82+ Pan E, =0
or’- ror r°op R

2 2 2 2
kfza)_z_kzzz(pl:senj N k2 :a)__ ps,n.

thus

Vv SR VE R =5

(2.6.4)

(2.6.5)

Based on this expression the characteristic impedance of the TM mode is given by

k v

(TM) — z,s,n
Zs n =1
[0
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2.6.2 Transverse Electric (TE) Mode [E, = 0]

In this case the wave equation reads
[V2 +ki1H, =0
and its solution has the form

HZ:ZJn(pSn j k2 [Ah cos(np) + B, sm(ngo)}
where "

oH, =0 = p.,:Jd(p.,)=0.
or | ._s ’ ’

The first few zeros of the derivatives of the Bessel function are

s=1 s=2 s=3

n=0 3.832 /7.016 | 10.174

n= 1.841 5.331 8.536

n= 3.054 6.706 9.970

thus

' 2
Z(TE) =p— 2 k — (2)2 o ps,n
kz,s,n o v R
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Summary

TE modes TM modes
— cosn
Hz = ( psn J Jk Z { ¢ O
sinng
c _ 0 (p j_sz cosng
g " sinng
i r —j cosn
Hr — Jksnzpsn Jn(p;n Lje JkSnZ ' % _E /ZS(IM)
RK{ o, R sinng ’
i —i —-sinn
Hy= I Jn(p;n L]e Wl 0 e 12
? rk? ., R cosng
_ (TE) Jksn psn _Jk cosng
B= ZaH, Rk? J (mn j {ﬁnnw
1,sn
E_  _gmoy _dnkg | (p J ~jk,, z{ sinng
" sn r kf “ sn cosne
1/2 1/2
. w_z_(p_;nf w_z_(&f
sn V2 R V2 R
7z @, zw _ VK
sn Vksn sn )
ki,sn = pén / R psn / R
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TE modes TM modes
k k T " ’ k ksnﬂ- ’
Power= T2 (pZ _n?)32(pl,) ot p2 [35(K, oR)P
1,snJ0,n 2kJ_ sn gO n
k2 v k2 2 k2 v 12
o = Rs 1——L sn2 1, sn2 + 'zn ; Rs 1- L sn2
Ry o o Py =N Rry @
1 n=0

gO,n =
\ IUOIUI’EO 2n ;& O
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2.6.3 Power Considerations
According to Maxwell's Equations for a single mode we have

- _— JkZ —_— Er —_
EL——k—ZVLEZ, H, = , H =-E, /Z.
L ™
Consequently, the average Poynting vector is
1 — > % g
S, = E(EL xH )1,

and the average power flowing in the waveguide

p = Re{% c.s.da[EL X HI]Z }:%Re{ c.s.da[EfH; — E(/,H:}}

1

|2

=—Re da |E, +‘E¢‘ :LRe{J‘ da[‘Er‘2+‘E¢‘2J}
2 o ZTM ZTM 2ZTM -
1 k) __ 1K
- ZZTM Re{'[c.sda[kiJ ‘VL EZZ} i ZZTM k_jRe{J‘C.s.da‘Vi EZ‘Z}. (2611)

In order to further simplify the last expression let us examine the wave equation:
(Vi +ki)E, =0 (2.6.12)
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we multiply by the complex conjugate of E,
E, (V2 +Kk2)E, =0
and integrate over the entire cross section

A,[da| E;VIE, +K[E,[ |=0

z
o

The first term in the integrand IS zero since

hence
[dav E,[ =k} [dalE,["

A 'da[VL(E:VLEZ)—\VLEZ\ +KE,

dav,[E,V E,|=[d7, [EV.E,]

N

(2.6.13)

(2.6.14)

(2.6.15)

Now back to the propagating power for a superposition of modes starting from the

expression for a single mode we get
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1 K 1 Kk 2
P.= 277 k—iRe“da\VLEz\ }—Wk—ijda\Ez\
1 Z A\ms‘]n(pns jCOS(n(D)
P _% d@j drr

S900 (, r

S‘,n' J_

The integration over the angle is straight forward

I;ﬂdgocos(ngo)cos(n'go)=27zgn5nn . 0,

1
N|—

and after integration over r we get

where we used

2
,[OR dr r ‘]n ( pn,s %j ‘]n ( pn,s' Lj - R_I:‘]r: ( pn,s)i|2 55,5' (2616)
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In the case of a single mode we have

2
J! 2 p;
Psn :(i‘RAsnzj(gRjﬂ'gn{ n(pn,s):| RE[R a)_z_ pnés J (2617)
S o\2n T\ Pos vi R

Note that there is power flow only if the wave is above cutoff and as in the rectangular
case, the the total power is the superposition of the power in each mode separately

Exercise 2.15: Calculate the average energy per unit length stored in the
electromagnetic field.
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2.6.4 Ohm Loss
Now to the general expression for the losses. Starting from the dissipated power

Rs Er,ns
PD,s,n B 7<.[>bound Zr(]:M)

2
d/

NE

“dr = %Rsc_ﬁ\H¢\2df = %Rscﬁ

2

1 R Jn (P

e —r ZKZR{ (p )} 27Rg,| AR
Rz Pus

1R (o Y[3(p) T :
=—3 1 —R 277R R 2.6.18
z\an(v j{ . } 7Rg,|ALR (26.18)

which finally entails for a single mode

\Y
al™ = ii[Lj (2.6.19)
Rnp\ Vv

Exercise 2.16: Check Eqg. (2.6.19).
Exercise 2.17: Calculate ar(,IE).

Exercise 2.18: Calculate the exponential decay due to dielectric loss.
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Wave Type

™,

™

Field distribution
in cross-sectional
plane, at plane of
maximum
transverse fields

Field distribution
along guide

O
=

ﬁ:::iﬁ P

Field components E,.E,. E, E.E, H.,H, | H, H, H,,H ,H, E E,
present
porp’ 5.52 3.83 3.83
(k.) 5.52 3.83 3.83
o a o
(4) 1.14c 1.64c 1.64c
(f.) 0.877 0.609 0.609
o ue o ue oA ue
Attenuation due to R, R, 1 R, (f./f)
Icrgrﬁ)gﬂfcetgtrs U JL=(T /1) | @ JI=(f /1) | @ (1 (f W L= (f, ] £)
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2.7 Pulse Propagation
Let us consider an azimuthally symmetric TM mode described by

E (r,2,t)= iJo(ps %)J.ida)exp[ja)t I, 7)€, () (2.7.1)

wherein T2 = p? /| R? -’ / ¢* and &, (w) is the Fourier transform of this field component
at z=0
1

£(@)= = _[ORdr’r'Jo(ps %j% I_Zdt’exp(— jot')E,(r',z=0,t). (27.2)

2‘]12(ps)

Let us now calculate the energy associated with the radiation field as it propagates in
an empty waveguide. The transverse field components are

> r o : ET
Er(r,z,t):ZJl(pSEJ%J‘ooda)exp(ja)t—l“sz) : ;)2
51 1“5+C2
= r\p, ¢ : 1 jo &,
H,(r,z,t) =Y d,| p,— —j_da)exp(Ja)t—rSz) : ~ (273
s=1 R R ” luO C 1_,2+C()7
S CZ

therefore, the z-component of the Poynting vector is
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. 5

Sz(r,Z,t):<Z~]1 pséjjida)exp(ja)t—l“s )5 (a))(l“ —]

v

Ps

x<iJl pa%jjidﬂexp(th—ra(Q)z)ga(Q)— jgij} (2.7.4)

\ Tlo Cp,
Using the orthogonality of Bessel functions

IoRd”Jl(ps %]Jl[pa g) R 32(pa, (2.75)

the power propagating is

P(z,t) = ZnZ—J (p,) {j dwexp( jot-T'z )E(a))[ Rj}

P

x{jwdQexp(th—Fsz)é’s(ﬁ) 1 [jQ R ]} (2.7.6)
— T

cp,
and the energy associated with this power
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W, (z) = I_idtP(z,t)

= (2;;)2% 32 (p)[dwé, (w)exp[ T, (a))szQé’S (Qexp[ T (Q)z]

RY1(.Q_ 1) (2.1.)
x| (w)— |—| ]| —R— || dtexp| j(ew+Q)t]|.
[ ( )ps]%( C ps]jOO [ ]
_ o _ _ 1 J(+Q)t
With the definition of the Dirac delta function 6(Q2 + o) =2—jdte we have
T

W, (2) = (2;;)22% 32(p)[ do £, ()€, (~e)exp{~2[T, () + T, (-o) |}

Ps 7, C B
For proceeding it is important to emphasize two features: since the field components are

real functions, it is evident that the integrand ought to satisfy F (-w)=F ().
Consequently

(2.7.8)

£,(-0) = (o) (2.7.9)
and
I (-0)=T (o). (2.7.10)
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This last conclusion implies that if the frequency is below cut-off (| w|< p,c/R) the
I (-o) =[T'{(0) | (2.7.11)
whereas if |o[> cp, / R
(o) =—j|T (a)] (2.7.12)
With these observations we conclude that

< : -2
We(2) = (2;7)2 ZF; Jf(ps)ZRe{jOpS'Rdm5s(a)) e ri(@)
0 s=1

{—mers(w)m}r dw|gg(w)|{wR|rs(w>|R}}_
CP, Ps cps/R CP, Ps

Clearly the first integrand is pure imaginary therefore, its contribution is identically
zero and as a result, in the lossless case considered here, the energy associated with the
propagating signal does not change as a function of the location

_ () &R, ® 2| @R [T (@) |R
W= )2 delEe)f| TR

(2.7.13)

(2.7.14)
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Comments:

1. Only the propagating components contribute to the radiated energy.

2. The non-propagating components are confined to the close vicinity of the input
(where initial conditions were defined).

3. If all the spectrum is confined to the region 0<w< p,c/R, no energy will
propagate.

4. Since the waveguide is lossless, the propagating energy does not change as a
function of z.

Exercise 2.19: Calculate the electromagnetic energy per unit length. Compare with
(2.7.14).

Let us now simplify the discussion and focus on a source which excites only the first
mode (s=1) i.e.,, E,(r,z=0,t) =J,(p, r/R)E,(t) therefore according to Eq.(2.7.2) we get

1 R, r ryll ¢» o, —jot’ ,
& (o) = R {IodrrJo(psE]‘]o(plaj}EJ‘wdte Jo E, (t)
0. % — 1ot
= %1 (" JUE (1)
27 0
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As an example, consider a signal starting from t=0 ramping up and oscillating
and decaying

: t h _ Oy QT
E,(t)= Eosm(Qt)eXp T (t):>85(a)) o E01—|—2ja)T +T2(Q2 —0)2)

(2.7.16)

Substituting in Eq.(2.7.14)

2 214 [ 2 2
1 E2R4|:Jl(pl):| on da) (QT )(0) @ a)l)

0
7, p, | “anR [1+T2(QZ —wz)]z +(2aT)
Normalizing to the cutoff frequency, u=w/w, as well as Q=Q/w,, T =T, the last
integral simplifies to read

2 [2
W:goEgRs‘]l(pl)ﬁzj du uvu” 4

W =

(2.7.17)

—— - — (2.7.18)
Py B e O SR TR I T
Its numerical analysis reveals that
2 _.[1 Q<1
W~ g BRI P Z 52 [T 8 (2.7.19)
p, 4 T Q>1

Exercise 2.20: Compare with the dependence of the propagating energy in the frequency
Q when the signal prescribed by Eq.(2.7.16) propagates in free space.
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2.8 Waveguide Modes in Coaxial Line

2.9 Coaxial Structure — Lossy Dielectric
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After paving the foundations of electromagnetic phenomena in waveguides, in this
chapter we shall consider some advanced phenomena including:
1. Hybrid modes, whereby the TM and TE are coupled

2. Dielectric loaded waveguide

3. Mode coupling due to geometric discontinuity
4. Reactive elements

5. Excitation of Waveguides

6. Coupling between two waveguides

7. Surface waveguides

8. Transients

9. Cavities

10. Wedge in a Waveguide
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3.1 Hybrid Modes

In Section 2.1 1t was demonstrated that if the waveguide's electromagnetic
characteristics are uniform on the cross-section, the transverse components may be
derived from the two longitudinal components that in turn are independent. For example
in a rectangular waveguide we had

. X . y _7/nx,nyz
E,(X,Y,Z;0) = ZA]X’nysm 7Z'nxa— sin ﬂnya— e

nX,ny X y

X y _ymx,myz
H,(X,Y,Z;0) = Z Bmxamy CcOS 7Z'mxa— CcOS 7Z'mya— e (3.1.1)
mx,my X y

wherein y? =k’ —¢g u(w/c) and k=(zn/a,) +(7rny /a, )2 for the transverse

magnetic (TM) mode or k’ :(ﬂ'mx/ax )2 +(7zmy/ay )2 for the transverse electric (TE)

mode. The transverse components being given by

y jou __7 JwE 7
J___PVJ_EZ_F k> lzXVLHza HL__PVJ_HZ_ 2 1ZXVLEZ 3.1.2)
1 1 1 1
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Let us now assume that the relative dielectric coefficient (&) depends on the
transverse coordinates (e.g. X and Yy in a rectangular geometry) and so is the relative
permeability coefficient (. ), the goal being to determine the character of the modes
supported by the structure. Our starting point again 1s Maxwell's equations

VxE = - jou,uH V- (o, H)=0 (3.13)
VxH = jowe,c E V(g6 E)=0
which lead to the following wave equations
?x(?xﬁ)=—jwyOVx(yrH)=—jwyO[VyrxH+ylﬁxl:l]
—V?E+V(V-E)=—jou,[VuxH + u (jos,&,E)]
2 o Sl = U S17
{v +C—zgrﬂr}Ez = V(V-E)+ jou,VuxH |1, (3.1.4)

Bearing in mind Gauss' law V (&, E)=0=>V-E=-E -Ving. we get

2
|:Vi + 72 +grll’lra)_2:| EZ = y(EJ_ .VL lngr) + ja)/uO/’lr(VJ_ ln/urx HL) ’ 1Z (315)
C
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and in a similar way
2
|:Vi + 7/2 +grll“lra)_2:| Hz - _7(HL .VJ_ 1nlur) B ja)gogr(VJ_ 1ngr>< EL) ._1; (316)
C

It 1s evident from these two equations (3.1.5)--(3.1.6) that E, and H, are no longer
independent if transverse variations in the cross-section occur. Modes which are linear

combinations of TE and TM modes are called hybrid modes and they frequently
occur in microwave components.

In order to illustrate the coupling of TE and
TM modes let us consider a dielectric loaded
waveguide as illustrated in the figure. A fraction of
the waveguide (0<x<d) is filled with dielectric

material (¢, ) whereas the remainder (d <X <a) has

the same characteristics as the vacuum. In each
region the material is uniform which means that the
wave equation is

>‘<V
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and its solution is

E =e_yzsin(ﬂm%)< - (3.1.8)

z > ;
Bsinh (x—a)\/(%) —7/2—2)2] d<x<a

wherein we impose the boundary condition at X=0 and X =a.

Similarly, for H, we have
oy 2
{vi{fj”—ﬁf}m:o (3.1.9)

and
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) 2 2
Ccoshlx\/(ﬂmj —y? —5}2} 0<x<d d
b C
J

(3.1.10)
Dcosh[(x—a)\/(Tj —7/2—2)2] d<x<a

Imposing the boundary condition at x=d leads us to the dispersion relation. In order to
emphasize the coupling between TE and TM modes we shall develop the dispersion

relation in two steps.

Step I: we impose the continuity of E, and H, facilitating to redefine the amplitudes
thus A and D according to

[ sinh(A _X) 0<x<d
_ sinh(A d -
EZ=Ae‘72sin(7zm1j< | (A,0) 3.1.11)
b )|sinh[A,(a—x)] d<x<a
\sinh[Av(a—d)] -

and
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[ cosh(A X) 0<x<d
_ cosh(A d - d
H, = De /¢ cos(ﬂml} (A.0) (3.1.12)
b )| cosh[A, (a—X)] d<x<a
(cosh[A,(a-d)]

wherein A2 =(zm/b)’ —y* —&(w/c)” is the horizonthal wave number in the dielectric

(subscript £) and A =(zm/ b)2 -7 —(o/ C)2 represents the horizonthal wave number in

the vacuum (subscript v). It is evident that if d =0 or d =a (i.e. the waveguide is filled
uniformly), the regular solutions may be readily retrieved A a= jzn or A ,a= jzn.

Step I1: In our second step if 0 <d <a we need to impose continuity of E, and H, at
X =d . According to (3.1.2) the transverse components are

= 70)2 0., + ij”‘;)z 0. H,
Y +ngT 4 +€rCT

H, = 7w2 o H, - ij‘%‘z; o, E, (3.1.13)
4 +ngT V4 +€rCT
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Based on (3.1.13) and (3.1.11)-(3.1.12) we get
m

_ _ Y
E,(x=d-0)=
7/ +8r C2

2

_ I
E,(x=d +0)= A

b

)-l- el 5 D A tanh(A d)
y e,
C

0
C2

2
Yo+

thus their continuity implies

A b/ b/
2 ’ 2 w’
Y +<9rCT 4 +CT

)

jou, =
a;)z D A, tanh[A (a—d)]

2
Y
C2

A, tanh[A (a—d)] N A, tanh(A,d)

o v +e @
C2 r C2

ye+
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Similarly

Hy(x=d—0)=_—725(—ﬂbmj— 1958 AN, coth(A,d)  (31.16)
a +e & a +e &
T C2 r C2
H,(x=d+0)=—"1 B(—”bm)— 19% "A(-A,)coth[A,(a—d)](3.1.17)
[0)) a
y’ +CT y’ +CT
thus
_amoam
A% A coth[A,(a—d)]+ 255 A coth(Aed)!+D| —B— +-—D " |9
2 % 2 w 2 () ) [0
ARy Ve yoté s 7Vt
L C C J C C
(3.1.18)

The dispersion relation, in a matrix form, may by now be expressed using (3.1.15) and
(3.1.18)
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D

21

D.

22

123

TE
A, tanh(A _d) A tanh[A (a—d)] m 1 1 d
2 T b 4 2 2
24, o | 1 % +0)7 2 @ 2 W o
/4 r C2 Ja),u() C2 : C D _ O
A
”bm y 160 oA, (a - dy)+ 22505 e oA d)
& s
(3.1.19)
or formally
Dll D12 D
=0 (3.1.20)
D21 D22 K
implying that for a non trivial solution the determinant of the matrix must be zero
Dll DIZ
det =0 = |D,D, +(D,) =0. (3.1.21)



b
Comments:
1. The diagonal terms represent the dispersion relation of TE and d
TM modes.

2. If there are no variations in one transverse dimension (e.g. m=0), the TE and
TM modes are decoupled. Such an example will be considered in the next
section.

Exercise 3.1: Analyze the solution of the dispersion relation as a function of d.
Specifically, compare to the case d =0 and d =a.

Exercise 3.2: Calculate the group velocity and the energy velocity.

Exercise 3.3: For a given propagating power, determine the ratio of electric and magnetic
energy (per unit length) as a function of d..
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3.2 Dielectric Loading — TM,,

In the previous section it was concluded that partial
loading in one direction and the field variations in the other
direction leads to hybrid modes. Moreover, we claimed
that if there are no field variations in the second
transverse direction the modes are not coupled. We
shall examine this kind of configuration next, namely, a
partially filled with dielectric ¢ configuration as

illustrated in Figure 2. The radius of the waveguide is
R and the inner radius of the dielectric is denoted with
R, We shall assume a solution of the form

E,(r,z) = E(r)exp(— jkz) in which case the amplitude E(r)
satisfies

1d d o
——r—
rdr dr c°

gr(r)—kz}E(r)=O (3.2.1)
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in the dielectric region or explicitly for R, <r <R:

1d d coz
rdr dr c’

e—k> |E(n)=0 (3.2.2)

whereas in the vacuum 0 <r <R;:

1d d @°
—r+ 2k B =0 (3.2.3)

2
v

It is therefore convenient to define the radial wave number & =(w/ C)2 —k? in vacuum
(subscript v) whereas the corresponding quantity in the dielectric is defined as
x> = ¢(w/c) —k* based on which the solution reads

126



Satisfies the boundary
condition on the
external wall

E. (1) = AS,(r) 0<r<R,
N7 |BT,(r) R, <r<R

T ()= J,(x, DY, (x,R) =Y, (x,r)J,(x.R) k2> 0
(kDK (K, IR =K (x5, D1 ( &, [R) x2<0

So(r):{ JO(KVr) K\? > O

Satisfies the boundary
condition in the center

L, (&, 1) ;<0
As 1n the previous section the dispersion relation will be now determined by imposing

the boundary conditions at the interface between the two regions. Firstly, we impose the
continuity of E, at r=Rj:

E, = |AS,(Ry) =BT,(R,) (3.2.5)
and secondly, the continuity of H  at r =R,

. E .
H(/,z Ja)gogr ; a z — |Kz|grBT0(Rd):|K\;|
k?—¢ (w/c) or K, K,

wherein

ASo(R,) (3.2.6)

127



N

(3, (k.Y (k,R) +Y,(x.1)J, (k.R) K> 0
(&, INK, (&, |R)+K (|5, [ D,(|x, |R) &:<0

(—J,(k,r) K2>0

L&, & <0
From the previous two equations[(3.2.5), (3.2.6)] we obtain the dispersion equation

To(r) =/
(3.2.7)
éo(r) =<

LA LA ) (3.2.8)
which can be solved numerically as
illustrated below. 20

According to the frequency, the mode

varies from the characteristics of empty 5 =

space (close to cut-off) of dielectric filled -

-
-

casc.

f[GH, ]




Exercise 3.4: Analyse the effect of R, on the phase velocity, group velocity and ohm
loss of the metal. What about dielectric loss?

Exercise 3.5: Analyze the ratio of the electric energy stored per unit length vs. magnetic
energy per unit length.

Exercise 3.6: Compare the energy stored in the dielectric with that in air.
Exercise 3.7: Determine the higher modes of a coaxial line illustrated below. The radii
are R_,R,R_..

n 2

dielectric

air
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3.3 Mode Coupling
3.3.1 Step Transition — TE mode

A longitudinal change in the cross-section of the waveguide leads to a coupling
process between virtually all possible modes. Excitation of modes is an inherent process
associated with the necessity to satisfy the boundary conditions. Whether these modes
propagate or not, it is only a question of what 1s the frequency (or frequencies) of the
incoming signal. In general, the coupling occurs between TE and TM or between various
hybrid modes however, in what follows we shall consider a configuration whereby the
coupling is between the various eigen-modes of a TE mode.
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A TE,, wave propagates from z — —oo towards the discontinuity at z =0
~ X .
H " = Hocos(ﬂgjexp(jkzz) (3.3.1)

in a waveguide of width a and height b; note that k’ :(a)/c)z—(ﬂ/a)z. At the
discontinuity the width of the waveguide varies abruptly from a to d (< a). A direct

result of the discontinuity is a reflected field described by

H D = Hoi O, cos(%nxjexp(l“nz) , T = \/(7rn/a)2 —(a)/c)2 (3.3.2)
n=0
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p,, are the reflection coefficients of the various modes. ‘ z T
X z=(
Similarly, the transmitted field is given by
HEO =H Y, cos(”T””‘jexp(—Amz); Ay =+(zm/d) ~(w/c)’ (3.3.3)
m=0
7. representing the transmitted coefficient of each mode. Three observations at this

stage:
lg. The amplitude of both reflected (p,,) and transmitted (z,,) will be determined by the
boundary conditions to be imposed shortly.
2. The character of the mode (propagating or evanescent) is determined by the angular
frequency (w) of the incident wave.
3. The choice of TE, is dictated by the need for a simple analysis. If a higher mode 1s

launched (e.g. TE,,) there will be coupling to TM modes.
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Step 1: Continuity of the y-component of the electric field
in the range 0 < X <a implies
Ey(/tr) |z=0 O <X< d

(E(inc) + E(SC) | =
Y o d<x<a.

Faraday's law, in our case 0,E, = — jou,H,, thus

: ) a TX
EM) ) = _iwuH (—jsin(—j
y |Z—0 J /uO 0 T a

) a TMX
ES) | =_—jouH — |sin| ——
y |z—0 .I luo o;pm ﬂmj ( a j

[IEII:II>
(—=n

fz !
» (3304)

. d m’x
), _ -
E) |Z:0——ja),u0H0;rm, ﬂm'jsm( 5 J (3.3.5)
Substituting in (3.3.4) we get
ir sin ZmX 0<x<d
S 26, + pm]sin(ﬂ—mxj= = m ™ (3.3.6)
o Z7TM ’ a
0 d<x<a

Using the orthogonality of the trigonometric function we obtain
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a 1 d 1 d m’x rmx
—I[5., +p.]—= 7..—| dXxsin sin| —— |, 3.3.7
7Z'm[ m,1 IOm]2 ;ﬂ'm’ m ajo ( d j ( a ) ( )
or
St + P = D A T (3.3.8)

wherein the matrix A__ is proportional to the overlap integral of the modes from both
sides of the discontinuity

A = z(gj (%jé [/ dx sin(%m stin(? xj. (3.3.9)

Step 2: Continuity of the X-component of the magnetic field in the region 0 <x <d
implies
(H™ +H = H | (3.3.10)

and since V-H =0 or explicitly 6,H, +d, H =0 we getat z=0
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| y !
H" =_H —sm(ﬂxj(—jkzm) X z=0
s

a
H)ESC) = OZp sin(ﬂmxjfm
a
d m'’x
H®W=_H S, ,—sin( j ~A) 3.3.11
X 0; m 7Z'm, d ( m) ( )
Thus, in the region z=0 and 0 < x <d
S-2r,. -6, +pm]sm(ﬂmxj——ziA T sin(”mxj, (3.3.12)
m a —~ m d

this time we use the orthogonality of sin(irm X/d) in the range 0 < x < d we get
1 d a 1 d am'’ rm
—7 = —T |0, — — | dxsin| —X |sin| —Xx |, (3.3.13
7o g | B T [ =T e i 4} @

B Z B[O = Pl (3.3.14)

or

where the matrix B, is also proportional to the overlap integral
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’ / z T
B, = 2Eﬂr_mi ‘ dx sin (% stin (ﬂ Xj. X ‘ (323015)

a
We can now write (3.3.8) and (3.3.14) in a vector form

S+p=A and 7=B(5-p) (3.3.16)
respectively. Substituting the expression for r we obtain o + 5 = éé(g —p), or
[1+AB]p=[AB —L]g‘ . Finally the amplitudes of the reflected and transmitted

amplitudes are given by
p=[1+ABI"[AB-1lo

7=2[1+BA]"5.

(3.3.17)

For evaluation of the matrices A and B we need to evaluate the integral

ljd dXsin(ﬂm stin(ﬂmx) = Sil’lC|:7Z'(m’— mgﬂ —sinc{ﬂ(m# mgﬂ (3.3.18)
d o d a a a
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With the amplitudes established we may proceed and evaluate | z T
the power in the system° X z=0

1nc __H b Z| ( j Re( Ja)lLlOF )

1 A~ a Y
P,=—H:b—= | — | Re(jou,I'
ref 2 0 2;|pm| ﬁmj (J :LlO m)
R :lebgilf e 2Re(—jw Ay) (3.3.19)
tr 0 0 o) o m’ 7Z'm, :uo m e

Assuming that at the operating frequency there is only a single propagating mode in
each region, then the average power may be written as in a transmission line

p Lz oz =p @ g —p Xe 3D
2 ck, 7\ 2
1
Pef:5||1|z|p1|zzl
1 @ k.d [db
:§||2|2|71|222:>22:770E9 |2:H027 B3 (3.3.20)
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wherein k, = \/(a)/c)2 —(z/a)" and k, = \/(a)/c)2 —(z/dY.

Let us examine closely the normalized reflected power
[Pl(ref) / Pl(inc)] in the first mode as a function of the

frequency:
1. The power can be injected at frequencies
above 6GHz (a=2.5cm).
2. To the point whereby the first mode in the
second part is above cutoff

f ~8485GHz (d =a/?2)

1.2

1.0

0.8

0.6

0.4
4

| | |
6 8 10 12 14 16

f[GH, ]

18

the reflection coefficient of the first mode is unity.

3. Above 8.485GHz power can be transferred to the second part therefore the

reflected power drops yet Pl(inc) = I31<ref) + F’l<tr).

4. Above 12 GHz for which the second mode in the left-hand side may carry
power, the power reflected in the first mode decreases further yet beyond

this pOil’lt Pl(inc) ” Pl(ref) n Pl(tr) but rather Pl(inc) _ Pl(ref) n Pz(ref) n Pl(tr)‘
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3.3.2 Step Transition — TM,, Mode in Cylindrical Waveguide

An additional example illustrating mode-coupling due
to discontinuity in the transverse geometry is brought next. In {=m
fact, in this case there are two discontinuities, and the first
and last sections have the same cross section. It will be
reiterated that even if the incident wave is composed of a
single (lowest) mode, the coupling causes other modes that in
turn may carry part of the electromagnetic energy.

In the left hand side (z <0) of a cylindrical waveguide
of radius R__, there is an incident and a reflected TM wave

ext ?

EM(r,z)= EOJO(pIRLJexp(—FIZ)

ext

EXO(r,2)=E,) pJ, [ pSRLjexp(rsz), (3.3.21)
s=1

ext

where T E\/( p./R..)’ —(w/c)’ and p, represents the normalized amplitudes of the

ext
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reflected modes. In the region 0<z<d the radius of the waveguide is
smaller R, <R_, however for z>d the radius returns to its initial value.

Consequently, in the other regions we have

E@(r,z<d)= EOiJO[anLjM exp(-A,2)+B, exp(A,2)]
n=1

int

(3.3.22)

E®(r,z>d)= Eoi 7J, ( pSRL]eXp[—FS(Z —d)]
s=1 ext

where A, =\/( p./R ) —(w/c)>. As previously, the goal is to determine the

amplitudes of the transmitted and reflected waves (;s and ;S). For this purpose let us
concentrate on the field components at z=0.

H (0 R (jwe r (S, exp(-T,z)+ p,exp(T,z
Egeft)j: EOZ eXt( r Ole[psR—)( ! ( 1 ) ( )
r ext

s pl s 53,1 eXp(—FIZ)—,OS eXp(FSZ)

H;d) R, Jog, r A, eXp(—AnZ) + B, exp(Anz)
E @ - EOZ ‘]1 S — _ B
=P LA, R.. )\ A exp(—A,z)—B, exp(A,z)

(3.3.23)

n

With these field components we impose the boundary conditions at z = 0. Continuity of

140



the radial electric field implies

E (r,z=0" 0<r<R
E (r,z=0")= g ) n (3.3.24)
O Rint <r=< Rext
Using the orthogonality of the Bessel functions
IRmd”J poo— | Pes ZRGZ’“Jz(pW (3.3.25)
0 1 S Rext 1 s’ Rext o) 1 s/™ss’ e
we obtain from (3.3.24)
5. —p= 1 iRi“tA[An—B]J‘RimdrrJ 0.— 13| p— |(3.3.26)
o ps 1_‘SRext Rezxt 2 n=1 pn " "o 1 i Rext 1 ! Rint o
Jr(py)
P, 2
or
5S,l_ps :Zﬁsn[A] _Bn]9 (3327)
n=1

where the matrix £, is proportional to the overlap integral

3
g=Pt 1 Ry Usnzisz““drrJ1 ol p—1| (3328
P, I's J7(Py) RS " R0 R R

ext int
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The continuity of the azimuthal magnetic field in the region 0 <r <R_, is
H{"(r,z=0")=H{"(r,z=0"). Again we use the orthogonality of the

Bessel functions in the inner region
R.t R‘2 2 2 R Rint r r
—[A +B |]—*J =>[o,, + =) T drrd — J — 3.3.29
A BT (m) = 200+ a2, (pRMpRj (3:3.29)

hence

A +B, —Z/\/lns( L+ 0, (3.3.30)
where using the definition (3.3.28) we have further defined

M, = Ra P 1 (3.3.31)

Rint ps le(pn) -
From these expressions we can easily deduce the two equations representing the
boundary conditions at z=d :

Aexp(-A,d)+ B exp(A,d) Z/\/lns z, (3.3.32)
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T—Z [Aexp(-A,d)-B.exp(A,d)}| (3.3.33)

All four equations (3.3.27), (3.3.30), (3.3.32), (3.3.33) can be formulated
in a vector (matrix) notation

s Reaomsen=a)l 3 (e L)
(33.32)
(3.3.33)

33.32)> Ae ™ +Be™ =Mr AY (e™ o N'(1 1Yt o
— =
3.3.33)> L(Ae™-Be")=7| \B) [0 e“) (I 1){Mm MNO

(3.3.34)

Substituing we get
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or

o )6

or using a short notation

o ol (o 3330

thus Q,,0 +Q,p =7 and Q,,0 +Q,,p =0. Consequently,
p=-2,Q,6, 7=[Q,-Q,Q,Q,10. (3.3.37)

The Figure below illustrates the reflection coefficient and power conservation as a
function of the frequency. We observe that below the cut-off of the second mode all the
propagating power is in the first mode. As the frequencies exceed the cut-off of the
second mode, part of the power leaves the system through the second mode.
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The reflection coefficient as a function of the frequency and energy conservation of the first mode. Note that as

long as the higher mode is below cutoff, \/ | ;1’1 ? +|71. > =1 while above cutoff, energy is transferred from the

first mode to the second and therefore \/ | ,51’1 P+ 7 P =1
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3.4 Reactive Elements

Obstacles in waveguides or transmission lines may cause reflections which in turn
may be detrimental. Power reflected implies obviously reduction in the transmitted power
but it entails that some energy is stored in the evanescent waves which develop in the
vicinity of the obstacle.

3.4.1 Inductive Post

As an example we shall examine a cylindrical post and an incident TE ,, mode
determined by

E!P(x,2) = Eosin(ﬂg)exp(—l“lz); T =\(r/a)—(w/c) = jp (3.4.1)
In zero order this primary field
excites in the metallic cylinder a ty

current density

J,(X,2)=16(2)6(x—-d) (3.4.2)

which may be interpreted as surface T
current density




3, (0=16x-d)=YU, sin(nmf) (3.4.3)

a
hence
U, = gI sin (ﬂ'mg} (3.4.4)
a a
This current generates a secondary field
ES(x,2)= D€, sin(ﬂm gj exp(-T'p|2) (3.4.5)
m=1

where T2 =(zxm/a)’ —(w/c)’. In order to establish the relation between the current's

"harmonics" and the secondary field we observe that based on Maxwell's equations the
magnetic field

H ) (x,2) = __—12rm5m sin(izm fj exp(—T'|2|)sgn(2) (3.4.6)
Jou, w= a
enables via its discontinuity condition
H,(X,z=0")-H, (x,z=0")=J (3.4.7)

to determine the amplitudes of the modes describing the secondary field in terms of the
current on the filament
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1
b R
e

!

| ) I N —
£, =——sin (ﬂmgj ja),uo. (3.4.8) PZanih gt
a a) I’

m
We have yet to determine the relation between the current (1) in the filament and the

amplitude of the incident wave. This is done by relaxing the condition of our infinitely
small filament and imposing that the tangential electric field vanishes on the wall of the
post. Specifically, averaging the electric field over the azimuthal coordinate at r = R we
must get zero total field, namely

2 inc sec
[ TAHES™ +EFT, g nenss = 0. (3.4.9)
Z=Rsing

explicitly
2 cexp(—T,Rsing) | [ m
Z'[ [—i—é’ exp( I R‘smg}‘) ]sm{ a (d+RCOS¢)} (3.4.10)

which formally may be rewritten by defining

0= i ["dg exp(-T',Rsing)sin _?(d +Reos) (34.11)
and i i
[0 = i ["dg exp(-T,R|sing])sin _?(d +Reosg) (34.12)
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L

hence ) g
o 6] i 1)
E,C0 -1 — 1 Sln( j o L) =0=1=— £ .
~ a) I, Zﬁ(nf)(ja)/crm) sin(;zmd /a) "To
(3.4.13)

At this stage we may define the reflection coefficient
& —L"(jo/cT,)sin(zmd/a)

P = Em — (3.4.14)
o Y LP(jw/cr,)sin(znd /a)
n=1
or for the fundamental
_ :
. L (a)/C,i)sm(ird /a) | (3.4.15)

L7 (w/cp)sin(xd /a)+ > LY (jw/cl,)sin(znd /a)

At this point it can be shown that since m=1 is a propagating mode £" = Re(£”) and
the second term in the denominator is pure imaginary

B —1
i - Efz)) Z £?( g \sin(znd/a) (3.4.16)
J £ 3 40\ T, ) sin(zd /a)
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=

Based on this last result, we conclude that the post may be represen

since according to the equivalent scheme below
-1 -1

pl:1+2ZL:1+2jYL - @ @@ @ - @ @ @@ @

< #Ul
and l[l ZO ZL : ZO
- 2) 0 2) 1
XLZL% 1 Zﬁl) p Sm((””d/a)), I T
24 [, sin(zd/a

Further simplification, is achieved assuming that R << d we get

LV = sin(ﬂm %)irﬁd¢ exp(—FmRsin ¢) = sin(ﬂm %) [, (FmR) (3.4.17)
L? =sin ﬂm% %Lﬂdqﬁ exp(—I',Rsing)

(3.4.18)

— sin| zm & {IO(FmR)+2i(—l)ksinc(%ﬂkjlk(FmR)}

a k=1

thus
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(3.4.19)

At the limit R—>0 or more precisely assuming PR<1 and '’ R«1 thus
|, (x<1)=(x/2)"/v! we get

G ot ot
_ Z;‘ [rlR i%gkglgk?l) (1j }Sinz(”nzj

X1 = (3.4.20)

1 . 2( dj
—S1n | 77—
PR a
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Exercise 3.8: Analyze (numerically) the dependence of the normalized reactance on three
parameters; the angular frequency (), its location (d) and its radius (R). It is possible

to simplify the two quantities defined in (3.4.11) and (3.4.12) by using
V4 1 =
epot—;j} St3,(2) 5 3,2 = (13,
k=—00
(For solution see Appendix 3.11)

Exercise 3.9: Calculate the energy stored in the vicinity of the post and compare it with
energy per unit length carried by the incident wave.

Exercise 3.10: Analyze the ratio of electric to magnetic energy stored around the post.
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3.4.2 Diaphragm

Another element (obstacle)
that may deflect radiation but not
absorb it 1s the diaphragm. This is a
thin metallic layer occupying part of
the  cross-section. Consider a
diaphragm occupying the region
d<x<a its thickness being
negligible = compared to  the
wavelength and the skin depth. The
electric field is given by

rle_J'B sm( j+27 exp(—

(@

><V

|

‘.\
5,
",
"»

X
a

sm( 5) z>0.
a

(3.4.21)

([exp(—jﬂz)jtpl exp( jﬂz)]sin(ﬂngr ipm exp(FmZ)sin(ﬂm—j z2<0

Let us denote by E, (x, Z= O) = E,£(X) the transverse electric field in the aperture, thus
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L
\\

2 ¢d . X S

m=1: l+p =1 Z—I dxé’(x)sm(ﬂ— (3.4.22)
a-o a

m>2:  p =7 =2 | ddxg(x)sm(sz . (3.4.23)
a-o a

E(X) represents the horizontal variation of the vertical electric field (Ey). Continuity of

H, in the aperture (0 < X <d) implies

—jp(1 —pl)sin(ﬂgj—l— ipml“m sin(ﬂm :j =—]pr, sm( aj Zrmrm sm(irm :J

m=2 m=2
(3.4.24)
Substituting (3.4.23) we get

2, sin (72 2) = —n; ( —ijﬂj sin (ﬂm gj % joddX’S(X') sin (ﬂ'm ng (3.4.25)

and further multiplying and deviding by 1+ p, and using (3.4.22) we finally obtain

lipll)lsin( )J‘ dX'é’(X)sm( j 2]2( Jsm(ﬂm ]I dX'E(X)sm(ﬂm);fj

(3.4.26)
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2p,

Since the admittance is Y | = — in the left hand side may be rewritten

e

d —

P<—c-_.

1+ p,

N o X d ' N '

Y, sm(ﬂg)jo dx'E(x )sm( —j = —ZJZ( jSID(ﬂ'm jj dx'E(X’ )sm(ﬂm j (3.4.27)
So far the formulation is exact (of course subject to the specified assumptions). At this
stage we multiply both sides by £(X) and integrate over the cross section of the aperture

and get

Doddx'g(x') sin(ﬂmX’ﬂ
jZ( - j A (3.4.28)

el 3]]

which evidently entails that the distribution of the electric field in the aperture
determines the admittance of the diaphragm as experienced by the wave. For a rough
approximation we may consider the simplest form of £(x) that satisfies the boundary

conditions at x=0 and x=d but it ignores edge effect namely, £(x)oc x(d —x). An

estimate of the edge effect may be considered by £(x)oc x(d —x)" with 0<v <1.
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Exercise 3.11: Compare the admittace using the approximation £(X) = X(d — X) with that
evaluated by Lewin (Theory of Waveguides)

Y. = jz—ﬂ{l—sin4 (Zgﬂ
pa 2 a

Exercise 3.12: What is the effect of the edge of the diaphragm?
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3.5 Excitation of Waveguides — Probe Antenna

Coupling of fields from one guide to another may be accomplished by means of
small antennas by means of small radiating apertures located at appropriate positions in
the common wall separating the two guides. A completely rigorous solution of the
antenna boundary-value problem in a waveguide is beyond the scope of this course.
Nevertheless, by making suitable approximations, solutions which shed considerable
light on the behavior of antennas in waveguides, as well as providing useful engineering
results, can be obtained for many practical cases. In this section attention will be confined
to the small coaxial-line probe.

A
Input impedance. The type VT ”
of coaxial-line probe antenna 1y ry ,
to be analyzed is illustrated e — a > ———>
next. It consists of a small | -4 i *
coaxial line, terminated in | b 'S
the center of the broad face | ¥.._| id
of a rectangular guide, with
its inner conductor extending | Z
a distance d into the guide. = — ! v
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In order to have the antenna radiate in one direction only, a short-circuiting plunger is
placed at a distance L to the left of the probe. The basic concept 1s to generate a current
(1) at a location where the parallel electric field is maximum -- quarter wavelength
from a short circuiting plane.
i
L

>

b f:> uu#
v | >
JL z
—> — 2R

o
]

(T 2Rine

The total field in the waveguide could be found if E, and H,, the total tangential

fields in the aperture were known. Unfortunately, these aperture fields are unknown,
but, if the coaxial-line opening is small, we may, to a first approximation, assume that
the higher-order coaxial-line modes which being excited, are negligible. The field in the
aperture will then be that associated with the incident and reflected TEM modes in the
coaxial line.
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l
Relying on Poynting's complex theorem we find by denoting by P the — 1}‘—2%

power flow far away from the probe that LG
1 . :
—EIdVJyEy =P +2jo[W, ) —(W,)] (3.5.1)
where the current density may be approximated, assuming a thin probe, by
_ 1(y) 2 2
3,002 =07 u[Rim—\/(x—h) (z-L) | (3.5.2)
This current density excites a TE, = mode satisfying
v2+“)—2 E, = joud, - : 8—23 (3.5.3)
c2 y Hoy ja)80 8y2 y U

which 1n terms of Green's function reads

2 2

: !/ ! ! ! ! ! ' ' ' C a ! ! '
Ey(x,y,2)=—1wﬂofdxdydzGy(x,y,ZIx,y,Z){Jy(x,y,z )+an'2 J,(x\y'z )}

(3.5.4)
In turn Green's function for our configuration is given by
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' —»i T<—2Rm
Z ( ) b\l+5m,0)sin(ﬂn§]sin(ﬂnxg] —ollet—2z,
xcos| M %j COS(ﬂ'm %j{expl:_rn,m ‘Z _

Exercise 3.13: Prove that this is the solution of

(Vz +f—22 ij =—0(Xx=X)S(y-y)S(z-17")

Wl
ﬁl

} — exp[—l“n’m(z + Z’)]}
(3.5.5)

G,(x=0,a)= =0, G,(x,y,z=0)=0.

y=0,b

Substituting (3.5.4) and (3.5.2) in (3.5.1) as well as taking advantage of the probe being
thin we have

22 oy () fay'g v y'){l(y’)f—za—vz'(y’)}: P+2JolWy) = We)l (3.5.6)
@~ Oy

wherein
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, ‘—'
b* f: nu:<>
1 —»i j}q—Zth
VY=G(x=hy,z=L|xX=hy.,2=L)= 1+, e,
g(yly)=G(x=h,y,z=L|x'=h,y,z’=L) n:l(zrn,m)ab( +3,,)
m=0 (3.5.7)

wsin? (;zn gj [1 — exp(—2l“n,m L)] cos(ﬂm %) cos(ﬂm %)

In terms of the current at the aperture of the coax (interface coax-waveguide) the current
is 1(0) therefore, we may define the input impedance

7 = P+2ja)[<\NM>_<\NE>]

1 (3.5.8)
— [ 1(0)]
5 110)]
hence
2.~ jou [T D[ dy gy 1 y)| Toyn+ LTy 3.5.9
o = Jop, [ dyl ()] dy'a(y1y) W)+ om ) (3.5.9)
At the end of the probe the current is zero, therefore, for simplicity sake we assume
P 0) (y—djz
I(y)=="== 3.5.10
(y) 0) 3 ( )
or
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Z,= Ja)uoj dy( j jdyg(yly){(yd_dj +52Cd2} (3.5.11)

Let us assume now that except the first mode, all the modes are evanescent. Clearly
their contribution to the impedance is pure imaginary (inductive). Only the propagating
mode has both imaginary and real contribution to the impedance

7. = md o oo (ngjsin(ﬂL)[sin(ﬂL) + ] cos(ﬂL)}{l - 6(%d j }(3.5.12)

18 abcp
Comment: The required values of L and d e e
to make X =0 and R=Z_, so that all the kod ] T —

Incident power is coupled into the guide,
may be found graphically from a plot of the
X =0 and R =constant contours in the
k,d — SL plane. Such a plot is given in the
figure above for a guide of dimensions
2.3xlcm and a probe diameter equal to
0.23cm at a wavelength of 3.14cm. The

| |
162 /4 wl?2 3r/4 T Pl



intersection of the two curves determines the required parameters. From the figure it is
seen that the self-resonant length of the antenna, corresponding to fL=0 or 7 /2, is

0.284,. Also it is seen that, for k,d less than 1.22 (d <0.61 centimeter), a value of SL
which will make X =0 does not exist. The reason is that the TE,, mode standing wave

between the antenna and the short-circuiting plunger cannot provide enough inductive
reactance to counterbalance the high capacitive reactance of a short probe.
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3.6 Coupling between Waveguides by Small Apertures

Electromagnetic energy may be coupled from one waveguide into another guide or
into a cavity resonator by a small aperture located at a suitable position in the common
wall. For apertures whose linear dimensions are small compared with the wavelength, an
approximate theory is available which states that the aperture is equivalent to a
combination of radiating electric and magnetic dipoles, whose dipole moments are
respectively proportional to the normal electric field and tangential magnetic field of the
incident wave. This theory was originally developed by H.A. Bethe in "Theory of
Diffraction by Small Holes", Physical Review, vol. 66, pp. 163--182, 1944.
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3.7 Surface Waveguides

In addition to the closed cylindrical conducting tube and the conventional TEM
wave-transmission line, there exists a class of open boundary structures which are
capable of guiding an electromagnetic wave. The field is characterized by an exponential
decay away from the surface and having the usual propagation function exp(—j ,82)

along the axis of the structure. Moreover it has a discrete spectrum of eigenmodes. This
type of wave is called a surface wave, and the structure which guides this wave may be
appropriately referred to as a surface waveguide. Some typical structures that are capable
of supporting a surface wave are illustrated in Figure 10. These consist of dielectric-slabs,
fibers, dielectric-coated planes and wires and corrugated planes and wires.

7 7. @> 7

() (b)
100000070 JHHH=b~
© @
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Although surface waveguides have several features which are similar to those of the
cylindrical conducting-tube guide, they have many characteristics which are quite
different. Some of the outstanding differences are:

1. Propagation with no low-frequency cutoff.

2. Finite number of discrete modes of propagation at a given frequency.

3. Phase velocity smaller than that of plane wave in vacuum.

3.7.1 Dielectric Layer above a Metallic Surface

Consider a TM mode and for the sake of simplicity, yet without significant loss of
generality, we shall examine the case when 0, =0, or more specifically TM ;. This mode

may be derived from the longitudinal electric field
X ‘
N .

&

r

Basic configuration of the open dielectric waveguide.
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E,(X,2)=exp(—jkz);

e a)z
Asin| X,|— &—k? 0<x<d
C

(3.7.1)

2
Bexp[—(x—d) k2 —“’2] x> d
C

The x-component of the electric field may be derived using Gauss' law (V- E = 0)

E, (X,2) = exp(—jkz);

- :
JKA cos X,/a)—zgr—k2 0<x<d
\/wzg—kz ’
2 r

¢ (3.7.2)

- 2
—JkB exp{—(x—d) kz—‘”z} x> d

NI ‘
-

for establishing the magnetic field we use Ampere's law (? xH = Jos, €, E)
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( . 2
_Jog,s A co{x 5rw2—k2]
w’ C
\/5rC2—k2
H, (x,2) = exp(-jkz)3 | :
_JwgoBeXp[(Xd) kz—a)—2
S
(3.7.3)

Continuity of the tangential electric field implies

2
E,: Asin{d\/gra)zk2 ] B
C

whereas the continuity of the tangential magnetic field

2
H,: & Acos d\/gra)—z—k2 -1 B
\/ w’ c w’
£ —

—k? k? -~
Cz CZ

These two equations lead to the following dispersion relation
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........ 5 .

Stan(&) = ¢,d, /kz —f—j , (3.7.6)

2
® : : @
where &= d\/ ¢,——k*. It is also convenient to define & =—d,/&,—1 therefore, we
C C

may write

ézzd{(gr—l)f—jjhi)—j—kz}: d,/kz—i)—z2 = J& - & (3.7.7)

Consequently, the dispersion relation reads

Stan(d) =& - &
(3.7.8) §
The two sides of the equation are plotted in the figure below d%///////////jg//////////////////% —
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X

=y

\

: : : o x 1
Clearly for a single mode operation, we require that &§ <7 = —<—

c dJe-1

We shall examine what happens at low frequencies 1.e. £ —0,&, — 0. At this limit the
dispersion relation reads

£ =g \/502_7 (3.7.9)

The solution of the fourth order polynomial which corresponds to a low-frquency

| o

propagating wave is A

$;L¢+4JH4§} (3.7.10) tan(¢)

and now substituting the definitions of & and & we | €ré03

& tan(§ )
get ) €r50
K:=g (9) (3.7.11) £rool
C
which is only weakly dependent on the thickness ‘ ‘
(provided d < 1) but is dependent on the dielectric Eol T Ep ST Eg3 3T £
2 2
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coefficient (but ¢, >1). To be more accurate

2 2 2
PR 2‘22[—1+\/1+42(de (gr—l)]
¢ EriC (3.7.12)

K2 = o
C2
where the effective dielectric coefficient is unity.
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The figure below illustrates the dispersion relation of the system. |
d

— )
g = d
! — E
kd A r

&
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Our next step is to examine the energy distribution in the system. Denoting

£= d\/ & (w/ C)2 —k? and y = d\/ k* o/ C)2 we calculate the average electric energy

per unit surface (A A, ) in the dielectric and the air

| kd )’
W =‘907‘9rj0 dx Azsin2(5§j+ pol 2) cosz(xgjl

d E d
( 2 (3.7.13)
2 . .
:gogrid“_sm(Zﬁ)J{kdj {Hsm(zg)}
8 2 E 2&
W = a2 8oz [yl 1, K0 ,x—d
e A sin (f)Jd X 1+ 7 eXp| 2%
k?d> ] d
=A2%sin2(§){l+ — }Z (3.7.14)

Similarly the average magnetic energy
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i we e ’d’ X 1 wele *d* 1 sin (2
W, =&J‘ dx—" Acos®| =& |=— p, A’ — d 1+—( 5)
4 70 ¢ d 4 £ 2 2E
1 *g2d? d
W(a) - _,UOA sinzf 0
4 2y
(3.7.15)
1.0
W
The ratio of energy stored in the dielectric relative to | ;¢ V\/i
the total energy is illustrated below as a function of & =3 w
the frequency 06 d=0.5cm m.d
Vi/-[_ -—-\3— — — ==
0.4 7 e
,/ ,,//\ We,d
0.2 L W
0 -f—f"’/\ \ \
0 5 10 15 20
QK o
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Exercise 3.14: Show that for a dielectric layer (&, ) of thickness 2d there are even TE

modes that satisfy
Etan & =& - & (3.7.16)
and odd TE modes satisfying

Ectan & = — & — £, (3.7.17)

What happens at low frequencies in each case? Calculate the energy ratio in each case.

Exercise 3.15: A metallic "wire" of radius R, is coated with a dielectric layer (&,) the
ot - Show that the radial behavior of a TM , mode is described by

B[J,(AN)Y,(AR,) =Y, (Ar)J (AR,) R, <r<R,
* |AK,(TT) r>R_,

wherein I' = \/ k-’ /¢ and A= \/ sw’ /¢* —k*>. Demonstrate that the dispersion

relation 1s
KIIR,) _ & J(AR Y (AR, —Y (AR, DI (AR,

FK,(TR,) A Ji(AR Y (AR, ) =Y, (AR DI (AR, )
Analyze the mode.

external radius being R

int int

ext int ext
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3.7.2 Surface Waves along a Dielectric Fiber

N

As a second example of a structure capable of supporting a surface wave, we
consider a dielectric rod of radius a, as in the figure above. Dielectric rods are similar in
behavior to dielectric sheets in that a number of surface-wave modes exist. Pure TM or
TE modes are possible only if the field is independent of the azimuthal coordinate ¢@. As

the radius of the rod increases, the number of TM and TE modes also increases. These
modes do, however, have a cutoff point such that, below some minimum value of R/4,,

the mode cannot exist any longer. All modes with angular dependence are a combination
of a TM and a TE mode, and are classified as hybrid EH or HE modes, depending on
whether the TM or TE mode predominates, respectively. All these modes, with the
exception of the HE,, mode, exhibit cutoff phenomena similar to that of the axially

symmetric modes. Since the HE,, mode has no low-frequency cutoff, it is the dominant
mode. For small-diameter rods, the field extends for a considerable distance beyond the
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surface, and the axial propagation constant £ is only slightly larger than k,. As the radius
increases, the field is confined closer and closer to the rod, and /£ approaches [ = ko\/;r

in the limit of infinite radius. Since £ > Kk, the phase velocity is less than that of plane

waves in free space. In all of the above respects, the dielectric rod does not differ from
the plane-dielectric sheet. Omitting the term exp(—jn¢— J ﬁz), the field expansion

components are

r<R r>R
E, = AJ (Ar) E,=C.K_(IT)
E =—£A1J (AF)— ”“’”0 B J (Ar) 3 =%CHK;(H)+%DHKH(H)
r
E, = “0 B J/(Ar) ) =1[‘—ZﬂcnKn(rr) J“;“O D, K/ (L)
r
H—BJ(Ar) H. =D.K_ (I'r)
H, =12 ‘ﬂ B,J! (Ar) H, = 5 C K, () + 42 5 b k()
r
J“"g ”ﬂ B,J, (AN H ¢=%can(rr)+r—fDnKn(rr)
r
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2
[0

—-
C
prime indicates differentiation with respect to the arguments Ar or I'r.

Imposition of the boundary conditions at r =R leads to equations for determining
the relative amplitudes of the coefficients, and also the eigenvalue equation. The

eigenvalue equation is
2
{eJ;wl) __Ka(u) M Jau) |, K, Hnﬂ (u; +u5>} (37.18)
ul‘]n(ul) uan(uz) ul‘]n(ul) uan(uz) k0 u12u22
where U, = AR,u, =T'R. When n =0, the right-hand side vanishes, and each factor on

the left-hand side must equal zero. These two factors give the eigenvalue equations for
the axially symmetric TM and TE modes:

£, (U) _ KolUy) TM modes (3.7.19)
uJo(u)  uKo(u,)
Jo(u) _  Ke(uy)
Udo() LKy ()
In addition, u, and u, are related by the equation

u? +u? =(g—1)(%Rj. (3.7.21)

2
A =¢ p> and T?=p° —i)—z; A ,B ,C ,D,  are normalized amplitude; and the

TE modes. (3.7.20)
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The ratio of £ to Kk, as a function of 2R/ 4,
for a polystyrene rod is given below for 15
axially symmetric TM, and TE, modes and '
the HE,, dipole mode. Both the TM, and 1.4+
TE, modes are cut off for 2a<0.1634,, | = |5
while the HE,, mode has no low-frequency | X
cutoff. L2+
1.1}
Comments: 1.0 | | | | |
1. The problem of exciting surface waves 02 04 06 08 10 1.2
differs somewhat from that of exciting a 2a/ A
propagating mode in an ordinary closed-

boundary guide, in that some of the power radiated by the source goes into the
propagating field — not necessarily bounded to the dielectric.

2. The conclusion reached in (3.7.12) that there is smooth "transition" to @ — 0 is not
general for surface waves. In order to demonstrate this fact let us return to (3.7.19). It 1s
possible to write the dispersion relation in the following form
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Jl( Vo -V ) _ 11K ()
We —y° Jo(\/wé—wf) & v K(y)

wherein Z%R\/(ﬁ‘—l and w =RvVk>—@’ /c> as a function of the frequency for

(3.7.22)

several phase velocities reads

1
11 1TKG@) (3.7.23)
2’ gr '7” KO(W)
The solution denoted by y(¢,) implies
2 2 2
Wl = RZ(W = j ke =2 Vel (3.7.24)
C C R

and since for example for ¢ =3, the solution is y, =0.963, we conclude that there 1s no
solution which is consistent with the assumption  — 0. Consequently, there is no
solution at low frequencies.
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3.8 Transients in Waveguides

In any waveguide, the phase velocity v, is a function of frequency. As a

consequence, all signals having a finite frequency spectrum will undergo dispersion when
transmitted through a length of guide. The phase relationship between the frequency
components of the original signal at the feeding point continually changes as the signal
progresses along the guide. Any realistic analysis should take into account the frequency
characteristics of the antenna or aperture that couples the signal into the guide as well as
the characteristics of the circuit elements used to extract the signal at the receiving end. In
this section we shall consider only the properties of the guide itself. The effect of losses
and their variation will also be neglected. In practice, this does not lead to significant
errors, because in most cases the frequency bandwidth of the signal is relatively narrow,
and the mid-band frequency of operation is usually chosen far enough above the cutoff
frequency so that the attenuation curve is approximately constant throughout the band.
Before some time, which we choose as the time origin t =0, the disturbance in the
guide 1s zero. When a current element is introduced into the guide, a disturbance or signal
1s generated. This signal is a solution of the time-dependent field equations. Let
E(r,1),H(r,t) be the time-dependent field vectors. For a unit impulse current element

o(t—t") applied at time t=t" and located at the point (x',y’,z"), the field vectors are a
solution of
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VxH=¢, %—f+s§(t—t’)5(r—r') (3.8.1)

where t is a unit vector giving the direction of the current element, and r designates the
field point (X,Y,z), while r' designates the source point or location. If the Laplace

transform of these equations is taken, we get
V xE(r,s) = —u,SH(r,s)

V x H(r,$) = &,SE(r,8) +se SUs(r —r) (3.8.2)
where E(r,s)=_[:5(r,t)e_8tdt

with a similar definition for H(r,s). These equations are formally the same as those

obtained by assuming a time dependence €', and the solution may be obtained by the
methods we have previously discussed. All our previous solutions may be converted into

solutions of (3.8.2) by replacing jo by s and ert by e_St'. The Laplace transform has
the effect of suppressing the time variable. The solution to (3.8.2) constitutes the Laplace
transform of the time-dependent Green's function. Inverting the transform yields the
time-dependent Green's function. For an arbitrary spatial and time variation, the solution
may be obtained by a super position integral.
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If we restrict ourselves to a line current extending across the narrow dimension of a
rectangular guide, the appropriate Green's function corresponding to E (T)

sexp{—st'—[(nz/a)’ +s>/c*]* |z —7'||
| (nz/a)’ +s°/ cz]m

where ¢ (X) =sin(nzX/a). The inversion of this expression gives us the time-dependent

G| F,5)= 203 ,(04,(X) (383)

Green's function corresponding to the disturbance set up in the waveguide by an impulse
line current located at x',z". A typical term from (3.8.3) gives

| exp{s(t ~t)-[(nzlay +s*/¢*] " |z—7 |}

27 | | (nz/a)’ +5s7 /¢ |
nz |z2—-7'
cJ i —[ctt=t)Y —(z=-2)T"?*} o<t-t'<
_ 0{ L t=t)y = (z=2)] } c (3.8.4)
0 otherwise

where J, is the Bessel function of the first kind. At any given distance | z—z'| from the
source, the disturbance is zero until a time t=t'+|z —z'|/C is reached when the presence

of the signal first becomes known to the observer at this position. No information reaches
the observer in a time interval less than the time required to propagate a disturbance with
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the velocity of light. The velocity of light is, therefore, the wavefront velocity.
The time derivative of the above function is

—C3(n72'/a)(t—t') n_ﬂ- 208 $1\2 _ _an\2712
[C(t—t) —(z-2)]" ‘]1{ 3 [c°(t-t)" —(z-2)] } (3.8.5)

where J, 1s the Bessel function of the first kind and order 1. The solution for the time-

dependent Green's function which 1s equal to 5y(l’,t) becomes
1 {(nﬂ'/a)[cz (t —t’)z — (Z _ Z')Z ]1/2}
[C*(t-t) —(z-2")"]"

G(rirt—t)= ainjgb(x)qﬁ (X)[ct—t)] (3.8.6)

for t' <t <t'+|z-12'|/c and zero otherwise.
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3.9 Waveguide Based Cavities

3.9.1 Power and Energy Considerations

The goal of this sub-section is to determine a general relation between power, energy and
impedance at the input of an electromagnetic device. We shall consider the power in a
volume V and an envelope S ; through this envelope an average power P crosses

1 N T
P—ERe{qSExH -ds}. (3.9.1)
Thus based on the complex Poynting theorem
1 — — % = . 1 =g % 1 — = %k 1 — =k
ECJS(EXH )-ds——zja)jvdvhB-H €D }—ELE-J dv. (3.9.2)

Assuming linear medium characterized by u=u'— ju", e=¢&'—j&"" and o we can
separate the real and imaginary part of this theorem
Lpr e oo S 1 1
Res—qPExH" -dS=20| dV| =" |H} +=&"|E| |-=|dVo |E[
{24;6 } [ _4ﬂ||4||}2f E|

Lpee oo VAT T
Imi{—qpExH -dS:=2w| dV|—|H | ——|E|" | 3.9.3
{2<ﬁ> } Jav o IHE =] |} (3.9.3)
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Several comments are in place
1. The terms proportional to wu'" or we" can be interpreted as loss.

2. The reactive energy flow into the volume V equals exactly 2w the reactive energy
difference (W,, —W;) stored in the volume.

3. In terms of a lumped parameters (RLC): if the current at the entrance is denoted by |
and the voltage V , we may write the complex power at the input as

lVI*ZlZII*ZlII* R—i—ja)L+_L , (3.94)
2 2 2 JaC
where P_ =R| 1] /2 represents all losses in the system, W,, = L|1|* /4 represents the

average magnetic energy stored in the system whereas W, =C |V | /4 represents the
average electric energy stored in the system hence

%vr“ =%z 1 P=P, +2 jo(W, —W,) (3.9.5)
or
7z = R r2)ofW, —We] (3.9.6)
i
2

This can be conceived as a generalization of the impedance concept.
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3.9.2 Rectangular Waveguide Cavity

A ””’l
y I ”’I’
| ””
I l”’,
| ”’,”’ ) ’4’ E
----- - P 4 y
e /
b )
d
....... : [ — >
% a >/ X
A/ :
yA

Consider a rectangular waveguide shortened at z=0 and z=d. Without shortening
plates the wavenumber is given by

ﬂnm:|:grﬂrw_j_(ﬂ—nj _(@j :| . (397)
C a b

Because of the shortening planes

B =— (3.9.8)
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thus the resonance frequencies are given by

| 2 2 % 12
ot = = (”nj +(@j +(”—j . (3.9.9)
2w e, a b d

We shall examine next electromagnetic field characteristics in a cavity. In particular we
shall calculate the quality factor of a TE ,,. Choosing d >a > b, this is the lowest mode.

It has the following field (non-zero) components

H, :[Ae_jﬂZ + Bejﬂz}cos(ﬂ—x)

a
H. =@[Ae‘mZ - Bejﬂz}sin(ﬂ—xj (3.9.10)
T a
E, = L 5r:ur770|:Ae_jﬂz + Bejﬂz}sin(ﬂ—xj
Cr a

Bearing in mind that E vanishes at z=0 we obtain A+ B =0 and applying the

same condition at Z=d we get Ae_J'Bd — BeJ'Bd =0 = —2jAsin(fd)=0 therefore
for a non trivial solution £ has to satisfy f#d = zl which is just (3.9.8).
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Consequently, the mode TE,,, 1s described by

H,(X,z;0) = —2jAcos(ﬂstm(ﬂzj
a d

H (x,z;0)= ZJAEsm(ZXjCOS(%ZJ (3.9.11)

2 ) 12
Ey(X,Z;a))=—2A%77H%aj +%} Sm(zxjsm(ygzj

The electric and the magnetic energy stored in the system
1 a, b, pd , 1 ,ak |2 7z1ad
W, ‘Zgojo olxj0 dyj0 02| B, = 2,| 2A1 —5n {32 7 2z b=W,,
Clearly at resonance the electric energy equals the magnetic energy stored in the system
therefore the total average energy stored in the cavity is

2
W, =2W, = %yo(bad){l+:—2}| AP, (3.9.12)

Next we shall calculate the loss. The surface current is given by J c=hNx H therefore the
dissipated power is given by
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2
Plos =ljda5‘]—2=ljda5(£j l=ljda| ol Rdea| H,
2 o 2 o) o 2 oo 2 (3.9.13)
=| A[* R(2a’0+2d’b+ad’ +da’)/d’
Consequently, the quality factor
o M, 200, 1 [(z/a) +(x/d) | (ady
P P R, 27°(2a’h+2d°b+a’d +d’a)

loss loss
As an example consider the following parameters
Oy ~5.8x10"[Ohm/m|, a=b=d =3[cm| > f =7.0[GHz], T =1/ f ~0.14[nsec|

R, ~0.022Q,Q ~ 12700, 7=2Q/w,=Q/xf ~0.58 msec]

In the case of dielectric losses

(3.9.14)

20 _ & _| 1 1 1 (3.9.15)

I:)loss,d ‘9” Qeff Qd Q

since the total power loss is the sum of the two mechanisms.

oss,d

_1 r 2 _
P Ea)ngdV|E| = Q=

Exercise 3.18: Check whether (3.9.13) is correct. In particular check if H, does not
contribute to the relevant surface current. Calculate the impedance in (3.9.6).
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3.9.3 Cylindrical Resonator o
In this subsection we briefly repeat the :
previous exercise in cylindrical geometry

Consider a cylindrical waveguide of radius

S

with two shorting planes at z=0 and z = d.
We shall examine in this case the TE;, mode

H = Jl(ph%}cow[m‘jﬂz ; Bejﬂz} (3.9.16)

wherein  p;, =1.841. Determine all the other field components!! As in the previous

subsection
E.(z=0,d)=0

E.(z=0 d)_o}:—ﬂAsin(ﬂd):ﬁd =(z = f=rl/. (3.9.17)
J(2=0,d)=

thus
1/2

%:K@ +(%’1) } | (3.9.18)
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Exercise 3.19: Prove that the quality factor for a TE mode is given by

T e T

L= > (3.9.19)
o Rzl R\( nlzR
<% (L) +2(Rj +(1—2j
d\ d d J{ prnd
For a TM mode the quality factor is given by
( 1/2
I 2
2 ([ TIR
| o | >0
QM) = 4 1+2-— (3.9.20)
@ d
c - Pam _
R =0
1+—
d

\

Exercise 3.20: Retrieve the result in (3.9.19)--(3.9.20). Compare to a rectangular cavity
of the same volume or same surface.
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3.9.4 Open Resonator — Circular Geometry

In many cases the cavity relies on evanescent waves that decay in one direction and they
do not carry any power in that direction. One example is illustrated below: A cylindrical

waveguide of radius R with a short-circuiting plane at z=0, a dielectric (gr) of thickness
d. aemmTTTTI— -
Exercise 3.21: Determine the resonant frequency and the

quality factor for a TM,,, mode. Repeat the exercise for
TE,, mode. Consider both metallic and dielectric loss.

2R
-_—— == < -—-=--

Id
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3.9.5 Exciting a Cavity

There are two main methods to excite cavities: with coaxial
line (electric or magnetic coupling) or with a waveguide
through an aperture.

In what follows, we shall consider a simple example
of excitation of a cavity by a waveguide through a small
(circular) aperture of radius I, as illustrated in lower frame.
Ignoring loss processes the input impedance is given by the
parallel impedance of the aperture

7 _ (iXu(jtanBd)
JX L+ jtan(,b’d).

L = |

Coaxial Coaxial
line line
(@) (b)
Cavity
\
Waveguide Aperture
(c)
(3.9.21)

To include propagation loss (still assuming ideal aperture) the input impedance is

= J XL tanh(ad + j£d)

Lin =— .
J XL +tanh(ad + j£d)

N
| I—
S
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o = 8 (ar
In case of a TE,, the normalized impedance of the aperture is X =3—(”—8J [,
T\ a

revealing that this is proportional to the areas ratio. For low loss
7y~ UXo)]tan(FL) (3.9.23)
J XL + jtan B/ + tanh(ad)
and the condition for resonance
D(w)= X1 +tan B0 =0 (3.9.24)
implies that at resonance (v =®,)

—2

Zin(0= ) = A (3.9.25)
ad
In the vicinity of the resonance
., _
Zin(@)~ Xt ~ Zinlo=a,) (3.9.26)
ozd—irjaD (w—w,) H{jj@l) (w—w,)
00|, ’ ad )ow =0 ’

Since for an RLC circuit the impedance in the vicinity of the resonance 1is
Zin(w)=Zin(w= a)o)[l + j(w—w,)/ Aa)]_1 we conclude by analogy that the bandwidth is
Aw=ad/D'(w= w,) implying that the quality factor Q =@,/ Aw=a,D'(0=w,)/ad.
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Comment: It is interesting to note that D'(w = @, ) depends on the group velocity since
X =Upd

D'(w=aw,) ——[U,Bd +tan(Bd)] = 65) { + lzﬂd}
oo8 % (3.9.27)
=Vi[u +1+tan’ (Sd) | =Vi[u +1+ (U Bd)*]

a)=a)0

gr gr

ab
group velocity in the waveguide consisting the cavityQ oc D'(a) = coo) oc1/V,,.

hor . . . .. .
where U = i[”_()jao implying that the quality factor is inversely proportional to the
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3.10 Wedge in a Waveguide

3.10.1 Metallic Wedge
The goal of this section is to analyze a wave guide of a circular cross-section but which
lacks a slice as illustrated below

A

In order to keep the problem relatively simple, we shall limit the discussion to the
evaluation of the cut-off frequency. For this purpose we recall that in Section 2.1 we
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found that

= _ Jk Jou 5

E, =2 V.E,+= L xV H,
1L 4L

- Jk, joe -

A, =3V, H,—= 51,V E, (3.10.1)
1L 1

k? =w’cu—k*

And both longitudinal components satisfy the wave equation. Limitint the analysis to the
cut-off frequencies k, =0 these equations simplify

-

:LléiH
= - r
E =L ixV,H = Jwgl ;
Jowe E,=————H
| Joe or
(3.10.2)
_ 110
- - " ro
H, = +——1 xV,E, = wa a¢
Jou or

and the wave equation simplifies
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2 E
(%§r§+l’1—28a—¢2+w2ﬂgj(HzJ:O (3.10.3)

Obviously, the solution of this set of equations describe a resonator
whereby the field does not vary in the z-direction.

For the TM modes the solution is of the form
E,(r,¢)ocJ, (ar)| Acos(vg)+Bsin(vg) ] (3.10.4)
subject to the boundary conditions
Ez(r = R,a/2<¢<27z—a/2)=0
Ez(r,¢:a/2):0 (3.10.5)
Ez(r,¢:27z—a/2)=0
The first condition implies that
Jv(qR)=O (3.10.6)
wherein ( is yet to be determined and from the other two conditions we will specify v :
E,(r.g=a/2)=0= Acos(va/2)+Bsin(va/2)=0
E,(r.g=27-a/2)=0= Acos[v(27z—a/2)}+ Bsin[v(27r—a/2)] =

or explicitly

,3107)
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=0 (3.10.8)

(e g

For a non-trivial solution the determinant of the matrix is zero

yo ! (3.10.9)
2r—o 2—-alrx

wherein N=1,2,3.....0. Now that we have determined v we may proceed and establish
the zeros of the Bessel function:

J (p):O (3.10.10)
2-alw
As an example let us consider three Bessel
functions in one case v =1 and for 1 |
comparison we illustrate below o =7/5
thus v(n=1)=5/9 and v(n=2)=10/9 .
Obviously the Bessel function of a non- In(1,x) 0.5 -
integer order has also zeros: T(V,X)
Pos s=1 |s=2]s=3 Jn_(2-v,x)
v=1 3.832/7.016]10.173 — 0
v(n=1)=5/9 [3.220/6.366|9.509
v(n=2)=10/9 |3981|7.175|10.337 |
0.5
0 5 10
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)

Explicitly

o0

Ez(r9¢): Zun,s‘]

n,s=1

Prs:d 1 (P)=

(3.10.11)

and the cut-off frequencies are determined by

C
WOy = E pn,s

The top frame in the right reveals the contours of constant E, for
s=1andn=1. The central frame illustrates the case S=1andn =2
whereas the lower frame corresponds to S=2andn =1.
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A similar approach may be followed for the TE modes
H, (r.¢) o J, (ar)[ Acos(vg)+ Bsin(vg) | (3.10.13)
subject to the boundary conditions
E¢(r = R,a/2<¢<27z—a/2)=0

Er(r,¢=a/2)=0 (3.10.14)
Er(r,¢:27z—a/2):O
The first condition [Eq. (3.10.2)] implies that

d
[aJv(qr)lR =0 (3.10.15)

wherein ( is yet to be determined and from the other two conditions we specify v :
E, (r.g=a/2)=0= —Asin(va/2)+Bcos(va/2)=0

E . (r.g=27r-a/2)=0= - Asin[v(27r—a/2)]+ Bcos[v(Zﬂ—a/Z)] :0(3'10'16)
or explicitly
—sin(ver/2) cos(va/2) A
(—sin[v(27z—a/2)] cos[v(27z—a/2)]j(8j =0 (3.10.17)

For a non-trivial solution the determinant of the matrix is zero
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yo ! (3.10.18)

2r—a  2-alx
wherein n=1,2,3.....0. Now that we have determined v we may proceed and establish
the zeros of the Bessel function:

3 (p)=0 (3.10.19)

2—-alrx

From here the approach is virtually identical

(1= 30,3, [ 9l Jeos| &2

n,s=1 2-alrxw 272. o a

prs:d' (p)=0

2—alrx

(3.10.20)

Exercise 3.22: Draw the contours of constant H,. Compare the field distribution of the

TE and TM modes. For both modes compare the magnetic and electric energy per-unit
length.
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3.10.2 Dielectric Wedge YT
The goal of this section is to analyze a waveguide of a circular

cross-section but which has a material ( ,ur,gr) slice as 1llustrated

below

As in the metallic case we keep the problem relatively simple, and s
limit the discussion to the evaluation of the cut-off frequency. As a X
result, we can separate the analysis of the TE and TM modes. So

let us start with the TM mode.

Vacuum Slice
2 2 2 2
li i L@_ 0)_2 E =0 li 9o iz 82+a)—2,ur8r E,=0
ror or r’o¢> ¢ ror or r-og- ¢
_ -110 E H o= 10 3
 jou, rog Ja)ﬂoﬂr rog
H, - 1 EEZ H, = 1 aEZ
Ja)ﬂo ar Ja)/l’lOILlr ar

A differential approach (separation of variables) is not applicable since the radial
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variation needs to be the same in both regions but if this is the case the function does not
satisfy the wave equation. We must seek an integral approach. For determining the cut-
off frequencies associated with the TM-like modes we need to solve

10 0 108 o o’
—Zr= +— |E. =——f E 3.10.21
( o or o czj o (4)E, ( )

wherein f (¢) is a function which equals z,&, —1 in the region(s) with material and zero

otherwise. A solution which satisfies the boundary conditions

ZZ . (p jeXp(Jncé) (3.10.22)

n=—oo s=1

substituting in (3.10. 21) we get

gnserrs;( E\)nzs _j:__ Z Z o-}(mn n',m
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Rewriting

( j S AT [Fom 4 G | = €2 P2 (3.10.24)
m=—ow o=1
and defining the matrices
Zm N
C{n S} = Zsspz |:F +5n mé‘o-sil (3.10.25)

thus defining @ = wR/cC.
_ ==
mZ‘:} ChrspimotEimo) = @ {mZ‘:} | stimotEimel (3.10.26)

implying that the (square of the ) cut-off frequencies are the inverse of the eigen-values
of the matrix C

C-a71]=0. (3.10.27)
Exercise 3.23: Calculate the first cut-off frequency of a waveguide with dielectric slice

identical with the metallic slice. Compare the two results. Examine the convergence of
the solution.

Exercise 3.24: Repeat Exercise 3.23 for the TE mode including the formulation.

206



!

b 2R
3.11 Appendix | e
Ed 7 P

: : “—— a —
3.11.1 Solution to Exercise 3.8

Analyze (numerically) the dependence of the normalized reactance on three
parameters; the angular frequency (w), its location (d) and its radius (R).

0.6
The normalized reactance of a cylindrical post located
in a rectangular waveguide as a function of f . The
normalized reactance given by Eq. (3.4.20) is shown to
0.5F increase with frequency, which implies an inductive behavior.
— [a=25cm,b=1cm, ¢ =1,d=a/2=1.25 cm,
| < R=a/20, n=2,3,-200]
0.4
0.3 | N
8 9 10
f [GHz] T
b 2R|
e
/"i d — - -
b a -

207



208

The normalized reactance of a cylindrical post
located in a rectangular waveguide as a function of
d . The solid line and the dotted line correspond to
f =8 GHz and f =10 GHz, respectively. A
minima in the normallized reactance is observed at
the middle of the rectangular waveguide, whereas
close to the edges the normalized reactance
increases. [a=2.5cm, b=1cm, ¢ =1, R=a/20,
n=2,3,---200].



1.5

1.5
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i | —
b 2R
-
1
. —
- -

The normalized reactance of a cylindrical post
located in a rectangular waveguide as a function of
R. The solid line and the dotted line correspond to
f =8 GHz and f =10 GHz. In this figure the post
is assumed to be located at the middle of the
waveguide. [a=2.5 cm, b=1 cm, ¢ =1,
d=a/2=12.5 mm, n=2,3,---200].



A
y
!
b 2R
1 /,/""
. ﬂi d —V*/ /»"/JN
. . P

1.5

The normalized reactance of a cylindrical
post located in a rectangular waveguide as a
function of R. The solid line and the dotted line
correspond to f =8 GHz and f =10 GHz, In
this figure the post is assumed to be located close
to one of the edges of the waveguide. [a = 2.5
cm, b=1cm, ¢ =1,d =5 mm, n=2,3,---200].

1.5
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Chapter 4
Matrix Formulations

4.1 Impedance Matrix
Consider an N port systems that is characterized at a given frequency by set of complex

numbers Z; ~ i.e. 2N* parameters

V1 Z11 ZlN I1
V : :

R : (4.1.1)
VN ZNl ZNN IN

or, explicitly, Z; =\I/_i
j

k=j~
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In a similar way we can define the admittance matrix

|1 Y11 o YlN V1
|2 Y21 YZN Vz
IN YNl YNN VN

(4.1.3)

Example: For the sake of simplicity, let us determine the Z matrix of a section of

transmission line.
This two port system is characterized by

V2 ZZl Z22 |2

and for example the first term is
Z, = (4.15)
l; =0
wherein |, =-1(z=/). Without loss of I |
generality, the voltage and current wave are 1 2
iven b
14
212
Z=0— 7=




V(2)=V.e 1P 1y 157
_[y o—iBz _\, JiB7] 1
1(2) = [V+e Ve }z

0

respectively. At the "input”, i.e.at z=0

V, =V, +V_ Ilzzi(\/+ -V.).
Based on (4.1.5) we explicitly have
V, +V_

V.=Vl (n)=0
wherein the condition 1(¢) =0 implies

1(0) = Zi[Vﬁ_ IBL _yy IBt } =0V =V e 2IA

0

Z,="2

hence _
1+ 21B¢ __ cos(Br) _
0 -2 P/ =40 -
1_e %] Jsin B¢

Z,=2 —JZ, ctan(p/)
Z,, =—]Z,ctan(pY).
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4.1.7)

(4.1.8)

(4.1.9)

(4.1.10)

(4.1.11)



In a similar way we may establish the other parameters of the matrix. For example,

v, V. +V.

le -

2

o % (=) [v+e‘W —v_eW}

1

and since I, = Zi[v+ ~V_]~V, =V_ we get

0

2 —jzZ
212:_ °

%o o~ 1BL _IBL sin(pe)

In a similar way Z,, =Z,, and Z,, = Z,, implying

—jZ. ctan(6) __JZ"
7 = siné
p— . 'Z ) -
_J > —JZ, ctan(6)
| siné il
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4.2 Scattering Matrix

In many cases it is more convenient to measure the
amplitudes of the reflected and transmitted waves

— —+

V1 Sll SlN V1

V2 : Va
: — : : (4.2.1)

Un S Sw) |y,
Vi = Vi = (4.2.2)

JZ, Z,
the reason for this normalization becomes evident since
1 2 V+(V+)* 1— — .«

=—N"| = ==v (v). 4.2.3
27, (v ) (4.2.3)

27, 2
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The S matrix elements are defined by
Vi
Sij - =
Vi VJkr¢j=0
In order to achieve v =0 the port is loaded with a
matched impedance, namely

the diagonal term S, represents the reflection

coefficient at the ith port when all the other ports are
matched.

Describing linear systems, both S and Z matrices
are interrelated. Firstly it is convenient to define

Zi=—2 v=—— and I1=1JZ consequentl
] Zo \/Z \/70 q y
V=V AV and T=v v }
Using now the definition of the Z matrix
V=V v :z[v_ﬂ
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[l-ZV =l +Z]v (4.2.6)

- I -+
thus since v. = Sv

S=(Z+1)HzZ-1) (4.2.7)

Properties of the S matrix:

Property #1: If the system is reciprocal S is symmetrical
S; =S; or S=8" (4.2.8)

.. : . 1 - 5. .
This is true provided that at all ports the power is given by > |va [ i.e. characterization

Impedance at all ports is the same. In order to prove this statement we recall that based on
Lorentz reciprocity theorem (in absence of sources)

$ EixH, ~E,xH,]-fids=0= [ E;xH da=[ E xH,da (4.2.9)

and since the electric field is associated with the voltage whereas the local magnetic
field is linked to the current E, ~V,, H, ~ I, thus

Vil, =Vl (4.2.10)
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i ]

va va =Y, Y:>Z =Z; (4.2.11)
Namely both the admltance and |mpedance matrlces are symmetric aobviously since

S=(Z+1)"(Z-1) if Z is symmetrical so is S
SHER (4.2.12)

Bearing in mind that I; =X ,Y;v; and I, =Z;Y;v; we conclude that

Property #2. For a lossless system, S is unitary namely
St=(S) (S)Y'S=1. (4.2.13)

For prooving this statement we bear in mind that power conservation implies

* *

e O e A I S S R

*

U] a5 -o=[7 T -] o

Example: Consider a two ports system with a load Z, at the output
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‘_’1 . (Sﬂ Sle ‘zl (4.2.15)
Vo SZl S22 VZ
whereas the load
S =p =iL% V2 (4.2.16)
ZL + Zo V2
Combining the two entails
Vi =S, Vi +S,V2 =S, Vi +5,,5, V2
Va =S,Vi +S,5, V2 = V2(1-5,,S,) = S, Vi (4.2.17)
Thus the reflection coefficient
Pin = Sip = V—l =3 4225 (4.2.18)
Vi 1- SLSZZ
. .
V1 V2
O iy
Z
9 o
Vi V2




4.3 Transmission Matrix

Thus

Vi)_(A BV, 43.1)
l,) (C D)L, o
V1=211|1_ 12'2 (432)
V2 = Zlel_ZZZIZ
le Z11222 Z122
le le V2 ( 4 3.3)
1z l,
Z12 12
Det{ ABCD} =1 (4.3.4)
l1 P
G > >




4.4 Wave-Amplitude Transmission Matrix

Yl_ - (Tﬂ le) YZ (4.4.1)
vi) \Ta T2y,
Relation to S matrix
T,=S, _ﬁ, T, = i, T, = _i’ T, = i (4.4.2)
S21 S21 S21 S21
In a reciprocal system S is symmetrical and S, = S,;. Therefore
Det(T) = S - (4.4.3)
S21
V1 V2
TN T A Ve VS
- T T N Y —— \_ N N N\ ™
V1 V2




Example: Scattering and transmission matrices of a section of transmission line

(Vlj ) [Sll 812 ][ij (4 4 4)
v, Sy Su )\,

il o-os,=Y2)  zo,5,=Y] zeIBl g Vel P
Vi lvi <o V2 v <o V2 v <o Vi lvi o
(4.4.5)
ol )24 .
= - T = . (4.4.6)
—ipt 0 L
e 0
—F o— —o —+
V1 - V2
— — - O -~ —
V1 S o V2




4.5 Loss Matrix
Based on the result in Eq.(4.2.14)
Q=1-(S)'S

and since the dissipated power is

P = %{[VT fi —(s*)Ts}T}

the matrix defined above determines this dissipated power

p = %{[V I gv}.
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4.6 Directional Coupler

direct

® ©

— o
— o

—@
—@

coupled

* 4 ports, lossless and reciprocal input
At least one symmetry plane o—— @
 Each port is matched when all O
the
other are loaded with Z o @
» The power entering (1) splits ) GI—
equally between (3) and (4). Insulated
No power reaches (2).
Performance parameters:
Coupling : C=10log(PR/P,)
Directivity : D =10log(P,/P,)
S matrix:
Isolation condition: S, =S, =S,, =S,; =
Matching condition:S,, =S,, =S,; =S, =
Symmetrical condition:S,;; =S,;, S,; = S,,, S;, =S,,, S, =S,
O O S13 S14
S . O O S23 S24
13 S23 O O 224
S14 S24 O O




4.7 Coupling Concepts

We shall discuss several aspects of the coupling effect. Here we shall investigate
coupling in transmission line configuration.

4.7.1 Double Strip Line: Parameters of the Line

X=a - s .

X:O IS - -
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The basic configuration under consideration is illustrated above. Each one of the wires is
charged thus the charge distribution in the system is assumed to be

s =20(s- 228}, ptxar=afs-2)[+2)

For the electrostatic potential we may write the following expression

Dd(x,2) = igon(z)sin(%nxj

Which satifies the boundary conditions on the two plates. This potential satisfies the
Poisson equation i.e.,

(%+%) (X, z)-—%,o(x Z) =
{ d22 —(””j }pn(z) ==z j dxp(x, 2)sin ”Xj (4.7.1)
dz a E,€ a

‘552“( -5 %)

where v =1,2 and A, = A,A, = -A.
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n A n A
o(X,7) = Zsm( " jsmc[ ){ﬂlexp( " z+5j+/12exp(—7z5 Z—ED:|
For a strip of width 6 we have
1 2.2 zn
= Aj 5d54(5)exp[—;\z—§@
P(X,2) = Zsm( jsmc(;[ nj ZA 25
+— j dg%(f)exp[——\z (,ﬂ

Assuming that 4, (&) and A4,(&) are uniform \

o5 o

P (47.4)
- Aj d§+— j dé exp[——\z 5@

A0 9
2

N

X

2 2

"
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Moreover, the potential is uniform on the strip

Ao
P
V, =— Zp(X=—,2
: 5_é_§
2 2
_Ao _A9
=g g pr{5r) [ o5 [ geen| -l
=—» sin| — sinc| —n dz— déexp| ——|z— 4.7.5
252N 5 pinagn| | d2s [ déexp —"Hz—d]| (@475
22 22
_AS AS
o0 . T 2 2 2 2
+—225m(—jsmc(—nj J' dz— _[ dgexp{——\z—gﬂ
n=1 2 Ao Ao

The integrals may be evaluated analytically therefore

2_
lay| . N no \ . no
U, =— sinc| — 1—exp| ——— |sinhc| ——
¥ (2 } p[ ZaJ (2aﬂ

n=1[

_ )
U, =EEZ sinc(ﬂ—n (”—Mjsinhc2 (”—Mj exp(—zzﬂAj
2014 2 '\ 2a 2a a

Similar considerations can be applied to the second strip hence V, =U, 4, +U,,4,

(4.7.6)
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and detailed calculation shows that U, =U,, and U,, =U,,. Note that the off
diagonal term is proportional to

Zexp(—;m%j()n (4.7.7)

which indicates that the coupling drops rapidly. Furthermore, U,, are A independent!
If the strips have different geometries U,, #U,, but still U, =U,,. In a matrix form:

Vl Ull U12 ﬂ‘l ﬂ‘l Cll C12 Vl
= = = (4.7.8)
V2 U21 U22 /12 /12 C12 C22 V2
A similar approach can be applied for evaluation of the inductance
(Dl Lll L12 I1
= (4.7.9)
CDZ L12 L22 |2

Exercise 4.1: Analyze the coupling term.

Exercise 4.2: Calculate the inductance matrix and analyze the coupling term.

Exercise 4.3: Analyze the case when the two strips are not equally wide.

Exercise 4.4: Analyze the case when the two strips are not equally wide and are not in
the same plane.
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4.7.2 Equations of the System

The transmission line equations in this case read

v,
d dz L11 L12 |1
d—V:—ij ~ =—jo
7 =
av, L, LI,
az (4.7.10)
di,
d dz C11 C12 V1
d_l :—jC()QV’V‘) :—ja)
7 =
di C12 sz Vz
dz
It is convenient in this case to investigate the waves which propagate in this system
2
DV = joLL =~ joL(- jo)ov = -of LoV (47.11)
dz =dz = = —

Let us define the wavenumber matrix
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K121 K122
K*=o’LC = (4.7.12)
K122 K222
Assume a solution of the form e__ 1Az
_,32 O K121 K122 Vl
(FLKNV =0= + =0 (4.7.13)
0 -5 (KS K|V,

Explicitly this reads

K121 o ﬂz K122 V1
=0= (K- B) (KL -B2)-Ki=0 (4714
K122 Kzzz _ﬁz Vz
Let us assume for simplicity sake that the two lines are identical i.e. K, = K,, hence
(K= B°) —Kj, =0 B2 = K £ K, (4.7.15)
The eigen-vectors corresponding to 4° may be derived from one of the two equations
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2 2
eg., (K — B2V, + K.V, =0 threfore choosing V, =1 we get V, = —Klk—zﬂ* =1 implying
12
that the normalized egen-vector is

1/2
V., = (4.7.16)
1/2
And in a similar way, the normalized eigen-vector corresponding to S is
12
V.= (4.7.17)
~1//2

The general solution has the form
V(z)=V {Ae_mZ + Be+1ﬂ+z}+\7 ] [c:e_mZ 4 Deﬂﬂz} (4.7.18)
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4.7.3 Simple Coupling Process oo oo >

In this subsection we ignore reflections. The schematics of the system under
consideration is illustrated in the right. Consider a solution of the form

V(2)=V,Ae 12 1y Be 12 (4.7.19)
At z =0 only the mode in the first line exists. The question is how the power varies with
the length L.
1/V2) 1/2 |
V(z) = pe VP2, Be 1/
1/2 ~1/2
i 4.7.20
(1/42)Ae” P. +(1/x/_)Be 152 (4.7.20)
(1/\/§)Ae_1'8+z —(1/\/§)Be_1'8—z

In the absence of coupling g, = . = K,
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1) 0
vi)=c| [e %, p
0 1
Now since V (z = 0) =V, for line 1 and V(z=0) =0 for line 2 we get C=V, and D =0

Implying that the voltage on line 2 is always zero.
Let us reinstate the coupling process: the voltage along the transmission lines is

given by
V,) [AN2+BIN2
V(z=0)=| |= - A=B

0) | AIV2-BI2

e—jKﬂz

(4.7.22)

Vo
J2

hence
y e_j'B+z +e_j'8-z Voexp[—j%(,ﬁ’+ Jr,B)z}cosB(,B+ —,B)z}

V(Z):? . - -
—iB7_~iB

voexp[—jé(m +ﬂ)2} jsinB(& —ﬂ)z}

In order to illustrate the coupling process, we examine the voltage on each one of the
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lines

~

V, =

Voexp[—j%z(,ﬁ+ +,8)z}cos( )

V, = ‘jvoexp[—j%z(ﬁ+ +,B)z}sin( )

Schematically these voltages are illustrated in the figure

terminate the "coupler" at a length L such that

L -7
E(ﬂrﬂ_)'—— >

the voltage is maximum on line 2 and zero on ;

line 1. Recall B, = K2 K/, . For simplicity we
shall assume K7 > K/ hence

1K,
+:K += 12
IB_ 11 2 Kll

and
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0

Vv cos[%(ﬂ+ —ﬂ)z}

0

\Y; sinB(,B+ —,B_)z_

(4.7.23)

(4.7.24)

in the right. If we

(4.7.25)




«-—------ >
1 1 1K, 1K,/ 1K, -
S DI RSS2 P | ]
2 2 2 K,, 2K, 2K, 4727
:z = L= 72-K211
2 K

This clearly indicates that the coupling is directly related to the off diagonal term in the
matrix K*.
Exercise 4.5: Analyze L as a function of the geometry (separation A, width ¢ and

planes separation a) in the previous section. Make sure that the result is independent of
the number of harmonics.
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Chapter 5: Nonlinear Components
5.1 Transmission Line with Resistive Nonlinear Load

Consider a transmission line with a non-linear load
V (t) =V, tanh(I /1,). (5.1.1)
The voltage-wave has two components, V, propagating in the forward direction and V_
representing the reflected wave
V(z,t)=V. (t —Ej v (t +5j (5.1.2)
v Vv
wherein v is the phase-velocity. In a similar way the current

1(2,1) = Zi{v (t—%) v (t+§ﬂ (5.1.3)

At the location of the load

V. (t) =V (z=0,t) =V (1) +V (1)

L (t)=1(z=0,t)= Zi[\/+ )=V (D] (5.1.4)

Load
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thus after substituting in the constitutive relation

V, (1) +V_(t) =V, tanh {% [V, (t)-V_ (t)]}. (5.1.5)
It is convenient to define 00

\71 = Vi and ZL =

hence o o
V+ +V— = ZLtanh(\/+ _V—)

Assuming that the incident wave is known (V.) this
expression determines the reflected wave. The figure
above shows this reflected wave for several
normalized impedance parameters.
Several comments about the plot are evident:
(i) at the limit Z. —>o for a finite
solution, the reflected wave equals the
incident one.

[EEN
o

o1

1
(@]

Normalized Reflected Voltage
o

N
, ©
w
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(i) At the other extreme, as Z. — 0, the reflected wave is V_ = -V, therefore
any solution is in between these two values.

Another aspect of interest is the energy balance. The incident and reflected energy may
be evaluated by

o ] o 1

W, =| dt—=V7 (), W =| dt=—V?(t). 5.1.8
=[ ZVOW | 7V (5.1.8)

In a linear system the ratio of the two is

— 2

W ZL -1
=— = | — 5.1.9
Pw m [ZL‘l‘lJ ( )

wherein Z, =Z_/Z,. The figure in the right hand side
illutrates p,, when the maximum value of the incident
(Gaussian) wave is V™ =2 510. This figure clearly

reveals that there is full reflection when Z. is zero or
tends to infinity. Zero reflection occurs when

= —m V™
ZL=V, = =2 yM™i=y,
ZOIO ZOIO

Energy Ratio
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Chapter 6: Periodic Structures

In a variety of applications it is necessary to control the phase velocity of the wave
or the propagation time. Periodic metallic or dielectric structures play an important role in
Implementation of these devices. The periodic geometry can be conceived as a set of
obstacles delaying the propagation of the wave due to the multi-reflection process and, as
will be shown during our discussion on Floguet's theorem, an infinite spectrum of spatial
harmonics develops. A few of which cases these harmonics may propagate with a phase
velocity larger or equal to ¢ but the absolute majority have a smaller phase velocity.

In the first section we present the basic theorem of periodic structures namely,
Floquet's theorem. This is followed by an investigation of closed periodic structures in
Section 6.2 and open structures in the third. Smith-Purcell effect is considered as a
particular case of a Green's function calculation for an open structure and a simple
scattering problem is also considered. The chapter concludes by presenting a simple
transient solution in a periodic structure.

241



6.1 The Floquet Theorem

A periodic function, f(z), is a function whose value at a given point z is equal to
its value at a point z+L i.e.,
f(z)=f(z+L), (6.1.1)
where L is the periodicity of the function. Any periodic function can be represented as a
series of trigonometric functions exp(—j2znz/L) and since this is an orthogonal and
complete set of functions, it implies

fz)= 3 fe 122k (6.1.2)
The amplitudes f, are dete;mined by the value of the function f(z) in a single cell.
Specifically, we multiply (6.1.2) by eJZ”mZ/L and integrate over one cell i.e.,
dezf(z)eJZ”mZ/L _ J"-dzej27Z'mZ/L Z fne—JZﬂnz/L_ (6.1.3)
0 0 ol
Using the orthogonality of the trigonometric function we have
_ 1l j2zmz/L
o= jo dzf (2)e . (6.1.4)

This presentation is called the Fourier series representation and it is valid for a static
phenomenon in the sense that the value of f(z) at the same relative location in two
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different cells is identical. It can not describe a propagation phenomenon, thus it can not
represent a dynamic system. In the latter case the function f(z) has to satisfy

f(z)=<&f(z+1L), (6.1.5)
which means that the value of the function is proportional to the value of the function in
the adjacent cell up to a constant, £, whose absolute value has to be unity otherwise at
Z — *oo the function diverges or is zero as can be concluded from

f(z)=&"f(z+nlL), (6.1.6)
where n is an arbitrary integer. Consequently, the coefficient £ can be represented as a
phase term of the form & = exp( jy) hence

f(2)=elVf@z+L) (6.1.7)
w is also referred to as the phase advance per cell. Without loss of generality one can
redefine this phase to read y = kL. Since a-priori we do not know y, this definition does

not change the information available. Nonetheless based on the Fourier series in (6.1.2)
we can generalize the representation of a dynamic function in a periodic structure to

f(z) = Z fne_jZ”nZ/Le_jkz, (6.1.8)
and realize that it satisfies__ _
fz)=e Kt (z4 1), (6.1.9)
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which is identical with the expression in (6.1.7). The last two expressions are different
representations of the so-called Floquet's Theorem. Later we shall mainly use the form
presented in (6.1.8), however in order to illustrate the use of Floquet's theorem in its latter
representation, we investigate next the propagation of a TM wave in a periodically loaded
waveguide.

g Ey L

i 2 R EEEEEEEiERRRREEE

Let us consider a waveguide of radius R which is loaded with dielectric layers: a
representative cell (0 <z <L) consists of a region, 0 <z < g, filled with a dielectric, ¢,

and the remainder is vacuum -- see Figure 1. We shall determine the dispersion relation
of this structure and for this purpose we write the solution of the magnetic vector
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potential and electromagnetic field (steady state) in the dielectric (0<z<g):

~ r m P +1, 2
Az(r,Z)—SZ:;Jo(pSE]{&e +B.e }

¢ &p r T, .z +T, .2
E.(r,z)= ST J ~ |l Ae 95T _Be  ds }
r( ) ja)gr ; R d,s 1(ps Rj|:A‘s S
& r [ T, .2 +T, z}
E,(r,z)=—- I s‘] S € ® +Bse s,
z( ) Ja)gr; d, 0(p Rj As
0 _r r
H¢(r’z):iZ&J1(psLj['A%e d’SZ+Bse+ d’sz:|, (6.1.10)
Hy s=1 R R

where T3 = (p, / R)* —&,(w/ c). In asimilar way, we have in the vacuum (g < z < L):
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Ar2)= D7, ( P, %)[Cse_rs(z_g) n Dse+rs(z_g)}

CC&p r [ —TI'.(z-9) +T (z—g)}
E (r,z :—E—SFJ — || C.e —De s ,
r( ) J - R S 1(ps R) S S

E,(r,2) = —‘?—Zi r, ( 0 Lj[cse-uz—g) coe 9]

H,(r,z)=— ZpSJ( j[Ce (270, petliz g)}

osl

(6.1.11)
with T? = (p, /R)* —(w/c)*. At this point we shall consider only the TM,, mode

(s =1) thus the continuity of the radial electric field at z = g implies

ird{pﬁe‘rdig_sle”dlg} r,[C,-D,] (6.1.12)

and in a similar way the continuity of the azimuthal magnetic field reads

+I
Ae Faao +Be % =C,+D,. (6.1.13)
Last two equations express the relation between the amplitudes of the field in the
dielectric and vacuum.
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In the dielectric filled region of next cell (L <z <L+ g) the field has a similar form
asin (6.1.10) i.e.,

(r Z) Z‘] ( j|: 1_‘d s(z L) ' +Fd,s(z_|—):|

FEK z o AT _geTae0]
gr s=1
E,(r.2) = R e ]
r s=1
H(O(r’ Z) - ZpsR‘] (ps j[pée_rd’S(z_L) + B;e+rd’S(Z_L):|
Hy s=1
(6.1.14)
Accordingly, the boundary conditions at z = L read
_EJ}J[Af-QJ:ql[Cﬁ—FKLfQ)_JQBFAL—Q)} 6115)

and

I' (-9

L T (-
A+B =Ce "9 4iDe (6.1.16)
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The relation between the amplitudes of the wave in the second cell (L <z <2L) and
the first cell can be represented in a matrix form
a =Ta, (6.1.17)

where the components of a are A and B, and similarly the components of a are A and
B,. According to Floquet's theorem (6.1.9) the two vectors are expected to be related by

kL, (6.1.18)

thus e_JkL represents the eigen-values of the single cell transmission matrix T :
T—e Ky =0, (6.1.19)

a=e

Explicitly this reads
—2jkL _—jkL
e I e T, 4T, + T, T, - T T, =0 (6.1.20)
For a passive system the determinant of the matrix T is unity (prove this statement!!),

thus _ _

e 2 _omIkbr 7 yi1=0 (6.1.21)
The fact that the last term in this equation is unity indicates that if k is a solution of
(6.1.21) —k is also a solution. Consequently, we can write

cos(kL) = %(T11 +T,,). (6.1.22)
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Note that this is an explicit expression for k as a function of the frequency and the other
geometric parameters. In principle there are ranges of parameters where the right-hand
side is larger than unity and there is no real k which satisfies this relation. If only the
frequency is varied then this result indicates that there are frequencies for which the
solution of the dispersion relation is real thus a wave can propagate, or the solution is
imaginary and the amplitude of the wave is zero. The frequency range for which the wave
Is allowed to propagate is called the passband. Explicitly, the right-hand side of (6.1.22)

reads
2 _ 2
~ T+ T = 2L oy + ) E 2oy )
172 172
2 (6.1.23)
where v =T',(L-g), y =T'y,9, the characteristic impedances are
cl’
1 7, =Ha g L (6.1.24)
Joe, Jo
and 7, = 377Q is the impedance of the vacuum.
O |
-1
) iinn
0 5 1015 20 25 I~
f(GH,)




Figure 2 illustrates the right-hand side of (6.1.22)
as a function of the frequency (¢, =10,R=2 cm, L=1

cm and g = L/2). The blocks at the bottom, illustrate

the forbidden frequencies, namely at these frequencies
TM waves can not propagate. In Figure 3 the
dispersion relation of the first three passbands is
presented; these branches correspond only to the TM,,

mode. Higher symmetric or asymmetric modes have

additional contributions in this range of frequencies.
Comment 1. The expression in (6.1.22) is the

dispersion relation of a TM,, mode in the periodic

structure illustrated in Figure 1. From this simple

f (GHz)

20

15

—
ol T~
.

0
0.0

|
04 0.8
KL/ 7z

example however we observe that the dispersion relation of a periodic structure is itself
periodic in k with a periodicity 2z /L. This is a general feature which can be deduced
from (6.1.9). If the latter is satisfied for k =k, then (6.1.9) is satisfied also for

k =k, +27z /L as shown next
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f(z+ el 2D ¢ gy e lhbei2r

= f(z+L)ellb = £ (), (6.1.25)
Consequently, since the dispersion relation is periodic in k, it is sufficient to represent
its variation with k in the range —z /L <k <z /L; this k domain is also called the first
Brillouin zone.

Comment 2. Bearing in mind the last comment, we can re-examine the expression in
(6.1.8) and realize that f(z) is represented by a superposition of spatial harmonics
exp(— jk,z) where

k. =k +2T7Zn, (6.1.26)
which all correspond to the solution of the dispersion relation of the system. According

to this definition the phase velocity of each harmonic is
0]

ph,n -
ck,

and for a high harmonic index, n, this velocity decreases as n™. Furthermore, all

harmonics with negative index correspond to backward propagating waves. In addition,

note that the zero harmonic (n=0) has a positive group velocity for z/L>k >0 and
negative in the range —z /L <k <0. This is a characteristic of all spatial harmonics.

v (6.1.27)
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Since the group velocity is related to the energy velocity, one can conclude that although
the the wave number of a particular space harmonic is positive, the power it carries may
flow in the negative direction (if the group velocity is negative).
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d
|
6.2 Closed Periodic Structure
: : : 2|:Qext 2Rint

Based on what was shown in the previous section L
one can determine the dispersion relation of a TM, DR
mode which propagates in a corrugated waveguide
[Brillouin (1948)]. Its periodicity is L, the inner

radius is denoted by R, and the external by R, ; the

distance between two cavities (the drift region) is d . Using Floguet's Theorem (6.1.8)
we can write for the magnetic potential in the inner cylinder (0 <r <R. ) the following

expression

int

A(r,z)= iAqe_jknzlo(Fnr), (6.2.1)

and accordingly, the electromagnetic field components read
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Er(r,Z)‘ Z( kI)Ae n|(1“F)

n——OO

Ez(r,z)- Z( r2)ae 21w,

n——oo

H,(r.z)=—— Zr Ae K2 (T.1) (6.2.2)
My n

In these expressions,

2
(0

rh=ki - (6.2.3)

and 1,(x),1,(x) are the zero and first order modified Bessel functions of the first kind

respectively. This choice of the radial functional variation is dictated by the condition of
convergence of the electromagnetic field on axis.

In each individual groove (superscript o) the electromagnetic field can be derived
from the following magnetic vector potential:

A (r,2) = 3B cos[q, (2 -z, —d)]t,,. (1), (6.2.4)

where q, = zv/(L—-d),

ty, () = 1, (A, NK (A, Ry ) — Ko (A, NI (AR ), (6.2.5)

ext
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and A% =g’ —(w/c)’. The electromagnetic field reads

0(2) = S 3 (-a A B silg, (22, -4, (1),

2 o
EC(r,2) = ;‘—Z(—ADBS” cos[q, (z—z, —d)]t,, (1),
@ =o

H(r,2) = == A, B cosl, (2 -2, ~d)lt, (1), (6.26)
,Llo v=0
In these expressions t,  (r) is the derivative of t, (r) defined by

tl,v(r) - Il(Avr)KO (AVR
and exceptat r =R

ext)+ Kl(Avr)IO(AvRext)’ (627)
all the boundary conditions are satisfied.

int
6.2.1 Dispersion Relation

Our next step is to impose the continuity of the boundary conditions at the interface
(r=R,,). The continuity of the longitudinal component of the electric field

[E,(r =R, ,,—0 <z <)] reads

int?

255



c? & —ik z
j—wz<—rﬁme V62| (TR

-

0 forz_<z<z_ +d,
=3 (6.2.8)

2 o
L—(_:—ZAﬁBV(“) cos[q,(z—z, —d)It, (R.) forz +d<z<z_ +L,
Ja)v:O ’

and the azimuthal magnetic field [H (r = R;;,z, +d <z <z +L)] reads
~ 2 3r,Ae LI R) =3 B coslg, (2 -2, ~ D)L, (R,,). (6:2.9)
Moy n=— Hy v=0

From these boundary conditions the dispersion relation of the structure can be
developed. For this purpose we analyze the solution in the grooves having Floquet's
theorem in mind. The latter implies that the longitudinal electric field in the o's groove
has to satisfy the following relation:

D ABcos[q, (z -z, —d)]ty, (1) = D AJB" Ve I cos[q, (z+L-2z,,-d)It,(r).

v=0 v=0
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(6.2.10)
But by definition z__, —z_ = L therefore, the last expression implies that

BB e % (6.2.11)
This result permits us to restrict the investigation to a single cell and without loss of
generality we chose z__, =0 since if we know B, in one cell, the relation in (6.2.11)
determines the value of this amplitude in all other cells. With this result in mind we

multlply (6.2.8) by eka and integrate over one cell; the result is
ZFnA]an,mLIO(Fant)ZAZB tOV(RInt)'[ dZGJ " COS[q (Z_d)] (6212)

N=—oo

here ¢, , is the Kroniker delta function which equals 1 if n =m and zero otherwise. We

also used the orthogonality of the Fourier spatial harmonics. We follow a similar
procedure when imposing the continuity of the magnetic field with one difference, (6.2.9)
Is defined only in the groove aperture thus we shall utilize the orthogonality of the
trigonometric  function cos[q,(z—d)]. Accordingly, (6.2.9) is multiplied by

cos[q,(z—d)] and we integrate over d < z < L; the result is

SLLAL R, dzcos[a, (2-0)Je” ‘kZ-ZAV Bt (R )(L—d)g, .,
(6.2.13)
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where g, =1and g,., = 0.5 otherwise. It is convenient to define the quantity

(k)——j dzcos[q,(z—d)]e eJZ. (6.2.14)

which allows us to write (6 2. 12) as

1
ARy L VZ;A to, (Riu)£,, (K)B,, (6.2.15)
and (6.2.13) as
1

B r 1(CR. k). 6.2.16
VAHRW)QZAM( )5, (K) (6.2.16)

These are two equations for two unknown sets of amplitudes (A ,B,) and the

dispersion relation can be represented in two equivalent ways: One possibility is to
substitute (6.2.16) in (6.2. 15) and get

- o 1( R A .,
z 5n o L d 2 m |nt Z OV( mt) v £n,V£m’V An _ 0’ (6,2,17)
m=—oo | L r O(Fn mt v=0 tlv(Rint)gv

whereas the other possibility is to substitute (6.2.15) in (6.2.16) and obtain
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i 5 _I—_d Aito,y(Rint) i |1(FnRint)
o L Avtl,v(Rint)gv n=—001—‘n|0(1—1nRint) R

1=0
In both cases the dispersion relation is calculated from the requirement that the
determinant of the matrix which multiplies the vector of amplitudes, is zero.

Although the two methods are equivalent, we found that the latter expression is by
far more efficient for practical calculation because of the number of modes required to
represent adequately the field in the groove compared to the number of spatial harmonics
required to represent the field in the inner section. In the case of single mode operation
we found that 1 to 3 modes are sufficient for description of the field in the grooves and
about 40 spatial harmonics are generally used in the inner section. As indicated by these
numbers it will be much easier to calculate the determinant of a 3x3 matrix rather than
40x40 one; we shall quantify this statement later. At this point we shall discuss the
design of a disk-loaded structure assuming that the number modes in the grooves and
harmonics in the inner space are sufficient.

Let assume that we want to determine the geometry of a disk-loaded structure which
enables a wave at 10 GHz to be in resonance with electrons with £ = 0.9 and the phase

advance per cell is assumed to be kL = 2z /3. These two conditions determine the period
of the structure. In our case L =9 mm. There are three additional geometric parameters
to be determined: R_.,R. . and d. The last two have

ext 7" YInt

B,=0. (6.2.18)
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a dominant effect on the width of the passband and for the
lowest mode, the passband increases with increasing R, and

decreases with increasing d. The passband, A®, of a mode sets
a limit on the maximum group velocity as can be seen bearing in
mind that the half width of the first Brillouin zone is Ak =z / L.

Consequently, v, =Aw/Ak <AwlL/z. A solution of the

dispersion relation in (6.2.18) is illustrated the geometry chosen
IsS: L=9mm, R,, =8mm and d =2mm and from the condition

of phase advance per cell of 120° at 10 GHz, we determined,
using the dispersion relation, the value of the external radius to

be R,, =13.96 mm.

6.2.2 Modes in the groove

Therefore, before we conclude this subsection, we shall quantify the effect of higher
modes. The first mode in the groove (v = 0) represents a TEM mode which propagates in
the radial direction. Other modes (TM,,.,) are either propagating or evanescent. The

amplitudes of the magnetic and electric field (E,) of the TEM mode are constant at the
groove aperture thus the choice of using a single mode in the groove is equivalent to the
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average process at the boundary
-- approach usually adopted in
the literature. The  Figure
illustrates the dependence of
upper and lower cut-off
frequency on the number of
harmonics  used in  the
calculation; the number of
modes in the grooves is a
parameter. For the geometry
presented above, the number of
harmonics required is 20 or
larger; typically about 40
harmonics are being used. The
effect of the v=1 mode is
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negligible in this case as seen for both upper and lower cut-off frequencies. The effect of
the higher mode introduces a correction on the order of 1% which for most practical

purposes is sufficient.
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6.2.3 Spatial Harmonics Coupling

Contrary to uniform dielectric structures, here each mode consists of a superposition
of an infinite number of spatial harmonics. These harmonics are all coupled by the
conditions imposed on the electromagnetic field by the geometry at r = R . We shall

Int*

limit the investigation to the accuracy associated with a single mode taken in the groove,
therefore according to (6.2.15), we have

1 *

=— t,,(R )L ,(K)B,, 6.2.19
A] Fﬁ|0(rnRim) C2 0,0( |nt) n,O( ) 0 ( )
and in this particular case
L-d . |1 1
L, ,(k)= C smc[zkn(L—d)}exp[JEkn(L+d)} (6.2.20)

Let us compare the first few spatial harmonics relative to the zero harmonic. For this
purpose we take f =10 GHz, v, =0.9c,R,, =8 mm, L =9 mm and d =2 mm. The ratio

of the first two amplitudes is

int
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A

~ -1

A

This result indicates that on axis, the amplitude of the interacting harmonic is dominant.
At the interface with the grooves (r = R, ) the ratio between the contribution of the zero

and nth harmonic is much closer to unity and it can be checked that it reads
| Ez,n(r = Rint) | . |S|nC(kn(L—d)/2)|
|E,o(r=Ry)| [sinc(k,(L-d)/2)|’

which is a virtually unity.

A more instructive picture is obtained by examining the average power flowing in
one time and spatial period of the system:

- Rint 1L 1 *
P= 27sz olrrfjool{E E, (r, z)H,(r, z)} (6.2.23)
According to the definition in (6.2.2) we have

_ T 2 Ckn ' Rint 2 .
P_n—onzz_wmm - jo dxxI2(X); (6.2.24)

the integral can be calculated analytically [Abramowitz and Stegun (1968) p.484] and it
reads

A A, A

=8x1073, =3x10°°, =2x10°°, =1x10°® (6.2.21)

(6.2.22)
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U(&) = [0t 00Z1, (L (&) + 5 ETE (@) - () (6.2.25)

Based on these definitions we can calculate the average power carried by each harmonic
as

Kk
P, =" |cA, [ s, U (TR0, (6.2.26)
o @
and the result is listed below
Pa. —3x107°, g —0.16, Lige 1x107*, Li 3x107° (6.2.27)
0 0 0 0

Although there is a total flow of power along (the positive) direction of the z axis, a
substantial amount of power is actually flowing backwards. In this numerical example for
all practical purposes we can consider only the lowest two harmonics and write the total
power which flows, normalized to the power in the zero harmonic. Thus if the latter is
unity, then the power in the forward is 1-0.16 = 0.84. This result indicates that if we
have a finite length structure with finite reflections from the input end, then in this
periodic structure we have an inherent feedback even if the output end is perfectly
matched.
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6.3 Open Periodic Structure
. . .. 2Ryt 2Rint
In this section an analysis similar to L
that in Section 6.2 is applied to an open | e
periodic structure. As we shall see the —
} . d
number of modes which may develop in AVAVAVAY =

such a structure is small and therefore

mode competition is minimized.

We shall consider a system in which the wave propagates along the periodic
structure which consists of a disk-loaded wire, as illustrated in Figure 5 whose periodicity
Is L, the inner radius is denoted by R. ., the external by R, and the distance between two

cavities is d. Floquet's theorem as formulated in (6.1.8) allows us to write for the
magnetic potential in the external region (o > r > R_ ) the following expression

A(r,z)= iAqe_jk”ZKo(Fnr), (6.3.1)

=—00

and accordingly, the electromagnetic field components read
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Er<r,z)- Z(Jk )Ae 2k ),

n=-—oo

Ez(r,z)— Z( -T2 )Ahe K2k (C.1), (6.3.2)

H,(r.2)= ——Z< r)Ae K

/’lo n=—oo

In these expressions K, (x), K (x) are the zero and first order modified Bessel functions
of the second kind respectively and I'> = k? —(@/ ¢)>. This choice of the radial functional

variation is dictated by the condition of convergence of the electromagnetic field far
away from the structure.

In each individual groove the electromagnetic field can be derived from the
following magnetic vector potential:

A(r,z) = ZB“’) cos[q, (z—z, —d)It,, (r), (6.3.3)
where q, = zv /(L - d)
t, (1) = Lo (A, MK (A, R ) = Ko (A, N1 (A, Ry ), (6.3.4)

and A% =g’ —(w/c)’. The electromagnetic field reads
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0(2) = S 3 (-q A B silg, (22, -4, (1),

2 o
EC(r,2) = ;‘—Z(—AQBV‘“’ cos[q, (z—z, —d)]t,, (1),
@ =g

HO(r,2) = —— YA, B cosl, (z -2, ~d)lt, (1) (6.3.5)
luo v=0
The index o labels the "cavity" and in these expressions we used
tl,v (r) - Il(Avr) I‘<O (AV Rint)+ Kl (Avr)IO(Av Rint ) (636)

The solution above satisfies all boundary conditions with the exception of r = R_,,.

6.3.1 Dispersion Relation

Our next step is to impose the continuity of the boundary conditions at the interface
(r=R,,). Continuity of the longitudinal component of the electric field implies

E,(r=R,,,—0<Z<w),reads

ext?
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o0

—ZZ r)Aje k; K(FnRext)—

0 forz_<z<z_+d,
] (6.3.7)

2 «
~ =S A2B cos[q, (- 2, —d)It,, (R,,) forz, +d<z<z,+L,

and the azimuthal magnetic field, H_ (r = z,+d <z<z +L),reads

ext !

o ZF A1 n K (FnRext) __ZA B(O-) COS[qV(Z —Z,— d)]tl,v(Rext)' (638)

,u()n—oo ()vO

Following the same arguments as in Section 6.2.1 it can be shown that

B{?) =8B, e_JkZC’ and consequently we can limit the discussion to a single cell. We

multlply (6.3.7) by eka and integrate over one cell; the result being
ZrnA}an,mLKo(rnRext) ZAsttO‘/(Rext)J. dzej " COS[q (Z_d)] (639)

N=—o0
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We follow a similar procedure when imposing the continuity of the magnetic field; the
difference in this case is that (6.3.8) is defined only in the groove's aperture thus we shall
utilize the orthogonality of the trigonometric function cos[qg,(z—-d)]. Accordingly,

(6.3.8) is multiplied by cos[q, (z—d)] and we integrate over d < z < L; the result is

o0 L _ 'k Z o0
> FAK(,R,) [ dzcos[q, (z—d)le” T =2ABL R(L-D)g,0,,.

n=—o

(6.3.10)
In this expression g, =1 and g,., = 0.5. It is convenient to define the quantity
I St JK,Z
Lo () == jd dzcos[q, (z—d)le’ ", (6.3.11)
by whose means, (6.3.9) reads
1 L-d &
= Aty (R,)L, (K)B,, 6.3.12
A1 FﬁKO(FnRext) L VZ:(; VO,V( eXt) n,v( ) 1% ( )
whereas (6.3.10)
S ALK (TRE, (K) (63.13)

B, =
Avtl,v (Rext )gv nN=-o0

These are two equations for two unknown sets of amplitudes (A,,B,). The
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dispersion relation can be represented in two equivalent ways: One possibility is to
substitute (6.3.13) in (6.3.12) and obtain one equation for the amplitudes of the various
harmonics

z —dI' K (T R )&, (Ry)A,
5| g o LakallaRed) 3 TR) el =0 (6.3.14)
m=—o L 1ﬂn KO (Fn Rext) v=0 t.'1,1/(Rext)gv

The other possibility is to substitute (6.3.12) in (6.3.13) and obtain one equation for the
amplitudes of the various modes in the groove

0 2 0
Z 51/,# + L-d A#tO,ﬂ(Rext) Z Kl(rn Rext) L:,V'Cn”u Bﬂ =0 (6315)
u1=0 L Avtl,v(Rext)gv n=-ow 1_‘n K0 (Fn Rext)

In both cases the dispersion relation is calculated from the requirement that the
determinant of the matrix which multiplies the vector of amplitudes, is zero. As in the
closed structure the two methods are equivalent, but the last expression is by far more
efficient for practical calculation.

There is one substantial difference between open and closed periodic structures. In the
latter case, the radiation is guided by the waveguide and there is an infinite discrete
spectrum of frequencies which can propagate along the system. In open structures, modes
can propagate provided that the projection of the wavenumbers of all harmonics in the
first Brillouin zone corresponds to waves whose phase velocity is smaller than c; in other
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words, no radiation propagates outwards

(radially). The figure illustrates the two

regions of interest: in the shadowed region no

solutions are permissible and in the remainder

the solution is possible with an adequate

choice of the geometric parameters. It is ? ? g ? % %
evident from this picture that waves at =
2 4 KL/ 7x

frequencies higher than -6 -4 -2 0
fale
2 L 50
Rint =15mm
0L Reyt = 21mm
can not be supported by a disk-loaded wire, regardless of the L = 3mm
geometrical details of the cavity. With this regard, an open d = 1mm
structure forms a low pass filter. Figure 3.1 illustrates the | —~ 30
dispersion relation of such a system for L=3 mm, d =1 mm, | &
R, =15 mm and R, =21 mm. For comparison, in the same | < oL
frequency range (0--50 GHz) there are 6 symmetric TM modes p ph — 1
which can propagate in a closed system of the same geometry;
obviously there are many others at higher frequencies. 10
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6.4 Transients

In order to illustrate the effect of the periodicity on the propagation of a wave packet
we shall consider at t =0 the same wavepacket a(z), in vacuum and in a periodic

structure. The propagation in vacuum will be represented by a dispersion relation
k? = w | ¢?, therefore a scalar wave function ¥(z,t) is given by

Pz, )= [ dky ()e %[ejkCt +oIket } (6.4.1)

Since at t = 0 this function equals a(z), the amplitudes (k) can be readily determined
using the inverse Fourier transform hence

(k)= - [“dza(z)e (6.4.2)
27 ¥~
Substituting back into (4.1) we find that
Y(z,t) = %[a(z—ct)+a(z+ct)], (6.4.3)

which basically indicates that the pulse moves at the speed of light in both directions and
asymptotically, it preserves its shape. In a periodic structure the description of the
wavepacket is complicated by the dispersion relation which in its lowest order
approximation (e.g., first TM symmetric mode in a waveguide) can be expressed as
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(k) = w— Swcos(KL), (6.4.4)
where Z)z(a)0+a)ﬂ)/2 Is the average frequency between the low (kL =0) cut-off
denoted by @, and the high (kL =) cut-off denoted by .. The quantity
ow= (o, —w,) 2 is half the passband width and L is the period of the structure.

Contrary to the previous case k here denotes the wavenumber in the first Brillouin zone.
In the framework of this approximation we can use Floquet's representation to write

¥(z,t) = Re{ i j”;/LLdkwn(k)ejw(k)t_jknz} (6.4.5)

where k =k+2zn/L. The amplitudes (k) are determined by the value of the
function at t =0 hence

v, (k) =127 " dza(2)e . (6.4.6)
Substituting back into (6.4.5) we have
P(z,t) = Re[i [ dca)y j_’zlLLdke Jo—owcos(kL)}-Jk,e-o } (6.4.7)

At this point we can take advantage of
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Lrer)
2 = erJv(é), (6.4.8)

V=—00

and simplify the last equation to read
B 1 (= T = J(KL=7/2)v_— K, (z-¢)
¥ (z,1) = Re{g [ d ga(g)n;o I_”/Ldke x 33, (Sat)e e ,

V=—0

e

(6.4.9)
which after the evaluation of the integrals and summation (over n) reads

w(zt)= Y a(z-vL)I, (Set)cos(at — v ] 2). (6.4.10)

V=-00
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The figure illustrates the propagation of two 05 | toaLsc 05

wavepackets in vacuum (dashed line) and in a A
periodic structure. The latter is characterized by | — [
0=27x10 GHz, sw=w/30 and a spatial | = 907
periodicity of L =1 cm. At t =0 the distributionisa | ~
Gaussian, a(z) =exp[—(z/L)*]. In each one of the

- 0.0

~
d—

~
B

frames W(z,t) was plotted at a different time as a OS5 10 15
function of z. Characteristic to all the frames is the z/L
relatively large peak following the front of the pulse. 05 05
It is evident that although the front of the pulse t=12L/c
propagates at the speed of light (as in vacuum) the
main pulse propagates slower. In fact, a substantial | = ,, = 00
fraction of the energy remains at the origin even a 3”; ‘;’
long time after t =0. For the parameters used, the
amplitude of the signal at the origin (z=0) is sl sl
dominated by the zero order Bessel function i.e., "0 5 10 15 "0 5 10 15
J,(0at) therefore the energy is drained on a time z/L z/L

scale which is determined by the asymptotic behavior

of the Bessel function namely oc1/+/dwt . Clearly the wider the passband the faster the
energy is drained from the origin.
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Exercise 6.1: Based on the solution for A (r,z) in Section 6.1 determine the Floquet
representation of the magnetic vector potential (TM,,). In other words write

A(r2) =1, ( D, ngaAk)e‘jknz

and determine a, (k).
Exercise 6.2: Find all the waves which can propagate between f =0 to 20 GHz,

including asymmetric modes for the system described in Section 6.1. Repeat this exercise
for the branches of the TE modes.

Exercise 6.3: Analyze the coupling of spatial harmonics for the system in Section 6.3 in
a similar way as in Section 6.2.2.

Exercise 6.4: Repeat the calculation of the propagation of a transient in a periodic
structure (Section 6.4) but this time for a TEM-like mode. [Hint: take @ = @_ ~ (kh).]

276



Chapter 7

Generation of radiation

Throughout these notes it was always assumed that somewhere there is a radiation
source providing us with the necessary energy. In what follows we shall skim through the
fundamentals of generation of radiation. Our discussion will be limited to "vacuum"
devices, this is to say that the energy is extracted from free electrons in vacuum.
Employed on medium (<1kW) and high (> 1kW) power devices, the concepts to be
discussed rely solely on energy and momentum conservation. Another very important
family of devices relying on electrons moving in "solid state", will not be discussed here.
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7.1 Single-Particle Interaction

On its own, an electron cannot transfer energy via a linear process to a
monochromatic electromagnetic wave in vacuum if the interaction extends over a very
long region. Non-linear processes may facilitate energy exchange in vacuum, but this
kind of mechanism is rarely used since most systems require a linear response at the
output. Therefore throughout this text we shall consider primarily linear processes and in
this introductory chapter we shall limit the discussion to single-particle schemes.
Collective effects, where the current is sufficiently high to affect the electromagnetic
field, are also important but cannot be covered at this stage and they are the essence of a
different course.

7.1.1 Infinite Length of Interaction

Far away from its source, in vacuum, an electromagnetic wave forms a plane wave
which is characterized by a wavenumber whose magnitude equals the angular frequency,
o, of the source divided by ¢ = 299,792,458ms ™, the phase velocity of the plane wave
in vacuum, and its direction of propagation is perpendicular to both the electric and
magnetic field. For the sake of simplicity let us assume that such a wave propagates in
the z direction and the component of the electric field is parallel to the x axis i.e.,
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C

If a charged particle moves at v parallel to z axis, then the electric field this charge
experiences (neglecting the effect of the charge on the wave) is given by

E (z,t) = E, cos{w(t—iﬂ. (7.1.1)

E,[2(t),t]=E, cos{a)(t—@ﬂ. (7.1.2)
C
A crude estimate for the particle's trajectory is
Z(t) = vt, (7.1.3)

therefore if the charge moves in the presence of this wave from t - — to t — o then
the average electric field it experiences is zero,

detcos{a)t(l—xﬂ =0, (7.1.4)
0 C

even if the particle is highly relativistic. The lack of interaction can be illustrated in a
clearer way by superimposing the dispersion relation of the wave and the particle on the
same diagram. Firstly, the relation between energy and momentum for an electron is
given by

E= c\/ p® +(mc)?, (7.1.5)
where m = 9.1094 x10*" Kg is the rest mass of the electron. Secondly, the corresponding
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relation for a photon in free space is
E =cp. (7.1.6)

For the interaction to take place the electron has to change its initial state, subscript i,
denoted by (E;, p;) along the dispersion relation to the final, subscript f, denoted by
(E;, p;) in such a way that the resulting photon in case of emission or absorbed photon
for absorption, has exactly the same difference of energy and momentum i.e.,

E. =E +E,, (7.1.7)
and

Pi = Pr + P (7.1.8)

In vacuum this is impossible, as can be shown by
substituting (7.1.5)--(7.1.6)in (7.1.7)--(7.1.8). We | E |
can also reach the same conclusion by examining

Fig. 1.1 The expression, E =cp, which describes | E; |--------------------—-

the photon's dispersion relation, is parallel to the
asymptote of the electron's dispersion relation. Thus,
If we start from one point on the latter, a line parallel
to E = cp will never intersect (7.1.5) again. In other S

simultaneously in vacuum. ’

words, energy and momentum can not be conserved /:* E=cp
|
|
|
|
|
|
|
|
1
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7.1.2 Finite Length of Interaction

If we go back to (7.1.4) we observe that if the electron spends only a finite time in
the interaction region then it can experience a net electric field. Let us denote by —T the
time the electron enters the interaction region and by T the exit time. The average
electric field experienced by the electron (subject to the same assumptions indicated
above) is

o _Vv
(B)= By [ _at cos{a)t(l Cﬂ

= Eosinc{a)T (1-%)}; (7.1.9)

here sinc(x) =sin(x)/x. That is to say that if the time the electron spends in the
Interaction region, is small on the scale of the radiation period T, =2z / @ then the net

electric field it experiences, is not zero. From the perspective of the conservation laws,
the interaction is possible since although the energy conservation remains unchanged i.e.,

E. = E +ho, (7.1.10)
the constraint on momentum conservation was released somewhat and it reads
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| P — P —h%|< hcT, (7.1.11)

which clearly is less stringent than in (7.1.8) as also illustrated
in the figure; 7 = 1.05457 x10~* Jsec is the Planck constant. The
operation of the klystron to be discussed subsequently relies on

the interaction of an electron with a wave in a region which is
shorter than the radiation wavelength.

7.1.3 Finite Length Pulse

Another case where energy transfer is possible in vacuum is when the pulse duration
Is short. In order to examine this case we consider, instead of a periodic wave whose
duration is infinite, a short pulse of a typical duration z. In order to visualize the
configuration, consider a field given by

E (z,t) = Ejg 29" (7.1.12)

A particle following the same trajectory as in (7.1.3) will clearly
experience an average electric field which is non-zero even when
the interaction duration is infinite. This is possible since the
spectrum of the radiation field is broad -- in contrast to Sect. 7.1.1
where it was peaked -- therefore again the constraint of the
conservation laws is less stringent:
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|E. —E; |< E, (7.1.13)
T
and

h
| P =P I<— (7.1.14)
Ct

Schematics of this mechanism is illustrated in the figure. It should be also pointed out
that in this section we consider primarily the kinematics of the interaction and we pay no
attention to the dynamics. In other words, we examined whether the conservation laws
can be satisfied without details regarding the field configuration.

7.1.4 Cerenkov Interaction

It was previously indicated that since the dispersion
relation of the photon is parallel to the asymptote of the
electron's dispersion relation, the interaction is not possible
in an infinite domain. However, it is possible to change the
"slope" of the photon, namely to change its phase velocity -
- see Figure. The easiest way to do so is by "loading" the
medium where the wave propagates with a material whose
dielectric coefficient is larger than one. Denoting the
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refraction coefficient by n, the dispersion relation of the photon is given by

C
Epn = Py, (7.1.15)

while the dispersion relation of the electron remains unchanged. Substituting in the
expressions for the energy and the momentum conservation laws we find that the
condition for the interaction to occur is

~ =y, (7.1.16)
n

where it was assumed that the electron's recoil is relatively small i.e., i/ mc* < 1. The
result in (7.1.16) indicates that for the interaction to occur, the phase velocity of a plane
wave in the medium has to equal the velocity of the particle. This is the so-called
Cerenkov condition. Although dielectric loading is conceptually simple, it is not always
practical because of electric charges which accumulate on the surface and of a relatively
low breakdown threshold which is critical in high-power devices. For these reasons the
phase velocity is typically slowed down using metallic structures with periodic
boundaries. The operation of traveling wave tubes (or backward wave oscillators) relies
on this concept.
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7.1.5 Compton Scattering: Static Fields

It is not only a structure with periodic boundaries
which facilitates the interaction between electrons and
electromagnetic waves but also periodic fields. For example,

If a magneto-static field of periodicity L is applied on the
electron in the interaction region, then this field serves as a

momentum “reservoir" which can supply momentum quanta of na(2z/L) where
n=0,£1,%£2,... ; see Figure. The energy conservation law remains unchanged i.e.,

E.=E +E,, (7.1.17)
but the momentum is balanced by the applied static field

Pi = Py + Py +h2Tﬂn- (7.1.18)

For a relativistic particle (£ =1) and when the electron's recoil is assumed to be small,
these two expressions determine the so-called resonance condition which reads

0 =2y (z—fc nj, (7.1.19)

where y =[1-(v/c)?]™"?. Note that the frequency of the emitted photon depends on the
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velocity of the electron which means that by varying the velocity we can change the
operating frequency. A radiation source which possesses this feature is a tunable source.
Identical result is achieved if we assume a periodic electrostatic field and both field
configurations are employed in the so-called "free electron lasers".

7.1.6 Compton Scattering: Dynamic Fields

Static electric or magnetic field can be conceived as limiting cases of a dynamic
field of zero or vanishingly small frequency and we indicated above that they facilitate
the interaction between an electron and a wave. Consequently we may expect that the
Interaction of an electron with a wave will occur in the presence of another wave. Indeed,
If we have an initial wave of frequency @ and the emitted wave is at a frequency @, the

conservation laws read

E. +ha, = E, +ha, (7.1.20)
and
o =p +htne (7.1.21)
C C

Following the same procedure as above we find that the ratio between the frequencies of
the two waves is
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224y (7.1.22)
2]

which is by a factor of 2 larger than in the static case. The figure
illustrates this process.

7.1.7 Uniform Magnetic Field

A periodic magnetic field can provide quanta of momentum necessary to satisfy the
conservation law. It does not affect the average energy of the particle. An opposite
situation occurs when the electron moves in a uniform magnetic field (B): there is no
change in the momentum of the particle whereas its energy is given by

E= c\/p2 +(mc)* —2n#eB, (7.1.23)
where e =1.6022 x107" C is the charge of the electron and n = 0,+1,£2....

For most practical purposes the energy associated with the magnetic field is much
smaller than the energy of the electron therefore we can approximate
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_c\/p +m?c® —2neBh / 2z

ec’B ec’B
E — nlh? =B —-ni——+E,, (7.1.24)
i f
and the momentum conservation remains unchanged i.e.,
Pi = Pr + Ppn- (7.1.25)
From these two equations we find that the frequency of the
emitted photon is

o= 2y§— 3% [;E;j (7.1.26)

The last term is known as the relativistic cyclotron angular frequency, ., =eB/my.

The figure illustrates schematically this type of interaction. It indicates that the dispersion
line of the electron is split by the magnetic field in many lines (index n) and the
Interaction is possible since the electron can move from one line to another. Gyrotron's
operation relies on this mechanism and it will be discussed briefly in the next section.

7.1.8 Synchronism Condition
All the processes in which the interaction of an electron with a monochromatic wave

extends to large regions, have one thing in common: the velocity of the electron has to
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equal the effective phase velocity of the pondermotive wave along the electron's main
trajectory, namely

V= Vo et (7.1.27)

Here by pondermotive wave we mean the effective wave along the longitudinal
trajectory of the particle which accounts for transverse or longitudinal oscillation. In the
Cerenkov case we indicated that the phase velocity is ¢/n and there is no transverse
motion therefore the condition for interaction implies n =c/v where n is the refraction
coefficient of the medium. In the presence of a periodic static field the wavenumber of
the pondermotive wave is @/ c+ 27 / L therefore

()

V. . = , 7.1.28
et wlc+2z /L ( )
and for a dynamic field
_w, @
v, =—=2 1 7.1.29
ph,eff k2 + kl ( )

where k , =a,/c are the wavenumbers of the two waves involved. Finally, in a

uniform magnetic field only the effective frequency varies
W=,
Vonett = e (7.1.30)

The reader can check now that within the framework of this formulation we obtain
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(7.1.19) from (7.1.28), in the case of the dynamic field we have from (7.1.29) the 4y°

term as in (7.1.22) and finally (7.1.30) leads to the gyrotron's operation frequency
presented in (7.1.26).
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7.2 Radiation Sources: Brief Overview

There are numerous types of radiation sources driven by electron beams. Our
purpose in this section is to continue the general discussion from the previous section and
briefly describe the operation principles of one "member" of each class of what we
consider the main classes of radiation sources. A few comments on experimental work
will be made and for further details the reader is referred to recent review studies. The
discussion continues with the classification of the major radiation sources according to
several criteria which we found to be instructive.

7.2.1 The Klystron

The klystron was one of the first radiation sources to be developed. It is a device in
which the interaction between the particle and the wave is localized to the close vicinity
of a gap of a cavity, as illustrated in the Figure.

R

cathode

collector
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Electrons move along a drift tube and its geometry is chosen in such a way that at
the frequency of interest it does not allow the electromagnetic wave to propagate. The
latter is confined to cavities attached to the drift tube. The wave which feeds the first
cavity modulates the velocity of the otherwise uniform beam. This means that after the
cavity, half of the electrons have a velocity larger than the average beam velocity
whereas the second half has a smaller velocity. According to the change in the (non-
relativistic) velocity of the electrons the beam becomes bunched down the stream since
accelerated electrons from one period of the electromagnetic wave catch up with the slow
electrons from the previous period. When this bunch enters the gap of another cavity it
may generate radiation very efficiently. In practice, several intermediary cavities are
necessary to achieve good modulation.

7.2.2 The Traveling Wave Tube

The traveling wave tube (TWT) is a Cerenkov device, namely the phase velocity of
the interacting wave is smaller than ¢ and the interaction is distributed along many
wavelengths. Generally speaking, as the beam and the wave advance, the beam gets
modulated by the electric field of the wave and in turn, the modulated beam increases the
amplitude of the electric field. In this process both the beam modulation and the radiation
field grow exponentially in space.
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In the interaction process the electron oscillates primarily along the major axis (z
direction ) and the interaction is with the parallel component of the electric field.
Correspondingly, the interaction occurs here with the transverse magnetic (TM) mode.

7.2.3 The Gyrotron

The gyrotron relies on the interaction between an annular beam, gyrating around the
axis of symmetry due to an applied uniform magnetic field, and a transverse electric (TE)
mode. The concept of generating coherent radiation from electrons gyrating in a magnetic
field was proposed independently by three different researchers in the late fifties, and it
has attracted substantial attention due to its potential to generate millimeter and
submillimeter radiation.

In this device electrons move in the azimuthal direction and they get bunched by the
corresponding azimuthal electric field. As in the case of the TWT the bunches act back
on the field and amplify it. In contrast to traveling wave tubes or klystrons in which the
beam typically interacts with the lowest mode, in the gyrotron the interaction is with high
modes therefore various suppression techniques are employed in order to obtain coherent
operation with a single mode.

The operation frequency is determined by the applied magnetic field, the energy of
the electrons and, in cases of high mode operation, also by the radius of the waveguide:

293



0= wy+ 1Pyt + b, (7.2.2)

where f=v/c, o, =eB/m and a,, is the cutoff frequency of the mode. The operating
frequency in this case can reach very high values: for a magnetic field of 1T and y = 2.5

the operation frequency is of the order of 150 GHz or higher according to the mode with
which the electrons interact.
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Since the interaction of the electrons is with an azimuthal electric field, it is
necessary to provide the electrons with maximum momentum in this direction. The
parameter which is used as a measure of the injected momentum is the ratio of the
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transverse to longitudinal momentum « =v, /v,. This transverse motion is acquired by

the electrons in the gun region as can be deduced from the schematics illustrated in the
Figure. In relativistic devices this ratio is typically smaller than unity whereas in non-
relativistic devices it can be somewhat larger than one.

Beam location is also very important. In the TWT case the interaction is with the
lowest symmetric TM mode. Specifically the electrons usually form a pencil beam and
they interact with the longitudinal electric field which has a maximum on axis. We
Indicated that gyrotrons operate with high TE modes and the higher the mode, the higher
the number of nulls the azimuthal electric field has along the radial direction. Between
each two nulls there is a peak value of this field. It is crucial to have the annular beam on
one of these peaks for an efficient interaction to take place.

7.2.4 The Free Electron Laser

As the gyrotron, it is a fast-wave device in the sense that the interacting
electromagnetic wave has a phase velocity larger or equal to ¢ but instead of a uniform
magnetic field it has a periodic magnetic field. The "conventional" free electron laser
(FEL) has a magnetic field perpendicular to the main component of the beam velocity. As
a result, the electrons undergo a helical motion which is suitable for interaction with
either a TE or a TEM mode. The oscillation of electrons is in the transverse direction but
the bunching is longitudinal and in this last regard the process is similar to the one in the
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traveling wave tube. However, its major advantage is the fact that it does not require a
metallic (or other type of) structure for the interaction to take place. Consequently, it has
the potential to either generate very high power at which the contact of radiation with
metallic walls would create very serious problems, or produce radiation at UV, XUV or
X-ray where there are no other coherent radiation sources. The Figure illustrates the basic
configuration.
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7.2.5 The Magnetron

The magnetron was invented at the beginning
of the 20th century but because of its complexity
there is no analytical model, as yet, which can
describe its operation adequately as a whole. In
recent years great progress has been made in the

understanding of the various processes with the aid
of particle in cell (PIC) codes. Its operation combines potential and kinetic energy
conversion. The Figure illustrates the basic configuration. Electrons are generated on the
cathode (inner surface) and since a perpendicular magnetic field is applied they form a
flow which rotates azimuthally. The magnetic field and the voltage applied on the anode
are chosen in such a way that, in equilibrium, the average velocity of the electrons equals
the phase velocity of the wave supported by the periodic structure at the frequency of
interest.

A simplistic picture of the interaction can be conceived in the following way:
electrons which lose energy to the wave via the Cerenkov type interaction, move in
upward trajectories -- closer to the anode. Consequently, two processes occur. Firstly, the
closer the electron is to the periodic surface the stronger the radiation field and therefore
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the deceleration is larger, causing a further motion upwards. Secondly, as it moves
upwards its (dc) potential energy varies. Again, this is converted into electromagnetic
energy.

Two major differences between the magnetron and other radiation sources
mentioned above, are evident: (i) in the magnetron the beam generation, acceleration and
collection occur all in the same region where the interaction takes place. (ii) The
potential energy associated with the presence of the charge in the gap plays an important
role in the interaction; the other device where this is important is the vircator which will
be briefly discussed next.
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7.3 Generation of radiation in a waveguide

In this subsection we consider the electromagnetic field associated with the
symmetric transverse magnetic (TM) mode in a dielectric filled waveguide. As in the
previous subsection, the source of thiss field is a particle moving at a velocity v,,
however, the main difference is that the solution has a constraint since on the waveguide's
wall (r = R) the tangential electric field vanishes. Therefore, we shall calculate the Green
function in the frequency domain subject to the condition G(r =R,z|r,z)=0. We
assume a solution of the form

G(r,z|r,z)=)G,(z|r,z)J, ( P, %} (7.3.1)
s=1
substitute in (2.4.11) and use the orthogonality of the Bessel functions we find that
D r .
Gs(z|r,z)=Jo[pSEj1 0.(z12), (7.3.2)
LR
where g.(z|z ) satisfies
ﬁ—rz (z|z')——i5(z—z') (7.3.3)
dz®> ° J: 2 ’ o

and
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2 2
b o

2= FaRtiie (7.3.4)
For z >z the solution of (7.3.3) is
0,(2]7)=Ae"s, (7.35)
and for z < z the solution is
g.(z]7)=AesE). (7.3.6)
Green's function is continuous at z = z i.e.,
A=A, (7.3.7)

and its first derivative is discontinuous. The discontinuity is determined by integrating
(7.3.3)fromz=z -0toz=z +0 i.e,

d . d : 1
—0.(z]z ——09.(z|z =— 7.3.8
[dz 9,(z]| )Lm [dz 9,(z| )L,O - (7.3.8)
Substituting the two solutions introduced above, and using (7.3.7)we obtain
' 1 -r |z—z'|
Z|lz)=——e8e " " 7.3.9
9,(z]z) s (7.3.9)

S

Finally, the explicit expression for the Green's function corresponding to azimuthally
symmetric TM modes in a circular waveguide is given by
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G(r,zlr',z'):ZJO(psrll )% (p,r IR) 4;z1r il

SR

In this expression it was tacitly assumed that @ >0 and I', [defined in (7.3.4)] is non-

Zero.
With Green's function established, we can calculate the magnetic vector potential as
generated by the current distribution described in (2.4.10); the result is

A(r.2,0) = 2m, [ drr[ dZG(r,z|r 7)1, (r 7)

ey ~= J,(p,r/R) 2 ~j(wlvy)z
K =g 1“2+co"'/v2e '
AR (p) Y
It will be instructive to examine this expression in the time domain; the Fourier
transform is

(7.3.10)

S

(7.3.11)

e 5°
rzt)=—
Al ) 21°g,R* 1-n*p°
J (psr/ R) ja)(t z/vo)
S (7312
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where

2 2
% :( pscj P (7.3.13)
R ) 1-n°p
The problem has been now simplified to the evaluation of the integral
o eja)r
F(r=t-z/vy)=| d : 7.3.14
(7 0) _[_OO a)m ( )
which in turn is equivalent to the solution of the following differential equation
2
Ld 5 —Qi} F.(7) = -275(z). (2.4.39)
.

If the particle's velocity is smaller than the phase velocity of a plane wave in the medium
(nB <1) then Q2 >0 and the solution for z >0 is

F(z>0)=Ae ", (7.3.15)

or
F(r<0)=Ae™". (7.3.16)

As previously, in the case of Green's function, F,(z) has to be continuous at z =0
and its derivative is discontinuous:
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d d

When the velocity of the particle is smaller than ¢c/n (i.e., ng <1) the characteristic
frequency Q. is real, therefore

T -0
F(r)=—=e &, 7.3.18
:(7) Q. ( )
and
° &l IR) _a_t-uy
AGrzn=—t L5 TR ol (7:3.19)
This expression represents a superposition of evanescent modes attached to the particle.

It is important to emphasize that since the phase velocity of a plane wave in the medium
Is larger than the velocity of the particle there is an electromagnetic field in front ( 7 <0)

of the particle. The situation is different in the opposite case, 4 >1/n, since QZ <0. In
this case the waves are slower than the particle and there is no electromagnetic field in
front of the particle i.e.,

F.(r <0)=0. (7.3.20)

By virtue of the continuity at z =0 we have for 7 >0
F.(z>0)=Asin(|Q,|7) (7.3.21)
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Substituting these two expressions in (2.4.42) we obtain
R (0) =g (1 2, o), (7322

;|

and the magnetic vector potential reads

e 5
ANzt = me,R? n? 2 -1

<y Jo(P,"/R) sin@ Q. |(t—iﬂh(t—i} (7.3.23)

= J1(p) 1€ | Vo Vo
where h(¢&) is the Heaviside step function. This expression indicates that when the

velocity of the particle is larger than ¢/ n, there is an entire superposition of propagating
waves traveling behind the particle. Furthermore, all the waves have the same phase
velocity which is identical with the velocity of the particle, v,. It is important to bear in

mind that this result was obtained after tacitly assuming that ¢, is frequency independent

which generally is not the case, therefore the summation is limited to a finite number of
modes. The modes which contribute are determined by the Cerenkov condition
n(w=Q,)p>1.

After we established the magnetic vector potential, let us now calculate the average
power which trails behind the particle. Firstly, the azimuthal magnetic field is given by
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H¢(r,z,t):—i§Az(r,z,t)

Hy
_lsa P, 0
- 1y SZ:;A‘S R ‘Jl(ps Rj
xsin@ Q. |[t—iﬂh(t—i} (7.3.24)
VO VO
where
A=t P 1 (7.3.25)

7R A -1 (p) Q|
Secondly, the radial electric field is determined by the electric scalar potential which in
turn is calculated using the Lorentz gauge and it reads
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E (r,z,t) = —agd)(r,z,t)
r

I PN R e
- ZAS RJl(pst

EVy s=1

xsin@ Q. |(t—iﬂh(t—i} (7.3.26)
VO VO

With these expressions we can calculate the average electromagnetic power trailing the
particle. It is given by
2
po_/c 1 s 1 (7.3.27)
2rey e, R° ¢, 717 37(p,)

Note that for ultra relativistic particle (£ — 1) the power is independent of the particle's
energy. In order to have a measure of the radiation emitted consider a very narrow bunch
of N ~10" electrons injected in a waveguide whose radius is 9.2 mm. The waveguide is
filled with a material whose dielectric coefficient is £ 2.6 and all electrons have the same
energy 450 keV. If we were able to keep their velocity constant, then 23 MW of power at

11.4 GHz (first mode, s =1) will trail the bunch. Further examining this expression we
note that the average power is quadratic with the frequency i.e.,
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2 2
p=yp - N ¢ Q.1 (7.3.28)
s 27E e T [pJi(p)]
In addition, based on the definition of the Fourier transform of the current density in
(2.4.10), we conclude that the current which this macro-particle excites in the sth mode

Is 1.eENQ_/ 2z . With this expression, the radiation impedance of the first mode (s =1) is
R, = P, 4

—1 =y .
;| I, |2 0 grﬁ[ pl‘]l(pl)]2

For a relativistic particle, g =1, a dielectric medium ¢, = 2.6 the radiation impedance

corresponding to the first mode is = 1200Q2 which is one order of magnitude larger than
that of a dipole in free space or between two plates. Note that this impedance is
independent of the geometry of the waveguide and for an ultra-relativistic particle it is
Independent of the particle's energy.

(7.3.29)
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7.4 Generation of radiation in a cavity

In order to examine transient phenomena associated with reflected waves we shall
calculate the electromagnetic energy in a cavity as a single (point) charge traverses the
structure. Consider a lossless cylindrical cavity of radius R and length d. A charged
particle (e) moves along the axis at a constant velocity v,. Consequently, the

longitudinal component of the current density is the only non-zero term, thus
J,(r,t)=-ev, i5(r)5(z —V,1). (7.4.1)
27r

It excites the longitudinal magnetic vector potential A, (r,t) which for an azimuthally
symmetric system satisfies
10 1 o8 1206°
——r—+ — r,z,t) =—u,Jd,(r,z,t). 71.4.2
{rar or oz* ¢ 6t2}AZ( )=t (1. 21) (7:4.2)

In this section we shall consider only the internal problem, ignoring the electromagnetic
phenomena outside the cavity. The boundary conditions on the internal walls of the
cavity impose that E,(r = R,z,t)=0, E (r,z=0,t)=0 and E (r,z=d,t) =0 therefore
the magnetic vector potential reads

Az =3 As,nawo(ps %jcos(%”zj. (7.4.3)

s=1,n=0
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Using the orthogonality of the trigonometric and Bessel functions we find that the
amplitude A, ,(t) satisfies

d? ev 1 1
{FWLQ?,n}Ag,n(t):—Zﬂ; 1 -
o ZR%J(p,) 9
2
xcos[”—”votj h(t)—h(t—ﬁj | (7.4.4)
d d
where
1 forn=0,
g, : (7.4.5)
0.5 otherwise,
and

- & 2 7Z'_n 2
=)&) (=), 149

are the eigen-frequencies of the cavity. Before the particle enters the cavity (t <0), no
field exists, therefore
A,(t<0)=0. (7.4.7)

For the time the particle is in the cavity namely, 0<t<d/v,, the solution of (7.4.4)
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consists of the homogeneous and the excitation term:

A, (O <t< vij = B, cos(€2, ,t)B, sin(€2, )

0

+a , Cos(a,t), (7.4.8)
where
0 - ev, 1 1 1 | (7.4.9)
o 27, 1 5242 g.d Q —w?
0 2R ‘Jl(ps) n s,n n
and
o, =%nvo. (7.4.10)

Since both the magnetic and the electric field are zero at t = 0, the function A (t) and

its first derivative are zero at t = 0 hence
B, =0, (7.4.11)

and
B, =0. (7.4.12)
Consequently, the amplitude of the magnetic vector potential [ A, (t)] reads

A, (1) =, | cos(a,t) - cos( 1) | (7.4.13)
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Beyond t =d /v,, the particle is out of the structure thus the source term in (7.4.4) is
zero and the solution reads

d d
A, (t > V—O) =C, COS{QS’H [t —V—Oﬂ

+C25in|:Qsln (t _viﬂ (7.4.14)

As in the previous case, at t=d /v, both A (t>d/v,) and its derivative, have to be
continuous:

a.. {(—1)n - cos(Qs n iﬂ -C, (7.4.15)
, "
. d
a, annsm(an—]zczan. (7.4.16)
€, " ,

For this time period, the explicit expression for the magnetic vector potential is
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A, [t > ij =a,, {(—1)” — cos[Qsln iﬂ COS{QS i [t —iﬂ
VO VO | V0
+a, , sin(Qsln ijsin{ﬂs i (t —iﬂ (7.4.17)
VO | VO

The expressions in (7.4.7), (7.4.13), (7.4.17) describe the magnetic vector potential in the
cavity at all times. The Figure illustrates schematically this solution.

During the period the electron spends in the A —
cavity, there are two frequencies which are Yo RJ
excited: the eigen-frequency of the cavity Q. = and S N L — — .
the "resonances" associated with the motion of the Lz’
particle, «,. The latter set corresponds to the case
when the phase velocity, v, @/k, equals the o d
velocity v,. Since the boundary conditions impose RJ Vo <\
kzn/d and the resonance implies | 1 AR~ o
(& d N Ty
VO _Vph =C C_Z% ’
——d—
il AW £
o | i
S "t




thus we can immediately deduce the resonance frequencies @, as given in (7.4.10).

Now that the magnetic vector potential has been determined, we consider the effect
of the field generated in the cavity on the moving particle. The relevant component is

A{r Z, O<t<—j > ad, (ps jxcos(nd j[cos(wnt)—cos(QS,nt)}.(7.4.19)

s=1,n=0
Note that the upper limit in the double summation was omitted since in practice this limit
Is determined by the actual dimensions of the particle, which so far was considered
Infinitesimally small. In order to quantify this statement we realize that the summation is
over all eigenmodes which have a wavenumber much longer than the particle's dimension
e, Q R /c<1.

According to Maxwell's equations, the longitudinal electric field is
0 10
—E (r,t)=-J (r,t)+——rH (r,t). 7.4.20
80 8t z( ) z( ) r ar (p( ) ( )

Furthermore, the field which acts on the particle does not include the self field, therefore
we omit the current density term. Using the expression for the magnetic vector potential
[(2.1.36)], we have
10 0
E (r,t)=-c dt——r— r,t 7.4.21
() == [dt——r—A(r), (7.4.21)
or explicitly,
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E(r20<t<—] > a, (

r zn _.| sin(aw,t) _sin(QS,nt)
Py jJO(pSijcos(d z){ - o }

(7.4.22)
In a lossless and closed cavity the total power flow is zero, therefore Poynting's theorem
In its integral form reads

dw R d
" —27zjo olrrj0 dzE, (r,z,t)J,(r,z,t). (7.4.23)
Thus substituting the current density [(7.4.1)] we obtain
W =ev, jo"’VOthz(r, Z=V,,t), (7.4.24)
which has the following explicit form
' sin(Q, t
W=ev, ) «, (Cpsj jo 0dtcos(a)nt){Sm(a)f‘t)— g(z S )} (7.4.25)
s=1,n=0 n s,n

The time integral in this expression can be evaluated analytically. As can be readily
deduced, the first term represents the non-homogeneous part of the solution and its
contribution is identically zero whereas the second's reads

—ev, Y a, (cpsj 1—(—1)“cos(QS,nd/v0)_ (7.4.26)

2 2
s=1,n=0 Qs,n_a)n
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Substituting the explicit expression for «, , we have

- e2 -
wW=W
(47zgod j

_ 2p, | 1, 1 1— (~1)" (Q H 7.4.27
s:l,znw(Jl(ps)j g, [pf+(7an/d7/)2]{ (~1)" cos v, ( )

In the Figure we illustrate two typical terms from the expression above as a function of
the particle's momentum. The (normalized) energy stored at 10.7 GHz (corresponding to
s=1n=1) is shown in the left frame and we observe that for 8 =2.5 the energy

reaches its  asymptotic  value
[W(s=1,n=1)=4]. This is in 40 r —15cm 40 R —15cm
contrast to the energy stored in the d=20¢ ¢ =2gn
35.5 GHz (s = 3,n = 3) wave which at SOF 30~
the same momentum reaches_virtually ”:T 20 :03\ 20
zero level; the asymptotic value E’ E
[W(s=3,n=3)=0.5] is reached for 10 1ol
a much higher momentum (3£ =15).
0.0 | | | 0.0 |
0.0 10 20 0.0 1.0
7 7
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