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1. Introduction

Turbo codes, first presented to the coding community in 1993 [1], [2], represent one of the most
important breakthroughs in coding since Ungerboeck introduced trellis codes in 1982 [3]. A turbo
code encoder comprises a concatenation of two (or more) convolutional encoders and its decoder
consists of two (or more) “soft” convolutional decoders which feed probabilistic information back
and forth to each other in a manner that is reminiscent of a turbo engine. This chapter presents a
tutorial exposition of parallel and serial concatenated convolutional codes (PCCCs and SCCCs),
which we will also call parallel and serial turbo codes. Included here are a simple derivation for
the performance of these codes and a straightforward presentation of their iterative decoding
algorithms. The treatment is intended to be a launching point for further study in the field and
to provide sufficient information for the design of computer simulations. This chapter borrows
from some of the most prominent publications in the field [4]-[12].

The chapter is organized as follows. Section 2 describes details of the parallel and serial
turbo code encoders. Section 3 derives a truncated union bound on the error rate of these codes
under the assumption of maximume-likelihood decoding. This section explains the phenomenon
of interleaver gain attained by these codes. Section 4 derives in detail the iterative (turbo)
decoder for both PCCCs and SCCCs. Included in this section are the BCJR decoding algorithm
for convolutional codes and soft-in/soft-out decoding modules for use in turbo decoding. The
decoding algorithms are presented explicitly to facilitate the creation of computer programs.
Section 5 contains a few concluding remarks.

2. Encoder Structures

Fig. 1 depicts a parallel turbo encoder. As seen in the figure, the encoder consists of two binary
rate 1/2 convolutional encoders arranged in a so-called parallel concatenation, separated by a K-



bit pseudo-random interleaver or permuter. Also included is an optional puncturing mechanism
to obtain high code rates [13]. Clearly, without the puncturer, the encoder is rate 1/3, mapping
K data bits to 3K code bits. With the puncturer, the code rate R = K /(K + P), where P is the
number of parity bits remaining after puncturing. Observe that the constituent encoders are
recursive systematic convolutional (RSC) codes. As will be seen in the sequel, recursive encoders
are necessary to attain the exceptional performance (attributed to “interleaver gain”) provided
by turbo codes. Without any essential loss of generality, we assume that the constituent codes
are identical.

Fig. 2 depicts a serial turbo encoder. As seen in the figure, the serially concatenated
convolutional encoders are separated by an interleaver, and the inner encoder is required to be
an RSC code, whereas the outer encoder need not be recursive [6]. However, RSC inner and
outer encoders are often preferred since it is convenient to puncture only parity bits to obtain
high code rates [14]. Further, an RSC outer code will facilitate our analysis below. The code
rate for the serial turbo encoder is R = R, - R; where R, and R; are the code rates for the outer
and inner codes, respectively.

For both parallel and serial turbo codes, the codeword length is N = K/R bits, and we may
consider both classes to be (N, K) block codes.

We now discuss in some detail the individual components of the turbo encoders.
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2.1. The Recursive Systematic Encoders

Whereas the generator matrix for a rate 1/2 non-recursive convolutional code has the form
Gngr(D) = [g1(D) g2(D)], the equivalent recursive systematic encoder has the generator matrix

2]

Observe that the code sequence corresponding to the encoder input u(D) for the former code
is u(D)Gyr(D) = [u(D)g1(D) u(D)g2(D)], and that the identical code sequence is produced
in the recursive code by the sequence u/(D) = wu(D)g;(D), since in this case the code se-
quence is u(D)g1(D)Gr(D) = u(D)Gng(D). Here, we loosely call the pair of polynomials
[u(D)g1(D) u(D)ge(D)] a code sequence, although the actual code sequence is derived from
this polynomial pair in the usual way.

Observe that, for the recursive encoder, the code sequence will be of finite weight if and only
if the input sequence is divisible by ¢; (D). We have the following corollaries of this fact which
we shall use later.

Fact 1. A weight-1 input will produce an infinite weight output for such an input is never
divisible by a (non-trivial) polynomial ¢;(D). (In practice, “infinite” should be replaced by
“large” since the input length is finite.)

Fact 2. For any non-trivial g;(D), there exists a family of weight-2 inputs of the form
Di(1+ DP), 7 > 0, which produce finite weight outputs, i.e., which are divisible by g;(D). When
g1(D) is a primitive polynomial of degree m, then p = 2™ — 1. More generally, p is the length
of the pseudorandom sequence generated by g;(D).

Proof: Because the encoder is linear, its output due to a weight-2 input D’(1 + D) is equal
to the sum of its outputs due to D/ and D’D!. The output due to D’ will be periodic with
period p since the encoder is a finite state machine (see Example 1 and Fig. 3): the state at time
j must be reached again in a finite number of steps p, after which the state sequence is repeated
indefinitely with period p. Now letting ¢t = p, the output due to D?DP? is just the output due to
D7 shifted by p bits. Thus, the output due to D’(1 + DP) is the sum of the outputs due to D’
and D? DP which much be of finite length and weight since all but one period will cancel in the
sum. []

In the context of the code’s trellis, Fact 1 says that a weight-1 input will create a path that
diverges from the all-zeros path, but never remerges. Fact 2 says that there will always exist a
trellis path that diverges and remerges later which corresponds to a weight-2 data sequence.

Example 1. Consider the code with generator matrix

L+ D>+ D°+ D*
1+ D+ D?

Thus, g1(D) = 1+ D+ D* and go(D) = 1+ D*+ D?* + D* or, in octal form, (g1, ga) = (31, 27).
Observe that g;(D) is primitive so that, for example, u(D) = 1+ D' produces the finite-length
code sequence (1+ D' 1+ D+ D?*+ D3+ D5+ D"+ D®+ D). Of course, any delayed version
of this input, say, D"(1 + D), will simply produce a delayed version of this code sequence.
Fig. 3 gives one encoder realization for this code. We remark that, in addition to elaborating
on Fact 2, this example serves to demonstrate the conventions generally used in the literature
for specifying such encoders. [

G(D) = [1

GR(D) =



v

015=0 Oaa
> ] X Cxk

023 024

P«

v

Fig. 3. RSC encoder with (g1, g2) = (31, 27).

2.2. The Interleaver

The function of the interleaver is to take each incoming block of bits and rearrange them in a
pseudo-random fashion prior to encoding by the second encoder. For the PCCC, the interleaver
permutes K bits and, for the SCCC, the interleaver permutes K /R, bits. Unlike the classical
interleaver (e.g., block or convolutional interleaver), which rearranges the bits in some systematic
fashion, it is crucial that this interleaver sort the bits in a manner that lacks any apparent order,
although it might be tailored in a certain way for weight-2 and weight-3 inputs as will be made
clearer below. The S-random interleaver [8] is quite effective in this regard. This particular
interleaver ensures that any two inputs bits whose positions are within S of each other are
separated by an amount greater than & at the interleaver output. S should be selected to be
as large as possible for a given value of K. Also, as we shall see, performance increases with K,
and so K > 1000 is typical.

2.3. The Puncturer

The role of the turbo code puncturer is identical to that of its convolutional code counterpart,
that is, to delete selected bits to reduce coding overhead. We have found it most convenient to
delete only parity bits, but there is no guarantee that this will maximize the minimum codeword
distance. For example, to achieve a rate of 1/2, one might delete all even parity bits from the
top encoder and all odd parity bits from the bottom one.

3. Performance with Maximum-Likelihood Decoding

As will be elaborated upon in the next section, a maximum-likelihood (ML) sequence decoder
would be far too complex for a turbo code due to the presence of the permuter. However, the
suboptimum iterative decoding algorithm to be described there offers near-ML performance.
Hence, we shall now estimate the performance of an ML decoder on a binary-input AWGN
channel with power spectral density Ny/2 (analysis of the iterative decoder is much more diffi-
cult).



Armed with the above descriptions of the components of the turbo encoders of Figs. 1 and 2,
it is easy to conclude that it is linear since its components are linear. The constituent codes are
certainly linear, and the interleaver is linear since it may be modeled by a permutation matrix.
Further, the puncturer does not affect linearity since all the constituent codewords share the
same puncture locations. As usual, the importance of linearity in evaluating the performance
of a code is that one may choose the all-zeros sequence as a reference. Thus, we shall assume
that the all-zeros codeword was transmitted. The development below holds for both parallel
and serial turbo codes.

Now consider the all-zeros codeword (the 0 codeword) and the k™ codeword, for some
ke {1,2,..,25 —1}. The ML decoder will choose the k" codeword over the 0" codeword with

probability ) (W/QdkREb /NO) where dj, is the weight of the k* codeword and E, is the energy
per information bit. The bit error rate for this two-codeword situation would then be

Py(k|0) = wg (bit errors/cw error) X

% (cw/ data bits) x

Q <\/2deEb/N0> (cw errors/cw)

2RdE),
= %Q( fid b) (bit errors/data bit)

No

where wy, is the weight of the &£ data word. Now including all of the codewords and invoking
the usual union bounding argument, we may write

P, = Py(choose any k € {1,2,...,25 —1}]0)
2K 1

< 2 h(k|0)
k=1
2K 1
_ ’; KQ( N ) :

Note that every non-zero codeword is included in the above summation. Let us now reorganize
the summation as

K w 2Rd . E
P, <> Z?Q ( Tob> (3.1)

where the first sum is over the weight-w inputs, the second sum is over the (fj ) different weight-w

inputs, and d,,, is the weight of the v™* codeword produced by a weight-w input. We emphasize
that (3.1) holds for any linear code.

Consider now the first few terms in the outer summation of (3.1) in the context of parallel
and serial turbo codes. Analogous to the fact that the top encoder in the parallel scheme is
recursive, we shall assume that the outer encoder in the serial scheme is also recursive. By
doing so, our arguments below will hold for both configurations. Further, an RSC outer code
facilitates the design of high rate serial turbo codes as mentioned above.



w = 1: From Fact 1 and associated discussion above, weight-1 inputs will produce only large
weight codewords at both PCCC constituent encoder outputs since the trellis paths created
never remerge with the all-zeros path. (We ignore the extreme case where the single 1 occurs at
the end of the input words for both encoders for this is avoidable by proper interleaver design.)
For the SCCC, the output of the outer encoder will have large weight due to Fact 1, and its
inner encoder output will have large weight since its input has large weight. Thus, for both
cases, each dy, can be expected to be significantly greater than the minimum codeword weight
so that the w = 1 terms in (3.1) will be negligible.

w = 2: Suppose that of the (12() possible weight-2 encoder inputs, u.(D) is the one of least
degree that yields the minimum turbo codeword weight, ds win, for weight-2 inputs. Due to the
presence of the pseudo-random interleaver, the encoder is not time-invariant, and only a small
fraction of the inputs of the form D7u,(D) (there are approximately K of them) will also produce
turbo codewords of weight ds . (This phenomenon has been called spectral thinning [10].)
Denoting by ny the number of weight-2 inputs which produce weight-ds i, turbo codewords, we
may conclude that ny << K. (For comparison, ny ~ K for a single RSC code as shifts of some
worst-case input merely shifts the encoder output, thus maintaining a constant output weight.)
Further, the overall minimum codeword weight, di,, is likely to be equal or close to dy min since
low-degree, low-weight input words tend to produce low-weight codewords. (This is easiest to
see in the parallel turbo code case which is systematic.)

w > 3: When w is small (e.g., w = 3 or 4), an argument similar to the w = 2 case may
be made to conclude that the number of weight-w inputs, n,,, that yield the minimum turbo
codeword weight for weight-w inputs, dy, min, is such that n,, << K. Further, we can expect
dy,min to be equal or close to dpiy. No such arguments can be made as w increases beyond about
5.

To summarize, by preserving only the dominant terms, the bound in (3.1) can be approxi-
mated as

3 Wy, 2Rdw,minEb
Pb—ng e Q( N, ) (3.2)
where w > 4 terms may be added in the event that they are not negligible (more likely to be
necessary for SCCCs). We note that n,, and dy, min are functions of the particular interleaver
employed. Since w = 2 or 3 in (3.2) and n,, << K with K > 1000, the coefficients out in front of
the Q-function are much less than unity. (For comparison, the coefficient for a convolutional code
can be much greater than unity, cf. [10]) This effect is called interleaver gain and demonstrates
the necessity of large interleavers. Finally, we note that recursive encoders are crucial elements
of a turbo code since, for non-recursive encoders, division by g1(D) (non-remergent trellis paths)
would not be an issue and (3.2) would not hold (although (3.1) still would).

When K ~ 1000, it is possible to exhaustively find via computer the weight spectra {ds, :
v=1,.., (I;)} and {dz, : v =1, ..., (13()} corresponding to the weight-2 and -3 inputs. In this
case, an improved estimate of P,, given by a truncation of (3.1), is

ZQZ; w0 ( /2Rdwova) | 53

We remark that if codeword error rate, P.,, is the preferred performance metric, then an



estimate of P, may be obtained from (3.2) or (3.3) by removing the factor w/K from these
expressions. That this is so may be seen by following the derivation above for P,.
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Fig. 4. PCCC and SCCC bit error rate (BER) and frame error rate (FER) simulation results
together with analytical result in (3.3).
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Ezample 2. We consider in this example a PCCC and an SCCC code, both rate 8/9 with
parameters (N, K) = (1152,1024). We use identical 4-state RSC encoders in the PCCC encoder
whose generators polynomials are, in octal form, (g1, g2) = (7,5). To achieve a code rate of 8/9,
only one bit is saved in every 16-bit block of parity bits at each encoder output. The outer
constituent encoder in the SCCC encoder is this same 4-state RSC encoder, and the inner code
is a rate-1 differential encoder with transfer function 1@%' A rate of 8/9 is achieved in this
case by saving one bit in every 8-bit block of parity bits. The PCCC interleaver is a 1024-
bit pseudo-random interleaver with no constraints added (e.g., no S-random constraint). The
SCCC interleaver is a 1152-bit pseudo-random interleaver with no constraints added.

Fig. 4 presents performance results for these codes based on computer simulation using the
iterative (i.e., non-ML) decoding algorithm of the next section. Simulation results for both bit
error rate B, (BER in the figure) and frame or codeword error rate P, (FER in the figure) are
presented. Also included in the figure are analytic performance curves for ML decoding using
the truncated union bound in (3.3). (P., is obtained by removing the factor w/K in (3.3) as
indicated above.) We see the close agreement between the analytical and simulated results in
this figure. [J

In addition to illustrating the use of the estimate (3.3), this example helps explain the
“flooring” effect of the error rate curves: it may be interpreted as the usual Q-function shape



for a signaling scheme with a modest d,;,, “pushed down” by the interleaver gain w*n,. /K,
where w* is the value of w corresponding to the dominant term in (3.2) or (3.3).

We comment on the fact that the PCCC in Fig. 4 is substantially better than the SCCC
whereas it is known that SCCCs generally have lower floors [6]. We attribute this to the fact
that the outer RSC code in the SCCC has been punctured so severely that d,;, = 2 for this
outer code (although d,,;, for the SCCC is a bit larger). The RSC encoders for the PCCC is
punctured only half as much, and so d.;, > 2 for each of these encoders. We also attribute
this to the fact that we have not used an optimized interleaver for this example. In support
of these comments, we have also simulated rate 1/2 versions of this same code structure so
that no puncturing occurs for the SCCC and much less occurs for the PCCC. In this case,
(N, K) = (2048,1024) and S-random interleavers were used (S = 16 for PCCC and S = 20 for
SCCC). The results are presented in Fig. 5 where we observe that the SCCC has a much lower
error rate floor, particularly for the FER curves. Finally, we remark that w > 4 terms in (3.2)
are necessary for an accurate estimate of the floor level of the SCCC case in Fig. 5.
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Fig. 5. Rate 1/2 PCCC and SCCC bit error rate (BER) and frame error rate (FER)
simulation results.

4. The Iterative Decoders

4.1. Overview of the Iterative Decoder

Consider first an ML decoder for a rate 1/2 convolutional code (recursive or not), and assume
a data word of length K > 1000. Ignoring the structure of the code, a naive ML decoder would



have to compare (correlate) 2 code sequences to the noisy received sequence, choosing in favor
of the codeword with the best correlation metric. Clearly, the complexity of such an algorithm
is exorbitant. Fortunately, as we know, such a brute force approach is simplified greatly by
Viterbi’s algorithm which permits a systematic elimination of candidate code sequences.

Unfortunately, we have no such luck with turbo codes, for the presence of the interleaver
immensely complicates the structure of a turbo code trellis. A near-optimal solution is an
iterative decoder (also called a turbo decoder) involving two soft-in/soft-out (SISO) decoders
which share probabilistic information cooperatively and iteratively. The goal of the iterative
decoder is to iteratively estimate the a posteriori probabilities (APPs) Pr (uy | y) where uy is
the k™ data bit, k = 1,2,..., K, and y is the received codeword in noise, y = ¢ + n. In this
equation, we assume the components of ¢ take values in the set {£1} (and similarly for u) and
n is a noise word whose components are AWGN samples. Knowledge of the APPs allows for
optimal decisions on the bits u; via the maximum a posteriori (MAP) rule!

Puy=+1]y) £
<
Plup=-1]y) 1

1

or, more conveniently,
Uy, = sign [L(ug)] (4.1)

where L(uy) is the log a posteriori probability (log-APP) ratio defined as

o 2o (=113

We shall use the term log-likelihood ratio (LLR) in place of log-APP ratio for consistency with
the literature.

The component SISO decoders which jointly estimate the LLRs L(ug) for parallel and serial
turbo codes compute the LLRs for component code inputs (u;), component code outputs (¢ ),
or both. Details on the SISO decoders will be presented below. For now, we simply introduce
the convention that, for PCCCs, the top component encoder is encoder 1 (denoted E1) and the
bottom component decoder is encoder 2 (denoted E2). For SCCCs, the outer encoder is encoder
1 (E1) and the inner encoder is encoder 2 (E2). The SISO component decoders matched to E1
and E2 will be denoted by D1 and D2, respectively. Because the SISO decoders D1 and D2
compute L(u;;) and/or L(cy), i@ = 1,2, we will temporarily use the notation L(bx) where by
represents either u;, or c;.

. From Bayes’ rule, the LLR for an arbitrary SISO decoder can be written as

L(bg) = log (P(y D = _1)> + log <—P(bk — _1)> (4.2)

with the second term representing a priori information. Since P(by = +1) = P(b, = —1) typi-
cally, the a prior: term is usually zero for conventional decoders. However, for iterative decoders,
each component decoder receives eztrinsic or soft information for each by from its companion

Tt is well known that the MAP rule minimizes the probability of bit error. For comparison, the ML rule,
which maximizes the likelihoods P(y | ¢) over the codewords ¢, minimizes the probability of codeword error.



decoder which serves as a priori information. The idea behind extrinsic information is that D2
provides soft information to D1 for each by using only information not available to D1, and D1
does likewise for D2. For SCCCs, the iterative decoding proceeds as D2—D1—D2—D1—...,
with the previous decoder passing soft information along to the next decoder at each half-
iteration. For PCCCs, either decoder may initiate the chain of component decodings or, for
hardware implementations, D1 and D2 may operate simultaneously.

This type of iterative algorithm is known to converge to the true value of the LLR L(uy) for
the concatenated code provided that the graphical representation of this code contains no loops
[15]-[17]. The graph of a turbo code does in fact contain loops [17], but the algorithm nevertheless
provides near-optimal performance for virtually all turbo codes. That this is possible even in
the presence of loops is not fully understood.

This section provided an overview of the turbo decoding algorithm in part to motivate the
next section on SISO decoding of a single RSC code using the BCJR algorithm [18]. Following
the description of the SISO decoder for a single RSC code will be sections that describe in full
detail the iterative PCCC and SCCC decoders which utilize slightly modified SISO decoders.

4.2. The BCJR Algorithm and SISO Decoding
4.2.1. Probability Domain BCJR Algorithm for RSC Codes

Before we discuss the BCJR algorithm in the context of a turbo code, it is helpful to first

consider the BCJR algorithm applied to a single rate 1/2 RSC code on an AWGN channel.

Thus, as indicated in Fig. 3, the transmitted codeword ¢ will have the form ¢ = [¢1, ¢a, ..., cx] =

[u1, p1, us, P, ..., Uk, px] Where ¢, = [ug, pr]. The received word y = ¢ +n will have the form
A

y = [ylu Y2, 05 yK] = [y%7 yf7 yg7 ygu ey y%{u y];(] where Yk = [y}é7 yg]u and Simﬂarly for n. As above,
we assume our binary variables take values from the set {41}.

Our goal is the development of the BCJR algorithm [18] for computing the LLR

P(Uk:+1|}’)>
Puy =—1]y)

L(ug) = log (

given the received word y. In order to incorporate the RSC code trellis into this computation,
we rewrite L(uy) as
> p(sk-1 =55 =3,y)

I —] U+
(Uk) Og (; b (Sk—l = 8/7 Sk = S, y)

(4.3)

where sy, is encoder state at time k, U™ is set of pairs (', s) for the state transitions (sx_; = §') —
(sx = s) which correspond to the event ux = +1, and U~ is similarly defined. To write (4.3) we
used Bayes’ rule, total probability, and then cancelled 1/p (y) in the numerator and denominator.
We see from (4.3) that we need only compute p(s',s,y) = p(sx_1 =5, sx = s,y) for all state
transitions and then sum over the appropriate transitions in the numerator and denominator.
We now provide the crucial results which facilitate the computation of p (¢, s,y) .

Result 1. The pdf p (¢, s,y) may be factored as

p(ssy) = a1 (s) (s s) P(s) (4.4)



where
g (s) =p <5k = S7Y]f)
Vi (8, ) = p(sk =5y | sp-1=5)
Br(s) = p (Yfﬂ | sp = 5)
and where ¥ 2 [ya, Yar1, " - - Ys)-
Proof: By several applications of Bayes’ rule, we have

/ k—1 K
5,5,Y, 7yk7yk+1>

p(shsy) = b
(5 [ s 8 Lu) p (58,98 )

(i I s yi ™ we) p (5.0 |8 987) - (5 987)
(via I5) - p(sme ] 8) - p (957

= Bu(s) - (s s) - apo1(5)

where the fourth line follows from the third because the variables omitted on the fourth line are
conditionally independent. []
Result 2. The probability ay (s) may be computed in a “forward recursion” via

o () =D (5, 8) - (5) (4.5)

where the sum is over all possible encoder states.
Proof: By several applications of Bayes’ rule and the theorem on total probability, we have

ax(s) £ p(syF)
_ Zp(s’,s,y'f)
- Sz,p (s | 5", 517" ) p (5" 917)
S p(ee | ) (i)
— é:%(s',s)ak_l(s’)

where the fourth line follows from the third due to conditional independence of y¥ 1. O
Result 3. The probability [ (s) may be computed in a “backward recursion” via

Brer (8) =D Bi () e (5, 5) (4.6)

Proof: Applying Bayes’ rule and the theorem on total probability, we have

B (s) 2 p(vi|s)



= Y (v )
- Zp <Y1€(+1 | 3/757yk)p(8,yk | s")
= Zp<ykK+1 | S)P(Sayk | )

= D Be(s) (s, s)

where conditional independence led to the omission of variables on the fourth line. [J
The recursion for the {ay (s)} is initialized according to

w0 ={ o 270

which makes the reasonable assumption that the convolutional encoder is initialized to the zero
state. The recursion for the {f (s)} is initialized according to

5}((5):{ (1): Z;g

which assumes that “termination bits” have been appended at the end of the data word so that
the convolutional encoder is again in state zero at time K.

All that remains at this point is the computation of vy (s',s) = p(s,yx | §'). Observe that
Yk (8, s) may be written as

! o P(Slvs) p(Sl,S,yk)
[ T R P
P(s|s)p(yl|s,s)
= P (ug)p (ye | ue) (4.7)

where the event wuy corresponds to the event s — s. Note P(s|s) =P (s —s) =0if s is
not a valid state from state s’ and P (s — s) = 1/2 otherwise (since we assume binary-input
encoders with equiprobable inputs). Hence, v, (s',s) = 0 if ' — s is not valid and, otherwise,

by Plw) lye — cll®
7’6(8 78) - \/ﬁa exp [_ 202 ] (48)
_o b [ )+ ()
N A l 20° ] o

where 0 = Ny/2.

In summary, we may compute L(uy) via (4.3) using (4.4), (4.5), (4.6), and (4.8). This
“probability domain” version of the BCJR algorithm is numerically unstable for long and even
moderate codeword lengths, and so we now present the stable “log domain” version of it.



4.2.2. Log Domain BCJR Algorithm for RSC Codes
In the log-BCJR algorithm, ay (s) is replaced by the forward metric

ar(s) = log(a(s))
= log (Z ap_1(8") 1 (¢, s))
= log (Z, exp (g1 (8') + 3 (¢, s))) (4.10)

where the branch metric 7 (s, s) is given by

ak (8/7 S) - lOg Ve (Slu 8)

2
= —log (2v2m0) - g = cxll” (4.11)

202

We will see that the first term in (4.11) may be dropped. Note that (4.10) not only defines
ay (8), but it gives its recursion. These log-domain forward metrics are initialized as
do (s) = { _?)’O’ 8;20 (4.12)
The probability (;—1 (s) is replaced by the backward metric
Or1 (s) £ log (B (5))
= log (Z exp B (5) + Ak (& s)) (4.13)

with initial conditions
~ 0, s=0
ﬂK(S)_{—oo, s#0

under the assumption that the encoder has been terminated.
As before, the L(uy) is computed as

g; g1 (8") v (8", 8) B (s

(4.14)

~—

L(uy) = log

—log [Z exp (5%—1 (8") + A (s, 8) + B (s))} . (4.15)

It is evident from (4.15) that the constant term in (4.11) may be ignored since it may be factored
all the way out of both summations. At first glance, equations (4.10)-(4.15) do not look any



simpler than the probability domain algorithm, but we use the following results to attain the

simplification.
Result 4
e’ +eY
1+ e—I=—yl )
Proof: Without loss of generality, when x > y, the right-hand side equals z. [J
Now define

max (z,y) = log <

>

max”(x,y) = log (* 4 ¢Y)

so that from Result 4,
max*(z,y) = max (z,y) + log (1 + e—\m—yl) :
This may be extended to more than two variables. For example,
max*(z,y,z) = log (¢ + €Y + €7)

which may be computed pairwise according to the following result.
Result 5
max*(z,y, z) = max” [max” (z,y), 2]

Proof:
RIS = log [t 1
= log [elog(e”ey) + ez}

log [e” + €Y + €]
LHS U

Given the function max* (-), we may now rewrite (4.10), (4.13), and (4.15) as

i (5) = max” [y () + 3 (9]

Br_1 (') = msax* [ﬁk (s) + 7% (¢, s)] ,

and

L(u) = HLlfa}rX* [d ko1 (8)) + % (5, 8) + Br (s)}

_ H,}%X* [07 ko1 (8) + Ak (5, 8) + B (s)] .

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

Fig. 6 illustrates pictorially the trellis-based computations that these last three equations rep-

resent.

We see from (4.18), (4.19), and (4.20) how the log domain computation of L (ug) is vastly
simplified relative to the probability domain computation. From (4.17), implementation of
the max* (-) function involves only a two-input max(-) function plus a lookup table for the
“correction term” log (1 + e"“}*m). Robertson et al. [11] have shown that a table size of eight

is usually sufficient.



Note that the correction term is bounded as
0 < log (1 + e—im—y‘) < log(2) ~ 0.693

so that max* (z,y) ~ max(z, y) when |max(z,y)| > 7. When max* (z, y) is replaced by max(-) in
(4.18) and (4.19), these recursions become forward and reverse Viterbi algorithms, respectively.
The performance loss associated with this approximation in turbo decoding depends on the
specific turbo code, but a loss of about 0.5 dB is typical [11].

Finally, observe the sense in which the BCJR decoder is a SISO decoder: the decoder input is
the “soft-decision” (unquantized) word y € R?% and its outputs are the soft outputs L (uz) € R
on which final hard-decisions may be made according to (4.1). Alternatively, in a concatenated
code context, these soft outputs may be passed to a companion decoder.



Yk (S1,9)

Vk (s2,9) a(s)

Bi-1(s) = max* (of twosums)

Efk_l(o) ____________V_k_(_(_),_o_)_________________:::_:. ,Ek (0)

yk(0,2)

-1 _® B®
———————— input =0
—— input=1
ak-1(2) Ek )
/////;/—k (3!1)
S B3

Yk (33

L (u) = masc*{ @ieq + Jic + By for solid linesf— max*{ &1 + Fic + By for dashed lines|

Fig. 6. The top diagram depicts the forward recursion in (4.18), the middle diagram depicts
the backward recursion in (4.19), and the bottom diagram depicts the computation of L (uy)
via (4.20).



Summary of the Log-Domain BCJR Algorithm We assume as above a rate 1/2 RSC
encoder, a data block u of length K, and that encoder starts and terminates in the zero state
(the last m bits of u are so selected, where m is the encoder memory size). In practice, the
value —oo used in initialization is simply some large-magnitude negative number.

Initialize Go(s) and Bk (s) according to (4.12) and (4.14).

fork=1: K

— get ye = [y, vl
— compute Fx(s',s) = — ||yx — cx|* /202 for all allowable state transitions s’ — s (note
cr = cx(s', ) here)?

— compute ay(s) for all s using the recursion (4.18)
end
fork=K:—-1:2

— compute fy_1(s') for all s using (4.19)

end
fork=1: K

— compute L(uy) using (4.20)

— compute hard decisions via 4y = sign [L(ug)]

end

2We may alternatively use ¥x(s', s) = ury} /o + pryh /o2, (See next section.)
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Fig. 7. Block diagrams for the PCCC encoder and iterative decoder.

4.3. The PCCC Iterative Decoder

We present in this section the iterative decoder for a PCCC consisting of two component rate
1/2 RSC encoders concatenated in parallel. We assume no puncturing so that the overall code
rate is 1/3. Block diagrams of the PCCC encoder and its iterative decoder with component
SISO decoders are presented in Fig. 7. As indicated in Fig. 7(a), the transmitted codeword

c will have the form ¢ = [c1, ¢, ..., cx] = [u1,p1,q1, ..., Uk, Pi, @) Where ¢ = [ug, pr, qx]. The
received word y = ¢ + n will have the form y = [y1, y2, ..., yx] = [y}, U8, v1, .., Yk, Y, yic] where
ye 2 [y, v, yl], and similarly for n. We denote the codewords produced by E1 and E2 by,
: o 1 14 2 2 2 2 A [
respectively, ¢; = [¢, 3, ..., x| where ¢, = [ug, pp] and ¢y = [cf, ¢35, ..., c] where ¢; = [u),, qkl.

Note that {u} } is a permuted version of {u;} and is not actually transmitted (see Fig. 7(a)). We
define the noisy received versions of c; and c; to be y; and ys, respectively, having components
yt £ [y, 98] and 37 £ [y, yi], respectively. Note that y; and y, can be assembled from y in an
obvious fashion (using an interleaver to obtain {y}j'} from {yy}). By doing so, the component
decoder inputs are the two vectors y; and y» as indicated in the Fig. 7(b).

In contrast to the BCJR decoder of the previous sections whose input was y = ¢+ n and



whose output was {L(ug)} (or {4x}), the SISO decoders in Fig. 7(b) possess two inputs and
two outputs. The SISO decoders are essentially the BCJR decoders discussed above, except
the SISO decoders have the ability to accept from a companion decoder “extrinsic information”
about its encoder’s input (SISO input label ‘u’) and/or about its encoder’s output (SISO input
label ‘c’). The SISO decoders also have the ability to produce likelihood information about its
encoder’s input (SISO output label ‘u’) and/or about its encoder’s output (SISO output label
‘c’). Note that the SISO decoder is to be interpreted as a decoding module not all of whose
inputs or outputs need be used [7]. (Note the RSC encoders in Fig. 7(a) have also been treated
as modules.) As we will see, the SISO modules are connected in a slightly different fashion for
the SCCC case.

Note from Fig. 7(b) that the extrinsic information to be passed from D1 to D2 about bit
u, denoted LS,(uy), is equal to the LLR L;(uy) produced by D1 minus the channel likelihood
2y /0? and the extrinsic information L$,(uy) that D1 had just received from D2. The idea is
that L$,(uy) should indeed be extrinsic (and uncorrelated with) the probabilistic information
already possessed by D2. As we will see, L5, (uy) is strictly a function of received E1 parity {y }
which is not directly sent to D2. Observe that {L{,(uy)} must be interleaved prior to being sent
to D2 since E2 and D2 operate on the interleaved data bits u). Symmetrical comments may be
made about the extrinsic information to be passed from D2 to D1, L§; (ux) (e.g., it is a function
of E2 parity and de-interleaving is necessary).

We already know from the previous section how the SISO decoders process the samples from
the channel, y; (i = 1,2) , to obtain LLR’s about the decoder inputs. We need now to discuss
how the SISO decoders include the extrinsic information in their computations. As indicated
earlier, the extrinsic information takes the role of a priori information in the iterative decoding
algorithm (cf. (4.2) and surrounding discussion),

L°(uy) 2 log (%) . (4.21)

The a priori term P(uy) shows up in (4.8) in an expression for 7y (s',s). In the log domain,

(4.8) becomes?

e =l
202

Ye(s',8) = log P (uy) — log (\/%a)

Now observe that we may write
exp[—L¢(ug)/2]

Pl = (1 + eXp[_Le(Uk)]> Pl ()2
= Ak exp[ukLe (Uk)/Q] (423)

where the first equality follows since it equals

JP_/P
<#> /P./P- = P, when u, = +1 and

(4.22)

1+ P /P,
/PP,
(m) \/P,/PJr = P_ when Up = —1,

3For the time being, we will discuss a generic SISO decoder so that we may avoid using cumbersome super-
scripts until it is necessary to do so.



where we have defined P, = P(uy = +1) and P_ £ P(uj, = —1) for convenience. Substitution
of (4.23) into (4.22) yields

2
(s, 5) = log (Ar/V2ro) + urLe (ug) /2 - % (4.24)
where we will see that the first term may be ignored.

Thus, the extrinsic information received from a companion decoder is included in the com-
putation through the branch metric (s, s). The rest of the BCJR/SISO algorithm proceeds
as before using equations (4.18), (4.19), and (4.20).

Upon substitution of (4.24) into (4.20), we have

L(u) = L(ue)+ max &1 (s)) +uyf/o® + peyf/o® + Fe ()]
— max’ [@ 1 () + wey /o + /0 + i (s) (4.25)

where we have use the fact that

gk — cll® = (W — ) + () — pr)?
= (y)° — 2wy +ui + (y0)* — 2pkyh + 1}

and only the terms dependent on U or U, uiy¥/o? and pyyh/o?, survive after the subtraction.
Now note that uy}/0? = y¥/o? under the first max* (-) operation in (4.25) (U™ is the set of state
transitions for which u, = +1) and wy}/0? = —yf*/o? under the second max* (-) operation.
Using the definition for max* (-), it is easy to see that these terms may be isolated out so that

L(ur) = 2y/0" + L(up)+ max’ (G ko1 () + i/ o + B (s)]

— max’ (G k1 () + iy /o + B (5)] (4.26)

The interpretation of this new expression for L (uy) is that the first term is likelihood infor-
mation received directly from the channel, the second term is extrinsic likelihood information
received from a companion decoder, and the third “term” (I%z}rx* = HI}@X*) is extrinsic likelihood

information to be passed to a companion decoder. Note that this third term is likelihood infor-
mation gleaned from received parity not available to the companion decoder. Thus, specializing
to decoder D1, for example, on any given iteration, D1 computes

Ly (ug) = 2yj /0® 4+ Ly (ug,) + Ly (ur)

where L§, (u) is extrinsic information received from D2, and L{,(ug) is the third term in (4.26)
which is to be used as extrinsic information from D1 to D2.



4.3.1. Summary of the PCCC Iterative Decoder

The algorithm given below for the iterative decoding of a parallel turbo code follows directly
from the development above. The constituent decoder order is D1, D2, D1, D2, etc. Implicit is
the fact that each decoder must have full knowledge of the trellis of the constituent encoders.
For example, each decoder must have a table (array) containing the input bits and parity
bits for all possible state transitions s — s. Also required are interleaver and de-interleaver
functions (arrays) since D1 and D2 will be sharing reliability information about each ug, but
D2’s information is permuted relative to D1. We denote these arrays by P[] and Pinv][-],
respectively. For example, the permuted word u’ is obtained from the original word u via the
pseudo-code statement: for k = 1: K, uj, = upp), end.

We next point out that knowledge of the noise variance o2 = Ny/2 by each SISO decoder
is necessary. Also, a simple way to obtain higher code rates via (simulated) puncturing is, in
the computation of (s, s), to set to zero the received parity samples, yh or yi, corresponding
to the punctured parity bits, py or gx. (This will set to zero the term in the branch metric
corresponding to the punctured bit.) Thus, puncturing need not be performed at the encoder
for computer simulations. We mention also that termination of encoder E2 to the zero state can
be problematic due to the presence of the interleaver (for one solution, see [19]). Fortunately,
there is only a small performance loss when E2 is not terminated. In this case, S (s) for D2
may be set to ak (s) for all s, or it may be set to a nonzero constant (e.g., 1/S2, where S is
the number of E2 states).

Finally, we remark that some sort of iteration stopping criterion is necessary. The most
straightforward criterion is to set a maximum number of iterations. However, this can be
inefficient since the correct codeword is often found after only two or three iterations. Another
straightforward technique is to utilize a carefully chosen outer error detection code. After each
iteration, a parity check is made and the iterations stop whenever no error is detected. Other
stopping criteria are presented in [9] and elsewhere in the literature.

Initialization
Di1:

07((]1)(5) =0for s=0
= —oo for s # 0

Bﬁg)(s):()fors:()
= —oo for s # 0

LS (ug) =0for k=1,2,.... K
D2:

o?((f)(s) =0fors=0
= —oo for s #0

~g)(s) = dg)(s) for all s (set once after computation of {&g)(s)} in the first iteration)



L5, (ug) is to be determined from D1 after the first half-iteration and so need not be
initialized

The n'" Iteration

D1:
fork=1:K
- get yi = [vk, i)
— compute ¥, (s, s) for all allowable state transitions s’ — s from (4.24) which simplifies
to (see discussion following (4.24))
(8", 8) = weLy (upinvier) /2 + uryic /0* + Pryi /o
[ur (pg) in this expression is set to the value of the encoder input (output) corre-
sponding to the transition s’ — s]
— compute &,9)(5) for all s using (4.18)
end

fork=K:—-1:2
— compute 5,9_)1(8) for all s using (4.19)

end

fork=1:K
— compute L5, (uy) using?
Liy(u) = max" |65, (s)) + pug/o® + 5 ()]
= max” [a%, () + psf/o® + B (9)]
end
D2:
fork=1:K

— get yi = (Y- Ui)

4Note here we are computing L$,(uy) directly rather than computing L (u;) and then subtracting 2y} /o2 +
L5, (ux) from it to obtain L{y(uy) as in Fig. 5(b). We will do likewise in the analogous step for D2.



— compute (s, s) for all allowable state transitions s’ — s from

(s’ 8) = upLSo (uppy) /2 + unypp /0 + aryi/o?

[ur (gr) in this expression is set to the value of the encoder input (output) corre-
sponding to the transition s’ — s

— compute &,(f)(s) for all s using (4.18)
end
fork=K:—-1:2
— compute 5122_)1(8) for all s using (4.19)
end
fork=1:K
— compute L5, (ug) using
Ly () = max” 65, () + auyt/o® + 57 (5)]
— max” [aGL, () + auyd/o” + B (5)]
end
After the Last Iteration
fork=1:K

— compute
Ly(uy) = 243t /0* + L, (wpineis)) + Lis(ur)

— Gy = sign [L(ug)]

end
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Fig. 8. Block diagrams for the SCCC encoder and iterative decoder.

4.4. The SCCC Iterative Decoder

We present in this section the iterative decoder for an SCCC consisting of two component rate
1/2 RSC encoders concatenated in series. We assume no puncturing so that the overall code rate
is 1/4. Higher code rates are achievable via puncturing and/or by replacing the inner encoder
with a rate 1 differential encoder with transfer function 1@%' It is straightforward to derive the
iterative decoding algorithm for other SCCC codes from the special case that we consider here.

Block diagrams of the SCCC encoder and its iterative decoder with component SISO decoders

are presented in Fig. 8. We denote by ¢, = [ci,cl,...,c3x] = [u1,p1,us2, pa, ..., uk, px] the

codeword produced by E1 whose input is u = [uy,us, ..., ux] . We denote by ¢y = [¢2, 3, ..., 3] =
[v1,q1, V2, @2, .., Vorc, o] (With ¢2 2 [vg, qx]) the codeword produced by E2 whose input v =
[v1, g, ..., vak] is the interleaved version of cj, that is, v = c}. As indicated in Fig.8(a), the
transmitted codeword c is the codeword c,. The received word y = ¢ + n will have the form

Y = (Y1, Y2 s Yor) = (U3, 1, ., Ysk, Ya| where yi, £ [y2, yi], and similarly for n.

The iterative SCCC decoder in Fig. 8(b) employs two SISO decoding modules (described
in the previous section). Note that unlike the PCCC case, these SISO decoders share extrinsic
information on the code bits {c}} (equivalently, on the input bits {v;}) in accordance with the
fact that these are the bits known to both encoders. A consequence of this is that D1 must
provide likelihood information on E1 output bits whereas D2 produces likelihood information
on E2 input bits as indicated in Fig. 8(b). However, because LLRs must be obtained on the
original data bits u; so that final decisions may be made, D1 must also compute likelihood
information on E1 input bits. Note also that, because E1 feeds no bits directly to the channel,



D1 receives no samples directly from the channel. Instead, the only input to D1 is the extrinsic
information it receives from D2.

Thus, the SISO module D1 requires two features that we have not discussed in any detail
to this point. The first is providing likelihood information on the encoder’s input and output.
However, since we assume the component codes are systematic, we need only compute LLRs on
the encoder’s output bits [uq,p1, u2, ps, ..., Uk, pi]. Doing this is a simple matter of modifying
the summation indices in (4.3) to those relevant to the output bit of interest. For example, the
LLR L(pg) for the E1 parity bit pj is obtained via

1;_ p (Skfl = Slv Sk = S, Y)
L =1 4.2
(pk) o8 1; b (Skfl = Slv Sk = S, y) ( 7)

where PT is set of state transition pairs (', s) corresponding to the event pp = +1, and P~ is
similarly defined. (A trellis-based BCJR /SISO decoder is generally capable of decoding either
the encoder’s input or its output, whether or not the code is systematic. This is evident since
the trellis branches are labeled by both inputs and outputs.)

The second feature is required by D1 is decoding with only extrinsic information as input.
In this case the branch metric is simply modified as (cf. (4.24))

Y(s', 8) = up L5, (ur) /2 + prLs, (pr) /2- (4.28)

Other than these modifications, the iterative SCCC decoder proceeds much like the PCCC
iterative decoder and as indicated in Fig. 8(b).

4.4.1. Summary of the SCCC Iterative Decoder

Essentially all of the comments mentioned for the PCCC decoder hold here as well and so we
do not repeat them. The only difference is that the decoding order is D2, D1, D2, D1, etc.

Initialization
D1

07(()1)(5) =0fors=0
= —oo for s # 0

Bg)(s):()fors:()
= —oo for s #0

L% (c}) is to be determined from D2 after the first half-iteration and so need not be
initialized

o?((f)(s) =0fors=0
=—oco for s #0

~Sg(s) = dg%(s) for all s (set after computation of {&g)((s)} in the first iteration)



LSy (vg) =0 for k=1,2,...,2K

The n'" Iteration

D2:
for k=1:2K
— get ye = 4y, vl
— compute (s, s) for all allowable state transitions s’ — s from
Y(s's8) = vk L5y (vk) /2 + vkyi/0” + quyif/ o
[vk (gx) in the above expression is set to the value of the encoder input (output)
corresponding to the transition s' — s; L§,(vg) is Liy(cpyy), the interleaved extrinsic
information from the previous D1 iteration. ]
— compute &,(f)(s) for all s using (4.18)
end

for k=2K:—-1:2
— compute 5122_)1(8) for all s using (4.19)

end

for k=1:2K
— compute L§, (vg) using

L5 (vg) = max* [07(,37

v+ (s") + (s’ 8) + 5122) (S)]

"o
— 1‘1/1§X* [d(i)_l (8") + (s, s) + 51(3) (S)] — L5(vk)
= max” [a%) () + /0 + ayd/o” + 5 (5)]
P
k

- I%/liix* [d 2 () + vy o® + awyl/o? + B (3)]

where V7T is set of state transition pairs (s, s) corresponding to the event vy = +1,
and V'~ is similarly defined.

end
Di1:

fork=1: K



— for all allowable state transitions s’ — s set (s, s) via

Y (s',8) = up L5, (u) /2 + pe L5, (pr) /2
= u L% (chp_1)/2 + prLs () /2

[ug. (p) in the above expression is set to the value of the encoder input (output) cor-
responding to the transition ' — s; L$; (¢l 1) is L (Vpimofar—1]), the de-interleaved
extrinsic information from the previous D2 iteration, and similarly for L$,(cl;).]

— compute . (s) for all s using (4.18)
end
fork=K:-1:2
— compute B,gljl(s) for all s using (4.19)
end
fork=1:K
— compute L§y(uy) = L$y(cly_q) using
Lia (i) = max” [654 () + Fe(s',5) + B (5)]
= max” [aG () + Fuls 8) + B ()] = Lsy (e )
= max" [aGL, (') + oL (pi) /2 + By (5)]
= max* (6§, () + oL (p) /24 B (5)]
— compute Ly(pi) = L§y(ch,) using
Lsa(pe) = max” &L, () + (', 9) + B (9)]
= max* 661 () + 5l 9) + B (5)] — Ly ()
= max" [aGL, (') +uely (i) /2+ 5 (5)]
= max' [6)) () + Ly (un) 2+ B (5)]
end
After the Last Iteration
fork=1:K
— for all allowable state transitions s’ — s set Jx(s', s) via

Yi(s', 8) = up L (cap_1)/2 + peLsy (i) /2



— compute L(uy) using
_ * [=(1) / ~ (o A(1)
L(ux) = max" [a) (') + (s, 8) + B ()]

— max® [a4L, () + (s, 5) + B (s)]

— Gy = sign [L(uy)]

end

5. Conclusion

We have seen in this chapter the how and why of both parallel and serial turbo codes. That
is, we have seen how to decode these codes using an iterative decoder, and why they should be
expected to perform so well. The decoding algorithm summaries should be sufficient to decode
any binary parallel and serial turbo codes, and can in fact be easily extended to the iterative
decoding of any binary hybrid schemes. It is not much more work to figure out how to decode
any of the turbo trellis-coded modulation (turbo-TCM) schemes that appear in the literature.
In any case, this chapter should serve well as a starting point for the study of concatenated
codes (and perhaps graph-based codes) and their iterative decoders.
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