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Outline

Outline of the Talk

In this talk, we

Introduce a known concentration inequality which is a refinement of
the Azuma-Hoeffding inequality for real-valued discrete-parameter
martingales.
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Outline

Outline of the Talk

In this talk, we

Introduce a known concentration inequality which is a refinement of
the Azuma-Hoeffding inequality for real-valued discrete-parameter
martingales.

This inequality will be applied to the moderate-deviations analysis of
binary hypothesis testing.

Discuss the result in light of some related work.

This talk partially presents results from a recent work:

I. Sason, “On Refined Versions of the Azuma-Hoeffding Inequality
with Applications in Information Theory,” available at:
http://arxiv.org/abs/1111.1977.
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Outline

Concentration via the Martingale Approach

Theorem - [Azuma-Hoeffding inequality]

Let {Xk,Fk}nk=0 be a discrete-parameter real-valued martingale. If the
jumps of the sequence {Xk} are bounded almost surely (a.s.), i.e.,

|Xi −Xi−1| ≤ di ∀ i = 1, 2, . . . , n a.s.

then

P(|Xn −X0| ≥ r) ≤ 2 exp
(
− r2

2
∑n

i=1 d
2
i

)
, ∀ r > 0.
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Refined Versions of the Azuma-Hoeffding Inequality

Theorem (Th. 2 – Refined Version I of Azuma-Hoeffding Inequality)

Let {Xk,Fk}nk=0 be a discrete-parameter real-valued martingale. Assume
that, for some constants d, σ > 0, the following two requirements hold a.s.

|Xk −Xk−1| ≤ d,

Var(Xk|Fk−1) = E
[
(Xk −Xk−1)2 | Fk−1

]
≤ σ2

for every k ∈ {1, . . . , n}. Then, for every α ≥ 0,

P(|Xn −X0| ≥ αn) ≤ 2 exp
(
−nD

(
δ + γ

1 + γ

∣∣∣∣∣∣ γ

1 + γ

))
where γ , σ2

d2
, δ , α

d , and D(p||q) , p ln
(
p
q

)
+ (1− p) ln

(
1−p
1−q

)
.
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Refined Versions of the Azuma-Hoeffding Inequality

Proposition

Let {Xk,Fk}∞k=0 be a real-valued martingale. Then, for every α ≥ 0,

P(|Xn −X0| ≥ α
√
n) ≤ 2 exp

(
− δ

2

2γ

)(
1 +O

(
n−

1
2
))
.

Proof

This follows from Theorem 2 by replacing δ with δ′ , δ√
n

.
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Binary Hypothesis Testing

Binary Hypothesis Testing

Let the RVs X1, X2.... be i.i.d. ∼ Q, and consider two hypotheses:

H1 : Q = P1.

H2 : Q = P2.

For simplicity, assume that the RVs are discrete, and take their values on a
finite alphabet X where P1(x), P2(x) > 0 for every x ∈ X .

The log-likelihood ratio (LLR): L(Xn
1 ) =

∑n
i=1 ln P1(Xi)

P2(Xi)
.

By the strong law of large numbers (SLLN), if H1 is true, then a.s.

limn→∞
L(Xn

1 )
n = D(P1||P2) and, if H2, limn→∞

L(Xn
1 )

n = −D(P2||P1).

Let λ, λ ∈ R satisfy −D(P2||P1) < λ ≤ λ < D(P1||P2).
Decide on H1 if L(Xn

1 ) > nλ and on H2 if L(Xn
1 ) < nλ.
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Binary Hypothesis Testing

Let
α(1)
n , Pn1

(
L(Xn

1 ) ≤ nλ
)

α(2)
n , Pn1

(
L(Xn

1 ) ≤ nλ
)

and
β(1)
n , Pn2

(
L(Xn

1 ) ≥ nλ
)

β(2)
n , Pn2

(
L(Xn

1 ) ≥ nλ
)

then

α
(1)
n and β

(1)
n are the probabilities of either making an error/ declaring

an erasure under, respectively, hypotheses H1 and H2.

α
(2)
n and β

(2)
n are the probabilities of making an error under,

respectively, hypotheses H1 and H2.

Large deviations analysis ⇒ αn and βn both decay exponentially to zero
as a function of the block length (n).
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Binary Hypothesis Testing

Moderate-Deviations Analysis for Binary Hypothesis Testing

Instead of the setting where the thresholds are kept fixed
independently of n, let these thresholds tend to their asymptotic
limits (due to the SLLN), i.e.,

lim
n→∞

λ
(n) = D(P1||P2), lim

n→∞
λ(n) = −D(P2||P1).

In moderate-deviations analysis of binary hypothesis testing, we are
interested to analyze the case where

1 The block length n of the input sequence tends to infinity.
2 The thresholds tend to their asymptotic limits

simultaneously.
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Moderate-Deviations Analysis for Binary Hypothesis Testing

Moderate-Deviations Analysis for Binary Hypothesis Testing (Cont.)

To this end, let η ∈ (1
2 , 1), and ε1, ε2 > 0 be arbitrary fixed numbers. Set

the upper and lower thresholds to

λ
(n) = D(P1||P2)− ε1n−(1−η)

λ(n) = −D(P2||P1) + ε2n
−(1−η).
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Moderate-Deviations Analysis for Binary Hypothesis Testing

Moderate-Deviations Analysis via the Martingale Approach

Under hypothesis H1, construct the martingale {Uk,Fk}nk=0 where

F0 ⊆ F1 ⊆ . . .Fn is the natural filtration

F0 = {∅,Ω}, Fk = σ(X1, . . . , Xk), ∀ k ∈ {1, . . . , n}.

Uk = EPn
1

[
L(Xn

1 ) | Fk
]
.
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Under hypothesis H1, construct the martingale {Uk,Fk}nk=0 where

F0 ⊆ F1 ⊆ . . .Fn is the natural filtration

F0 = {∅,Ω}, Fk = σ(X1, . . . , Xk), ∀ k ∈ {1, . . . , n}.

Uk = EPn
1

[
L(Xn

1 ) | Fk
]
.

For every k ∈ {0, . . . , n}: Uk =
∑k

i=1 ln P1(Xi)
P2(Xi)

+ (n− k)D(P1||P2).
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Moderate-Deviations Analysis for Binary Hypothesis Testing

Moderate-Deviations Analysis via the Martingale Approach (Cont.)

U0 = nD(P1||P2), and Un = L(Xn
1 ).

Let

d1 , max
x∈X

∣∣∣∣ln P1(x)
P2(x)

−D(P1||P2)
∣∣∣∣ ⇒ d1 <∞.

⇒ |Uk − Uk−1| ≤ d1 holds a.s. for every k ∈ {1, . . . , n}.

Due to the independence of the RVs in the sequence {Xi}

EPn
1

[
(Uk − Uk−1)2 | Fk−1

]
=
∑
x∈X

{
P1(x)

(
ln
P1(x)
P2(x)

−D(P1||P2)
)2
}

, σ2
1.
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Moderate-Deviations Analysis for Binary Hypothesis Testing

Moderate-Deviations Analysis via the Martingale Approach (Cont.)

Let ε1 > 0 and η ∈ (1
2 , 1) be two arbitrarily fixed numbers as above.

Under hypothesis H1, it follows from Theorem 2 and the above
construction of a martingale that

Pn1
(
L(Xn

1 ) ≤ nλ(n)) ≤ exp

(
−nD

(
δ
(η,n)
1 + γ1

1 + γ1

∣∣∣∣ γ1

1 + γ1

))

where

δ
(η,n)
1 ,

ε1n
−(1−η)

d1
, γ1 ,

σ2
1

d2
1

with d1 and σ2
1 as defined in the previous slide.
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Moderate-Deviations Analysis for Binary Hypothesis Testing

Moderate-Deviations Analysis via the Martingale Approach (Cont.)

The concentration inequality in Theorem 2 and a simple inequality

give that, under hypothesis H1, for every η ∈
(

1
2 , 1
)

,

α(1)
n ≤ exp

(
−ε

2
1 n

2η−1

2σ2
1

(
1− ε1d1

3σ2
1(1 + γ1)

1
n1−η

))
so this upper bound on the overall probability of either making an
error or declaring an erasure under hypothesis H1 decays
sub-exponentially to zero. It improves by increasing η ∈ (1

2 , 1).

On the other hand, the exponential decay of the probability of error

α
(2)
n improves as the value of η ∈ (1

2 , 1) is decreased (since the margin
for making an error is increased).
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Moderate-Deviations Analysis for Binary Hypothesis Testing

Moderate-Deviations Analysis via the Martingale Approach (Cont.)

Moderate-deviations analysis reflects, as can be expected, a tradeoff
between the two αn’s and also between the two βn’s. But all decay
asymptotically to zero as n tends to infinity (which is indeed consistent
with the SLLN).
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Moderate-Deviations Analysis for Binary Hypothesis Testing

Moderate-Deviations Analysis via the Martingale Approach (Cont.)

The following upper bound implies that

lim
n→∞

n1−2η ln Pn1
(
L(Xn

1 ) ≤ nλ(n)) ≤ − ε21
2σ2

1

.
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Moderate-Deviations Analysis via the Martingale Approach (Cont.)

The following upper bound implies that

lim
n→∞

n1−2η ln Pn1
(
L(Xn

1 ) ≤ nλ(n)) ≤ − ε21
2σ2

1

.

Question:

But, does the upper bound reflect the correct asymptotic scaling of this
probability ?

Reply:

Indeed, it follows from the moderate-deviations principle (MDP) for
real-valued RVs.
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Moderate-Deviations Principle

Moderate-Deviations Principle (MDP) for Real-Valued RVs

Theorem

Let {Xi} be i.i.d. random real-valued RVs, satisfying the above two
conditions, and let η ∈ (1

2 , 1). Then, for every α > 0,

lim
n→∞

n1−2η ln P

(∣∣∣ n∑
i=1

Xi

∣∣∣ ≥ αnη) = − α2

2σ2
, ∀α ≥ 0.
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Moderate-Deviations Analysis of Binary Hypothesis Testing

Moderate-Deviations Analysis via the Martingale Approach (Cont.)

The MDP shows that this inequality holds in fact with equality.

⇒ The refined inequality in Theorem 2 gives the correct asymptotic
scaling in this case. It also gives an analytical bound for finite n.

This is in contrast to the analysis which follows from the
Azuma-Hoeffding inequality, which does not coincide with the correct

asymptotic scaling (since − ε21
2σ2

1
is replaced by − ε21

2d21
, and σ1 ≤ d1).

In the considered setting of moderate-deviations analysis for binary
hypothesis testing, the error probability decays sub-exponentially to 0.
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Papers on Moderate-Deviations Analysis for IT Aspects

Papers on Moderate-Deviations Analysis in IT Aspects

1 E. A. Abbe, Local to Global Geometric Methods in Information Theory,
Ph.D. dissertation, MIT, Boston, MA, USA, June 2008.
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