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Abstract—This work introduces an information-theoretic lower ~ A. Lower Bound on the Conditional Entropy for Binary Linear

bound on the number of fundamental cycles for bipartite Block Codes Transmitted over MBIOS Channels

graphs of low-density parity-check (LDPC) code ensembles. . . . .
This information-theoretic bound is expressed in terms of the  FOr an arbitrary full-rank parity-check matrix of a binary
achievable gap to capacity when the transmission of the code linear block codeC, let I'; designate the fraction of the
ensemble takes place over a memoryless binary-input output- parity-checks involving: variables, and leF(z) £ Yok Tzk.
symmetric (MBIOS) channel. The bound shows quantitatively The following lower bound on the conditional entropy of

the necessity of cycles in bipartite graphs which represent good . : :
LDPC code ensembles. More explicitly, it shows that the number the transmitted codeword given the received sequence at the

of fundamental cycles should grow at least likelog 2 where ¢ channel output is derived in [10]:
designates the gap in rate to capacity, hence, it is unbounded as _ o

the gap to capacity vanishes. For the derivation of this bound, w >R—-C+ 1-R Z I'(gp) (@)
a new information-theoretic lower bound on the average right n 2ln2 =1 p(2p—1)

degree, which also behaves likéog % is derived. The interested

reader is referred to the full paper version [9]. where

I_ndex Terms—Bipartite graphs, complexity, _cycle_s, low-density 9p A /Oo a(l)(1+ e—l) tanh2? E dl, peN. (2
parity-check (LDPC) codes, memoryless binary-input output- 0 2
symmetric (MBIOS) channels.

The bound in (1) holds for any representation of the code by
a full-rank parity-check matrix, and it improves the bound i
|. INTRODUCTION [2]. The symmetry condition for MBIOS channels states that
Low-density parity-check (LDPC) codes form a class af(l) = e'a(—I) for all [ € R, and therefore (2) gives that
powerful error-correcting codes which are efficiently eshet
gp=E {tanh% ()} , peN 3)

and decoded with low-complexity algorithms.
It is well known that linear block codes which are rep-

resented by cycle-free bipartite (Tanner) graphs have powhereE designates the statistical expectation with respect to

performance even under ML decoding [3]. The bipartite gsapkhe L-density functiona, and L is a random variable which

of capacity-approaching LDPC codes should have cycleg$ands for the LLR at the output of the channel given that the

Hence, as a continuation to a previous study in [3] and [8 (s#put bit is zero. Eq. (3) implies that the non-negative szupe

also [6, Problems 4.52 and 4.53]), we address the followirgy}»>1 iS monotonically non-increasing and it only depends

question: on the communication channel (but not on the code). Note also
Question How does the average cardinality of the fundamerhat, from (3),0 < g, < 1 for all p € N (unless the channel

tal system of cycles of bipartite graphs behave as a fundiionis perfect, which then implies tha}, = 1 for all values ofp).

the achievable gap to capacity of the underlying LDPC codeWe note that the conditional entropy on the LHS of (1)

ensembles ? depends only on the code and the communication channel,
This paper is structured as follows: Section Il provides sonbut its lower bound on the RHS of (1) depends also on the

preliminary material and notation, Section IIl introdugesy ~ specific representation of the code by a bipartite graph.

information-theoretic bounds which are related to the abov

question, and Section IV provides some numerical results. TB. Cycles in Graphs

interested reader to the full paper version [9]. Definition 1: [Cycle and cycle length]A cyclein an un-
directed graph is a closed path. The length of a cycle is the
Il. PRELIMINARIES number of edges on this closed path. Tdieth of an un-

We introduce in this section some preliminary material ardirected graph is defined as the shortest length of its cycles
notation which serve for the analysis in this paper. We a®rsi  Definition 2: [Tree] A tree is a connected graph that has
here the cycles in bipartite graphs which represent capaciho cycles.
approaching LDPC code ensembles. To this end, we defifimm Definition 2, a removal of any edge from a tree makes
and exemplify some notions which are relevant to the aralyshe graph disconnected. An important property of treesas th
in this work. any two vertices are connected by a single path.



Every graphG has subgraphs that are trees. This motivates

12345678910

the following definition: 1 /1111011000
Definition 3: [Spanning tree] A spanning treeof a con- >l oo11111100
nected grapld is a tree which spans all the verticesthfNote H:= sl o101010111
that by repeatedly removing edges which originally create sl 1010100111
cycles in the graph, it follows that every connected graph ha 5\110010101 1

a spanning tree.

Definition 4: [Number of components of a graph]Let G
be a graph (possibly disconnected). Trhenber of components
of G is the minimal number of its connected subgraphs whose
union forms the graplg (clearly, a connected graph has a
single component).

Definition 5: [Cycle rank] Let G be an un-directed graph
with |Vg| vertices, |Eg| edges and”(G) components. The
cycle rankof G, denoted by3(G), is defined as the maximal
number of edges which can be removed from the graph
without increasing its number of components (note that each
component becomes a spanning tree after the removal of these
edges).

From Definition 5, the cycle rank of a graph is a measure of
the edge redundancy with respect to the connectednesssof thi

graph. The cycle rank satisfies the following equality (&€ [Fig. 1. A parity-check matrix/ and the corresponding bipartite graph.
p. 154]): For illustrating this relationship, column 8 and row 2 Hf are bolded; the
_ _ corresponding variable and parity-check nodes, and theetettl edges are
6(g) B |Eg| \Vg| + O(g)' (4) also bolded (this figure appears in [7]).
Definition 6: [Full spanning forest] Let G be an un-

directed graph. Afull spanning forestF of the graphg

is the subgraph ofj after removing the3(G) edges from 12345678910
Definition 5. Clearly, the number of components 5f and 1 /1110000000
G is the same. Note that a graph may have a multiplicity of o2 0011011100
full spanning forests. 30000000010
Definition 7: [Fundamental cycle] Let F be a full span- 411000100000
ning forest of an un-directed gragh and lete be an edge 5\1000000011

in the relative complement af. The cycle of the subgraph
FU{e} (whose existence and unigueness is guaranteed byf#; 2. A parity-check matrix which corresponds to a spanrtirg of
Theorem 3.1.11]) is called fundamental cyclef G which is L.e bipartite graph in Fig. 1. As compared to the parity-chemltrix 1 in
. ) ig. 1, the new parity-check matrii is obtained by changing the values of

associated with. the bolded 16 entries from to 0.

Remark 1:Each of the edges in the relative complement of
a full spanning forestF gives rise to aifferentfundamental
cycle .Of. Fhe graply. edges from the original graph in Fig. 1, represents a spgnnin

Def|:'1|t|on 8: [Ffund?err;ental S);]stemh-oqucles]l'h_e fugdg—h treg of this graph?q To gxe?nplify i?s conr?ectivity, notzgthat
mental system of cycles a graphg which is associated wit the variable nodes; and vg are connected by the path

a full spanning forestF is the set of all fundamental cycles<v6’62’v3,cl’vb%%> which is of length 6. This path can

of G associated withF. . ; =7
Remark 2:From Remark 1, the cardinality of the funda—be observed directly from the parity-check matf= 5 ;]

. . . by alternate horizontal and vertical moves through the ones
mental system of cycles & associated with a full SPanNINg ot 17 explicitly, this path is determined by a horizontal move
forest of this graph is equal to the cycle rafikG). - EXPICILY, P = y

Example 1:[Fundamental system of cycles in a bipartite from hz,6 /2,3, 8 vertical move 3, @ hor!zontal move to
graph] This example refers to the bipartite graph in Fig. P a vert.lcql move t.ch4,1 and fpglly a horizontal move .to
This graph is connected, but it is clearly not a tree. As dhi.s- In @ similar way, it can be verified that every two vertices
example, consider the cycleo, c1,v10, s, v9) Whose length IN the bipartite graph off are connected, and it spans all the
is 4. Since the number of vertices in this graph is 15 and tfe vertices of the graph in Fig. 1 (since there is no row or

number of its edges is 30, then from (4), the cycle rank of thf9!umn in H which is a zero vector). Hence, this graph is
connected graph i80 — 15 + 1 = 16. indeed a spanning tree of the bipartite graph in Fig. 1. This

In order to get a spanning tree of the graph in Fig. $panning tree enables to obtain a set of 16 fundamentalscycle
we remove repeatedly 16 edges which create cycles whi returning back a single bolded zero in Fig. 2 (among its 16
preserving the connectivity of the graph. bolded zeros) to 1. For example, by settings = 1 (which is

The parity-check matrixd = [Ei,j] in Fig. 2, with €quivalent to returning the edge which connegswith c,),

16 bolded zero entries which correspond to the remové get the fundamental cycles, c2, vg, c1, vs).



I11. | NFORMATION-THEORETICBOUNDS Proof: For k > 1, Jensen’s inequality and (3) give

This section introduces information-theoretic boundsalhi o (L
are related to the average right degree, and the number of gk = E [tanh ()}
fundamental systems of cycles in the bipartite graphs of CDP k
code ensembles. > <E [tanh2<)]>

Theorem 1:[On the average degree of the parity-check h
nodes]Let C be a binary linear block code of block length =(g91)" -
whose transmission takes place over an MBIOS channel. Let

o . . [ ]
G be a bipartite graph which corresponds to a full-rank parit - . .
check matrix ofC. Let C designate the capacity of the channe)I!!-he substitution of (9) in (8) gives
in bits per channel use, and be the L-density function of H(X]Y) 1-R & (gim)]C
this channel. Assume that the code rate is (at least) adracti T n 2R-C+ 21n 2 Z k(2k—1) (10)
1— ¢ of the channel capacity (whefe< ¢ < 1), and the code k=1
achieves a block error probabilit§fs or a bit error probability Using the equality
B, under some decoding algorithm. Then, the average right oo Uk -
degree of the bipartite graph (i.e., the average degreeeof th Z =1—hsy ( > , Yu € [0,1].
parity-check nodes i§) satisfies 2In2 = k(2k - 1) 1)
. and substituting it into the RHS of (10) gives the following
2In ) 2}71( s ) lower bound on the conditional entropy:
2 \ T
ar 2 5) _ ar/2
(L) @ >1-C—(1-R)h (12’1> 12)

_ 2
where g, = E[tanh”(L/2)] depends only on the MBIOS o, the gther hand, Fano's inequality provides the upper tioun
communication channel(is a random variable which refers ha(Fo)

2 B

to the log-likelihood ratio at the channel output, givent ttee HX|Y) _ [ Rpg+ 2% (13)
binary input symbol to the channel is zero), and n ~— | Rha(P)

where, for the bound which is expressed in terms of the bit
error probability P,, one can assume without any loss of
%enerality that the first R bits of the code are its information
bits, and their knowledge is sufficient for determining the
codeword. In order to make the statement also valid for code
ensembles, we rely on the inequaliiy < 1, and loosen the
bound in (13) to get

ha(Py) for a bit error probabilityF, )

Furthermore, among all the MBIOS channels which exhibit
given capacityC' and for which a target block error probability
(Pg) or a bit error probability(P,) is obtained under some
decoding algorithm, a universal lower bound @# holds by
replacingg; on the RHS of (5) withC.

For the BEC, the following tightened version of (5) holds: H(X]Y)

54 { P+ @ for a block error probabilityPs

<é (14)
I (14 2587) neres is introduced in (6). Combining (12) and (14) g
ap > (7) Whered is introduced in (6). Combining (12) and (14) gives
n (ﬁ) 1-— ng/2
>1-C—(1- —.
wherep is the erasure probability of the channel, aRdis 021-C—(=R)h 2 (15)

the bit erasure probability at the decoder. ) ) ) ) )
Since the RHS of (15) is monotonically increasingfinthen

Proof: Let X be a random codeword from the binar . .
. . alk > (1 — ,
linear block codeC, and letY designate the output of the%ollowmg our assumption th = €)¢, the bound

communication channel wheX is transmitted. Based on the:ielgszl?t;ed by replacing? with (1 —¢)C. This gives the
assumption that the codkis represented by a full-rank parity-

check matrix andj is the corresponding bipartite graph which 1— g?R/z 1-C -6
represents this code, then inequality (1) holds. Sifi¢e¢ = ! ha 2 “1-(1-¢0C"
is convex for anyx > 0 then Jensen’s inequality gives

D(z) =) T’ >a>i' T =g%,  2>0.

Since the binary entropy functidi, is monotonically increas-
ing on [0, ] then

Substituting the inequality above in (1) implies that gl%R <1-2h;" ( 1 _( ¢ _;5 )
- 1-(1-¢)C
H(X|Y 1-R & R
AXY) s o4 Sk . (8 which gives the lower bound o in (5).
n 2In2 k(2k —1) ) .
k=1 Let us now consider the particular case where the trans-
Lemma 1: mission is over the BEC. Note that for a BEC with erasure

gk > (gl)k , VkeN. (9) probabilityp, g =1 — p for all k& € N (in this case we have



L € {0,400} with probabilitiesp and1 — p, respectively, and  Remark 4:[Adaptation of Theorem 1 to LDPC code
the equalitytanh(+o00) = 1 is exploited in (3)). Therefore (8) ensemblesiAs is proved in [9, Appendix 1], Theorem 1 can be

is particularized to adapted to hold for an arbitrary ensemble(af A, p) LDPC
an OO codes. In this case, the requirement of a full-rank paritgek
HX]Y) >R—C+ (- R)A - p) Z 1 . matrix of a particular cod€ from this ensemble is relaxed
n 2In2 = Rk 1) by requiring that the design rate of the LDPC code ensemble
Substitutingu = 1 in (11) gives the equality is equal to a fractionl — ¢ of the channel capacity. In this
- case,P, and P stand for the average bit and block error (or
1 Z 1 _ (16) erasure) probabilities of the ensemble under some decoding
2In2 &~ k(2k —1) algorithm.
Theorem 2:[On the asymptotic average cardinality of
and H(X|Y) the fundamental system of cycles of LDPC code ensembles]
2 R-C+(0-R)(1-p)™. (A7) Let {(n,\,p)} be a sequence of LDPC code ensembles

Note that the RHS of (17) is monotonic increasing as a fun\(’:v—hose transmission takes place over an memoryless binary-

tion of the rateR. Following the assumption th& > (1—¢)C gﬁﬁ;ggtgﬁgzﬁgﬁgtgg g\/]lgg;?hz??ﬁé éﬁ;ggildci\s'grg{ at
whereC = 1 — p is the capacity of the BEC, we get ° pactty

C, and assume that the average bit error/ erasure probatfility
H(X|Y) > e(1—p)+ (1 —(1-9) —p))(l —p)™=. (18) this sequence vanishes under some decoding algorithm as we

n let the block length(n) tend to infinity. Consider the average
Similarly to (13) and (14), we get for the BEC cardinality of the fundamental system of cycles in bipartit
H(X|Y) graphs from the LDPC code ensemlle, )\, p) where the
— < B (19) graphs are chosen uniformly at random (the cardinality of

the fundamental system of cycles in a graghis equal to

where the decoder finds; with probability 1 — 1%; otherwise, g cycle rank3(G)). Then, the following asymptotic lower
the bit X; is not determined by the decoder, and its condltlon%und holds:

entropy (given the sequencg) is upper bounded by 1 bit.
Combining (18) with (19) gives it ELoPcn [B(9)]

Bz —c(l-p)+(1-(1-e(1-p)A-p™. @0 "

—2
(1-0C) ln<g1 [1- 213 (=S )
Finally, the lower bound on the average right degree in (7) ~ 1. (23)
follows from (20) by simple algebra. Note that in the case hl(i)
where P, = 0, the resulting lower bound coincides with the o
result obtained in [8, p. 1619] (though it was derived there £or @ BEC whose erasure probabilityzisa tightened bound

a different way), and it gets the form gets the form:
E\ ppcin n(l—p+?
n (14 25) liming ZoPenan (9G] S p (L =psE) oy
n 2 T, ey MR (%)

(i)

Remark 3:[The relation of Theorem 1 to the bound in
[10]] In the particular case whet@, vanishes, the bound in (5) We provide in the following an outline of the proof of
forms a tightened version of the bound given in [10, Eqg. (77)]heorem 2. Due to space limitations, we refer the reader to
This point is clarified in [9]. In the limit where the gap (in[9] for a full proof.
rate) to capacity vanishes (and with vanishifg), the lower The following lemma relies on the background material in
bounds on the average right degree in (5) and [10, Eq. (7Action IV, and it serves for proving Theorem 2.
both grow like the logarithm of the inverse of this gap, and Lemma 2:[Cardinality of the fundamental system of

they therefore possess the same asymptotic behavior whef@cles]Under the assumptions of Theorem 2, the cardinality
of the fundamental system of cycles of a bipartite grgph

ar £ ar(e) = 0 <1n 1) ) (22) associated with a full spanning forest @f is larger than
3

However, in spite of the similarity in the asymptotic betuavi n[(l - B)(ar — 1) — 1] (25)

of the two lower bounds as— 0, they may differ significantly wherear can be replaced by the lower bounds in (5) and (7)

even for rather small values ef(see [9]). for a general MBIOS channel and a BEC, respectively. From
Theorem 1 also provides a universal lower bound on tfi@, Theorem 1], the cardinality of the fundamental system of

average right degree for the set of all MBIOS channels wittycles of the bipartite grapi which is associated with a full

a given capacityC'. This theorem states the conditions whergpanning forest of this graph {3 (ln %)

the bound in (5) gets its extreme values among all MBIOS Proof: From Remark 2 (see Section 1), the cardinality of

channels which exhibit a given capacity. the fundamental system of cycles of a bipartite grgplvhich

Outline of the Proof of Theorem 2
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is associated with a full spanning forest @f is equal to the
cycle rank3(G). From Eq. (4),6(G) > |Eg| — |Vg| where
|Eg| and |Vg| designate the number of edges and vertices
Specializing this for a bipartite grapi which represents a
full-rank parity-check matrix of a binary linear block cqde
the number of vertices satisfi¢gg| = n(2 — R) (since there
aren variable nodes and(1 — R) parity-check nodes in the
graph) and the number of edges satisfiBg| = n(1 — R)ag.
Combining these equalities gives the lower bound on th
cardinality of the fundamental system of cycles in (25).m

Remark 5: Theorem 2 provides two results which are of the
type 2 (In 1). This implies that the average cardinality of the
fundamental system of cycles grows at lease like the |dgarit
of the reciprocal of the gap to capacity.

Lemma 3:[Extreme values of g; among all MBIOS o ‘ ‘
channels with a given capacity]Among all the MBIOS  ®° . o
channels with a given capacity, the value ofg; satisfies

BSC

BIAWGNC

BEC ~

NORMALIZED AVERAGE CARDINALITY OF FUNDAMENTAL CYCLES
N
T

C<g < (1 — 2h§1(1 _ C))2 (26) Fig. 3. Plot of the asymptotic lower bounds in Theorem 2 (ses. [283)

- - and (24)) for memoryless binary-input output-symmetric (MB)@Bannels.

and these upper and lower bounds @nare attained for a These lower bounds correspond to the average cardinalityeofundamental
. system of cycles for bipartite graphs representing codes) fan arbitrary

BSC and BEC, respectively. LDPC code ensemble; the above quantity is normalized withewtsip the
Proof: See [9, Appendix II]. m block length of the ensemble, and the asymptotic result referthe case
cThi [ ; where we consider a sequence of LDPC code ensembles whogedngths

Remark 6:This lemma is in fact eqqlvalent to the Statefend to infinity. The bounds are plotted versus the achievallp (in rate)
ment in [5, Theorem 1]. In [9, Appendix Il], we present arbetween the channel capacity and the design rate of the LDBE€ansembles.

alternative proof (which is more elementary). This figure shows the bounds for the binary symmetric chanr@C)Bbinary-
. input AWGN channel (BIAWGNC) and the binary erasure channét@B
From Theorem 2 and Lemma 3, the following CorO”ar)&;here it is assumed that the design rate of the LDPC code enseinstgqual

follows: to one-half bit per channel use.
Corollary 1: Consider the family of all MBIOS channels
which exhibit a given channel capacity. Then, under the
assumptions of Theorem 2, the lower bound in (23) holds foapacity and for a fixed design rate, the extreme values of
every MBIOS channel from this family when the parametghis lower bounds correspond to the BSC and BEC (which
g1 is replaced with the capacity. attain the maximal and minimal values, respectively). This
observation is consistent with Theorem 2.
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