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Abstract— The paper introduces ensembles of accumulate- c.a. degree distributions. Simulations show that some efeh
repeat-accumulate (ARA) codes which asymptotically achieve ensembles perform quite well on the BEC at moderate block
capacity on the binary erasure channel (BEC) with bounded lengths.

complexity (per information bit). It also introduces symmetry

properties which play a central role in the construction of various .Al'ong' the way, We study the symmetry of c.a. qegree
capacity-achieving ensembles for the BEC. The results improve distributions and discover a new code structure which we
on the tradeoff between performance and complexity provided call “Accumulate-LDPC” (ALDPC) codes. We show that c.a.
by the first capacity-achieving ensembles of irregular repeat- degree distributions for this structure can be construetsily
accumulate (IRA) codes with bounded complexity (constructed based on the results of [7, Theorems 1 and 2]. This fact

by Pfister, Sason and Urbanke). The superiority of ARA codes d | d ind dentlv by H d
with moderate to large block lengths is exemplified by computer @Nd structure was also proposed independently by Hsu an

simulations comparing their performance with those of previously Anastasopoulos in [10]. The interested reader is referoed t
reported capacity-achieving ensembles of LDPC and IRA codes. the full paper version of our work [11]. Slides for this work

ARA codes also have the advantage of being systematic. which include recent and previous results are availablé3h [
I. INTRODUCTION

The study of capacity-achieving (c.a.) sequences of LDPC
ensembles for the binary erasure channel (BEC) was irdtiatB
by Luby et al. [1] and Shokrollahi [2]. They show that it is
possible to closely approach the capacity of an erasureneha
with a simple iterative procedure whose complexity is linea
the block length of the code [1], [2], [3]. Jin et al. introct
irregular repeat-accumulate (IRA) codes and presented.a
sequence of systematic IRA (SIRA) ensembles [4]. All g

the af_orementione_d codes h_ave one major d_rawback; th signing various c.a. ensembles for the BEC (e.g., ARA, IRA
decoding complexity scales like the log of the inverse of t d ALDPC codes)

gap (in rate) to capacity, which becomes unbounded as the

gap to capacity vanishes (see [5], [6]). A. Description of ARA Codes
In a previous paper [7], Pfister, Sason and Urbanke pre-

d for the fi : f bl f ARA codes can be viewed either as interleaved serially
2egtt§ma?i::theA I(ﬁts}g:) g%;:evﬁgﬁzss Om etr(])sti?: 2” E"(Sasolthr:?:%'ncatenated codes (i.e., turbo-like codes) or as spaapdrg
b?lock lenath 10 infinit hi y 'tp th yBECh .tcodes (i.e., LDPC-like codes). From an encoding point ofiyie

gth goes toinfini Y) achieve capacity on the Wikt is more natural to treat them as interleaved serially con-
bounded complexity per information bit. The new bounde(;

: . : : ) . atenated codes (see Fig. 1). Since their decoding algorith
complexity result in [7] is achieved by puncturing bits an 5 simply belief propagation on the appropriate Tanner lyrap

allowing in this way a sufficient number of state nodes in th(esee Fig. 2), one can also view them as sparse-graph codes
Tanner graph representing the codes. o '

. . X . In this work, we consider the ensemble of irregular ARA
In this paper, we are interested in constructing c.a. codes S o .
! . . ; .codes which is the natural generalization of irregular IRA
for the BEC with bounded complexity per information bit : . .
. codes [4], [6], [7]. This ensemble differs slightly from g&®
which also perform well at moderate block lengths and are
systematic. To this end, we make use of a new channel cod-
ing scheme, called “Accumulate-Repeat-Accumulate” (ARA) k
codes, which was recently introduced by Abbasfar, Divsalar k K@) k(D) KN kL)
, . ' | % . \ [ i spc | R@)J #Rm
and Yao [8]. These codes are systematic and have both PEcader "Encoer r £ SEC\ \Accumu'at
simple linear-time encoding. After defining an appropriateg. 1. ~Block diagram for the systematic ARA ensemble (“Irrida’SPC”

Encoder | | Encoder Encoder
outstanding performance, as exemplified in [8], [9], and a
ensemble of irregular ARA codes, we construct a number g#nd for “irregular” and “single-parity check”).

Il. ACCUMULATE-REPEATFACCUMULATE CODES

In this section, we present our ensemble of ARA codes.
ensity evolution (DE) analysis of this ensemble is presént

in the second part of this section using two different ap-
rbroaches which lead to the same equation for the fixed points
of the iterative message-passing decoder (this equatibbevi
called the “DE fixed point equation”). The connection betwee
ese two approaches is used later in this paper to state some
mmetry properties which serve as an analytical tool for




DE systemati

bits 1) Density Evolution via Message Passirithe asymptotic
P parity performance of the iterative message-passing decodehéas t
%o | | % checks © plock length of the code tends to infinity) is analyzed by krac
puncturer

bits  ing the average fraction of erasure messages which arecbasse
in the graph of Fig. 2 during th&" iteration. The technique

| random permutation ‘ was introduced in [12] and is known as density evolution (DE)
\¥/ g %/ g g %/ %aritlz/ The main assumption of DE is that the messages passed on
| 1, ¢ ez ° the edges of the Tanner graph are statistically independent
coae

bits  This assumption is justified by the fact that, for randomly
chosen codes, the fraction of bits involved in finite-length

Fig. 2. Tanner graph for the ARA ensemble. cycles vanishes as the block length tends to infinity.
A single decoding iteration consists of six smaller steps

] ) ] which are performed on the Tanner graph of Fig. 2. Let
proposed in [8]. For this ensemble, we find that DE for thgesignate the iteration number. Referring to Fig. 2, alt

BEC can be computed in closed form and that algebraé%d xgl) designate the probabilities of an erasure message

methods can be used to construct c.a. sequences. . from the “parity-check 1” nodes to the “punctured bit” nodes
An irregular ensemble of ARA codes is defined by |tsnd vice-versa Ietngl) and xiz) be the probabilities of an

degree distribution (d.d.). Nodes in the decoding graph wil ; N
be referred to by the names given in Fig. 2. Lbtz) — erasure message from the “punctured bit” nodes to the Yparit

” . . l
S L;z' be a power series wherk; denotes the fraction check 2" nodes and vice versa, and finally, e and ;) .
of L“Blunctured bit’ nodes with degreie Similarly, let R(x) — be the probabilities of an erasure message from the “parity-

Yoo, Riz' be a power series whet®; denotes the fraction check 2 Rodes tc;l gode_ bit” nodes anq V'Che Vfrﬁa' .

of “parity-check 2" nodes with degreg In both cases, the From the graph in .F'g' 2, we obtaln the following DE
. p equations of the iterative message-passing decoder (foe mo

degree refers only to the edges connecting the “punctutéd bdetails the reader is referred to [11, Section 2.3.1]):

nodes and the “parity-check 2" nodes. Similarly, Mt:) = ' ' B

S et andp(z) = 3252 | pia~! form the d.d. pair from x(()” = 1-(1- xé"l))ﬂ —p)

the edge perspective wheke and p; designate the fraction of () (N2 4/ (1-1)

the edges which are connected to “punctured bit” nodes andt  ~ (xo ) )‘($4 )

“parity-check 2" nodes with degreg respectively. We also 2’ = 1-— R(1 - mgl)) (1- xél_l)) 1=1,2,...

assume that the permutation in Fig. 1 is chosen uniformly arw  _ px(z)

random from the set of all permutations. The pair of degree3 2

T . o _ q_ (1_ (l))2 (1_ (l))
distributions of an ARA ensemble is given ¥, p). T4 r3°) P Ty
It is easy to show the following connections between the;() — 5 L(mff))
d.d. pairs w.r.t. the nodes and the edges in the graph:
/ y Convergence to a fixed point is implied biyn;_, 7V 2 x;
L'(z) R'(z) . . : P
Mz) = ) p(x) = ) (1) fori=0,1,...,5. Eliminating all the variables except £ x
) ) gives the equation:
or equivalently, since.(0) = R(0) = 0, then )
[ A() dt [ p(t) dt P> A <1 - (71_,,11{(?_@) p(1— I))
L) === R@) =%t (@) — e @)
Jy At dt Jy o) dt . e :
The design rate® of the ensemble of ARA codes (see Fig. 1) | ~ (I=p) L{1- (kpR(lfm)) pl—2)

is computed by expressing the block lengtlas the sum of:

systematic bits anélZ’(1)/ R’ (1) parity bits which then yields This equation provides the fixed points of the iterative

message-passing decoder.

_ L 2) Density Evolution via Graph ReductioMhe DE fixed
R - L/(l) . (3) . . . . .
1+ A0 point equation (4) can be also derived usingraph reduction
approach for the BEC. This approach introduces two new
B. Density Evolution of Systematic ARA Ensembles operations on the Tanner graph in Fig. 2 which remove nodes

In the following, we present two different approaches far thand edges while preserving the information in the graph.
DE analysis of ARA codes for the BEC which, as expected,

provide equivalent results. A random code is chosen from
the ensemble and a random codeword is transmitted over a - }R
BEC with erasure probability. While the concept of the first

approach is standard, the second one is helpful in estatgish

symmetry properties of c.a. ensembles for the BEC; thesg. 3. Graph reduction operation applied to parity-cheokias (left plot)
symmetries are discussed later in Section Il and bit nodes (right plot).



We start by noting that any “code bit” node whose valuBased on (7) and (8), the last equation is equivalent to (4).
is not erased by the BEC can be removed from the graph byRemark 1:The tilted degree distributions and p, which
absorbing its value into its two “parity-check 2" nodes. Omre given in (7) and (8), depend on the erasure probability
the other hand, when the value of a “code bit” node is erase,the BEC. For simplicity of notation, we do not include this
one can merge the two “parity-check 2" nodes which amependency explicitly in our notation. In Section Ill, haxee
connected to it (by summing the equations) and then rema¥e erasure probability is explicitly noted when discugsin
the “code bit” node from the graph. This merging of twesymmetry properties to distinguish betweemand 1 — p.
“parity-check 2" nodes causes their degrees to be summed
and is shown on the left in Figure 3. Now, we consider the!ll- SYMMETRY PROPERTIES OFCAPACITY-ACHIEVING
degree distribution (d.d.) of a single “parity-check 2” eoid CoDES
the reduced graph. This can be visualized as working from lef In this section, we discuss the symmetry between the bit and
to right in the graph, and assuming the value of the previodgheck degree distributions of c.a. ensembles for the BEG!, Fi
“code bit” node was known. The probability that there ar@e describe this relationship for LDPC codes, and then we
k erasures before the next observed “code bit” is given lgxtend it to ARA codes. The extension is based on analyzing
p*(1 — p). The graph reduction associated with this evemte decoding of ARA codes in terms of graph reduction and
causes the degrees &f+ 1 “parity-check 2" nodes to be the DE analysis of LDPC codes.
summed. The generating function for this sunkeafl random
variables, each chosen independently from the &gk), is A- Symmetry Properties of Capacity-Achieving LDPC Codes
given by R(x)**!. Therefore, the new d.d. of the “parity- Starting with the DE fixed point equation
check 2" nodes after the graph reduction is given by

p/\(l —p(1— a:)) =x (10)

~ = 1—-p)R(x
R(z) =Y p*(1 - p)R(2)""" = (=p)Rlz) (5) wherep designates the erasure probability of the BEC, we see
k=0

L= pR() that picking either the d.d\ or p determines the other d.d.

A similar graph reduction can be also performed on tHxactly. In this section, we make this notion precise and use
“systematic bit” nodes in Fig. 2. Since degree-1 bit nodeg (e it to expose some of the symmetries of c.a. LDPC codes.
the “systematic bit” nodes in Fig. 2) only provide channel Following the notation in [3], letP be the set of d.d.
information, erasures make them worthless. So they can fpactions, i.e.,
removed along with their parity-checks (i.e., the “parity- oo
check 1" nodes in Fig. 2) without affecting the decoder. Op = {f : fz) = kaxk, fe >0, f(0)=0, f(1) = 1} .
the other hand, whenever the value of a “systematic bit” k=1
node is observed (assume the value is zero w.0.l.0.g.),

can be removed leaving a degree-2 parity-check. Of cour Pat ste d - . L
. h . p towards proving that the pair is capacity-aclnigvi
degree-2 parity-checks imply equality and allow the coteuc Truncation and normalization issues which depend on the

“punctured bit” nodes to be merged (effectively Summingnheerasure probability of the BEC must also be considered. When

degrees). This operation is shown on the right in Figure 3. Us _ ", many of these issues disappear, so we denote the set
ing the symmetry between graph reduction on the informati d d, pairs which satisfy (10) by ’

bits and the parity checks, we see that the new d.d. of the
“punctured bit” nodes after graph reduction is given by Ciopc 2 { Mp)EPxP| Al-p(l—2)) =2z }

Flhding a d.d. pair\, p) which satisfies (10) is typically the

oo

Lz) = (1 - p)ipL(a)F+! = pL(z) . (6) The symmetry propertyof c.a. LDPC codes (with rate 0)
k=0 1—(1-p)L(z) asserts that
After the graph reduction, we are left with a standard LDPC (A, p) € Cuopc < symmetry (0, )) € Cope. (11)
code with new edge-perspective degree distributions giyen

~, ) One can prove this result by transforming (10) whes- 1.
o) = L) _ pA(z) (7 First, we letz = 1 — p~' (1 — y), which givesA(y) = 1 —
L (1-@1- p)L(gj))Q p~1(1—y), then we rewrite this expression aél — A(y)) =
@) (1—p)2p(a) 1 —y and finally, lety = 1 — z to getp(1 — A(1 — z)) = =.

plz) = = (8) Comparing this with the DE fixed point equation (10) when

— -
R(1)  (1-pR(z)) p = 1 shows the symmetry betweenand p.

After the aforementioned graph reduction, all the “systeng Symmetry Properties of ARA Codes
atic bit” nodes and “code bit” nodes are removed. Therefore

the residual LDPC code effectively sees a BEC whose erasurd '€ decoding of an ARA code can be broken into two
probability is 1, and the DE fixed point equation is given by?t@ges. The first stage transforms the ARA code into an
_ equivalent LDPC code via graph reduction, and the second one

/\(1 —p(1— x)) = . (9) decodes the LDPC code. This allows to describe the symmetry



property of c.a. ARA codes in terms of the symmetry property.d. pair(}, p) to the LDPC d.d. pai(}, p,). This yields that
of c.a. LDPC codes. Fof € P, let us define for ensembles of NSIRA codes, the set of d.d. pairs which
satisfy the DE fixed point equation is given by

Py e _12p)” f(@) 12
fo(@) (1 - pf{ff(fi?j?) (12) Crsira(p) 2 { Mp) EPXP| A1=pp(l—2)) == }

An ALDPC code has no accumulate structure attached to
. . . 7 77 the “parity-check 2" nodes, and therefore the graph redncti
combining (2), (7) and (8) which gives = A, andp = 5. rocess only affects the d.d. of the “punctured bit" nodes.
This allows graph reduction to be interpreted as a mappi nce, graph reduction acts as a mappihgopc from the

Gara from an ARA d.d. pair to an LDPC d.d. pair which CanALDPC d.d. pair(, p) to the LDPC d.d. pai(Xl_p,p). For

be expressed as ALDPC ensembles, the set of d.d. pairs which satisfy the DE
Gara ~ fixed point equation is therefore given by

(Ap) === (AM—ps Pp)-

The inverse of the graph reduction mapping is represented %A)}DPC p) = { (A p) €PxP| M- p(l — = x)) -7 }

a dashed arrow because this inverse mapping, while alwaydhe symmetry between NSIRA and ALDPC ensembles fol-

well-defined, does not necessarily preserve the non-nmiygati lows from the symmetry relationship in (11), the equivaknc

of d.d. functions. between a d.d. paif\, p) for NSIRA codes and the d.d. pair
Referring to ensembles of ARA codes, the set of d.d. pai3, p,) for LDPC codes, and the relationship between a d.d.

which satisfy the DE fixed point equation (4) is given by  pair (A, p) for ALDPC codes and the d.d. pait\;_ —ps P)-

The symmetry relationship is therefore given in the follogyi
Cara(p) 2 { (Ap) € P X P| Xip(1=pp(1=2)) == }  diagram.

One can write the d.d. pai(r/\,f)) after graph reduction by

where the equivalence to (4) follows from (7), (8) and (12). . symmetry
The symmetry between the bit and check degree distribid> #) € CANS'RA( ) (p,A) € CAALDPC(l -7
tions of a c.a. ARA ensemble follows from the symmetry : :
relationship in (11), and the equivalence between a d.d. pagNSIRA | /| GaLppe
(A, p) for ARA codes and the d.d. pait\;— p,pp) for LDPC ‘ :
codes. The complete symmetry relationship is thereforergiv - LDPC symmetr ~
/ ' y P o (A, pp) € Crope < Y Y (Pp> M) € CLprc

in the following diagram:
IV. CAPACITY-ACHIEVING ENSEMBLES WITH BOUNDED

(A, p) € Cara(p) = > (p,A) € Capa(1 —p) COMPLEXITY: CONSTRUCTIONSBASED ONLDPC CODES

A A . . . .
! ! In this section, we introduce a way of constructing c.a.

GaRA : : GarA ensembles of ARA codes for the BEC. To this end, we
] } start by choosing a candidate d.d. p@l; p) which satisfies

~ _ LDPC symmetry equation (9). Then, it is examined if it can be used to coestru

(A1—p; Pp) € Crope < (Pps )‘1 ») €CLoPC  an ensemble of c.a. ARA codes. The testing process starts by

This symmetry relationship is very useful in order to geteeramapping the tilted pai\, 5) back to (), p) via (7) and (8),

new d.d. pairs which satisfy the DE equality in (9). and testing the non—nega_ltivity of the power series\@ndp_.

We assume that the tilted d.d. and p have non-negative

C. Symmetry Properties of NSIRA Codes power series expansions. Unfortunately, this propertys ahmt

Now, we consider the graph reduction process and symn@sure that the original (i.e., non-tilted) dXand also have
try properties of non-systematic irregular repeat-acdateu Non-negative power series expansions. Calculatioh ahd p
(NSIRA) codes (for preliminary material on NSIRA codesfrom the tilted d.d.A and p is not straightforward since both
the reader is referred to [7, Section 2]). In this respectjrwe €guations involve the d.d. and iz which are the normalized
troduce a new ensemble of codes which we call “Accumulatétégrals of the unknown and p. In order to overcome this
LDPC” (ALDPC) codes. These codes are the natural imagéficulty in solving the two integral equations, we caldela
of NSIRA codes under the symmetry transformation. In facie tilted d.d. pair w.r.t. the nodes of the graph using

ARA symmetry

this ensemble was discovered by applying the symmetry B Jac X(t N fa: () dt
transformation to previously known c.a. code ensemblesirTh L(z) = 01~7 , R(z)= °~7 (13)
decoding graph can be constructed from the ARA decoding Jo M) dt fo

graph (see Fig. 2) by removing bottom accumulate structurgpe original d.d. pair w.r.t. the nodes (i.e., before graph
Since an NSIRA code has no accumulate structure attachegyction) is calculated from Egs. (5) and (6), and

to the “punctured bit” nodes, the graph reduction process ~ ~
affects only the d.d. of the “parity-check 2" nodes. Therefo  /\ _ L(z) R(z) = R(z) (14)

graph reduction acts as a mappifigsira from the NSIRA p+(1—p)L(z)’ 1—p+pR(z)



Then, we use equation (1) to firid, p). The critical issue here
is to verify whether the functiong and R have non-negative
power series expansions.

Capacity-Achieving ARA Ensemhldsis easy to verify that
for 0 < b < 1, the functionf(z) = (}:Zl“” belongs to the
set A and alsof(z) = 1 — f~!(1 — x); in this case, the
function f is said to be self-matched. Therefore, based on (9),
we examine whether the choicgz) = p(x) }:ggf can
be transformed into an ensemble of ARA codes whose degree
distributions have non-negative power series expansknosn

(13) and (14), we get

bx + In(1 — bx)
~ pb+In(1—=b)]+ (1 —p) bz +In(1 — bx)]
bx + In(1 — bx)
(1—p)[b+1In(l—0b)]+plox+In(1 —bx)]
Since the functionf we started with is self-matched, the
resulting functionsL, and R in this approach are the same,
except thatp and 1 — p are switched. In [11, Appendix C],
we find a necessary and sufficient condition so that the degree
distributionsZ and R in (15) and (16), respectively, have both
non-negative power series expansions. Based on this preof,
state the following theorem (for a proof, the reader is refigr
to [11]). We rely here on the Lambert W-functi®¥ («) which
is defined to be thev-solution of the equatiome®” = .
Theorem 1 (Ensembles of Self-Matched ARA CodEsg
ensemble of self-matched ARA codes, defined by the pair
of degree distributiongZ, R) in (15) and (16), achieves the
capacity of the BEC for any erasure probabiliye (0, 1).

L(z) (15)

R(z) = (16)

decoding withbounded complexity

ARA Self-Matched Rate 0.7
10 T T

Word / Bit Erasure Rate

[N
o
T

|
&

—e— WER N=1024 |
—— BER N=1024
—e— WER N=8192
—— BER N=8192
—e— WER N=65536
—— BER N=65536

7 T L I I I
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Word / Bit Erasure Rate
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—e— WER N=8192 ' N
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Fig. 4. Simulations for the ensemble of self-matched ARA codesse rate

) . . ) ) is 0.7, having high-rate outer codes (the rate of the outde Gge1914 = 8179
This result is achieved under iterative message-passifg 65520 1o, n

. . 1024’ 8192
= 1024, 8192 and 65536 bits, respectively). The upper plot

refers to directly designing the rate to 0.7 (without purnicig). The lower

The tails of the d.d. (i_e_, the partial SU”E?;C L; and plot refers to the design of the ensemble for a rate of 0.5, aagkasing its

Yoo, R;) decay exponentiallijke O(b*) where the parameter
b is given in terms of the Lambert W-function as

_ 134T 1+[1-2p] 4
b=W (—e 1@ Tzl ) 41,

The complexity, per information bit, (2)f encoding and deoodi
is given byxe = X0 = 1=5 ~ =g -
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