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Abstract

We study the channel output distribution induced by a random code of rate
R, from the perspective of statistical physics. The central object is the partition
function Z,(8[C) = >_,» [Pyn|c(y")]5 , where y" is the channel output vector, C is the
code, and 3 > 0 plays the role of inverse temperature. More precisely, our focus is on
the associated annealed free energy, (5, R) = lim,, % log E[Z,,(B|C)], where the
expectation is with respect to the randomness of C. This quantity encodes the full
Rényi spectrum of the output distribution. The single-letter formula derived for the
annealed free energy decomposes into two branches which reflect a “competition”
between two populations of codewords. One is the bulk branch, 1,(8, R), which
is driven by typical codewords and the other one is the sparse branch ¥.(5, R),
which is driven by a-typical codewords, where the qualifiers ‘typical’ and ‘atypical’
are in a sense to become apparent later. We analyze the phase structure of each
branch separately and characterize their competition. Both branches are derived
for all 8 > 0. The phase boundary R*(f), where the two branches are equal, is
analyzed for § > 1, where it has an explicit closed-form expression. The phase
diagram in the first quadrant of the (3, R) plane has four regions separated by
three boundaries: R = I"(f8) (bulk branch transition), R = R*(f) (bulk-sparse
competition boundary), and R = I*(f) (sparse branch transition), all meeting at
the point (8, R) = (1,1(X;Y)), where I(X;Y) is the mutual information induced
by the input type and the channel. Applications to guesswork, channel resolvability,
and hypothesis testing are discussed, and all results are illustrated with a numerical
example of a Z-channel.

Keywords: random coding; soft covering; channel resolvability; free energy; phase tran-
sitions; annealed free energy; Rényi entropy; statistical mechanics; guesswork; hypothesis
testing
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1 Introduction

Given a codebook C = {z"(m)}M_, of size M = ™ and a discrete memoryless channel
(DMC), {W (y|z)}, the induced channel output distribution is given by the mixture

Prn(y") = 2 S0 Wy (). (1)

This object is central to channel resolvability [I] and the soft-covering problem (see,
e.g., [2], 3], [4] and references therein). Classical results, in this context, focus on a
single threshold: if R > I(X;Y), I(X;Y) being the mutual information induced by the
input distribution and the channel W, then the distribution Py« converges to the i.i.d.
product law PZ" in total variation as well as in some other metrics between probability
distributions.

This description, however, captures average behavior only. It says nothing about
the internal geometry of Py«»: how the probability mass is distributed across output
sequences, how many codewords support a typical and an atypical output, or how the
self-information, —% log Py (y"), fluctuates. These questions require going along a deeper
journey, beyond the Shannon entropy and mutual information.

In this work, we study Py~ through the function,

Zn(B) = [Pra(y™)’ =D exp{—Blog[l/Py=(y")]}, B >0, (2)
y" y"

where the second representation is readily recognized as a partition function, with 5 > 0
playing the role of inverse temperature, and log[l/Pyn~(y™)] = —log Py~ (y"™) being the
energy function (a.k.a. the Hamiltonian) associated with every micro-state y™. In other
words, this is identified as the canonical partition function of a statistical-mechanical
system whose micro-states are channel output sequences. Two special values bracket the
range: Z,(1) = 1 (normalization, 8 = 1) and limg_,..[Z,(8)]"/? = max,» Py« (y") (the
mode, or the ground state in the physics jargon). In general, ﬁ log Z,(B) is exactly
the definition of Hg(Pyn), the Rényi entropy of order 5 # 1, pertaining to the output
distribution Py«, which is non-increasing in 8. The associated free energy 1 (3, R) encodes
the exponential growth/decay rate of Z, (/) as a function of n. Since Z, () depends on
the random codebook, and actually, should be denoted Z,,(5|C), we study the free energy
behavior for the average code, which is identified with the annealed free energy,

Y(5,R) = lim ~ log E{Z,(5C)}, 3

provided that the limit exists. Here, E{-} denotes the expectation operator with respect
to (w.r.t.) the randomness of the code C. Its phase structure — the rich dependence on
£ and R — is the main subject of this work.

It should be emphasized that many earlier statistical-mechanical analyses of random
coding, were based on Derrida’s random energy model (REM) (see, e.g., [5], [6] and
references therein). These are based on partition functions whose micro-states were the
channel inputs (i.e., the codewords) for a fixed channel output sequence y", that is,

M

ZP(B) = Y W (y |2 (m))’, (4)

m=1



for fixed y™, whereas, here the micro-states are the channel outputs, as mentioned ear-
lier. This difference is significant because here, each energy term, — log Py« (y™), is itself
a log-partition function over codewords. This two-level structure makes the problem
considerably harder and richer than that of an ordinary REM.

The main contributions of this work are as follows. We derive the annealed free energy
and analyze the phase structure of its two branches (Theorems and [3.9). The free en-
ergy decomposes into a bulk branch and a sparse branch, reflecting a competition between
two populations of codewords. The bulk branch is driven by typical codewords and the
sparse branch is driven by atypical codewords, where the meanings of the qualifiers ‘typ-
ical’ and ‘atypical’ will become apparent in the sequel. Both branches are derived for all
> 0 and analyzed separately. The bulk branch, ¢,(8, R) (Section [3), has a single phase
transition at a critical rate R = I°(/f)—the mutual information of the bulk optimizer
(the unconstrained optimizer of the bulk branch)—where a rate constraint changes from
inactive to active. A similar comment applies to the sparse branch, 1,(3, R), whose phase
boundary is R = I*(/3). The total annealed free energy (3, R) has a phase boundary
R*(B) given by an explicit closed-form formula (Theorem [3.9(b), Section [3). Together,
the three boundaries divide the (3, R) quadrant {R > 0, § > 1} into four regions, de-
noted, A, B, C, and D. By construction, ¢ (3, R) > (5, R) always, with equality in
region A and strict inequality in regions B, C, and D, where the sparse branch domi-
nates. For the sparse branch, a fully explicit closed form formula, in terms of channel
transition probabilities and 3 alone, holds whenever the rate is below I*(8) (see eq. (29)).
All results are illustrated in a numerical example in Section []

A few words are in order with regard to earlier related work and the differences relative
to the present work. The model is the canonical object of channel resolvability and
the soft-covering problem. Han and Verdu [I] established the resolvability threshold
R = I(X;Y) under total variation, || Py» — PZ"||pv — 0 for R > I(X;Y), and showed the
threshold is tight. Hayashi [3] derived exponential convergence rates under total variation
and normalized relative entropy, a.k.a. the Kullback-Leibler (KL) divergence. Hou and
Kramer [4] extended the analysis to the Rényi divergence D, (Pyn||P3"), showing the
critical rate remains I(X;Y) for all « € (0, 00) but the exponents differ. Yu and Tan [7]
derived exact error and strong-converse exponents for the soft-covering problem under
KL divergence and total variation. In a slightly earlier but closely related and highly
relevant work [§], the same authors characterized the Rényi resolvability—the minimum
rate R required for the Rényi divergence D,(Pync]|P3") to vanish asymptotically. They
showed that for @ < 1 the threshold remains I(X;Y'), while for a > 1 it is strictly larger
than I(X;Y) and depends on «.

Our work is complementary to [8]: rather than characterizing the threshold rate at
which a divergence to PZ" vanishes, we study the exact value of the annealed free
energy at every rate R and inverse temperature [, revealing a two-branch phase dia-
gram with three distinct phase boundaries. We analyze the below-threshold regime with
the same precision as the above-threshold regime, and expose qualitative phenomena—
condensation, sparse-branch dominance, and the annealed/quenched gap—invisible to
divergence-based analyses. In particular, our bulk branch boundary, R = I"(3), for
f > 11is precisely the Rényi resolvability threshold of [8], now seen as one of three phase
boundaries in a richer thermodynamic landscape.

In general, all earlier results, in this context, share a common feature: they measure
how close Py is to a target distribution PZ™ via some metric, and they all identify
R = I(X;Y) as the single relevant threshold. The present paper asks a fundamentally



different and complementary question: not how close Py~ is to a target, but what is the
internal geometry of Pyn itself?

Our partition function Z, () encodes the Rényi structure of Py» without reference to
any external target distribution, and reveals phenomena invisible to total variation or KL
divergence. It turns out that the classical threshold, R = I(X;Y), is only the beginning
of the story: the (8, R) quadrant { > 1, R > 0} is divided into four distinct regions by
three phase boundaries, all passing through the point (5, R) = (1,1(X;Y")). Concretely:

e Even for R > I(X;Y) (where ||Pyn — PZ"||rv — 0), the annealed free energy
reveals a condensed phase: when R < I°(8) for some 3 > 1, the bulk branch
of 1 has an active rate constraint, signalling that probability mass concentrates
on outputs supported by sub-exponentially few codewords — output condensation
invisible to total variation distance.

e The annealed free energy has a phase boundary R = R*(/3) where the sparse branch
takes over from the bulk branch, signalling that the atypical codewords dominate
the ensemble average.

e Since log Z,(B|C) = (1 — B) Hg(Pyn|c) exactly for every fixed codebook (by the
definition of Rényi entropy), the bulk branch v,(3, R) encodes the Rényi entropy
rate Hg(Pynic)/n of the output mixture for a typical codebook (for 3 > 1 and
R > R*(p), this is proved in Theorem see also Appendix). The full annealed
free energy thus encodes the complete Rényi-order profile of the output distribution,
of which classical soft-covering (8 — 1) is a single cross-section.

In summary, this work does not contradict soft-covering results—it refines and extends
them by revealing the fine structure of Py~ that lies beneath the single threshold R =
I(X;Y). These structural findings have direct operational consequences, which we now
describe.

1. Guesswork and Rényi entropy. Arikan [9] showed that guesswork moments E[G(Y™)?]
grow as e™f/a+9(yn) - The annealed free energy encodes the Rényi entropy rate of
the output mixture, extending Arikan’s analysis to the case where the source is itself
a random-coding mixture. The phase structure of ¥ (3, R) produces regime changes in
guessing complexity absent in the i.i.d. case.

2. Hypothesis testing. The Chernoff exponent [10] for testing Pync against PZ" equals
¢(R) = maxo<p<1[(1 — B)log|Y| — ¥(B, R)|, directly connecting our free energy to the
optimal test. With Py being uniform, {(R) = 0 for R > I(X;Y'), meaning the two dis-
tributions are not exponentially distinguishable at and above the soft-covering threshold.
The phase structure of (3, R) produces qualitative regime changes in {(R) as R varies,
and connects to the Rényi resolvability results of Yu and Tan [8]; see Section [j|

3. Statistical mechanics of codes. Sourlas [11] established the connection between linear
codes and spin-glass models. Montanari [12] analyzed the phase transition in turbo codes.
Mézard and Montanari [5] (Chapters 5 and 6) and Merhav [6] provided a comprehensive
treatment of random coding via statistical physics, with the partition function summing
over codewords (inputs) for a fixed received sequence. The present work complements [6]
by placing the partition function over outputs: the resulting two-level hierarchical model



has a distinct phase structure governed by the code rate R rather than by signal-to-noise
ratio.

The outline of the remaining part of this article is as follows. Section [2| defines the
model and establishes the notation conventions. Section [3|derives the annealed free energy
and analyzes the phase structure of its bulk and sparse branches; the phase boundary
R*(/3) has an explicit closed-form formula for g > 1. Sectionpresents the phase diagram
(four regions, § > 1). Section |5| discusses applications and implications of our results.
Finally, Section [ summarizes the paper and provides an outlook.

2 Model, Definitions and Notation

Throughout the paper, n denotes the block length. An n-vector over alphabet X is
displayed as z" = (z1,29,...,2,) € X", X being the single-letter finite alphabet, and
similarly y™ € V", where the single-letter alphabet ) is also finite. The empirical distri-
bution (type) of 2 is denoted Py (a) = L4{i: z; =a}foralla € X. A similar definition
applies to joint types of pairs of sequences, (z",y™). A DMC W is a stochastic matrix
W : X — Y and for sequences 2", y", we write W"(y"|z") = [[;_; W (y;|z;). Throughout
the sequel, all logarithms are natural (base e); Accordingly, information measures are
given in nats. We use the standard exponential-equivalence notation f(n) = g(n) to
mean lim,,_,., + = log g(n) =0, i.e. f and g have the same exponential growth/decay rate.
The notation of information measures is as follows. D(P||Q) the Kullback-Leibler (KL)
divergence,

P(z)

Q(z)

D(P|Q) =) Pz log

reX

(5)

Throughout the paper, QQxy denotes a joint distribution on X x ) with X-marginal
given by Qx = Px, Px being a fixed input distribution on the finite input alphabet X.
When @ xy needs to appear as a subscript in an information measure, we abbreviate
Qxy by @Q to avoid cumbersome notation. Thus, Ho(Y'), Ho(Y|X), and Io(X;Y) stand
for Hy,, (Y), Hg., (Y|X), and Ig,, (X;Y) respectively, which are the entropy of Y, the
conditional entropy of Y given X, and the mutual information between X and Y, respec-
tively, all induced by @xy. On the other hand, when ()xy appears as an argument of
a certain functional, the full notation is used. The notation I(X;Y") (without subscript)
refers to the mutual information induced by the fixed single-letter channel input distri-
bution Py and the channel transition probability matrix W, i.e. I(X;Y) = Ip.w(X;Y).
The KL divergence between a conditional distribution Qyx and W, with weighting by
Px, is defined by

Qvx (y|z)
D W|Px) Px( Jog oty
(QyixIW|Py) 2;( X yGZyQY'X W) loa =1y

A random codebook of rate R > 0 and block length n is a collection C = {x"(m)}M_,,
M = |e"?], where the codewords z™(m) are drawn independently and uniformly at

random from the type class

(6)

T(Px) = {a" € X" : Pyu(a) = Px(a) Ya € X}, (7)



the set of all n-sequences with empirical distribution exactly Px. Given codebook C, the
induced output distribution is

M
n 1 n n n
Pynie(y") = i ZW (y"[z"(m)). (8)
m=1
For 8 > 0, the partition function is defined as

Zn(BIC) = [Pyre(y™)’. (9)

y’!L

The annealed free energy is

V(5. R) = Tim ~ logEe[Z,(510)], (10)

assuming that the limit exists. For a joint type QQxy on X x Y with marginal Qx = Py,
define:

UQxy) = Ho(Y[X) + D(Qyx[[W[Px). (11)

Note that for (2", 9") of joint type Qxy, W™ (y"|z") = e 1@x¥) We shall often use the
identity

[o(X;Y) +U(Qxy) = Ho(Y) + D(Qvx[IW|Px). (12)

Fix an output sequence y" of type (Jy. The type-class enumerator N(Qxy|y™) counts
how many codewords have a joint type (joint empirical distribution) @ xy with y™:

N(Qxvly") =#{m: (2"(m),y") € T(Qxv)}, (13)

where T (Qxy) is the joint type class associated with the joint distribution @ xy .
Using the method of types [13], [I4], it is readily observed that given y", each randomly
selected codeword, x™(m), satisfies (x™(m),y") € T (Qxy) with probability

[T(@xwly")] . ™™ gy (14)

| T(Px))| eHalX) ’
where T(Qxy|y") = {«" : (2", y") € T(Qxy)} is the conditional type class, and where
we have used the fact that Qx = Px. Since codewords are drawn independently at

random from 7 (Py), it is clear that N(Qxy|y") is a binomial random variable with M
trials and a probability of single success of the exponential order of e~/@(X:Y),

3 Annealed Free Energy and its Phase Structure

In this section, we derive a single-letter expression for the annealed free energy and
investigate its phase structure in the (3, R) plane. The first main result is the following.

Theorem 3.1 (Annealed Free Energy, § > 0). For all > 0:

¥(B, R) = max{,(8, R), ¢.(8, R) }, (15)
with



Ui(B,R) = sup  [Ho(Y) = B(Io(X3Y) + £(Qxvy)], (16)

R =RO-B)+  sup  {Hg(YIX) ~ S(@x)} (17
S R

For convenience, we define the functional
F(QXY) = HQ(Y’X) - ﬁg(QXY)a (18)

which is the common building block of both branches. Using the identity, Hgo(Y) =
Io(X;Y) + Ho(Y|X), we may present the two branches of the annealed free energy as

WER = s [(1-BI(GY) + F(Qx) (19)
AT
(B, R)=R(1—-B)+ sup  F(Qxv). (20)
Qxv:Qx=Px
Io(X5Y)>R

Proof of Theorem [3.1. 'We begin with the trivial identity,

Z[Pynw)]ﬁ] = S E{[Prct)’}. (21)

yn

We next focus on E[Pync(y™)”?] for a fixed y". Define S(y") = M Wy |z (m)), so
that Pync(y™) = S(y™)/M. Since M = e"? is deterministic,

E[Pyoe(y")’] = MPE{[S™)} = e RE{[S(y")]"}. (22)
The problem reduces to computing E[S(y")?]. For each y",

E{SGM)°} = E| Y NQuyly") e (@)
Qxy:Qx=Px
L Qv=PFyn

= E Z [IN(Qxyl|y™)]? - e mPlQxy)
Qxy:Qx=Px
L QY:Py"

- > E{IN(@Qxyly")’} - e nOxy)
Qxy:Qx=Px
QY:Pyn
= max  E{[N(Qxy|y")]’} - e @), (23)

Qxy:Qx=Px
QY:Pyn

where the dotted equalities are since the sum contains at most poly(n) non-negative
terms. Now, the evaluation of E{N(Qxy|y")]’} requires the following lemma, which is
Theorem 4.2 of [15] and the proof is therein.

8



Lemma 3.2 (Moments of Binomial Enumerator). Let N ~ Binomial(e"?, e™"B) with

A, B>0 and B > 0. Then,

[ ePA-B) AS B
) ={ Cusa 475 (24)

The case A = B corresponds to a non-exponential behavior of E{N?} as can be
seen by observing the limiting behavior of both cases. (As a side remark, when N is
Binomial(e™*, A\e™™4), for some constant A > 0, then in the limit of n — 0o, N becomes
a Poissonian random variable with parameter A, that is, Pr{N = k} — %, for every
non-negative integer k, and therefore, the asymptotic Sth moments are constants).

Lemma is now used with the assignments A = R and B = I(X;Y’). Accordingly,
one must distinguish between types {Qxy } for which R > I(X;Y’) as opposed to those
with R < Ip(X;Y). Now,

SO = Qxv O =Px E{[N(@Qxyly™)} - e ?1@x)
Qy=Pyn
= max{ max R E{[N(Qxﬂyn)]ﬁ} . e—nf%(@xy)7
Qxy:Qx=Px, Qy=Pyn
IQ(X;Y)<R
max E{[N(Qxy\y”)]ﬁ}.enﬁf(Qxy)}
Qxy:Qx=Px, Qv=PFyn
Io(X;Y)>R
= max{ max ) eBR—Ig(X5Y)] | e—nﬁf(Qxy)’
Qxy:Qx=Px, Qy=Pyn
Io(X;Y)<R
max R e_”[IQ(X;Y)—R] . e_nBZ(QXY)}' (25)
Qxy:Qx=Px, Qy=FPyn
IQ(X5Y)>R

~

Since the latter expression involves maximization over {Qxy} when Qy = P, is held
fixed, it is clear that it depends on y™ only via pyn. The number of {y"} with pyn =Qy
is of the exponential order of e®#e)  Multiplying the per-y™ contributions by e™e(Y)
and by e "% yields the total contribution of type @y, and finally, summing over all
{Qy }, which is exponentially equivalent to maximizing over all {Qy }, yields the asserted
expression of (8, R). The part pertaining to types with Io(X;Y) < R is identified with

(B, R), and the one with Io(X;Y) > R is associated with ¢,(3, R). O
For future reference, we need the following definition.

Definition 3.3 (Sparse-feasible and bulk-feasible types). For a given rate R > 0, a joint
distribution QQxy with Qx = Px is called:
e sparse-feasible if Io(X;Y) > R, i.e., it satisfies the constraint of the sparse branch
optimization,
e bulk-feasible if Io(X;Y) < R, i.e., it satisfies the constraint of the bulk branch
optimization.
Every Qxy is either sparse-feasible or bulk-feasible (or both, if Io(X;Y) = R).



3.1 The Sparse Branch: Formula and Phase Structure

The sparse branch of the annealed free energy,

V(B8 R) = R(1—B) + SUPf F(Qxy), (26)
Io(X;Y)>R
captures the contribution of sparse-type codewords: those whose joint type ) xy with the

output y" satisfies Io(X;Y) > R. For fixed y", such codewords are rarely encountered
in a typical codebook of the ensemble.

Definition 3.4 (The annealed optimizer % and its mutual information I°(f3)). For each
B >0, define

)18
Qo) = 5= e P (27

It can be readily shown that Q% maximizes F'(Qxy) = Ho(Y|X) — Bl(Qxy) over all
Qxy with Qx = Px. Accordingly, define

I(B) = Igy (X;Y). (28)

The curve R = I*() marks the point where Q% crosses from sparse-feasible (Ig; (X;Y) >
R, and so, Q3 optimizes the sparse branch) to bulk-feasible (—]Qg (X;Y) < R, so Q3 opti-
mizes the bulk branch).

Closed-form formula. By Lemma , when I(X;Y) > R the fth moment of the enumer-
ator satisfies E{[N(Qxy|y™)])?} = e 1e(XY) pegardless of 8. The resulting annealed
calculation gives

W, (6,R) = R(1— )+ C(8) whenever R < I*((), (29)

where

= Px(x)log <Z[W(ylﬂf)]5> - (30)
TzeX yey

The formula ceases to hold when R > I*(8) as Q7 is then bulk-feasible (/g5 (X;Y) < R)
and hence does not comply with the rate constraint of the sparse branch.

Phase structure. The sparse branch has its own phase transition at R = I*(f3):
e For R < I*(B): ¥.(B,R) = R(1 — B) + C(B), the closed-form linear formula. The
sparse branch is maximized by Qj.
e For R > I*(): Q3 is not sparse-feasible; the closed-form R(1 — )+ C(83) does not
apply and the sparse branch must be evaluated directly from .
Operational meaning. The sparse branch governs the behavior of the ensemble aver-
age E[Z,(B|C)] when the latter is inflated by atypical codebooks. Specifically, when
(6, R) > ,(B,R) (which occurs for sufficiently small R, as characterized by the
phase boundary R*(3) derived in Theorem below), the annealed free energy satis-
fies (B8, R) = ¢.(8, R), meaning that E[Z,(5|C)] is dominated by a sub-exponential
fraction of codebooks with atypical codewords (those containing a sparse-type codeword
with Io(X;Y) > R). A typical codebook has < log Z,(8|C) =~ (3, R).

10



3.2 The Bulk Branch: Operational Meaning

We now motivate why the bulk branch v, (5, R) deserves a separate study within the
analysis of (3, R). As said before, the bulk branch, (5, R), is the component of
(B, R) driven by typical codewords — those whose joint type with the output satisfies
Io(X;Y) < R, ie., codewords that are plausible given the code rate. A typical ran-
dom codebook contains no sparse-type codewords (those with Io(X;Y) > R) with high
probability, so for a typical fixed codebook Z,(8|C) = e"¥»(31) at the exponential scale.
The annealed free energy (3, R) = max{¢, (5, R),¥.(8, R)} can exceed 1, (3, R) (when
the sparse branch dominates) because it is inflated by the rare codebooks that happen
to contain a sparse-type codeword; In the language of statistical physics, ¥, (3, R) is the
quenched free energy, which is the free energy of a typical random code, while ¥(3, R) is
the annealed free energy (the free energy of the disorder-averaged partition function). To
support this observation, we now state the self-averaging property of Z,(5|C), for 5 > 1
and R > R*(). The proof appears in the Appendix.

Theorem 3.5 (self-averaging and quenched free energy). For > 1 and R > R*(0):
oo 1
(i) lim ~Eflog Z,(BIC)} = vu(B, R).

(i) ~10g Zu(BIC) 25 6,8, R).

The condition R > R*(f) is precisely the regime (regions A and B in the phase
diagram) where the bulk branch dominates the annealed free energy: (8, R) = ¢,(5, R)
(Theorem . This is needed for the upper bound in the proof: Markov’s inequality
on E[Z,] gives (1/n)log Z, < (5, R), and this equals ¢, (5, R) only when R > R*(3).
The lower bound of the proof holds under the weaker condition R > I”(f), so region
C (I"(8) < R < R*(f)), where a typical codebook still lives in the bulk phase but the
annealed average is inflated by rare sparse-type codebooks, remains open. Whether the
result also extends to the condensed phase R < I*(f3), or to § < 1, likewise remains open.

By the definition of Rényi entropy, Hg(Y) = ﬁlog >, P(y)?, so log Z,(B|C) =
log >, n Pynie(y™)? = (1—) Hg(Pyn|c) exactly, for every codebook. Since log Z,(8]C) —
(5, R) a.s. (Theorem , the bulk branch encodes the Rényi entropy rate of the output
mixture at order f3:

1-p
n

%(5, R) =
for a typical fixed codebook.

Hg(Pync) (31)

3.3 The Bulk Branch: Formula and Phase Structure

Definition 3.6 (The bulk optimizer Q} and its mutual information I°(3)). For each
B >0, define

QZ’ = algMaAXg ¢y Qx=Px [(1 - ﬁ)[Q(X; Y)+ F(QXY>]’ (32)

the unconstrained mazimizer of the bulk objective, and set

I'(8) == Igy (X;Y). (33)

11



Obviously, for R > I°(f),

(B, R) = hu(B) = sup [(1 = B)Ip(X;Y) + F(Qxvy)]. (34)

Qxy: Qx=Px

The curve R = I*(f3) is therefore the bulk phase boundary: for R > I°(/3) the rate con-
straint Io(X;Y) < R is inactive (bulk phase), while for R < () it is active (condensed
phase).

The next lemma establishes an inequality relation between () and I°(5).

Lemma 3.7 (Ordering of the two optimizers). For > 1:

I'(B) < I°(B), (35)
with strict inequality for > 1. At =1, I'(1) =I*(1) = I[(X;Y).

Proof. By the optimality of Q3 in the bulk objective:

FQ3) + (1 =8)I"B) = F(Qp) + (1= p8)I(B)
= CA)+ 1 =B (), (36)

which for g > 1 is equivalent to

(6) — F(Q5)
p—1
where the right-hand side is clearly non-negative since the denominator g — 1 is positive
and the numerator is non-negative as C'(5) is the global maximum of F(Qxy), which
cannot be smaller than F'(Q}). Therefore, I*(3) — I"(3) is non-negative as well. O

r@) -18) = < (37)

3.4 Phase Structure of the Annealed Free Energy

The annealed free energy formula (Theorem holds for all # > 0. However, the
analysis of the phase boundary between the bulk and sparse branches is restricted here
to the range § > 1, for two reasons. The first reason is motivational: In the statistical-
mechanics language, 5 > 1 is the low-temperature regime where Z, (/) is closely related
to Rényi entropies of order at least one. This range captures the operationally most
relevant quantities: § = 1 (Shannon entropy, resolvability threshold), 8 = 2 (collision
entropy, birthday attacks), f — oo (minimum entropy, — log max,» Py« (y")), and general
B > 1 (guessing moments E[G(Y")*] = e"*f/a+9 [9]. The second reason is that the
range 0 < [ < 1 does not appear to lend itself to closed-form analysis, the main issue
being the lack of guarantee concerning the uniqueness of the solution R to the equation
Uy (B, R) = 1,(B, R), which is the phase boundary of the total annealed free energy, as
will be defined next. In particular, for 0 < § < 1, the branches ¢, (3, R) and ¢,(5, R)
may or may not cross, and existence and uniqueness of a crossing are not established in
general.

Definition 3.8 (Annealed Phase Boundary). For 5 > 1, the annealed phase boundary
R*(B) is the unique rate at which the bulk and sparse branches are equal:

b,(8, R*(8)) = ,(8, R*(B)). (38)

12



Existence and uniqueness of R*(3) € (I*(83), I*(8)) are established in Theorem [3.9|b)
below, together with an explicit formula.

To facilitate the need to keep track of the various phase boundaries and the quantities
associated with them so far, the following table summarizes those ingredients.
Summary of the two optimizers.

Q) o
Definition Unconstrained maximizer of Gibbs distribution:

(8, R) objective (eq. (32)) @3(ylz) o [W(yla))’
per letter (eq. (27))

Maximizes Ho(Y) — Bllo(X;Y) + Ho(Y|X) — BlQxy) =
U(Qxv)] F(Qxy)

MI at optimum  ["(5) I (B)

Governs Bulk condensation bound- Bulk/sparse crossover R =
ary R = I"(f) R ()

At p=1 True channel W, ["(1) = True channel W, I*(1) =
I(X;Y) I(X;Y)

The following theorem provides a characterization of the phase structure of the an-
nealed free energy.

Theorem 3.9. For any DMC W, any Px, and any 5> 1, R > 0:
(a) For R < I*(B), Qj is sparse-feasible and

(B, R) = R(1 = 5) + C(B). (39)
(b) (Annealed phase boundary, 5 > 1.) Let
R*(B) == C(mﬂ__wf’“(ﬁ), g>1, R (1) :=I(X;Y). (40)

For all p > 1, R*(8) € [I"(B),I*(B)], it is the unique rate at which ¥,(5, R) =
(8, R), and

(8, R) R < Rf),

(41)
(B, R) R = R*(f).

(B, R) = {

The curve R = R*(f3) is the annealed phase boundary.

Proof. Part (a) was already shown earlier (but we include it here as part of the theorem
for completeness since it is used in part (b)): Observe that for R < I*(f), we have
I (X;Y) > R, so it is sparse-feasible. Since Q% achieves the global maximum, F(Q%) =
SupIQ(X;Y)>RF(QXY) = C(f), and so, ¥,(8, R) = R(1 — ) + C(B).

As for part (b), observe that for R € (I%(3),1°(83)), both simplified formulas hold

simultaneously: ¥,(8, R) = ¥,.(5), since R > I*(3)) and ¢,(3,R) = R(1 — ) + C(B)
(by part (a), since R < I°(f3)). Setting ¥, (3, R) = ¢.(, R) and solving gives immediately
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C(ﬁ) — wb,u(6> )

R(B) = 1 (42)
Substituting v, .(8) = F(Q}3) + (1 — B)I°(8), we end up with:
R(9) = 1)+ TG (43

g—1
Since 8 —1 > 0 and C(8) > F(Q}), the second term is non-negative, giving R*(3) >
I*(B), with strict inequality since F(Q}) < C(B) strictly for 4 > 1 (Lemma [3.7).

For the upper bound, recall from the proof of Lemma [3.7] that

C(B) — F(Qp) < (B-1)(I°(B) - I(9)), (44)

which gives

SO <) - 1) (49

Substituting into (43): R*(8) < I*(8), again with strict inequality for 5 > 1. Hence
R*(B) € (I*(5),I°(B)), confirming the formula is valid.

To establish the uniqueness of the solution R*(/3) to the equation 1, (3, R) = v
it remains to rule out any additional solutions outside the interval [I*(5), [*(5
R < I°(B), Q3 is still sparse-feasible (since R < I*(8) < I°(8)), so part (a) gives
U,(B,R) = R(1 — )+ C(B). The bulk constraint is active, so ¥, (5, R) < 1,.(5), hence:

(B, R),
)]. For

A(ﬁ>R) = M(ﬁ,R)—wb(ﬁ,R)
= R =)+ C(B) — (B, R)
R(1—=8)+C(8) = ¢u.(B)- (46)

The right side is positive at R = I°() (as shown above) and increasing as R decreases
(since 1 — 8 < 0). Hence A(B,R) > 0 for all R < I*(f8). For R > I*(§3), consider the
following. Since I"(8) < I*(8) < R, the bulk constraint is inactive and 1, (8, R) = ¥,..(5).
Since R > I*(f) > R*(5), and ¥, () = R*(8)(1—B)+C(5) (from the formula of R*(5)),

we have:

v

o(B, R) = 1h,u(B) = R*(B)(1 = ) + C(B) > R(1 = B) + C(B) =2 ¢.(B, R), ~ (47)

where the strict inequality uses R > R*(8) and 1 — § < 0, and the last inequality is

because 1,(8, R) = R(1 — B) + supyq. ox—py, 1o(xiv)>r} F(@xv) < R(1 = B) + C(B).
Hence A(B, R) < 0 for all R > I*(f3). O

4 A Numerical Example

In this section, we provide a numerical example and illustrate the behavior the two
branches of the annealed free energy as well as the phase boundary curves.

All phase diagrams are computed for an example of a Z-channel. The details are
as follows. The input and output alphabets are X = ) = {0,1} and the crossover
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probability is p = 0.45, i.e., W(0[0) = 1, W(1]|0) = 0, W(0|]1) = 0.45, and W (1|1) = 0.55.
The input type is given by Px = (0.5,0.5). Accordingly, the resulting channel mutual

information is I(X;Y) = 0.2441.

Figure [1] plots all phase boundaries together in the relevant quadrant of the (3, R)

plane.

0.7 A

0.6

0.5 4

R (nats)

D
¥=ys=R(1-p) +C(B)
Wp: cond. @5 >y,

—— R=1/"(B) (bulk condensation boundary)
= R=R"(B) (bulk/sparse crossover)
= R=/""(B) (sparse closed-form boundary)

W=y =R(1-B) +C(B)
Yor unc. Ys>yp

T
3

T T T
4 5 6

B (inverse temperature, = 1)

Figure 1: Phase boundaries for the Z-channel, § > 1. Red: R = I"(§), the bulk branch
boundary (bulk rate constraint activates). Blue: R = R*(f), the annealed boundary
where bulk = sparse (closed-form formula, Theorem [3.9(b)). Green: R = I*(f3), the
sparse branch boundary. All three meet at (5, R) = (1, [(X;Y")) (filled dot). Four regions
(see text): A (R > I*(/3)): bulk and sparse both unconstrained; B (R*(8) < R < I*(B)):
sparse branch dominates (¢(38, R) = .8, R)); C (I"(8) < R < R*(f)): bulk branch
dominates (¢(8, R) = ¥, (5, R)); D (R < I*(/3)): bulk branch dominates, bulk condensed.

Three phase boundary curves are visible in Figure [I}

o R=1"(P) (red): the bulk branch boundary, where the unconstrained bulk optimizer
crosses the rate constraint. At §=1: I"(1) = I(X;Y).

e R = R*(P) (blue): the annealed boundary where the bulk and sparse branches
are equal, given by the closed-form formula (40). At 8 = 1: R*(1) = I(X;Y).

Decreasing in 3, staying above I1°(f3).

e R = [*(f) (green): the sparse branch boundary, where Qj (which maximizes
F(Qxy) = Ho(Y[X) — Bl(Qxy)) has I (X;Y) = R. For R > I*(3) the sparse
closed-form ceases to hold. At f=1: I*(1) = I[(X;Y).

All three curves meet at the point (5, R) = (1, I(X;Y")), confirming that the soft-covering
threshold is the unique point where all regions collapse to a single point.

For 8 > 1, the three phase boundaries divide the quadrant {# > 1, R > 0} into four

regions:

e A (R > I*(f), above all curves): ,(f5, R) is unconstrained (I°(5) < R) and
(5, R) is at its optimum (/*(3) < R). Both branches are unconstrained; ¢ (3, R) =
(B, R) (bulk dominates since R*(8) < I*(3)).
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e B (R*(f) < R < I*(B)): Sparse branch dominates: (8, R) = 1.(8,R) = R(1 —
B) + C(B) (closed-form linear formula). Rare-event codewords inflate the ensemble
average; a typical codebook is in the bulk phase.
e C (I"(f) < R < R*(B)): Bulk branch dominates: ¢ (5, R) = ¢,(8, R). The bulk
rate constraint is inactive (R > I°(/3)); no condensation.
e D (R < I°(f), below the red curve): Bulk branch dominates with an active rate
constraint: condensed phase. The bulk optimizer is constrained to Io(X;Y) = R.
For the very same z-channel example, figures [2| 3 and [4] display ¢, (8, R) and (8, R)
as functions of 5 > 1 for three representative values of R (one below I(X;Y'), another
one equal to I(X;Y'), and yet another one above I(X;Y')) and contrasts them with the
1.1.d. reference free energy

Yia(B) = %log (Z[PY(ZJ")]’B> = log <Z[PY(y)]ﬁ) ; (48)

y" yey
where Py is the output distribution induced by Px and W. This is the free energy of the
product distribution PZ", i.e., the distribution to which Py« converges for R > I(X;Y)
based on well known soft-covering results. Clearly, ¢q(3) is a purely smooth function
with no phase transitions whatsoever.

Ry =0.12 <I(X;Y)

0.0

|
o
(9}
1

I
=
o

I

e
e
®
»
.

»
",
.
»

|
=
ul
I

e,
.
»
»
.
»

— wBR NN e
—— WS(BIR) o

""" Wia(B) = 10g2 Py(y)?
y

Free energy (nats)

|
N
o
1

1 2 3 4 5 6

B

Figure 2: R; = 0.12 < I(X;Y). The sparse branch v,(5, R;) lies above the bulk branch
for all B > 1, so the annealed free energy is dominated by the sparse branch; both lie
well above the i.i.d. reference, reflecting ensemble inflation by rare codebooks.
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R, =1(X;Y)=0.2441

0.0
—0.5 A .
NN
3 S
© S
c —1.07 SO
~ \\ .....
> NSO e
S Soo
o —1.51 SO L e
2 i
0] ~
Sl N~ T
(O] _ | ~ e
o -2.0 ~
— ~
w = Yp(B, R) So
~
- lpS(ﬁrR) \\
—-2.5 1 S
----- Wia(B) = 1092 Py(y)? ~o
y ~
—3.0 4 T T T T
1 2 3 4 5 6
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Figure 3: Ry = I(X;Y) = 0.2441 nats (the soft-covering threshold). Both branches and
the i.i.d. reference all vanish at 5 =1 (since Z,,(1) = 1), and diverge differently for g > 1.

R3=0.35>1(X;Y)

)
O
£
>
o
Q
C
Q
()
v
= —257 =—— y,(B,R) \\\
—— WS(BIR) \\\
—3.0 1 \\
----- Wia(B) = l0gD Py(y)? ~
y \\
_3-5_ T T T T
1 2 3 4 5 6

B

Figure 4: R3; = 0.35 > I(X;Y). The bulk branch dominates throughout and tracks
the i.i.d. reference closely, confirming that above the soft-covering threshold the output
mixture approximates PZ" in the Rényi sense. In all three figures, ¥uq(8) < ¥(8, R),
with strict inequality below I(X;Y): the random-coding mixture has strictly higher Rényi
entropy than the i.i.d. output distribution at every order 5 > 1.
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A central message of this paper is that the classical soft-covering threshold R =
I(X;Y) is far from the end of the story, and as this numerical example illustrates, we
refine and deepen those results in this work. As mentioned in the Introduction, classical
results, like those of [I], [3], [7] and [8], tell us that ||Py» — PZ"||rv — 0 (and in other
metrics) if and only if R > I(X;Y'), and provide exponential rates for this convergence.
Our statistical-physics analysis reveals that, even well above this threshold, Py~ retains
non-trivial internal structure that is invisible to total variation. Figures [2| [3} and
make this visible. The three plots of 1,(8, R), ¥.(8, R), and the i.i.d. reference ¥yq(5) =

log (Zy[Py(y)]5> against § for Ry < I(X;Y) = Ry < Rs3. At the classical threshold

Ry = I1(X;Y) (second diagram), all three quantities vanish together at 5 = 1 as required,
but diverge for § > 1: the free energy ¢(f, Ry) lies strictly above vyq(3) for all g > 1,
meaning that Py« has strictly higher Rényi entropy than PZ™ at every order. Above
the threshold at R3 > I(X;Y) (third diagram), the bulk branch closely tracks ¢suq(5),
confirming the soft-covering intuition that the output mixture approaches the i.i.d. law —
but the gap, while small, remains nonzero at finite 3, and quantifying it requires 1, (3, R3).
Below the threshold at Ry < I(X;Y) (first diagram), the gap ¥(5, R1) — ¥iq(B) is large
and grows with : the sparse branch dominates the ensemble average, and the random-
coding output is far from i.i.d. in the Rényi sense even though TV-distance arguments
do not apply here at all.

Specifically, 1, (3, R) is the Rényi entropy rate of Py« at order g for a typical codebook,
and its phase transition at R = I°(f) implies a qualitative change in how probability
mass is distributed over output sequences. In the bulk phase (R > I"(f3)), a typical
output sequence is supported by exponentially many codewords—the output distribution
is diffuse and “spread out” in a way consistent with the intuition behind soft-covering. In
the condensed phase (R < I*(/3)), a typical output is supported by only sub-exponentially
few codewords, meaning the mass of Py« concentrates on a sparse set of sequences, even
though the TV distance to PZ" may already be negligible. This condensation is visible
in Figure [2} the first diagram (Ry < I(X;Y)) shows ¢,(3, R1) > ¢,(8, Ry) for all 8 > 1,
so the ensemble average is dominated by the rare sparse-branch codebooks, while the
third diagram (R3 > I(X;Y")) shows ¢, (5, Rs) > ©.(5, Rs) confirming typical-codebook
dominance throughout.

The gap (8, R) — ¥ua(8) > 0 visible in all three diagrams has a direct operational
meaning: it measures how much the random-coding output mixture exceeds the i.i.d.
distribution in Rényi entropy at order . Classical soft-covering results establish that
this gap vanishes in total variation for R > I(X;Y); The figures show that in Rényi
entropy the gap is nonzero for every f > 1 and every finite R, decaying to zero only as
R — .

5 Applications and Implications

In this section, we summarize several applications and implications of the results in this
work. Further investigation of these applications is deferred to future work.

1. Refined output statistics. Resolvability shows ||Pyn — (Py)"||lrv — 0 for R > I(X;Y).
Our phase diagram reveals that even in this regime, Py» may be in the condensed phase
(below I°(/3) for large (), where mass concentrates on outputs supported by a sub-
exponential number of codewords. This is invisible to the total variation distance and
other distances.
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2. Guesswork. E[G(Y™)*] = emst/aroPym) [9]. Since Hg(Pyn(c) = ﬁ log Z,,(B|C) and
Llog Z,(B|C) = ¥(B, R) (the full annealed free energy, including both bulk and sparse
branches), the guessing exponent at 5 = 1/(1 + s) is = log Z,,(B|C) = =¥ (5, R).

n(1=B) 3
The phase structure of (5, R) — both its bulk phase transition at R = I*(f) and its
bulk-sparse crossover at R = R*(f) — therefore produces regime changes in guessing

complexity absent in the i.i.d. case.

3. Security. In the condensed phase, even when Py» ~ (Py)" in total variation, only a
sub-exponential number of codewords generate a typical output. A computationally pow-
erful adversary can identify the message by examining which codewords are consistent
with the observed output. Semantic security may therefore require operating strictly in
the bulk phase for all § relevant to the adversary’s test.

4. Hypothesis testing and the Chernoff exponent. A natural question is how well one can
distinguish the random-code output mixture Pyn»|¢c from the ii.d. reference PZ". With
Py = Unif(Y) (achieved by choosing Py appropriately), this is a direct test of whether
soft covering has succeeded. The annealed Chernoff exponent for this binary hypothesis
test equals

§(R) = max [(1 - B)log |¥| - ¥(B, R)], (49)

0<p<1

where 1(5, R) is the annealed free energy of Theorem Since both branches of (3, R)
are fully characterized by our results, is completely determined. The optimizer
pg* € [0,1] satisfies ¢'(5*, R) = —log|Y|, so the phase structure of ¢ (5, R) directly
governs the behavior of {(R): the bulk/sparse phase boundaries produce regime changes
in the Chernoff exponent as R varies.

With Py = Unif, two clean consequences follow. First, £(R) = 0 if and only if R >
I(X;Y): the two distributions are not exponentially distinguishable for R > I(X;Y),
i.e., no test can achieve an exponentially small total error probability, exactly at the soft-
covering threshold. (Sub-exponential error rates, e.g., polynomial in n, are not excluded.)
Second, is the Legendre—Fenchel transform of ¢)(3, R) with respect to 5, evaluated at
log |YV|; it therefore equals %log P Pyn|c(y”)5*\y|_"(1_ﬁ*), which is precisely the Rényi
divergence D, (Pynpc || PZ") at order o = 8* € [0,1]. This connects directly to the
Rényi resolvability results of Yu and Tan [8], who showed that D,(Pynpe||PZ") — 0 if
and only if R > I(X;Y) for a < 1, while for @ > 1 the threshold is R = I*(a)) — the bulk
condensation boundary of our phase diagram. Our analysis provides the exact rate of
divergence at every R and «, and reveals how the two-branch phase structure of ¥ (53, R)
determines qualitative changes in this rate.

6 Conclusion

We developed a statistical-mechanical framework for the output distribution of random
codes, centered on the annealed free energy (3, R) of the partition function Z,(8) =
> oyn[Pyn(y™)]? and its two-branch phase structure. This dichotomy between the two
branches has concrete operational consequences. For guesswork, the phase structure of
(B, R) — both the bulk phase transition at R = I°(f) and the bulk-sparse crossover
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at R = R*() — translates directly (via Arikan’s formula [9]) into regime changes in
the exponential growth rate of guessing moments E[G(Y™)®]. Similar comments apply
to hypothesis testing and perhaps other application areas. The annealed free energy
adds yet another layer: its phase boundary R = R*(f) separates the regime where
the ensemble average is dominated by rare, atypical codebooks (for example, the sparse
branch dominates in Figure |[2) from the regime where it reflects the behavior of a typical
codebook (the bulk branch dominates in Figure {4). The gap (8, R) — ¢,(8,R) >
0 in the sparse-dominant regime quantifies the extent to which ensemble averages can
be misleading—a warning particularly relevant when analyzing the security of specific
random codes rather than random coding in the mean.

Future research directions include: a rigorous derivation of exponentially tight er-
ror exponents for the hypothesis test of Application 4 via the type-class enumeration
method of [15], together with a phase-diagram analysis of the Neyman—Pearson exponent
tradeoff in the (R, 7) plane; a full treatment of the guesswork regime changes produced
by the bulk/sparse phase boundaries; quantitative semantic security bounds in terms of
I*(B) and R*(f3); extension to Markov and mixed sources; connections to mismatched
decoding exponents; and a complete treatment of the f < 1 regime. Finally, we note
that the self-averaging property of Z,(5|C) has been established in Theorem for
B >1and R > R*(B), the bulk branch ,(/, R) coincides with the quenched free energy
lim,, o ~E{log Z,(8|C)}. Whether the same holds in region C (I*(8) < R < R*(f)), the
condensed phase R < I°(f3), or for § < 1, remains an interesting open problem.

Appendix: Proof of Theorem (3.5

Throughout this proof, we define

U, = %log Z.(BIC). (50)

We begin with part (i). To establish the upper bound, observe that by Jensen’s
inequality, E{U, } < %log E[Z.(5|C)] — (B8, R) = 1,(B, R), where the last equality is
by the postulate R > R*(f). It follows that limsup,,_,. E{U,} < ¢,(8, R). As for the
lower bound, fix any joint type Qxy with Qx = Px and Io(X;Y) < R, and let Qy be
its Y-marginal. For every output sequence y" of type )y, each codeword of joint type
Qxy with y" contributes exactly e 4@xv) to 3™ W (y"2"(m)), so

N n
wa|c(y") > %.BM(Q;@)’ (51)
and, since § > 1,
N n\\ B
ZpIe) = . (—(Qﬁ 'y)) e e, (52)
yn:pyn:QY

As observed before, N(Qxy|y™) is binomial with e™# trials and a probability of a single
success of the exponential order of e /@(X3Y) 5o its mean pu,, is exponentially e*(i-1e(Xi¥)
00. By the Chernoff bound, for any ¢ € (0, 1):

62y, 82 el x
Pe V(@) < (1= 0 < oxp (=742 ) —exp (et} (s
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which is doubly exponentially small (see, also Theorem 4.1 of [I5] and in particular, egs.
(D.16), (D.17) in its proof therein, which establish the doubly exponential decay). A
union bound over all joint types {Qxy} and all |T(Qy)| < e™e) sequences y™ gives

Pr{&)} < (n+ 1)|X|\y\ ce™MeY) L exp <_§ en[R—IQ(X;Y)}) — 0, (54)

where &, is the event that N(Qxy|y™) > (1 —08)u, for all types Qxy and all ™ € T(Qy)
simultaneously. On &,, the bound gives

_ 8
Z,(BIC) > |T(Qy)| - (%) eBl@Qx)

= (1-8)" - exp(n[Ho(V) = B(Io(X:Y) + £(Qxv))] ). (55)
Taking the supremum over all Qxy with Qx = Px and I(X;Y) < R, we obtain

U, > m(ﬂ%HlOg(lT_a)

Taking expectations of both sides of and using U,, > (1 — ) log |Y| deterministically
(since Z,(B) > |Y|"~#) by Jensen):

on &,. (56)

E{U,} > (#}b(ﬁ, R) + W) Pr{&.} + (1 —B)log|Y| - Pr{&:}. (57)

Since Pr[€,] — 1, we get liminf, . E{U,} > ¥,(8, R), which together with

limsup E{U,.} < ¥,(8, R), (58)
implies
Tim E{Uy} = 0,(8, ), (59)

thus completing the proof of part (i).
Proceeding to part (ii), we begin by proving that ,(8, R) is an almost sure upper
bound. By Markov’s inequality, for any ¢ > 0:

E[Z.(81C)] . _..
Pr{Unziﬁb(ﬁ,R)%—e}g%: |

where we have used the fact that LlogE[Z,(8|C)] — ,(3, R), which holds because
Y(B, R) = (B, R) for R > R*(3). Since ) e " < oo, the Borel-Cantelli lemma yields
Un < (B, R) + € for every € > 0 eventually a.s., or equivalently, limsup,,_,. U, <

(8, R) a.s. For the compatible almost sure lower bound, note that we have already
proved in that whenever &, occurs, U, > 1,(8, R) + M, which is means that

n

En CFn i ={U, > ¥,(B,R) + @}, or equivalently, Fc C &:. Thus,

(60)

iPr {Un < (6, R) + W} = iPr{f;} < iPr{EﬁL} < 00 (61)
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where the summability of Pr{&¢} is due to the fact that each term is bounded by a doubly
exponentially small quantity. By the Borel-Cantelli lemma, U, — W > (6, R)
eventually a.s., or equivalently, liminf, . U, > ¥,(5, R) a.s., which together with the
matching upper bound yields lim,,_,, U, = ¥,(8, R) a.s., completing the proof.
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