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Abstract

We establish a coding theorem and a matching converse theorem for separate encodings and
joint decoding of individual sequences using finite-state machines. The achievable rate region is
characterized in terms of the Lempel-Ziv (LZ) complexities, the conditional LZ complexities and
the joint LZ complexity of the two source sequences. An important feature that is needed to this
end, which may be interesting on its own right, is a certain asymptotic form of a chain rule for
LZ complexities, which we establish in this work. The main emphasis in the achievability scheme
is on the universal decoder and its properties. We then show that the achievable rate region
is universally attainable by a modified version of Draper’s universal incremental Slepian-Wolf
(SW) coding scheme, provided that there exists a low-rate reliable feedback link.

Index Terms: Slepian-Wolf coding, Lempel-Ziv algorithm, Lempel-Ziv complexity, finite-state

machines, universal decoding.



1 Introduction

The renowned Slepian-Wolf (SW) source coding theorem, first introduced by Slepian and Wolf in
1973 [9], unveils a captivating revelation in the realm of (almost) lossless, fixed-rate compression for
memoryless sources in the presence of side information. Remarkably, the theorem establishes that
the conditional entropy of the source, given the side information, can be achieved through random
binning even if the side information is exclusively available at the decoder, without a necessity for
its presence at the encoder. Expanding the horizons of the Slepian-Wolf setting, the theorem is
instrumental in characterizing the rate region associated with separate encodings and joint decoding
of two correlated memoryless sources. In such scenarios, each coding rate is independently lower
bounded by the corresponding conditional entropy, while the rate sum finds its lower bound in
the joint entropy. It is imperative to note that in both settings, the joint distribution of the two

correlated sources is assumed to be known.

In [1, Problem 13.6, p. 267], Csiszar and Korner considered the case where the joint distribution
of the correlated sources is unknown. In this case, the encoders continue to use random binning as
before, but the optimal maximum a-posteriori (MAP) decoder is replaced by a universal decoder
that seeks a pair of sequences (across the given bins) with minimum joint empirical entropy (see also
[5], as well as references therein, for a wider setup of universal source-channel coding and decoding
for finite-state sources and finite-state channels with side information). As indicated by Draper [2],
the obvious weakness of Csiszar and Korner’s universal scheme is that one must commit to fixed
coding rates although the source statistics are unknown, and so, there is no mechanism that could
adapt the coding rates to the corresponding entropies. Motivated by the will to circumvent this
problem, and inspired of earlier works by Shulman [7] and Shulman and Feder [8], Draper proposed
a universal, incremental, variable-rate coding scheme that can be implemented provided that a low

rate, reliable feedback link is available.

Another perspective of universal source coding is associated with the individual-sequence setting
and finite-state machines, as explored by Ziv and Lempel in their celebrated work [13] among some
other papers. Indeed, in [11], Ziv studied a scenario of fixed-rate coding with side information where
both the source sequence and the side information sequence are individual (deterministic) sequences

and where the encoder and decoder are both implementable by finite-state machines. The main



finding in [11] is in establishing and characterizing a notion of fixed-rate conditional complexity
as the minimum, almost-lossless compression rate of a source sequence given a side information
sequence, and similarly as in classical SW coding, the availability of the side information at the
encoder is not necessary in order to achieve this conditional complexity. A year later, in [12], a
variable-rate version of the conditional Lempel-Ziv (LZ) complexity was proposed in the completely
different context of serving as a universal channel decoding metric for unknown finite-state channels.
The utility of this complexity measure in the context of source coding with side information was
given further attention later in [4] and [10], but in these works, it was assumed that the side

information is available at both ends.

In this work, we consider the framework of SW coding for individual sequences using finite-
state encoders. We begin by establishing a coding theorem and a matching converse that together
characterize the achievable rate region. Our communication system model is different from that
of [11] in several aspects: (i) We consider separate encodings and joint decoding of two individual
sequences, as opposed to the narrower problem of encoding a single sequence with the other sequence
serving as decoder side information; (ii) Our model for the converse theorem allows variable-rate,
finite-state encoding and arbitrary decoding, as opposed to fixed-rate, finite-state encoding and
finite-state decoding of [11]; (iii) The relation to the variable-rate coding model in [13] is more
apparent; (iv) We establish the variable-rate conditional LZ complexity as the fundamental limit
even when the side information is available at the decoder only, and not only when it is available

at both ends.

The characterization of the achievable rate region raises an issue which may be interesting on its
own right: Recall that in the classical regime of two correlated discrete memoryless sources, X and
Y, with joint entropy H(X,Y’) and conditional entropies H(X|Y) and H (Y| X), the achievable rate
region is given by {(R,,R,) : R, > H(X|Y), R, > H(Y|X),R. + R, > H(X,Y)}, whose corner
points are given by (H(X), H(Y|X)) and (H(X|Y'), H(Y)), where the appearance of unconditional
marginal entropies, H(X) and H(Y"), follows from the chain rule of the entropy, H(X,Y) = H(X)+
H(Y|X)=H(Y)+ H(X|Y). In the individual-sequence scenario, as we shall see, the achievable
region is similar except that H(X|Y), H(Y|X) and H(X,Y) are replaced by the corresponding
conditional LZ complexities of the two source sequences and their joint complexity, respectively.

However, there is no apparent exact corresponding chain rule that analogously decomposes the



joint LZ complexity of two source sequences, 2" = (z1,...,2y,) and y" = (y1,...,yn) as the LZ
complexity of ™ plus the conditional LZ complexity of y™ given x™ or vice versa. Nonetheless, we
will show that at least in a certain asymptotic sense, such as chain rule between the LZ complexities
actually applies. This will be instrumental for nailing down the characterization of the corner points

of the achievable region in an appealing manner.

In the second part of the paper, we propose a modification of Draper’s incremental scheme
that is suitable to individual sequences along with their LZ complexities. This will be possible by
drawing simple analogies between the various ingredients in Draper’s scheme to their corresponding

analogues in our individual-sequence setting.

The outline of the remaining part of the paper is as follows. In Section 2, we establish notation
conventions, formulate the problem model, define the objectives of this work, and provide some
background. In Section 3, we assert and discuss the main coding theorem (Theorem 1) and also
establish the asymptotic “chain rule” of the LZ complexity (Theorem 2). Finally, in Section 4,
we describe and analyze the universal incremental coding scheme that adjusts the coding rates

dynamically. Lengthy proofs are deferred to appendices.

2 Notation, Formulation, Objectives and Background

2.1 Notation

Throughout the paper, random variables will be denoted by capital letters, specific values they
may take will be denoted by the corresponding lower case letters, and their alphabets will be
denoted by calligraphic letters. Random vectors, their realizations and their alphabets will be
denoted, respectively, by capital letters, the corresponding lower case letters, and the corresponding
calligraphic letters, all superscripted by their dimension. For example, the random vector X" =
(X1,...,X,), (n — positive integer) may take a specific vector value z" = (z1,...,z,) in X", the
n—th order Cartesian power of the single-letter alphabet X', which will be assumed to have a finite
cardinality, a. The notation :cz , for i < j, will be used to designate the substring (z;, ziy1,. .., ;).
For ¢ = 1, the subscript ¢ will be omitted, just like in the notation z". Infinite sequences will be
denoted using the bold face font, for example,  will designate the sequence (x1,x2,...). Similar

conventions will apply to other vectors and sequences, such as y" € )", yg , and y. The single-



letter alphabet ) will also be assumed to be finite and its cardinality will be denoted by . The
probability of an event .4 will be denoted by Pr{.A}. Entropies will be denoted using the customary
information-theoretic notation, like H(X), H(Y), H(X,Y), H(X|Y), etc., and the same holds for
random vectors. The indicator function of an event A will be denoted by Z{A}. The notation [x]+

will stand for max{0,z}. The cardinality of a finite set A will be denoted by |.A|.

For a given positive integer n and a given ¢ that divides n, the empirical distribution of non-
overlapping ¢-blocks associated with a vector pair (z",y") € X™ x V", which will be denoted by

P, is the set of relative frequencies

X ; n/l—1

Pla'yyf) =~ 3 H@ii i = L)) @'y e Xt x . (1)
=0

Hereafter, X¢ and Y* will denote auxiliary random vectors of dimension ¢, jointly distributed
according to P. Accordingly, we will denote by I:I(XZ)7 I:I(YZ), I:I(XZ,YZ), H'(XZIYZ), etc., the
various entropies and conditional entropies associated with (X ¢ YE). In the sequel, we will also
divide the pair of n-vectors (z",y") into n/k non-overlapping segments, each of length k (where
k divides n) and within each such segment, (wﬁii’f,yiii’f), i =0,1,...,n/k — 1, we define the
empirical distribution of non-overlapping ¢-blocks, P, (assuming that k is divisible by ¢), and denote

the corresponding auxiliary random f-vectors by X! and Y}, respectively. Clearly, P(mg,yf) =
k k—1 £
T Bt ),

2.2 Formulation

Let = (z1,22,...) and y = (y1,y2, .. .) be two individual sequences whose single-letter alphabets,
X and ), have finite cardinalities, o and (3, respectively. Both sequences are to be compressed
almost losslessly by separate encoders and jointly decompressed by a central decoder. Each one
of encoders is a finite-state encoder defined similarly as in [13], but with a small twist that allows
some arbitrarily small distortion (to make the model broad enough to include Slepian-Wolf coding).
Also, since the formulation of the setting in this section is for the purpose of the converse bound,
it is legitimate to broaden the class of the encoders by allowing them to be “genie-aided” encoders,
i.e., letting each one of them to have (sequential) access to the other source as side information. Of

course, in the achievability scheme, such an access will not be allowed.



The encoder for x, henceforth referred to as the xz-encoder, is defined by the set
E, = (87X7yau7gme)7

where S is the set of states, A is the input alphabet as mentioned, ) is the side information
alphabet, U is a finite set of binary output strings, g, : S x X x Y — § is the next-state function,
and f, : § x X x Y — U is the output function. The members of U are allowed to be of different
lengths, including the empty word A of length zero. When the input @ = (x1,x9,...) feeds the
encoder E., it produces an output sequence u = (uy,us,...), u; € U, i = 1,2,..., while traversing

an infinite sequence of states, s = (s1, S2,...), s; € S, in accordance to

up = fu(si, 20, %) (2)

sip1 = (s, i yi), 1=1,2,... (3)

where s1 is assumed a fixed member of §. The functions f, and g, are allowed to be “slowly
time-varying” in the sense that for some large positive integer k, these functions are piece-wise
constant over blocks of length k. In other words, f, and g, are allowed to depend on the running
time index ¢ via the quantity |[i/k|. To avoid cumbersome notation, however, we will not indicate
this dependence explicitly in the mathematical derivations. Eventually, the parameter k£ will tend
to infinity, which means that the temporal variability is asymptotically slower than that of any

time-varying system.

The encoder for y, henceforth referred to as the y-encoder, is defined exactly in the same
manner, except that the roles of the two sources are swapped and accordingly, the subscript “x” is
replaced by “y” in all places. Also, S is replaced by Z, U is replaced by V, and accordingly, s, s;,
u and u; are substituted by z, z;, v and v;, respectively. Without an essential loss of generality,
the number of states of both E, and E,, namely |S| and | Z|, will be assumed the same, and both

will be denoted by gq.

As in [13], we adopt the extended notation f,(s;, a:g, yi) and g,(s;, xf, yf) to denote the output
segment uf and final state s; resulting when the input string a:z feeds F,, which is at state s; at

J

time . Likewise, g, (z;, yf ;) and f, (2, yZJ , ZUZ ) play analogous roles for the y-encoder.

Let € € (0,1) be a given arbitrarily small number. We assume that (E,, E,) together with their

joint decoder D form an e-lossy system, which is defined as follows: For every (z1,s1) € Z X S



and all sufficiently large ¢, the six-tuple (21, s1, f«(s1, 2%, 9%), £, (21, v%, 2°), 9. (51, 2%, 9%), g, (21, ¥", %))
uniquely determines a decoder output string pair (:%Z, i/*), whose normalized Hamming distance from
(x%,9*) does not exceed €, namely, %Ele T{(Z,9:) # (mi,y;)} < e. In addition, the quadruplet
(", s1, fo(s1, 25, 9°), g (51, 2%, 9*)) determines 2* within normalized Hamming distance ¢ away from
x%, and vice versa: (¢, 21, f, (21, 4%, 2°), 9, (21, ¥", %)) yields ¢, whose normalized Hamming distance

from y¢ is at most e.

Let £(q,€) denote the class of all e-lossy pairs of finite-state encoders, (E,, E,), with no more
than g states each. The total number of combinations of states of F, with states of E, is therefore

no more than ¢2.

2.3 Objectives

Given the vector pair (2", y") formed by the first n symbol pairs of (z,y), let u" = (u1,...,uy) =

fe(s1,2™,y™) denote the output of E,. We define the compression ratio of 2™ by E, as

pr () = ), (W

where L(u") = >, l(u;), l(u;) being the length (in bits) of u;, and where it should be kept in

mind that for the empty string A, we set [(A\) = 0. Likewise, for v" = (v1,...,vn) = f,(21,y", 2"),

pE,(y") = : (5)

with L(v™) =" | I(v;) and with I(v;) denoting the length of v;.

For a given encoder pair (E,, E,) € £(q,€), let

Rior, (o.) = { (R R) s B> lmsupp, (), A, > tmswps, 67} (6)
n—oo n—oo
Next, define
Rq,e (ma y) = U REX,Ey (ma y)v (7)
(Bx, By)e€(q.0)
Re(@,y) = | Ree(,y), (8)
g>1

and finally,

e>0



These definitions are essentially the two-dimensional counterparts of the s-state compressibility of
a single source vector " [13, eq. (2)], the asymptotic s-state compressibility of x [13, eq. (3)], and

the asymptotic finite-state compressibility of « [13, eq. (4)].

Our first objective is to characterize the set of rate pairs, R(x,y). Our second objective is to
propose a universal, incremental variable-rate coding scheme that asymptotically achieves R(x,y)
with the aid of a low-rate, reliable feedback channel, that allows adaptation of the coding rates to
the compressibilities of the two source sequences. We do that by a simple modification of Draper’s

scheme for memoryless sources [2].

2.4 Background

To support the exposition of both the converse theorem and the achievability theorem, it is necessary
to revisit key terms and details related to the 1978 version of the LZ algorithm, also known as the
LZ78 algorithm [13]. The incremental parsing procedure of the LZ78 algorithm is a sequential
parsing process applied to the source vector z*. In this procedure, each new phrase is the shortest
string not encountered before as a parsed phrase, except for the potential incompleteness of the

1

last phrase. For instance, the incremental parsing of the vector 2> = abbabaabbaaabaa results in

¥ resulting from the incremental

a,b,ba,baa,bb,aa,ab,aa. Let c¢(x*) denote the number of phrases in =
parsing procedure (in the above example, c(z'%) = 8). Furthermore, let LZ(x*) denote the length
of the LZ78 binary compressed code for 2*. According to [13, Theorem 2], the following inequality

holds:

LZ(z%) < [e(a®) + 1]log{2ale(z*) + 1]}
= c(z®)log[c(z®) + 1] + c(z¥)log(2a) + log{2alc(z*) + 1]}
= ¢(z®)log c(z®) + c(z*) log [1 + c(;’f)] + ¢(z) log(20) + log{2alc(z®) + 1]}
< c(z®)loge(z®) + loge + killogiill)oligl?) + log[2a(k + 1)]
2 c(z®)log c(a™) + k - e(k), (10)

where we remind that « is the cardinality of X', and where both ¢ and e(k) tends to zero as k — oo.
In other words, the LZ code-length for z* is upper bounded by an expression whose main term is

c(z¥)log c(x¥). On the other hand, c¢(x*)logc(z*) is also known to be the main term of a lower



bound [13, Theorem 1] to the shortest code-length attainable by any information lossless finite-state
encoder with no more than s states, provided that log(s?) is very small compared to logc(z¥). In
view of these facts, we henceforth refer to c(z*)log ¢(z*) as the unnormalized LZ complexity of x*

whereas the normalized LZ complexity is defined as

prala¥) & CTI0BCAT) (1)

A useful inequality, that relates the empirical entropy of non-overlapping ¢-blocks of z* (where

¢ divides k) and py;(z*) (see, for example, [6, eq. (26)]), is the following:

H(XY) wo log[4S%(0)]loga  S2(0)log[4S?(0)] 1
14 =z puale’) - (1—cp)logk k 7
2 () — AR(0), (12)
where
/—1 A ae _1
S()=) a'=—-7". (13)
1=0

It is obtained from the fact that the Shannon code for ¢-blocks can be implemented using a finite-
state encoder with no more than S(¢) states' and therefore it must comply with the lower bound
of [13, Theorem 1]. Note that limy_, o Ax(¢) = 1/¢ and so, limy_, limy_,o0 Ax(¢) = 0. Clearly, it
is possible to let £ = ¢(k) increase with k slowly enough such that Ag(4(k)) — 0 as k — oo, in
particular, (k) should be o(log k) for that purpose.

In [12], the notion of the LZ complexity was extended to incorporate finite-state lossless com-
pression in the presence of side information, namely, the conditional version of the LZ complexity.
Given z* and y*, let us apply the incremental parsing procedure of the LZ algorithm to the se-
quence of pairs ((z1,y1), (z2,92), ..., (Zk, yx)). As mentioned before, according to this procedure,
all phrases are distinct with a possible exception of the last phrase, which might be incomplete.

Let c(a:k, yk) denote the number of distinct phrases. For example,? if

0 0[1]00]01]

y* = 0]1]01]01]

'For a block code of length ¢ to be implemented by a finite-state machine, one defines the state at each time
instant 4 to be the contents of the input, starting at the beginning of the current block (at time £- [i/¢] + 1) and
ending at time ¢ — 1. The number of states for an input alphabet of size « is then Ef;; o' =(af =1)/(a—1) < at.

2The same example appears in [12].



then c(2%,9%) = 4. Let ¢(y*) denote the resulting number of distinct phrases of 3*, and let y(I)
denote the [-th distinct y-phrase, [ = 1,2,...,¢(y*). In the above example, c(y®) = 3. Denote
by ¢;(x*|y*) the number of occurrences of y(I) in the parsing of ¥, or equivalently, the number of
distinct x-phrases that jointly appear with y(l). Clearly, Zlciylk) c(zF|y*) = c(z*,y*). In the above
example, y(1) = 0, y(2) = 1, y(3) = 01, c1(25]y%) = c2(2%y®) = 1, and c3(2%]y%) = 2. Now, the
conditional LZ complexity of z* given y* is defined as

C

()
A
prz(@"|y) = 2 a(ak(yF) log o (z*yb). (14)
=1

=

In [12] it was shown that prz(x*|y*) is the main term of the compression ratio achieved by the
conditional version of the LZ algorithm described therein (see also [10]), i.e., the length function,

LZ(z*|y*), of the coding scheme proposed therein is upper bounded (in parallel to (10)) by
LZ(*|y*) < kprz(a*|y*) + ke(k), (15)

where é(k) is a certain sequence that tends to zero as k — oo. On the other hand, analogously
to [13, Theorem 1], it was shown in [4], that pyz(2*|y*) is also the main term of a lower bound
to the compression ratio that can be achieved by any finite-state encoder with side information at
both ends, provided that the number of states is not too large, similarly as described above for the

unconditional version.
The inequality (12) also extends to the conditional case as follows (see [4]):

H(XYY?)

7 > PLz(l‘kwk) - A;(E), (16)

where A (£) is the same as Ay () except that the expression of S(¢) included therein is redefined as
(B —1)/(af — 1) to accommodate the number of states associated with the conditional version
of the aforementioned Shannon code applied to ¢-blocks. By the same token, we also have

H(X' YY)

7 > pLz(l‘kayk) - A%(Z). (17)

We close this section with a comment that although pr,(y*) and py;(2¥|y*) can be thought of as
deterministic counterparts of the entropies and conditional entropies [12], [13], to the best knowledge

of the author, there is no apparent parallel “chain rule” that explicitly decomposes pr(z*, y¥) as

10



prz(YF) + prz(zF|yF) or as pr(2F) + prz(y¥|2¥). However, we will be able to establish a certain
relationship in this spirit at least some asymptotic sense.? As described in the Introduction, this

will be instrumental in establishing the “corner points” of the achievable rate region.

3 The Coding Theorem

In [13] there is a coding theorem and a matching converse in terms of the long-term average of

prz(-) applied in successive non-overlapping blocks of the infinite sequence x, namely,
n/k—1
p(x) = lim sup lim sup Z prz(z %ff), (18)

k—o0 n—o00 -0

which is a worst-case approach, where the compression ratio is probed at a sequence of block lengths

with the worst possible limit.

A similar approach will be executed here too. In particular, denoting

kn/k 1
n/k:—l
ik+k, ik+k
pr(x"ly") = n Z pLZ<x;kil‘y;kil)’ (20)
i=0
kn/k 1
k k ik+k
pe(y"|z") = " Z Pz (Y zlkil ?kil)a (21)
we define the quantities
p(x,y) = limsuplimsup pi(z",y") (22)
k—oo  m—o00
p(xly) = limsuplimsup pg(z"|y") (23)
k—oo  m—00
plyle) = Timsuplimsup pi(y"|"). (24)

k—o0 n—o0

Theorem 1 Consider the setting defined in Subsection 2.2 and let R(x,y) be defined as in Sub-
section 2.3. Then,

R(z,y) = R(z,y) 2 {(R.R,): R.>plaly), R, > plyle), R+ R, > pla,y)}.  (25)

3Tt is interesting to note, in this context, that the Kolmogorov complexity also obeys a parallel chain rule in a
certain asymptotic sense, as asserted by the Kolmogorov-Levin theorem [3], [14].

11



The converse part of Theorem 1, asserting that R(x,y) C R(x,y), is proved in Appendix A,
and the direct part, asserting that R(x,y) C R(x,y), is proved in Appendix B.

A natural question that arises with respect to the coding theorem concerns the corner points
of the rate region. If R, = p(x) and R, + R, = p(x,y), which is one of the corner points at
the boundary of the achievable region, then R, = p(x,y) — p(x). In analogy to the traditional
probabilistic setting, where H(X,Y) — H(X) = H(Y|X), it is natural to expect that R, = p(y|x).
This expectation could be met if we can establish a “chain rule”, p(x,y) = p(x) + p(y|x). While
there is no known chain rule for the LZ complexities of finite source strings, it turns out that in
the asymptotic limit, such a chain rule actually applies in a certain sense. To this end, we assert

the following theorem, whose proof appears in Appendix C.

Theorem 2 Define

sz(l’ka yk) = max{pLZ(xk, yk)7 PLz(mk) + PLZ(yk|$k)7 PLZ(yk) + PLZ(xk’yk)L (26)

pra™ yF) = min{p.(2*,y"), pra(a®) + pra(yF 1), (YY) + prala®lyF)}. (27)

Given x and vy, let

k=1
pt(z,y) = limsuplimsup— > p/f (25, vt (28)

k—oo n—oo T ST

n/k—1
p (x,y) = limsuplimsup — Z p;Z(migilf,y;]]jff) (29)

k—oo m—oo T STE

Then,

P, y) =p (2,9) = p(z,y). (30)

We remark in passing that, as can be seen in the proof of Theorem 2, the three equivalent
quantities of eq. (30) are also equal to yet another important well-known quantity, which is the
finite-state compressibility of (z",y™), denoted here by o (x,y) [13, eq. (4)]. For convenience, we
remind here the definition of the finite-state compressibility in a few steps: Let os(z",y") denote
the minimum compression ratio achieved by any information lossless s-state (joint) encoder on

(z™,y™). Next, define gs(x,y) = limsup,,_, ., 0s(x™,y"), and finally, oo (@, y) = lims_,~ 0s(, y).

12



To see why the chain rule, p(x,y) = p(x) + p(y|x), holds true, consider the following argument.

First, observe that

plz,y) = p (z,9)
n/k—1

lim sup lim sup — Z [pLz(ﬂUk) + PLz(yk|xk)}

k—oco n—oo N i—0
n/k—1 n/k—1
lim sup lim sup — 2") + lim sup lim sup — kg
p p Z prz(z”) h p pn Z prz(y°]z")

n—oo N % n—00 :
k—o00 i—0 —00 i—0

— p(@) + plyle). (31)

IN

IN

To establish the reverse inequality, p(x,y) > p(x) + p(y|x) (and hence equality), consider the
following: On the one hand, given that R, = p(«), then by the direct part of Theorem 1, the rate
R, = p(z,y) — p(x) is achievable for the y-encoder, as the point (p(x), p(x,y) — p(x)) is at (the
boundary of) the achievable rate region. On the other hand, given that R, = p(x), the source
sequence « becomes side information that is available at both ends, and then the compression ratio

for y in the presence of x is lower bounded by the conditional LZ complexity, p(y|x) [4]. Therefore,
p(x,y) — p(x) = p(ylz).
Discussion.

Several aspects of Theorem 1 should be highlighted.

1. It is natural to compare our results to those of Ziv in [11]. As mentioned in the Introduction, the
class of communication systems allowed here is somewhat broader. We allow variable-rate codes,
as opposed to fixed-rate codes of [11]. Also, in our setting there are no limitations on the decoder
whereas in [11], a finite-state decoder is assumed. Finally, we consider the complete setting of SW
coding, where both sources are compressed, whereas in [11], only one source is compressed and the
other source serves as side information. Finally, our coding theorem is more closely related to those
of [12] and [13], since it is about a similar form of the conditional LZ complexity. We show that the
conditional LZ complexity, p.z(x|y), is operatively meaningful, not only when the side information
is available at both ends, but also when it is available at the decoder only. Similarly as in [11], our
direct theorem asserts that the expected Hamming distortion is asymptotically vanishing, where
the expectation is w.r.t. the randomness of the code in the ensemble. Since the code is re-selected in

every block independently, for an infinite sequence pair, (x,y), the Hamming distortion eventually
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vanishes almost surely.

2. As can be seen in the proof of the direct part of Theorem 1, we apply in each block of length k

a universal decoder that maximizes the decoding metric,

u(a®,y*) = min{[R, — pua(«®1y")], [Ry — pra(y®l2")], [Re + Ry — pra(a®, y*)]} (32)

among all pairs of vectors that are consistent with the given bin assignments. Note that it is com-
posed of three universal decoding metrics, each one of which handles a different type of error event:
(i) error in x* only, (i) error in y* only, and (iii) error in both #* and y*. Note that this is differ-
ent from the universal decoder of Csiszar and Kérner for memoryless sources [1, Problem 13.6(b),
page 267], which simply minimizes the joint empirical entropy. The reason that the empirical joint
entropy handles successfully all three types of errors is associated with the fact that the empirical
entropy satisfies the chain rule, H(X,Y) = H(X)+ H(Y|X) = H(Y)+ H(X|Y), and so, for errors
of types (i) and (ii) the minimum joint entropy decoder is equivalent to minimizing H(X|Y) or
H (Y| X), respectively. Here, on the other hand, this is not the case, because as mentioned before,
there is no apparent chain rule for LZ compression ratios for vectors of finite length. Therefore,

three different metrics are required.

3. Another interesting observation about our universal decoder is the following. As is well known,
in SW decoding each bin functions like a channel code. Since we are talking about universal decod-
ing, it is not surprising to see here universal decoding metrics in the spirit of the maximum mutual
information (MMI) decoder [1] or the minimum conditional entropy decoder, or Ziv’s 1985 univer-
sal decoding metric [12]. What seems to be less trivial is the fact that these universal decoding
metrics continue to work well even in the present context of individual sequences, as in contrast to
the setting of [12], here there is no finite-state channel that relates y to @, and there is no random

coding behind the channel inputs.

4. In the direct part, we use a fixed-rate SW code within each k-block. Clearly, it is problematic to
use a fixed-rate code since the joint ‘statistics’ of « and y are not known ahead of time and it is not

possible to know in advance the joint LZ complexities and the conditional LZ complexities within
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each such block in order to assign coding rates accordingly. However, with very little feedback from
the decoder to the encoder, one could construct an adaptive mechanism that in some way ‘learns’
the joint statistics. One such scheme, which is a modified version of Draper’s scheme [2] is proposed

in the next section.

4 Incremental SW coding

In [2], Draper proposed and analyzed a universal incremental SW coding scheme for memoryless
sources. It turns out that this scheme can be used almost verbatim in the individual-sequence
setting considered here, provided that some adjustments are made. Note that our notation here is

somewhat different from that of [2].

Draper assumed that the x-encoder (resp. y-encoder) are both connected to fixed-rate noiseless
channels (bit pipes), and that the x-encoder (resp. y-encoder) communicates r, (resp. r,) bits per
channel use. More precisely, after m channel uses, the x-encoder (resp. y-encoder) has transmitted
|mr,] (resp. |mr,|) bits over the channel. The proposed coding scheme works in the following

stages:

1. The x-encoder (resp. y-encoder) observes the full block, z* (resp. ¥*) and calculates py,(z*)

(resp. prz(y*)).

2. The x-encoder (resp. y-encoder) communicates the value of p;,(2*) (resp. p.,(y"*)) as a header,
using approximately logn bits. Let T(zF) = {Z% : p(3%) = prz(2¥)} and T(yF) =
{7% + pz(§%) = prz(y®)} denote the “type classes” of 2¥ and y*, respectively. For each
possible type class, the respective encoder and decoder agree (ahead of time) on the order of
the list of members of that type class. This order is selected independently at random for

each type class of each source.

3. The x-encoder (resp. y-encoder) sequentially transmits successive bits of the binary expansion
of the location of z* (resp. ¥*) in the shared list. After m channel uses, the decoder has
received the first |mr,| (resp. |mr,]) of the location of 2* (resp. *) in the list. FEach
incomplete binary expansion corresponds to a bin of sequences whose locations in the list

share the same most significant bits. Since the binary expansions are nested, the bins are
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nested as well. Referring to the x-encoder (and similarly, for the y-encoder), initially, the bin
Bo(z*) is the entire type class, T(x*). After the first channel use, the bin shrinks to become
Bi(z*), which is the set of sequences whose position index share the same first |r, | bits. After
the second channel use, it shrinks further to Ba(z¥), which is the set with the same |2r, |

most significant bits, and so on.

. After each channel use, the decoder tests all pairs of sequences (Z¥,7*) that are consistent

with the corresponding bins currently known to the decoder. Specifically, after m channel
uses, it compares an empirical mutual information, fm(xk;yk) (to be defined shortly) to a
time-varying threshold, 6,, (to be defined shortly as well). As soon as fm(:i"k, 7*) > 6, for

some vector pair, the decoder sends an ACK to the encoders, which then cease to transmit.

. If the x-encoder (resp. y-encoder) has already transmitted kp;,(x*) bits (resp. kppz(y*) bits),

excluding the header, it ceases to transmit even it has not yet received an ACK.

Now, for m = 1,2,..., define

and

PLZ($k) + PLz(yk) - PLz(wkyyk) mry < LZ(xk)7 mry < LZ(yk)

fm(xk§yk) = pLZ(J:k) - PLZ(Ikwk) mry < Lz(ﬁk% mry > LZ(yk) (33)
prz(y*) — prz(y¥la”) mr. > LZ(zF), mr, < LZ(y*)
) (LZGR) ] 4 (1268 )| o

k

where € > 0 is arbitrarily small.

To analyze the performance of this coding scheme, we proceed similarly as in [2], but with a

few twists. We first define the error event after m channel uses:

Em = {(jka?jk) # (xkvyk) : PLz(i’k) = PLZ(xk)7 PLz(?jk) = PLz(yk), fm(i’k,ﬂk) > O}, (35)

and three critical values of m:

= 36
mx TX ) ( )
LZ(y*
m, = (y )’ (37)
Ty
L7z k ,k
mxy — (x 7y ) (38)
Ty + Ty
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Now, there are three cases, according to the smallest number among m,, m,, and m,,: (i) My, <

min{m,, m,}, (ii) m, < min{m,, m.,}, and (iii) m, < min{m,, m.}.

Consider case (i) first. As long as m < m,,, the probability of error after m channel uses, is

upper bounded by

PrE,) — 3 a-lmnd-lon]
(&*,gk)elm

1. 3 g-m(rstry)

{(@*,g%): LZ(@k,gF)<LZ(x*)+LZ(y*)—kOm}

Z 27m(rx+ry)
{(@*,g%): LZ(zF,gF)<LZ(xF)+LZ(y*)—kOm }
< 8. 2LZ(z’“)+LZ(yk)—k9m . 2_m(7”x+7"y)

IA

IN
S

= 8.2 (39)

where the last step follows from the same argument as in step (c) of eq. (B.10) (see (B.11)). After
m exceeds m,,, at least the correct pair, (:L'k, yk), certainly exceeds the threshold, but by that time,

the two encoders together have transmitted just above LZ(z*, y*) bits.

In case (ii), as long as m < m,, the probability of error is the same as before. Once m exceeds
m,. (and both encoder and decoder know when this happens as they both know LZ(2*) and r,), the
x-encoder may cease to transmit and the decoder can decode z* with high reliability by seeking a
vector ¥ such that: (i) LZ(&*) agrees with the given LZ(z*), and (ii) the first mr, bits of the bin
index of ¥ agree with those that have been received at the decoder from the x-encoder. With high
probability there is only one such #* and it then must by the correct z*. At this point, only the
transmission of the y-encoder continues. Assuming the z* was decoded correctly, the probability

of error after m steps is now upper bounded by:

Pr{&n} = > 9~ Lmry]

{gh: (=% g%)€em

< 2. Z g—mry

{gk: LZ(gk|zF)<LZ(y*)—kOm}

< 4. 2LZ(yk)fk9m . 9—mry

= 4.27F (40)

As soon as mr, exceeds LZ(y*|z¥), the correct pair, (2, 4") exceeds the threshold. At this time,
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the transmission of the y-encoder stops too and the decoding of y* can be carried out with z* in
the role of decoder side information. Case (iii) is exactly like case (ii), except that the roles of z*

and y* are swapped.

Appendix A

Proof of the converse part of Theorem 1.
We first extend the generalized Kraft inequality of [13, Lemma 2] from information lossless encoders
to e-lossy encoders. Specifically, we argue that for any given e-lossy encoder pair with ¢ states

(i.e., ¢ states of E, times ¢ states of E,),

{14
S o (mines Loty bmineez LGl < gt () (1 +1og [1 ML D . (A1)

4
(zfyt)extxpt q*Bu(e)

where

B =3 (§) @1y (4.2)

§=0
is the size of the Hamming sphere of radius fe in the space X¢ x V¢ whose size is a‘3¢. Using the

Chernoff bound, it can be readily seen that

By(e) < 291 (A.3)
where
ha(€) + elog(af — 1) e<1—$
Q) = { log(af) 1-— % <e<l1 (A4)
and where hao(€) = —eloge — (1 — €)log(1 — €) is the binary entropy function. Since we consider

small values of € the second line in the definition of Q(€) will not be relevant to our derivations.
We henceforth denote
d(e) 2 ha(€) + elog(af — 1). (A.5)

The proof of eq. (A.1) is exactly the same as the proof of [13, Lemma 2], where the only modification
needed is that here, the number k; of (x¢, y*) for which minges L[f. (s, 2*, y*)]+min.ez L[f, (2, 3¢, 2°)]
j is upper bounded by ¢*By(€)27, as follows from the postulate that the encoders form an e-lossy

system. It follows that the total description length at the outputs of the encoders is lower bounded
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as follows.

n(R. + Ry)

v

n
Z{L[fX(St7$tayt)] + L{fy(2t; yt, w)]}
=1
n/k—1k/t—1 ¢
SN ALlSi Wikt Yikmess) + LUy (Zis Yiktme i Tikpmes i1}
=0 m=0 j=1
n/k—1k/¢—1
ktml+l | iktml+e ktml+l  ik+mi+e
Z Z {L[f(si, al Tyl + LIf, (2, yip o i O
i=0 m=0
n/k—1k/l—1
ktmbtl | iktml+e : ik+ml-+0  ik-+mite

Z Z {mmfo 5, hiﬁm fk+ze+1)]+£%1§L[f (2 Yiktmet 10 Tibgmet1)]}
i=0 m=0
n/k— 1

b D (L : AW
Z ;2 DLy Imin L[f(s, 2% y0)] + min L[f, (2,5, 2%)]. - (A6)

seS
(zf,yf)e)ﬂ Xyl

Now, according to the generalized Kraft inequality,

¢*By(e) <1+10g [1+ iBﬁzg)D

v

(zf

(xt,y*

CeXPa { -

minL[fy(z,yZ,:z:Z)]) —i—ﬁ(Xf,Y;z)}. (A.7)

z2€EZ

v

D

yhHextxyt

>

YeEXEXYE

expy{—[min L[f(s, 2", y)] + min L[f, (2, 4", 2)]}

Pila',y") - expa{—[min L[f.(s, 2", y")] + min L[f, (2, ", 2")] — log Pi(a",y")}

Y Aelyh. (minL[ Fu(s 2t )] +

seS
(2 g )Xt x Yt

Taking the base 2 logarithms of both sides, this yields

log {q4Bz(6) <1 +log [1 + qﬁszi)] > }

> HX{Y) - ) Pt y) - minL[f(s,a%y0)] + min L[, (2,4, 2")], (A8)
seS z2E€EZ

(xt,yf)extxpt
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implying that

R.+ R,

M

S By <minL[fx<s,xf,yf>1 ; mmL[fy(z?yf,xf)])
( [,yZ)GXZX)}Z sES 2€Z
n/k 1

_k Z Xe y) Emg{q‘lBg(e) (1+10g {Hqgfzi)b}
z :z”j’“; Dl (o -
n/k 1

14
(@it i t) — A%(0) = %log {q“ <1 +log [1 + (Cfﬁ) D} —5(e). (A9)

vV
SHIES
Nk
>
E

In the same manner, we can derive a generalized Kraft inequality for the x-encoder when 4 is fixed:

) l
S o mimes Mt 0Ol < g2 By (e) (1 +log {1 T ]) ’ (410
rlext q Bg(e)

and likewise, vice versa:

. 0
S g minees LG < 2, () (1 4 log [1 T D , (A.11)
ot q*Bu(e)

Using the same method as above, we arrive at the following individual rate bounds:

n/k A
k 1
B>~ Z (@it y) — AL(e) — 7108 {q2 <1 + log [1 + ZQ} )} —§(e), (A.12)

3

and

3

k: Wl 1 BZ
- Z (YT — AL - glog{ (1 + log {1 o D} — 8(e). (A.13)
=0

Taking the limit superior of n — oo, followed by the limit superior of k& — oo, followed in turn by

the limit of ¢ — oo, and finally, the limit of € | 0, in egs. (A.9), (A.12), and (A.13), we obtain

R.+R, > p(z,y) (A.14)
R, > p(zly) (A.15)
R, > plyle). (A.16)

This completes the proof of the converse part of Theorem 1.

20



Appendix B

Proof of the direct part of Theorem 1.

Consider the partition of the source sequence pair, (z",y"), into n/k non-overlapping blocks of

length £k, (lelsz, yzllsz), 0,1,2,...,n/k — 1. Select an arbitrarily small ¢y > 0, and for each i, let

us select select a pair of coding rates, (R, Ri) such that

3 ik+k| ik+k

R, > PLZ(%JHQ%L)"‘EO (B.1)

R > pua(yiiilenth) + e (B.2)
RL+ R > pua(aifth ulb ) + eo, (B.3)

so that R, = & Z?:/]g*l R! and R, = %Z?:/’S*l R! satisfy

R, > pe(z™y") + €o (B.4)
R, > pr(y"|z") + e (B.5)
R+ R, = pp(a™y") + €o, (B.6)

and then, in the limit of large n and k, (R,, R,) is in R(x,y).

Now, for ¢ = 0,1,2,..., let both :Uzllsz and y;]gif be compressed separately by random binning
encoders with block length k, ¢! and ¢§ at rates R’ and Ri, respectively. This is to say that
every zF € X* (resp. y* € Y*), is mapped into an index ¢! (z*) (resp. ¢!(y*)) that is selected
independently at random across the range {0, 1,2,... ,QkRi —1} (resp. {0,1,2,... ,2"’35 —1}) under
the uniform distribution (independently for every 7). Clearly, a block code of length k for 2* (resp.
y*) can be implemented using a finite-state machine with no more than o (resp. 3*) states. Note

also that this pair of encoders belongs to the class of slowly time-varying encoders, which are

piece-wise constant along segments of length k, as described in Subsection 2.2.

Throughout the remaining part of the proof we analyze the probability of error within each
block of length k£ and show that it tends to zero as k — oo, and so, the expected Hamming distance
between the decoded sources and the input sources vanish in the long run. For the sake of notational
simplicity, we henceforth avoid the indexing by i. In other words, with a slight abuse of notation,
we replace ziF Tk itk i i, R! and Ri by zF, y*, ¢, oy, R,, and R, respectively. Consider

ik+1> Yikr1> P
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now the following decoder that maps the pair (¢,(z"), ¢,(y*)) into the decoded estimates of the

sources vectors, (¥, ¥):

NN ~k ~k
z7,y") = arg max u(z",y"), B.7
( ) {@F,F): o (@F)=¢x(zF), ¢y (7%)=dy(y*)} ( ) (B.7)
where
w(@, §") = min{[R, — pra(F*15")], [Ry — pra(@*13)), [Re+ Ry — pua(3®, 5]} (B.8)

Observe that u(z*,y*) > e by (B.1)-(B.3 by (B.1)-(B.3)). The error event can be presented as
the disjoint union of three types of error events: The first type of error is when §* = y* and only
ZF # #*, the second type is the other way around, and the third type is when both ¥ # z* and

gjk #* yk. Accordingly,
P.(z",y") = Pa(a*, y¥) + Pa(a®,y") + Pu(a®, yF), (B.9)

where

P (a*yh) = > Pr{¢.(&*) = ¢.(z")}

{zF: u(@k yk)>u(zk yk)}

< Z 2—ka

{zk: kRx—kpLz(T*|yk)>ku(zk yk)}

(Sb) Z o—kRx

{zk: LZ(3k|yk)<kRx—ku(zk yk)+ké(k)}

9 . okRx—ku(z* y*)+ké(k) = o—kRx
— 9.9 klu(*y*)—ek)
9—kleo—é(k)—1/k] (B.10)

where (a) is since R, — prz(Z¥|y*) > u(z*,y*) by definition of u(-,-), (b) stems from (15), and (c)
is based on the following consideration: Since LZ(2*|y*) is a length function of a lossless code, the

size of the set {z¥ : LZ(2*|y*) =1} cannot exceed 2¢, and so, for any positive integer L,

L
(o* L2 < L}\ -y
=1

L
{a*: LZ("|yF) = l}' <y 2l=2Ml 1<k (B.11)
=1

Finally, (d) holds because u(z*,y*) > €y, as observed above. Clearly, P.,(x*,y*) is treated exactly

in the same way, except that the roles of 2* and y* are swapped. Therefore,

Poo(aF, o) < 2~ Hleo—e(k)=1/k] (B.12)
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as well. Finally,

Py(a®,y) = > Pr{g.(#*) = o.(a*), 6,(7") = ¢,(y")}

{@*,9%): u(@ %) Zu(zk y*)}

< Z 9—k(Rx+Ry)
{(@*,9%): Rxt+Ry—prz(z*,g%) >u(zk y*)}
— Z 9—k(Rx+Ry)
{(@*,g%): LZ(ZF,§*)<k(Rx+Ry)—ku(z* y*)+ke(k)}
< 2. 2k(Rx+Ry)—ku(:ﬁk,yk)—i-k:e(k:) . 9~ k(Rx+Ry)
< 2—k[eo—e(k)—1/k}, (B.13)

and so, overall, Pe(:ck, yk) tends to zero as k — oo. This completes the proof of the direct part of

Theorem 1.

Appendix C

Since the inequality p™(x,y) > p~(x,y) is obvious, it is enough to prove the reverse inequality,
pT(x,y) < p~(x,y). For a given n, consider the following encoding of (2", ™) in blocks of length k,
where k is assumed to divide n. For each k-block, (miﬁf{”, yf’gff), i=0,1,...,n/k—1, the encoder

compares the length functions of three compression schemes:

1. Scheme A applies LZ compression of the sequence of pairs (ix+1,Yik+1), - - - (Tiksks Yik+k)

: ik+k | ik+ky 1.:
using LZ (217, Yy q) bits.

2. Scheme B first compresses xz’,sz toLZ (:U;fo ) bits and then compresses y;],:i]f into LZ (yfl,ji]f |x§],§i]f )
bits by utilizing xzii’f as side information available at both ends.

ik+k
ik+1

ik+k

3. Scheme C is the same as Scheme B, except that the roles of and y;; | are interchanged.

The encoder selects the shortest code among those of schemes A, B and C, and adds a header of
two flag bits to indicate to the decoder which one of the three schemes was chosen. The overall
coding rate is therefore

n/k—1 n/k—1

. . k . . 2
§ : — k+k k+k E : — k+k k+k
E [kIOLZ (x;kipy;k_—::l) + 2] = E pLZ(x§k117y;ki_1) + E (C'l)
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This is a block code of length k, and as such, it can be implemented by a finite-state machine with

no more than

k-1 k ok
5= ;a’ﬂi = aag__ll < ok gk (C.2)
states (see footnote no. 1). Therefore,
k n/k 1 A A 92
Qo (2" 4") < D Pt i) + 7 (C.3)
i=0

where p4(z™,y™) and its corresponding limits were defined after Theorem 2. Consequently,

n/k—1
. . _ ; 2
Ok gk (T, y) = limsup g,k gk (2, y") < limsup — Z pLZ(leg:[’f, yzllj_t’f) + T (C.4)
n—00 n—oo T i—0
Upon taking the limit superior of k — oo, we get
Ooo(®,y) = Hmsup oonge (2, y) = Im ogege(@,y) < p™(2,y). (C.5)

k—o00
On the other hand, as a lower bound to the lossless compression ratio for the ith k-block
(i=0,1,...,n/k —1)) by an s-state encoder, we can apply the second to the last line of eq. (A.9)

with € = 0 to obtain:

L; Hy(XE,vh
s 8T
> HEen) g
> pLZ(le]f;i’f7 yszf) — s (6) - A;(ﬁ) (C'G)
where /¢ divides k,
1 ) O/BE
0:(€) = ;log 3 5% |1+1log 1+ —5- (C.7)

and A} (£) is as defined in Subsection 2.4. But Hy(X?,Y})/¢ can be decomposed also as

HOG) | HOE) 5 )y ity 4 pauii i) 2840 (©8)
as well as - i
HUL) T 5 o0t + ot k) — 280, (©9)
which together imply that
Tz maxlpu(el T ol pa(el ) + D),
pra(Uipit) + pra(@i K eI} — 05(0) — 20,(0)
= PR Ui ) — 05(0) — 220,(0). (C.10)
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Thus, the s-state compressibility of (2", y™) is lower bounded as follows:
k n/k—1
os(a™y") = Y pi (i v dy) — 0s(0) — 28%(0),
i=0

which leads to

n/k—1

0s(x,y) = limsup o(«",y") > limsup — > pl7 (11, yirTy) — 65(6) — 28(0).

n—00 n—oo N %
=0

Upon taking k (and then ¢) to infinity (yet keeping s fixed), we obtain

os(z,y) > pt(z,y),

and so,
0oo(z,y) = lim os(x,y) > pt(z,y),
S— 00

which together with (C.5), yields

pt(x,y) <p(x,y).

Consequently, pT(z,y) = p~(x,y) = p(z,y), and the proof of Theorem 2 is complete.
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