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Background — Relating Estimation and Info Measures

Early work:
Duncan (1968,1970); Kailath (1968,1969,1970); Kadota, Ziv & Zakai (1971);,
Bucy (1979); Mayer—-Wolf & Zakai (1983).

More recent research activity:

Forney (2004); Guo, Shamai & Verdu (2005, 2008); Palomar & Verdu (2006,
2007); Mayer—Wolf & Zakai (2007); Guo (2009); Verdu (2009); Raginsky &
Coleman (2009); Weissman (2010); Merhav, Guo & Shamai (2010).
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Context of This Work

In [MGS, 2010], stat—-mech methods where applied on the I-MMSE relation

dI(X;+/snrX + N)
d snr

— %mmse(XWsan +N), N ~N(0,I)

to compute MMSE and to relate threshold effects (in estimation) to phase

transitions (in physics).

Main theme of this work: For the purpose of evaluating the MMSE (using
stat-mech methods), more direct relations can be used: Given P(x,y),
xeR", yeR™:

Z(y,A) = exp{A' z}P(z,y)

@:E{X\y}=v>\ln2(y,>\)‘ ) COV{(X_X)}:E{Vian(Y’)‘)'Azo}

A=0
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Advantages of the Proposed Approach

More direct and easier to use than the I-MMSE relation.

Applies to a general P(x,y); x € R", y € R™.

In addition to the MMSE — provides also the conditional mean estimator.
Several variants can be used.

Easy to extend to the mismatched case.

Allows mismatch in the full joint distribution, not just the source.
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Some Comments

Z(y,A) = > exp{\ z}P(z,y)

A=0
$ In [Zm eXp{)\Tw}P(:B\y)} generates conditional cumulants.

® OK and easier to replace P(x|y) by P(x,y).

® Physics interpretation:
® Z(y,\) <= partition function.
o {)\;} — ‘forces’ acting on {y;}.
# Error covariance relation < fluctuation—dissipation thm.
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A Few Variants

A Ygpexp{XN z}P(z,y) o Z(y,N)

Py (y)

S exp{ATz}P(x) O(A)

J(Y)=-E {vi In P)\(Y)‘AZO} (Fisher info)

- *InZ(Y A)‘ }
tr{E} = E{ i

; 8)‘? A=0

g (0%In Py (Y
= Y |Var{x;} + E{ T 3( )‘

1=1 \ 8)\Z A=0

| ([0In Py (Y)]
— Var{X;} — E

; ar{X;} <\{ Ta,
AN dlnZ(Y, )
= 3| E{[ ar e

2nd & 3rd lines: In Py (Y') can be replaced by i(X;Y ) = In

2

\

A=0

7 4

N\ -

A=0

J A

P(y|x)/Py(y)].
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Example 1: Codeword Sent Over an AWGN Channel

Channel input: M =™, C={zo,...,zp_1};
x; ~ Surf{sphere of radius vnP}.

AWGN channel:
Y =X+ N; N ~N(0,0c°I)

Partition function:

Z(y,N) = e M ep{—lly —x|*/(20%) + AT},
xreC

Can be analyzed using techniques borrowed from the random energy model
(REM) of spin glasses:

mmse(X|Y) = {
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Example 2: Curie—Weiss Model

Letxz € {—1,+1}" and

where
1 mn
m(x) = - ;xz
and let the channel be a BSC:
P el 1.+1

Then

2
Z(y,A) X Zexp{in(bjL)\i +ﬁyz)} . exp {% (Z%) }
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Example 2 (Cont'd)

Using the identity

mn 2\ +OO 2 mn
a nt
exp § 5 <§ xz> >:/ dtexp{—Qa +t x;
i=1 —oc i=1

/

+o0 ( 2
Z(y,A)oc/ dt exp < —ZiqLZlncosh(ﬁyqu)\ +b+1t)
- \ 1=1
. Oln Z
B = o = (tanh(By; + b + 1))
oXi |x—o

where the averaging is w.r.t. a weight func. proportional to

As n — oo, this is dominated by ¢* that maximizes this weight.

}

}
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Example 2 (Cont'd)

By taking a 2nd order derivative:

mmse(X |Y
i, MMse(X|Y)

n—oo n

— 1 — E{tanh®*(3Y + b+ to)},
where ¢ is the solution to the equation

t = aE{tanh(8Y + b+ 1)},

and where Y is a binary {+1} RV, with mean m™ tanh(3), m™ being the
dominant solution to the equation

m = tanh(am + b),

l.e., the maximizer of

ha((1+m)/2) + am?/2 + bm,

where hs(+) Is the binary entropy function.
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Generalized Spherical Symmetry

Suppose m = n and
P(xz,y) = Fn (Z ¢($¢,y¢)>

and let f,(t) = L™ {F.(s)}. Then,

"

Zwn) = [ 0T [Tt exnd 13 ofwim)

T

_ / dtfu(t) | duwe Texp —tS ¢(wi,u)
0 IR™ 7 y,

"

B /O dtfn(t)IZI/]RdxieAiwi exp{ —to(x;, i)}

and we have a product form, which can be handled easily.
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Generalized Spherical Symmetry (Cont’d)

it { / }

C(y, 1) A Op(A,y,t)  frda- vo—to(@,y)
y7 T a>\ A=0 o fIR d.fl? ) 6_t¢(m,y) .
Then,
dt frn (t)C(ys )ezi po (yi,t)
E{X;|ly} = fo

fo dt fn (t eZi po(Yist)

which is approximated by ¢(y;,t), where ¢ is the maximizer of the expression
In|fa(t) + > po(yi,t)

Similar ideas are applied to the MMSE analysis.
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Extensions

The range of ¢ may not necessarily be [0, ).

For
<Z¢1 xzayz Z¢k LysYi >

apply a multidimensional Laplace transform.

> i Oz yi) = > d(@4, Yy Yi—1, - - -, Yi—1) fOr some k.

Can handle P(z,y) = Fn[(z,y)! S(x, y)] for a positive matrix S.
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Conclusion

We proposed a simple “partition function” for derivations pertaining to
MMSE estimation.

There are several advantages relative to I-MMSE relations.

The relations connect also to some info measures, e.g., information

density, Fisher information.
A few examples demonstrated.

Defined a class of joint pmf’s for which MMSE calculations are easy.
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