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The Shannon Lower Bound (SLB) as a Benchmark

The SLB is a cornerstome in rate-distortion theory.

A simple lower bound. For a memoryless source U and a difference distortion
measure, d(u, v) = ρ(u− v):

R(D) ≥ h(U)− Φ(D),

where

Φ(D)
△
= sup

{Z: E{ρ(Z)≤D}
h(Z) ≡ inf

β≥0

{
βD + log

[∫
U

2−βρ(z)dz

]}
.

Asymptotically tight for D → 0 (Linder & Zamir ‘94, Koch ‘16).

A useful reference for high-resolution lossy compression schemes.

Further studies in the finite block-length regime (Kostina, ‘15,‘16).

Focus on the quadratic distortion metric (Gastpar & Sula ‘24).

SLB via “lossy Kraft inequality” (Campbell ‘73, Merhav ‘95).
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Recovering the known SLB in Different Forms

[∫
U

2−βρ(z)dz

]n
≥ Zn(α, β)

=

∫
Un

exp2 {−αL[ϕn(un)]− βρ(un − ψn(ϕn(u
n)))}

= E {exp2 [−αL[ϕn(Un)]− βρ(Un − ψn(ϕn(U
n)))− logP (Un)]}

≥ exp2 [−αE{L[ϕn(Un)]} − βE{ρ(Un − ψn(ϕn(U
n)))}+ h(Un)] ,

and so, rearranging terms, we get

αE{L[ϕn(Un)]}+ βE{ρ(Un − ψn(ϕn(U
n)))} ≥ h(Un)− n log

[∫
U

2−βρ(z)dz

]
.

which yields

E{L[ϕn(Un)]}+ βE{ρ(Un − ψn(ϕn(U
n)))} ≥ h(Un)− n log

[∫
U

2−βρ(z)dz

]
.

Invoking the distortion constraint, moving to the r.h.s., and maximizing over β
yields the classical SLB, E{L[ϕn(Un)]} ≥ h(Un)− nΦ(D).
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For D-semifaithful codes, we redefine

Zn(α, β) =

∫
Un

exp2 {−αL[ϕn(un)]− βW [nD − ρ(un − ψn(ϕn(u
n)))]} dun

where W [x] = 0 for x ≥ 0 and W [x] = ∞ for x < 0. Here,
Zn(α, β) ≤ Vol{z : ρ(z) ≤ nD} = Vol{Sn(D)}≤ 2nΦ(D) by ordinary Chernoff
bounding. But using saddle-point integration:

Vol{Sn(D)} =

∫
IRn

u(nD − ρ(z))dz

=

∫
IRn

dz

2πi

∫
Re{s}=c

es(nD−ρ(z))ds

s

=
1

2πi

∫
Re{s}=c

ds

s
exp

{
n

[
sD + ln

(∫
IR

e−sρ(z)dz

)]}
=

2nΦ(D)

s⋆
√
2πn|f ′′(s⋆)|

·
[
1 +O

(
1

n

)]
.

E{L[ϕn(Un)]}
n

≥ h(Un)− logVol{Sn(D)}
n

=
h(Un)

n
−Φ(D)+

log n

2n
+O

(
1

n

)
.
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