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» Question: do shortened/punctured polar codes have the same
error exponent as seminal polar codes?
P Answers:
» ChatGPT 3: No (and we did not understand the explanation)

» ChatGPT 4: Yes (and we did not understand the explanation)
» Co-pilot: Yes, see Shuval & Tal's recent paper



Big picture first

» Seminal polar codes have probability of error ~ 2*\m, where
N=2"
» Polar codes can be either shortened or punctured to lengths
M that are not powers of 2
> We analyze:
» the shortening method of Wang and Liu, and
» the puncturing method of Niu, Chen, and Lin
> Main result:
» In both cases, the probability of error is = 2-VM
» No restriction on M

» We are not assuming a symmetric channel nor a symmetric
input



Theorem

Let X be a random vector of length M with i.i.d. entries, each
sampled from an input distribution p(x). Let Y be the result of
passing X through a BM channel W(y|x). Let U of length M be
the result of transforming X via either the shortening transform or
the puncturing transform. Fix 0 < < 1/2. Then,

jim % {i:2uu=¥) < 2™} =1 H(X]Y),

M— o0

lim % {i: K(UU™1) < Q—WH = H(X).

M— o0

Reminder: Bhattacharyya parameter and total variation

Z(X|Y) = ZPY ¥)-VP(X=0]Y =y)P(X =1]Y = y)

K(X|Y) = ZPY y)-|P(X=0]Y =y) = P(X=1]Y =y)|



Shortening and puncturing

Shortening a general code C: Puncturing a general code C:
» Pick an index set S » Pick an index set P
» Subcode: ¢ € C such » UseallcelC...
that

ieS=—=¢=0

» Do not transmit indices » Do not transmit indices
inS in P
For polar codes For polar codes
(Wang and Liu) (Niu, Chen, and Lin):

S={N-1,N=2,.... N~ (N—Mm)} P=1{0,T L N—M-1}



Notation for the polar transform

For a binary vector x = [xo X1 XN,l] of length N = 2"

[Xo PSS XN—I][O]

[Xo Ox1 x2Bx3 XN—2 D XN—l]
and

[Xo X1

[ X1 X3 XN—l] ’



Notation for the polar transform

For a binary vector x = [xo X1 XN,l] of length N = 2"

[Xo PSS XN—I][O]

[Xo Ox1 x2Bx3 XN—2 D XN—l]
and

[Xo X1

[ X1 X3 XN—l] ’
where



Notation for the polar transform

> Let N=2"

» Polar transform:
X = [Xo X1 - XN_1] — u = [UO u - UN_1]

» Definition: for an index
i = (bn-1, b2, .. bo)z—ZbQJ

we have

«— by [bo]



Notation for shortening and puncturing

Recall that
arf £ I}

We now generalize the a @ 8 and a > 3 operations to

a,8€{0,1,s,p}

Intuition:
» s is another name for 0

> p signifies a bit with arbitrary value

|0 1 s p >[0 1 s p
0[0o 1 0 0 0/0 1 s 0
111 0 1 0 110 1 s 0.
s |0 0 s 0 s|0 0 s 0
P|/P P P P p/0 1 s p



Two definitions of the polar shortening transform

OB on ~ old
T S += OO
U SO R~
T n = oln
holRSSI SIS o]
" on Rk OoOlv
O= O OO
=
n n n nin
holRSSI SIS o]

Suppose M =5, and so N = 2[l°&2Ml — g

<

S={N-1,N2,.... N~(N-M}={7.%.5)=1{7.3,5

First definition:

xX0 =10 1] =1 1] =71 5] M=[s 5
i=[11011 s s s
u=[110 11 ]



Two definitions of the polar shortening transform

OB on ~ old
b SR oo
U SO R
O wn o~ oln
Lo AR SESR ST o]
" on Rk OoOlv
o= O o|lo
=
nw wn wn nln
Lo AR SESR ST o]

Suppose M =5, and so N = 2[l°&2Ml — g
S={N-1,N2,.... N~(N-M}={7.%.5)=1{7.3,5
Second definition:

=0 11 o 1 |

x=[0 11000 1 0

=110 1 =M=[1 0 0 0

X =10 1] =1 1 =01 0o =0 0
101100 0
1011

X1
=)
=

c o
I
ey



Two definitions of the polar puncturing transform

OB on ~ old
b S~ oo

1
1
0
0
p

Lol SSIR SRS o}
n n n nn
he R SSIR SIS o}

Suppose M =5, and so N = 2[l°&2M] — g
P={0. T,  NmM-13={0.7.2)={0.4,2}

First definition:

X
I

[0 1 10 1]
x=[p 0p 1 p 10 1]
0= pp 1 M= 1 1 1]
0 =[p p] M=[p 1] =11 0o M=[1 1]
i=p pp 1100 1]
u=| 1100 1



Two definitions of the polar puncturing transform

OB on ~ old
b S~ oo

1
1
0
0
p

Lol SSIR SRS o}
n n n nn
he R SSIR SIS o}

Suppose M =5, and so N = 2[l°&2M] — g
P={0.7,. . Nm-13={0.7.9)1={0,42

Second definition:

x=[ 0 1 10 1]

x=[100 111 0 1]

=71 101 M= 1 1 1]

= 1] =11 1] *V=[1 o] =1 1]
i=[110110 0 1
u=| 1100 1



Second definition, for now

» We now think of shortening/puncturing using the second
definition

x=[0 11000 1 0
x=[1001110 1

» The first definition will come into play later. ..



Distributions

» Denote the probability distribution of “regular” input-output

Wixiy) = P(X =x,Y =)

» What about shortening/puncturing?

» Shortening:

» Input is forced to be 0
» No corresponding output

1, x=0,y="?
S(x;y) =
(i) {O, otherwise

» Puncturing:

» Input is arbitrary
» No corresponding output

i xe{0,1},y =2
P(x: _ 2 ) ’
(xiy) {O, otherwise



The ‘—" and ‘4" operations on joint distributions

» Denote
X ={0,1}

> Let A(xo; yo) be a joint distribution on (xo, y0) € X x W
» Let B(xp; y1) be a joint distribution on (x1,y1) € X x W1
» The ‘—' operation:

(A® B)(uo; yo,y1) = Y, Aluo @ x1; y0)B(x1; y1)
x1EX

» The '+’ operation:

(A® B)(u1; o, yo,y1) = A(uo © u1; yo)B(u1; y1)



The ‘degradation’ relation

» For two joint distributions A(xo; yo) and B(xp; y1), denote
d
ALCB

if Ais (stochastically) degraded with respect to B
» That is, if there exists Q(yo|y1) over Vo x Vi such that

A(xo: yo) ZB x0; y1) Q(¥oly1)

d
» Goal: generalize “C" to some “C" so that for general A, B

ARBCACA®B, AEBCBLC A®B



The ‘input permutation’ relation

> We say that A has undergone an input permutation, resulting
in A’ if there exists a function f : Jy — X such that

A'(x0; y0) = Alxo @ f(¥0); o)

> We denote this by
AC A



The ‘inferior’ relation

> We define that A C B if we can identify a finite sequence of
‘degradation’ and ‘input permutation’ relations that will lead

to A from B
» In other words, there exists 0 < t < 0o, a sequence of joint
distributions C;, Gy, ..., C;_1, and a sequence

ri,r2,...,rt € {d,p} such that

r3 re—1 rt

r r
ACGLC GLC--- C G1CB



Key properties of the ‘inferior’ relation

A C B if there exists 0 < t < 00, a sequence of joint distributions
C1, G, ..., Ci_1, and a sequence r1,rp,...,r: € {d, p} such that

r3 re—1 re

A&QEQE - E GaCEB

Key properties:
» Transitivity:

ACB and BC C=— ALCC
> 7, K, and H monotonicity:
AC B= Z(A) > Z(B), K(A) < K(B), H(A) > H(B)
» Preservation by polar operations:
ACA and BCB=
AmB CA®EB and A®B CA®B.
> The two extremes: For any A,

PCALCS



Look familiar?

> If AC B and B C A then we will treat A and B as equivalent

» The following holds, up to equivalence:

B S P ® B S P
A|lA®EBB A P AlA®B s A
S B S P S S S S
P P P P P B S P

» Look familiar?



Look familiar?

> If AC B and B C A then we will treat A and B as equivalent

» The following holds, up to equivalence:

B S P ® B S P
A|lAmB A P AlA®B s A
S B S P S S S S
P P P P P B S P
» Look familiar?
» Yes! For a,b € {0,1},
@ ‘ b S p > b S p
aladéb a p alarb s a
S b s p s S s s
P| P P P pP| b s p



The advantages of good bookkeeping
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For 0 </ < M,
Z(UJUY) =

Z(UI+N—M| 0i+N7M717 ?)

K(Ui|UTLY) =
K(Uiyn-m|OFN-M=1¥)



The advantages of good bookkeeping

x=[0 11 0 1]
x=[0 1100 0 1 0]
a=[110 110 0 0
u=[1 10 1 1 ]
For 0 < i< M,
(UU™Y) =
Z(U,'|Ui71,V)
(UUY)

0 1 10

[y
—

[
x=[1 1110 1]
ﬁ:[ 1 110 0 1]
= 110 0 1]
For 0 </ < M,
Z(U|ULY) =

Z(UI+N—M| 0i+N7M717 ?)

K(Ui|UTLY) =
K(Uipn-m|ON-M1¥)



Main Theorem, reworded

Theorem

Let W(x;y) be a joint distribution over X x ). Let X,Y be a pair
of random vectors of length M, with each (X;, Y;) sampled
independently from W. Let U of length M be the result of
transforming X via either the shortening transform or the
puncturing transform. Fix 0 < < 1/2 and e > 0. Then, there
exists My such that for all M > My ,

Hi L Z(U| UL Y) < 2*MBH >1- HX|Y) —e,

SENES

H/; K(U; UL, Y) < 2—WH > H(X]Y) —e.



A halfway lemma

Lemma

Let W(x;y), X, Y, and U be as in the main theorem. Fix

0< B <1/2 and € > 0. Fix integers t > 0 and

ac {27t 1,271 4 2,...,2t}. There exists ny such that for all
n>ng, if M=a-2""t then for N=2",

1

M

%HI KU Y) <27V S H(x)Y) - ¢

{i:zuiu=1,v) < 2-“”’}‘ > 1 HX|Y) - ¢,



Proof of halfway lemma — part 1

Ao B A Ao ~ (Xo, Yo)

Ao ® Az A ~ (X17 Yl)
T : N[ A~ (X, Y2)

An—2 B An-_1

Ao ® Ag
~ 4

Ao ® Az

An—2 ~ (Xn—2, YN-2)

+ .

An—2 ® An—1 An-1 ~ (Xn-1, YNn-1)




Proof of halfway lemma — part 1

AEA A ~ (Xo, Yo)

AEA A~ (X1, Y1)
ol ; A~ (X2, Ya)

AEA

A®A

A®A *

A~ (Xn-2, YN-2)

+ .

A® A A~ (XN—1, YN—l)




Proof of halfway lemma — part 1

AR A A~ (Xo, Yo)

A A A~ (Xla Yl)
Tl N A~ (X, Y2)

AR A

A® A

A® A *

A~ (Xn—2, YN-2)

+ .

A® A A~ (Xn-1, YN-1)

When all A; are equal: Arikan & Telatar ‘09 gives fast polarization



Proof of halfway lemma — part 1

A® B A ~ (Xo, Yo)

A B B~ (X17 Yl)
T : N | A~ (X2, Y2)

A® B

A® B

A® B *

A~ (Xn—2, Yn-2)

+ .

A® B B ~ (Xn-1, Yn-1)




Proof of halfway lemma — part 1

AE B

AmEB

AmEB

A® B

A® B

A® B

A ~ (Xo, Yo)
B ~ (X1, Y1)

A~ (X2, Y2)

A~ (Xn—2, YN-2)

B ~ (Xn-1, Yn-1)

When A; have period 2: Arikan & Telatar, '09 applied after first

transform gives fast polarization




Proof of halfway lemma — part 1

Ao E Ap

As [ As

An—2 B An-1

Ao ® Ap

A> ® Az

An—2 ® An—1

Ao ~ (Xo, Yo)
A1 ~ (X1, Y1)

Az ~ (X2, Y?)

An—2 ~ (Xn—2, Yn_2)

An-1 ~ (Xn-1, YN-1)

Generally: if the A; have period 2t, then we have fast polarization




Proof of halfway lemma — part 2

For S = {N—1,N—2,...,N—(N — M)}:

2t |

H w
M s

Bit reversal

-

N2t




Proof of main theorem — key properties of “C"

Recall key properties of “C" relation:

> The two extremes: For any A,
PCALCS

» Preservation by polar operations:

ACA and B CB—
AmEB LCA®EB and A®B C A® B.

» Transitivity:
ACB and BCL C— ALCC
> Z, K, and H monotonicity:

AT B = Z(A) > Z(B), K(A) < K(B), H(A) > H(B)



Proof of main theorem

0w
[ S

Bit reversal
+ polar transform

¢

N2t
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¢
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Proof of main theorem

L
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Bit reversal
+ polar transform

-
“Worse" case
Z(0 0, ¥)
K(U;|Ui_1,V)

N2t
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Proof of main theorem

0w
[ S

Bit reversal
+ polar transform

¢

“Worse" case

N2t




Proof of main theorem

[ — W s

Bit reversal
+ polar transform

-
“Better” case
Z(U;|U’_1,7) < Z(U;\L_/ifl,?)
K001, Y) < K(0;|0'71,Y)

N2t




