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Abstract—In this paper we show a polar coding scheme for the
deletion channel with a probability of error that decays roughly
like 2'\“, where A is the length of the codeword. That is, the
same decay rate as that of seminal polar codes for memoryless
channels. This is stronger than prior art in which the square
root is replaced by a cube root. Our coding scheme is similar yet
distinct from prior art. The main differences are: 1) Guard-bands
are placed in almost all polarization levels; 2) Trellis decoding
is applied to the whole received word, and not to segments of
it. As before, the scheme is capacity-achieving. The price we pay
for this improvement is a higher decoding complexity, which is
nonetheless still polynomial, O(A*).

I. INTRODUCTION

Deletion errors, along with insertion errors, arise in com-
munication channels with symbol-timing mismatch [1]. These
synchronization errors are also common in polymer-based
storage solutions [2].

The simplest theoretical model for these errors is the dele-
tion channel with a constant deletion probability. The channel
output is a sub-string of the symbols in the input. Deletions
occur according to an i.i.d. process that deletes each input
symbol with probability J.

Polar codes [3] for a deletion channel with a fixed deletion
probability were first presented in [4]. See also [5]-[8], which
use polar codes for weaker settings. In [4], the authors show
that for a fixed regular hidden-Markov input process and a
fixed parameter v € (0, %) their coding scheme approaches
the mutual information rate between the input process and
the channel output. The encoding and decoding complexities
are O(AlogA) and O(A'*3Y), respectively, where A is the
codeword length. Furthermore, for any 0 < v/ < v and large
enough A, the probability of a decoding block error is at most

272" The authors also show that there exists a sequence of
regular hidden-Markov input processes for which the mutual
information rate approaches the deletion channel capacity. This
result also follows as a special case of the work of Li and Tan
[9], which proved the above for finite-order Markov processes.

We extend [4], and show that with simple alternations to
the encoding andldecoding schemes, the error probability

decreases as 272" where B e (0,3). Recall that this is
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stronger than the result in [4], in which the error exponent
is /€ (0,3).

The structure of our paper is as follows. Section II presents
the main results of our work, still without all the definitions
in place. Section III completes these definitions and sets up
key notation. It also introduces key concepts we inherit from
[4], and compares and contrasts our results to those in [4].
The first three subsections of Section IV detail both our
encoding and decoding schemes. Thus, the practitioner who
only wishes to implement our scheme may decide to only
read up to this point. The section concludes with a complexity
analysis and simulation results. Section V contains our first
key lemma, Lemma 5. This lemma bounds the evolution
of the Bhattacharyya parameter when applying ‘-’ and ‘+’
polarization operations. It contains an additive term which
is not present in simpler channels. Section VI contains our
second key lemma, Lemma 7, which shows that despite this
additive penalty, strong polarization still occurs. Section VII
uses these two key lemmas in order to prove our main result.

II. MAIN THEOREM

Our main result builds upon the guard-band function g
introduced in [4]. We will define g shortly. For now, we note
that g(x,ng, &) recursively transforms x, a word of length 27,
into a slightly longer word, where the length is controlled by
the parameter £, and n.—ny is the recursion depth. We say that
9(x,ng, &) is the result of adding guard-bands to x.

Throughout the paper, we assume a deletion channel with
a fixed deletion probability. We also assume a fixed regular
hidden Markov input distribution (see [4, Subsection II-D]
for the formal definition). Denote by Z the information rate
between an input distributed according to this distribution and
the corresponding output of the deletion channel. Denote by
Z and K the Bhattacharyya parameter and the total-variation,
respectively (see, for example, [10, Section III]).

Here is our “stronger polarization” theorem. It is stronger
than the “weaker polarization” theorem proved in [4]. In [4],
the parameters 0 < 8’ < § < % below are replaced with 0 < v/’ <
V< %, which implies a weaker decay to the error probability
bound.

Theorem 1 (Stronger polarization): Let ¢ € (0,1) be a fixed
deletion probability of the deletion channel. Fix € € (0,1),
€€ (0,5), and 0 < f < B < 1. There exist n(e,0,&)
and n™(e,3,8',n9) such that the following holds. Take
no 2 n(e,0,€) and n > n* (e, B, 8, no). Let X be of length
N = 2™ The vector X is partitioned into blocks of length



2" and each block is independently distributed according
to the fixed regular hidden Markov input distribution. Let
U be the polar transform of X. Denote by Y the result of
transmitting g(X,ng,£) through the deletion channel. The
fraction of indices ¢ for which
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is at least Z — ¢, where A is the length of ¢(X,ng,&).
Furthermore,
N
—>1-€.
A €
By using the Honda-Yamamoto scheme [11], [12], we get
the following corollary.
Corollary 2: The above implies a coding scheme with rate

T - 2¢ and probability of error at most 9-A” , where A is the
length of the transmitted codeword.

III. PRELIMINARIES

In this section we set up some notation and summarize key
concepts from [4].

A. Three related channels

We now introduce three related channels: the deletion chan-
nel, the trimming channel, and their composition, the trimmed
deletion channel.

Deletion Channel (DC) The deletion channel is the channel
we are to code over. As its name implies, it takes a binary
vector and deletes each bit with probability 6. Thus, the output
of the channel is typically shorter than its input. We will often
denote a random vector that is an input to such a channel by
G and denote the corresponding output by Y.

The following two channels were introduced in [4], and are
concepts we will need for our results as well.

Trimming Channel (TC) The trimming channel takes a
binary vector and removes from it all leading and trailing
zeros. Note that the trimming channel is deterministic. We
will often denote the input to this channel by either Y or Z.
We denote the trimming operation by appending a ‘*’ as a
superscript. Thus, the outputs corresponding to Y and Z will
be Y* and Z*, respectively.

Trimmed Deletion Channel (TDC) The trimmed deletion
channel is the composition of the above two channels. Thus,
if the input to the channel is G, then we first pass G through
the deletion channel and obtain Y, and then pass Y through
the trimming channel, which yields Y*.

TDC

TC !

trimming !

DC

| deletion
oL

B. Weak polarization for the TDC

We next state a weak polarization theorem for the trimmed
deletion channel. The theorem follows easily by combining the
weak polarization theorem [4, Theorem 20] with [13, Lemma
1], which bounds the Bhattacharyya parameter Z and total
variation K by monotonic functions of the conditional entropy.
As we will see, we will use this theorem to reach the stronger
polarization rate stated in our main theorem.

Theorem 3 (Weak polarization for the trimmed deletion
channel): Fix n € (0,1) and let Ny = 2"°. For a given
fixed regular hidden Markov input distribution, let X be a
random vector of length Ny distributed according to the input
distribution. Let Y* be the result of passing X through a
trimmed deletion channel with deletion probability §. Denote
U as the polar transform of X. For all ¢ > 0 there exists an
ni(e',n,8) s.t. if ng > nf® then the fraction of indices i for
which

Z(UU Y ) < and K (U|UT™Y) <

is larger than Z — ¢’
Note that in the above, and throughout the paper, the infor-
mation rate Z is
I(X;Y
lim IXY) ,
N0—>oo NO

T2

where X is of length |X| = Ny and is drawn according to the
fixed regular hidden Markov input distribution and Y is the
corresponding output of the deletion channel. In [4, Section
V] it was shown that Z is indeed well defined.

We end this section by noting that Theorem 3 does not
employ guard-bands. However, in order to prove stronger
polarization, we will employ guard-bands (as was also done
in [4]).

C. Blocks and guard-bands

Recall that in the main theorem, X was partitioned into
independent blocks of length Ny = 20, There are N; = Nﬁo
such blocks, and we denote them by X(1),X(2),...,X(Ny).
That is, X is the concatenation of the above N7 blocks,

X=X(1)oX(2) o 60 X(N).

We denote the first and second halves of X by X; and Xj;.
Denoting the length of a vector by ||, we have |X| = |Xy| = &
and

X =X 0 Xj.

Note that X and X are independent, a convention that will
also hold in other places in which we use the “T” and “II”
subscripts.

Recall that the function g mentioned previously transforms
a vector X of length 2" into a slightly longer vector with
“guard-bands”. We now define ¢ recursively, and note that it
adds the guard-bands between blocks. For a vector X of length
< 2™, g(X,ng, &) is simply the identity function. For a vector
X of length greater than 2"°,

Iy
9(X,n9,€) = g(X) 2 g(X;)©000...000g(Xn) . (3)
_— — Y
2Gy HeIN =Gy



That is, we add
0, = L2(1—5)(n—1)J 4)

‘0’ symbols between the first and second halves of X, and
apply g recursively on each half. Note that £ > 0 is a “small”
constant that we will constrain later. To summarize: X is a
concatenation of 2"7"° independent blocks, each of length
Np = 2™, The function g(X,ng,£) adds a guard-band of ‘0’
symbols between each two blocks, and the length of these
guard-bands varies. Here is an illustration, for the case in
which n =ng + 2:
9(X)

00...0 RNEY)

N(]

No

Kng-#l £n0+2 £n0+1

We are not concerned by the added GB bits, since for a
large enough ng, the effect they have on the rate is negligible.
The following lemma shows this.

Lemma 4 (GBs have a negligible effect on the rate): For all
€>0 and & > 0 there exists an n$" (¢, &) such that if ng > ni

then
X N

— 2 —>1-€.
l9(X,n0,8)] A
Proof:
We set ni = —% log, (€ (1-27%)) and bound A as follows:
@ 2-(Eno+l)
Az |gX) <X [1+ 2
600 (14 255

9=¢no
<|X|o(1+1_2_§) (4a)
(b)
<N-(1+¢), (4b)

where (a) is by [4, Lemma 22] and (b) follows by recalling

that ng > n{". Finally:

NG 1 €
>
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We remind the reader that G = G; ® Ga © Gy is passed
through the DC. We denote the output of this channel by Y,
and denote the parts corresponding to Gi, Ga, and Gy by Y,
YA, and Yy, respectively. We further denote the application
of the TCon Y by Z = Y*, and denote the parts corresponding
to Y1, YA, and Yy by Zy, Za, and Zy, respectively. See Fig.
1, which is essentially [4, Figure 5]. Note that, in general, Z;
is formed by trimming off only the left side of Y. Hence,
typically, Z; # (Y1)* and Zy # (Yi)*. Also, note that in the
typical case, Za = YA.

D. An overview of this work compared to [4]

Throughout this paper we inherit concepts from [4], both
in our coding scheme and in our analysis. All the concepts
we use from [4] are defined in this work as well, to ensure
this paper is self-contained. To further highlight what is new,
this section outlines the main ideas in [4] and the differences
in this work. Every topic mentioned in this section will be
explained in more detail later on.

X [ X | Xu |
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Fig. 1. The random variables X, G, Y, and Z.

The encoder in [4] adds GBs to separate the polar coded
word into blocks. We do the same, while slightly changing
constrains on parameters that control how many GBs are added
and what their lengths are (£ and ng). We also slightly change
the rule on how to select the information indices in the polar
coding scheme. However, in essence, we use the same encoder.

The decoding steps in [4] are as follows. First, the decoder
uses the GBs to process the received word into trimmed
blocks. In a good scenario, this processing yields the TDC
outputs of the blocks of X. Next, the decoder builds a trellis
for each trimmed block. The trellises incorporate the joint
probability of the deletion channel input and output. Lastly, the
trellises are processed according to the successive cancellation
polar decoder.

Our decoder does not perform the first step of partitioning
and trimming the output. Instead, we build one big trellis using
the whole received word. As the trellises in [4], this trellis
incorporates the joint probability of the deletion channel input
and output. As in [4], we then process the trellis according to
the successive cancellation algorithm. Unlike in [4], our trellis
includes sections that correspond to GBs. Thus, we expand
the definition from [4] on how to build the trellis and how to
process it such that it deals with the GB sections as well.

The processing of Y into trimmed blocks in [4] is subject to
errors. For example, if the middle index of the received word
does not fall within the middle GB, the decoder in [4] will
likely fail. Thus, our coding scheme which does not contain
such a preliminary step has a higher probability of decoding
successfully. This comes at a cost in decoding complexity,
O(A*) in our case compared to at most O(A?) in [4].

Regarding the analysis of the error probability, [4] shows
that weak polarization occurs for the TDC after ny polar
transforms (without adding GBs). Then, they show strong
polarization for a “block-TDC” output. That is, essentially,
for input g(X) the “block-TDC” output is the TDC outputs of
each block in X. We remind that, in a good scenario, the result
of the partition and trimming operation in the first step of the
decoder of [4] is exactly the “block-TDC” output. Lastly, they
bound the probability of failing in partitioning and trimming
Y into the “block-TDC” output (i.e. the probability of not
being in the good scenario). This error term is what ultimately
constrained their error exponent to at most %



We remind that our decoder does not perform partition and
trimming to the received vector Y. However, when analyzing
the performance of our coding scheme we will use the TDC.
Since the TDC is a degraded version of the deletion channel,
we may use the bounds on its error probability to bound
the error probability of the DC as well. We will show a
recursive relation on how the TDC polarizes. This recursive
relation will be pivotal in our proof. We will see that the
recursive relation is reached while bounding the probability of
successfully partitioning the TDC output of g(X) to the TDC
outputs of g(Xj) and g(Xjy). This is not to be confused with
the requirement in [4] of successfully partitioning the received
vector to the TDC outputs of the blocks X(1),...,X(Ny),
which is less probable. When bounding the probability of
the former, we will use similar arguments as in the bound
of the latter in [4]. To conclude — in [4] it was natural to
understand why the authors analyze a channel that trims the
output (since the decoder applies trimming), whereas in our
setting this might seem like a detour to the reader. However,
we do not know how to reach our destination (an analysis of
the error probability) without taking this detour.

IV. CODING SCHEME FOR THE DELETION CHANNEL

A. Encoder

The encoding steps are as follows. The vector u = ul" is

produced successively, starting from w; and ending in uy. If
the current index ¢ satisfies (1) and (2), then u; is set to an
information bit. Otherwise, u; is a “frozen bit”. Its value is set
according to the distribution P(U; = w;|U;™! = u{™!), where
ui™1 are the realizations that were set in the previous indices.
Note that this distribution is derived from the regular hidden
Markov input distribution we set for the independent blocks.
That is, if all bits were frozen, we would get that the blocks
x(1),x(2),...,x(N1) of x = A(u) are independently drawn
from the regular hidden Markov process. For the calculation of
P(U; = us|Ui™ = ui™1) we may use the Markov generalization
of Honda-Yamamoto successive cancellation encoding for
input distributions with memory [14], [15]. This is done by
recursively tracking the distribution of the hidden Markov
input and does not require the deletion channel trellis. We
assume the random draws are common to both the encoder
and the decoder. This is typically implemented using a pseudo-
random number generator, common to both sides: if the
pseudo-random number 0 < r; <1 drawn for this stage is such
that P(U; = 0|U{! = i) < r;, we set u; = 0. Otherwise,
we set u; = 1. We note that in practice, one may wish to
simplify the above by picking a frozen u; so that it maximizes
P(U; = u;|US = wi™t) [16], [17]. We next transform u to
x = A(u), using the standard Arikan transform presented in
the seminal paper [3]. For the final step, we add guard-bands
of 0’s to x, creating g = g(x,n9,£). We transmit g through
the deletion channel. The transform adding guard-bands is as
in (3).

Our encoder is the same as that in [4], with the following
differences. In our encoder, the selection of information in-
dices is according to (1) and (2). In [4], these conditions are

Algorithm 1 Encoder
1: function ENCODE(information bits, ng, &)
2: for i=0to N-1do
if i satisfies (1) and (2) then
u; < next information bit
else > u; is dynamically frozen
u; < draw from input distribution, given u¢ ™!

R A

x < A(u) > Arikan transform
g < g(x,n0,§) > add GBs by (3)
return g

replaced with (essentially, see Equations (101) and (102) in
[4]):

Z(UUT (Y (1), (Y (V1)) <27
and K(U;JUS) <27V

where v € (0, %) That is, the deletion channel output Y in (1)
is replaced with the TDC outputs of the blocks of X, and the
upper bounds in (1) and (2) are replaced with a weaker bound.
We also differ in the selection of ny, i.e. the step from which
we start adding guard-bands. Still, the encoding complexity
remains O(Alog A) for a codeword length of |g| = A [4, Sub-
claim 9]. We note that the encoding complexity also increases
polynomially with the number of states. This is due to the
computation of P(U; = u;|Ui™" = u{™') when setting the
frozen bit values [14, Theorem 2]. In total, the encoding
complexity is O(|S]?AlogA), where |S| is the number of
states in the hidden Markov process. Thus, for a fixed input
distribution we get O(AlogA).

B. High level decoder description

Our decoder is a generalization of the one described in [4,
Subsection IV]. That is, a base trellis is constructed, and then
‘~> and ‘+ operations are applied to it. One major difference
is that in our case, the base trellis corresponds to all of the
received word (Panel (a) in Figure 3). This is in contrast to
[4], in which N /N, base trellises are constructed — one for
each block (Figure 4). Since we operate on a larger trellis, our
complexity is O(A*), as opposed to at most O(A?) in [4]. As
explained in Theorem 1, this added complexity is compensated
for by a reduced probability of error. That is, we reach the
same asymptotic bound as seminal polar codes [18].

As in [4], we will use a trellis 7 to represent the joint
probability of the deletion channel input and output. We
perform ‘-’ and ‘+’ operations on 7, which merge two-edge
paths in 7 and result in trellises with a reduced number of
columns: 71 and 714, respectively. The mechanics of our
decoder will differ from those of [4, Section IV] in one main
point: our trellis contains sections corresponding to guard-
bands, and such sections will be treated differently than what
was described in [4, Section IV] when applying ‘- and ‘+’
operations.

The decoder recursively performs ‘-’ and ‘+’ transforms
on 7 as follows. First, we perform n ‘-’ transforms, creating
77100000 por simplicity, assume for now that the hidden
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Fig. 2. Recursive trellis transforms.

Markov input distribution contains only one state (that is,
the input distribution is memoryless). In the resulting trellis,
we consider the pair of single-edge paths from the upper-
left vertex to the lower-right vertex, which represent the two
possible values for ;. The decision on %4 (if it is not frozen)
is by the most probable value, i.e. the edge with the largest
probability. Using i, we next create:

n n-1

771000...01]

We use 71090011 to decide on #i. We repeat this procedure
such that with trellis 71°1%2-t»] we decide on the value of
Uj(p, ... b, (if it is not frozen), where i(by, ..., by, ) is the index
with binary representation by, ..., b,, see (7). If ¢ is a frozen
index, we mimic the encoder operation to get ; based on the
previous @1, See Figure 2 for an illustration of the decoding
process. The next three subsections fill in the details missing
in the above description.

C. Trellis operations

We first describe how to build the initial trellis 7. We will
then describe the transforms performed on the trellis. For an
extended description on how to build 7 and how to perform
‘= and ‘+’ operations on it, see [4, Sections III and IV]. We
will present the main idea and provide a visual example, while
emphasizing the differences in our case.

The trellis 7 is built according to the received binary vector
y. It also factors in the deletion probability 4, the stationary
probabilities of the input process states, and the transition
probabilities between them.

1) Vertices: The trellis consists of a grid of vertices with
ly| + 1 rows and |g| + 1 columns (where g = g(x) is the
transmitted codeword we are to decode). We will denote by
a vertex row index, by j a vertex column index and by 7 (a
dot-less j) the corresponding index of the bit g; in the vector
x. That is, if g; is a bit that originates from the blocks of x
(i.e. is not a GB bit) then g; = x,. For some of the columns
there will also be |S| “layers™ of vertices, which correspond
to the possible states of the input distribution. Specifically, for
a column j — 1, where j € {1,...,|g|}, if g; originates from

( B
(a) T
x(1) GB x(2) GB x(3) GB x(4)
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no+1
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Perform ng “without GB” transforms, and
merge sections in GB locations:
b KN dEH f
1 1 1
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Perform “with GB” transform:
Step 1: in each sub trellis s7°, merge the left a e
block trellis and the middle GB trellis: bl SN |8
a= 75! merge bz TGB!,
e 2 T5 merge f2 7GB3
Shenilnil
1 1
T[bl.“bnoﬂ]
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Step 2: in each sub trellis s7, sum over two-
edge paths as in the “without GB” transform: a €
sum over paths in (a b) and c, b Wl
sum over paths in (e f) and g c
T
. 1 J
Fig. 3. Trellis evolution in the decoder. Panel (a) is the initial trellis 7.
‘White rectangles are the block trellises which correspond to the blocks of X.
In block trellises, both edges with label ‘1’ and edges with label ‘0’ exist.
The blue rectangles mark the GB trellises, which correspond to the GBs (have
only ‘0’ labels). The number of sections in each block trellis or GB trellis
in 7 is the length of the corresponding block or GB. Panel (b) shows the
trellis after collapsing each of the GB trellises into a single section and after
the first no polar transforms. Panel (c) shows how the next polar transform
is applied, and is divided into two steps: merging a block trellis with a GB
trellis and then merging the resulting trellis with a block trellis (either a ‘-’
or a ‘+’ merge).
x(1)
v [ ]
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Fig. 4. An illustration of the prior-art decoder [4]. The initial step partitions
the channel output y into trimmed outputs of each block. In this example
n = ng + 2, hence there are four blocks. The next step builds a block trellis
for each block. These trellises are then processed according to the successive
cancellation decoder, by recursively performing ‘-’ and ‘+’ transforms to

them.




x then we must consider the possible input states of S,_; in
the trellis. For this column we denote by v; j_; s the vertex in
row 4 column j —1 and layer (state) s € S. The vertex v; j_1 s
corresponds to the event in which the output corresponding to
g{_l is 4! and the state of the input process before transmitting
x, was S,_1 = s. Otherwise, if g; is a GB bit, we denote by
v; j—1 the vertex in row 7 and column j — 1 (no layers in this
column). The vertex v; ;-1 corresponds to the event in which
the output corresponding to g{_l is y¢. The last column in 7
will also not have multiple layers, v; . As we will shortly
see, the only vertex of interest in this column is the vertex
Uly|,|gl» Which corresponds to the event in which the output
corresponding to g is y, which is always the case. The total

set of vertices is:
je{l,...,|g|} is an index in a block

Vi j-1,s *
seS

U{Uz:j—l :

i€{0,...lyl}, }

i€{0,...,lyl},
je{l,...,|g|} is an index in a GB

U{vijg s i€{0,...Iyl}} -

We set weights for the vertices in the first and last columns
of the trellis as in [4]. That is, for vy, where s € S,
we set weight(vo0,s) = m(s), the stationary probability of
state s in the input process. All other vertices in the first
column have weight(v; 0s) = 0. By this we effectively force
all paths to start at a vertex v, and incorporate the
probability of starting the path at the state s. For the last
column we set weight(v)y|g) = 1 and weight(v; g) = 0 for
1 €{0,1,...,]y| - 1}. By this we effectively force all paths
to end at the vertex Vlyl.lg|- That is, at the end of a path, |g|
symbols have been transmitted, and of these, |y| have been
received.

2) Edges: We briefly explain how the edges are set in the
trellis 7. Each edge e connects a vertex in some column j—1
to a vertex in column j, and corresponds to the input bit g,
(j € {1,...,]g|}). Hence, the edge label is g;. We refer to the
edges from column j — 1 to column j as the edges in trellis
section j. Notice that if e is an outgoing edge of some vertex
v j-1,s and is an incoming edge of some other vertex v; ; o,
it corresponds to the transition of states in the input process
from S,.1=sto S,=5".

o A diagonal edge connects a vertex in row ¢ — 1 to
a vertex in row ¢, and corresponds to output bit y;
(i € {1,...,]y|}). This edge corresponds to the event
where the bit y; is the result of g; passing through the
deletion channel and not being deleted. As in [4], the
edge label is the value y;.

o A horizontal edge connects a vertex in row ¢ — 1 to a
vertex in row ¢ — 1. This edge corresponds to the event
where g; was deleted. If g; originates from x, there are
two parallel horizontal edges for the two possible cases,
one with the label ‘0’ for g; = 0 and one with the label
‘1’ for g; = 1. Conversely, if g; is a GB bit, there is a
single horizontal edge with label ‘0.

Notice that if g; is a GB bit, all the edges in section j (from
column j5 -1 to column j) are labeled ‘0’ (no ‘1’ edges), since
95 =0.

The edge weights in the initial trellis 7 are the conditional
probabilities of the events they correspond to. For example,
the edge

e
Vi-1,j-1,s 7 Vi j,s'

connects the vertex in row ¢ — 1, column j — 1, and layer s
to the vertex in row %, column j, and layer s’. This edge
corresponds to the “no deletion” event: g; = x, is the input
to the channel, there was no deletion hence y; = g; = x,, and
the input process states before and after this happened were
S,-1 = s and S, = s'. The edge weight is the probability of
this event, conditioned on S,_; = s:

weight(e) = (1-6)-P(X, =y;,S,=5"|S,-1=s) .

Note that the term P(X, = y;, S, = s'|S;-1 = s) is determined
by the input process. See Table I for the weights and labels
of all the edges in 7.

3) Block and GB trellises: Up to this point, in this section
we have defined how to build the initial trellis 7. We now set
up the definitions of a ‘block’ trellis and a ‘guard-band’ (GB)
trellis which we will use soon to define the polar transforms
performed on 7. The initial trellis 7 that we have described is
a concatenation of ‘block’ trellises and ‘guard-band’ trellises.
A block trellis consists of consecutive sections with edges
starting in vertices of the form v; ;_1 5. Consequently, section
j is part of a ‘block’ trellis iff j is an index originating from
a block in x.

Informally, a GB trellis is a block trellis without the edges
labeled ‘1°. Formally, it consists of consecutive sections with
edges starting in vertices of the form wv; ;_;. Consequently,
section j is part of a ‘guard-band’ trellis iff j is an index
originating from a guard-band added by the function g.

The first Ny sections in 7 are the block trellis 751, The
following ¢,,.1 sections are the GB trellis TSB-1 The next
Ny sections are 7272, followed by £,,,.2 sections of 7 GB~2
and so on (where the lengths of the guard-bands are according
to the recursive function g defined in (3)). That is,

T 2T oT P oT P 2eT P2 o7 P (M DeTB M

See an example of 7 in Panel (a) in Figure 3 where n =
no + 2. See an example of a block trellis in Figure 5, and an
example of a GB trellis in Figure 6. In the latter two figures,
the code length is |g| = 11 bits. Specifically, Ny = 2 = 4 and
n =ng + 1 = 3. That is, only one GB is added to x (see also
Panel (a) in Figure 7) and it is of length /3 = 3 bits. In this
example (that is, in Figures 5-7) three bits were deleted in the
channel, and the received vector is y = 01100010 (|y| = 8).
Lastly we note that in this example the input distribution was
memoryless, |S| = 1, hence only a single layer is depicted in
Figure 5.

4) Trellis polar transforms: We now briefly describe the
polar transforms performed on 7. Our trellis consists of both
block trellises and GB trellises, whereas in [4] there were only
block trellises in a “trimmed” version (contrast Figure 3 with



TABLE I
EDGE WEIGHTS AND LABELS IN TRELLIS 7.

horizontal edge
(deletion)
i’ =1

diagonal edge
(non-deletion)
i"=i+1

€
Vi,j—1,5 7 Vi’ j s’

x = label(e) € {0,1} (two parallel edges),
weight(e) =6 -P(X, =x,S, =¢'|S,-1 = 5)

label(e) = y,r,
weight(e) = (1-90) -P(X, =y;s,S; = s'|S)-1 = 5)

(g4 is a bit from x)
€

(g, is a last bit in a GB) weight(e) =8 - w(s’)
e

Vij-1 = Vir label(e) = 0, o _ o label(e) =yy =0, .
(g; is 4 bit from 3 GB) weight(e) = M9 =0 weight(e) =1-5 clse: no edge
€ — — . =
Vi, j—1 = Vil j,s7 label(e) =0, if y;r =0: label(e) =y =0, else: no edge

weight(e) = (1-6) - m(s")

Vi,j-1,s = Vil j
(g; is a last bit in a block of x)

x = label(e) € {0,1} (two parallel edges),
weight(e) =6 -P(X,; = z|S)-1 = 5)

label(e) = y,r,
weight(e) = (1 -9) -P(X, = y;s|S;-1 = 5)

The first row regards edges in the sections of the trellis that correspond to the blocks of x. The weights and labels of the edges in
these sections are as defined in [4]. The second row regards edges in GB sections of the trellis. The third and forth rows regard the
edges in the “stitches” between blocks and GBs. The third row describes edges in the last section of each GB. We denoted by 7(s) the
probability that the regular hidden-Markov process starts at state s € S. We incorporated 7(s) in the edge weights this way since each
block is independently drawn (a new initial state for each block). The fourth row describes the edges in the last section of each block.
Here we disregard the state .S, since it is of no consequence. That is, the GB bits are always ‘0’; they are not drawn from the hidden
Markov input distribution. Thus, the weights in the fourth row are equal to the marginalization of the corresponding weights in the first

!
row over all s'.

Figure 4). Hence, we need to define how to process these GB
trellises along the polarization transforms.

A key operation which we will define shortly is the “merge”
operation, which collapses two sections into one. It will serve
two purposes: collapsing a GB trellis into a single section
(getting from the left part of Figure 6 to the right part) and
merging this section into the block section to its left (getting
from Panel (a) in Figure 7 to Panel (b)).

A preliminary step of our decoding algorithm is to collapse
each GB trellis into a single section. For each guard-band
trellis this is performed as follows, see Figure 6. Recall that
merging two sections together results in one section. We
repeatedly merge the rightmost section in the GB trellis with
the GB section to its left, until only one section remains. That
is, first merge the rightmost section with its neighbor to the
left, then merge the section created with the next neighbor to
the left and so on, up to the leftmost section.

We now define the merge operation. A merge operation is
always performed on a pair of consecutive sections, where
the right section is from a GB trellis (has only ‘0’ edges).
It combines all the possible two-edge paths connecting two
vertices,

a=>f=7, ®)

where all e; edges have the same label and all ey edges are
labeled ‘0’, into one single edge

é
o=,

We remind that edges always connect a vertex in some column
to a vertex in the following column, hence « is a vertex in the
leftmost column in the sections merged, [ is a vertex in the
middle column, and ~y is in the rightmost column. The label
and weight of the resulting edge are

label(€) = label(eq)
and weight(€) = ) weight(eq) - weight(ez) .

€1,€e2

We note that since the right section merged is always from
a GB trellis with only ‘0’ labels, setting the label of ¢ to
label(ey) is the same as setting it to: label(ey) xor label(ez).
Thus, the new edges created by the merge operation are created
just as in the minus transform defined in [4, Definition 5].

The first ng ‘=’ and ‘+’ transforms on 7 are as defined in
[4, Definitions 5,6], and are performed on the block trellises.
We refer to this as the “without GB” phase. After this phase,
each block trellis has collapsed into one section, see Figure 5.
In the following n; = n — ng transforms, which we refer to
as “with GB” transforms, we perform the following operation
on each ‘sub-trellis’. Each sub-trellis is denoted by s7 and
consists of three consecutive sections. Specifically, we define

ST=TB 7T o780 jc{1,..,2"*) is odd,

(6)
and A\ > ng is the polarization depth we are currently at
(and wish to enlarge by 1). We remind that after the first ng
transforms and after merging the GB paths, 75-U+1) 7GB-7
and 750+ each consist of one single section. That is,
each s7 includes a GB section between two non-guard-band
sections, see Panel (a) in Figure 7. Thus, we first merge the
left section, 7577, and the GB section, 7SB~7. This results in
two-sections with no GB sections (Panel (b) in Figure 7). We
may now perform the ‘=’ or ‘+’ transform as in the “without
GB” phase. See Figure 3 for an illustration.

In the resulting trellis, we think of the operation described
above on each s7 as producing a block trellis (even though
sT consisted of a middle section that is the result of merging
a GB trellis). Since we have not changed the even index GB
trellises, we have produced a trellis with a structure as in (6),
with A+1 in place of A. Hence, we can continue the recursion.

D. Decoding complexity

In this section we show that the decoding complexity is
O(|S]?A*). This will follow by first recalling that in [4,



Fig. 5. Left: The first block trellis 721, Right: The same block trellis after
no = 2 minus polar transforms. Red edges are labeled ‘1’ and blue edges are
labeled ‘0’. To improve legibility, a gray edge represents two parallel edges,
red and blue (the two edges do not have the same weight necessarily). In this
example ng = 2, thus there are four sections in each block trellis.

Subsection IV-D], the complexity of decoding a trellis with
A sections and no GBs is O(|S|>A?), and then showing that
the processing of the GBs does not change the order of the
decoding complexity. In [4] this complexity can be further
reduced to roughly O(|]S|?A?). On the upside, we do not
require a successful partitioning of y to the TDC outputs of
each block x(1),x(2),...,x(Ny), whereas in [4] it is crucial
for correct decoding. Thus, and as proven herein, we reach a
better probability of correct decoding.

Regarding the details, we will first show that the complexity
of collapsing each of the GB trellises into one section is
O(A3). Then, we will analyze the complexity of performing
the polar transforms on the trellis (both “with GBs” and
“without GBs™) and show that it is O(|S|>A%).

During the process of collapsing the largest GB trellis in
T, which consists of ¢,, sections, we also get the results of
collapsing each of the smaller GB trellises. In detail, recall that
in a GB trellis with £ sections, the first £ — 1 sections (from
the left) are identical and created according to the second
row in Table I. The right-most section in each GB trellis
is created according to the third row in Table 1. Observe
that in the second and third rows of Table I the section
index j does not play a part. Hence, any two suffixes of
equal length corresponding to different GB trellises are the
same. When collapsing the largest GB trellis, we merge the
right-most section with the one to its left, then with the
next section to its left and so on, until ¢, sections were
merged. Hence, we can pause the merging iterations after

B J
=0 i=0
y1=0 1 =0
i=1 i=1
y2=1 y2=1
=28 ReT AR A =20 R
yz=1 y3=1
i=3 =3
y4=0 Y4=0
i=4 i=4
y5=0 y5=0
i=5 i=5
ye=0 ye=0
i=6 i=6
yr=1 yr=1
=7 =7
ys=0 Ys =
=8 =8

Fig. 6. Left: The GB trellis TGB-1, Right: The same GB trellis after merging
all sections. Blue edges are labeled ‘0’ (in GB trellises all edges are labeled
‘0’). In this example n = 3, ng = 2 and ¢3 = 3, hence TGEB-1 is the only
GB trellis in 7" and has 3 sections.

lrg+1slng+2,s - - -, fn—1 sections were merged and extract the
rightmost section as the result of collapsing GB trellises which
consist of £y, 11, ny+2,--.,fn-1 sections, respectively.

We bound the number of calculations when collapsing a GB
trellis with £,, sections by

éil(A+1)-2~(m+ 1) e O(A%) |

m=1

where m is the iteration of the merge operations. In each merge
we sum over all possible two-edge paths. The paths may start
at [y|+ 1 possible starting vertices (in each row of the trellis)
which is bounded by A + 1. The number of outgoing edges
of the starting vertex is at most 2 (diagonal and horizontal
edges). The number of outgoing edges in the middle vertex
of a path is at most m + 1 (since these are edges of a section
created after performing m — 1 merges).

We now bound the complexity of the remaining decoding
steps, after the GB trellises are collapsed into single sections.
Let A denote the polarization depth as before, i.e. the number
of ‘+ or ‘=’ transforms performed on 7 (see Figure 2). We
will now show that for a fixed regular hidden Markov input
distribution with |S| states, the complexity of our decoder is
bounded by

“without GB” phase

’I’Lo—l
3o2M (A +D)[SPER + 1) 2
)\:0 N—— W—/

(a) (b1) (cl)
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Fig. 7. Panel (a) shows the trellis 701, That is, T after ng = 2 minus transforms and after merging all the GB paths in the GB trellis, TEB-1, The
two block trellises 751 and 752 are identical since they are identical in the initial trellis 7, and we performed only minus transforms. This is not the
case for other transforms (for example in the other trellises Tlo1] , 71101 and 71117 the block trellises are not generally identical). The next polar transform,
performed on T100] will be a “with GB” transform. That is, first merge the paths of the left block trellis 72! with the GB trellis 7SB~1. The result of
this step is shown in Panel (b). Then perform a regular polar transform (“without GB” transform) on the result. After this step we get 710001 which is shown
in Panel (c). In this example n = 3, ng = 2 and ¢3 = 3, hence we get this result for the received vector y. We note that n1 £ n — ng = 1 in this example,
thus there is only one sub-trellis s7 in T100] which is 7100 itself. As the polarization steps progress, the trellis becomes quite busy and hard to follow. To
clarify the tangled scheme, we highlighted some edges as examples. The bold red edge in Panel (b) was created from the bold edges in Panel (a). As shown,
only one path exists between row ¢ = 3 and ¢ = 8 in the block trellis and GB trellis we merge. This edge takes the label of the block trellis edge in the path
(which is labeled ‘1’). The dashed gray arrow in Panel (b), which represents two parallel edges with different labels and likely different weights, was created
from the dashed edges in Panel (a). As shown in Panel (a), there exists a path from row 7 = 4 to ¢ = 8 which gives the label ‘O’ (the gray arrow from i = 4
to ¢ = 7 also represents an edge with label ‘0’). There also exist two paths that give the label ‘1’ (one passes through ¢ = 7 along the same gray arrow and
one goes straight from ¢ = 4 to 7 = 8). The dotted arrow in Panel (c) was created from the dotted paths in Panel (b). This arrow represents two parallel edges:
blue and red. The decision on 47, if it is not frozen, is according to the higher weighted edge of the two (a higher weight indicates a higher likelihood).

“with GB” ph . . . .
s prase work on block trellis sections after \ “without GB” transforms.

Each section in a block trellis of depth A < ny was created

n-1

A+l 3 A+l 2 gn-A-1
A_Z 277 8(A+ 1)ISIH(C -2 + 1) -2 from 2* sections in the base trellis 7. Thus, in depth \, we
0 @ b2) (c2) have 2* + 1 possible ‘types’ of edges, where the edge type
e O] S|3 A4) . refers to how many rows the edge crosses. For example, in

the initial trellis A = O there are two types: horizontal edges
and diagonal edges that cross one row. In a block trellis after
A =2 “without GB” transforms we have five types: horizontal

(a) is the number of times we perform a polar transform
on trellises of depth )\, see an illustration in Figure 2.

(bl) bounds the number of calculations performed on
each pair of sections in a trellis of depth A < ny.

(c1) is the number of pairs of consecutive sections (first
odd then even indexed) in a trellis of depth A < ng.

(b2) bounds the number of calculations on each sub-trellis
of a given trellis of depth A > ng. The constant C' will
soon be defined.

(c2) is the number of sub-trellises in a trellis of depth A,
see (6).

Before proving (bl) and (b2), we remind the reader that we
sum over all possible two-edge paths in pairs of consecutive
sections. The proof will follow from bounding the number
of two-edge paths in each pair of sections in a trellis of
polarization depth A.

We first show (bl). In (bl) we have A < ng, i.e. we only

edges and diagonal edges which cross one, two, three or four
rows (see Figure 5).

Each edge can be labeled either ‘0’ or ‘1°, and edges of a
given type can enter at most |S| vertices. Thus, we get at most
2-(2* +1) - |S| outgoing edges for each vertex. Hence, there
are at most (2-(2*+1)|S|)? two-edge paths starting from each
vertex.

There are |y| + 1 starting vertex rows, which is upper
bounded by A +1, and each row is at most |S| layers deep. In
total, the number of calculations performed when collapsing
two sections into one for A < ng is bounded by (bl), that is

4(A+1)SPRM+1)2.

For (b2), we first bound the number of edge types in each
sub-trellis. As before, the number of possible edge types in



a section of depth A is equal to the number of sections in 7~
that produced it plus 1. For depth A:

« The block sections were each created from A, sections
in the base trellis 7, where A is the length of g(x) and
x is of length 2*. Thus, we have Ay + 1 types in each
block section.

« The middle GB section in each sub-trellis 7 was created
from £, sections in the base trellis (which we collapsed
into a single section as described previously), see (3) and
(6). Thus, we have at most £),1 +1 edge types in the GB
section of each sub-trellis. For example, see Panel (a) in
Figure 7 which shows a sub-trellis of depth A = 2. In
this figure the middle GB trellis of s7 was created from
{3 = 3 GB sections which collapsed into one, and there
are four edge types (horizontal edges and diagonal edges

. ©)
that cross 1-3 rows). Since £y,1 < 2* < A, we can bound
the possible types of edges in the GB section by Ay +1
(which is the bound of types in the block sections).

We have shown that the number of edge types in each sub-
trellis of depth A is at most A + 1. By the same logic used
for (bl), in each sub-trellis there are now at most

(2- (Ax+1)I8])?

two-edge paths from each starting vertex. Thus, using the same
arguments as the (bl) case, the number of steps for merging
the GB trellises into the block trellises (“step 1 in Panel (c),
Figure 3, and transitioning from Panel (a) to Panel (b) in
Figure 7) is at most

4(A+1)|SP (AN + 1)

We bound the number of edge types in a sub-trellis after
the merge by A);1 + 1, since the resulting block section was
created from Ay +fy.1 < Ay +€xy1 + Ay = Ay, sections of
T". Now recall that we must also apply a ‘- or ‘+’ transform
to the resulting trellis (“step 2” in Panel (c), Figure 3, and
transitioning from Panel (b) to Panel (c) in Figure 7). By the
same logic as before, this requires at most

4(A +1)[SP(Axss +1)?

steps. Thus, since Ay < Ay,1, we may bound the total number
of steps by
8(A+1)[S]P(Axss +1)%.

Lastly, we loosely bound A for all ng > 1 and £ > 0 by

(4a) . . .
Ay < C-2*, where C 2 ﬁ is a constant, which gives (b2).

E. Simulation results

Figure 8 shows simulation results comparing the perfor-
mance of two decoders: the one of prior art [4] and the one
described and analyzed in this paper. Our decoder outperforms
the previous one in all the scenarios tested. This is expected,
since we decode based on the trellis of the entire output as
opposed to processing the output into blocks, and then using
trellises for each block.

It became apparent after establishing numerical results that
parameters in short code lengths need to be optimized. For the

asymptotic case, when N — oo, we will detail in the proof of
Theorem 1 how to select ng and &, the parameters controlling
the number of GBs and their lengths, and how to select a
large enough n to reach the desired code rate and block error
probability. However, when working with shorter lengths, we
have no simple analytical way of choosing optimal values for
these parameters.

Consider the choice of ng for some finite n. This paper
shows that in an asymptotic setting (n — oo), the parameter
ngo should be “large enough”, for two reasons. First, if ng is
small the rate is negatively affected: Lemma 4 promises that
adding guard-bands has a negligible effect on the rate, if ng is
large enough. Secondly, a small probability of the complement
of the ‘GBM’ event is key to proving Lemma 5 below, and
this probability goes to 0 as ng increases (Lemma 6). On the
other hand, for a fixed n, we cannot take ng too large, since
Lemma 7 below only guarantees a strong polarization phase
when n is sufficiently far from ng. That is, the inequality
on Z, in (15) is only guaranteed to hold for n > ng. The
above trade-off is demonstrated in Figure 9. For example, in
the left panel (/N = 128) transitioning from ng = 3 to ng =
4 demonstrates improvement, whereas continuing to 19 = 5
shows a decline.

V. FIRST KEY LEMMA — THE BHATTACHARY YA
EVOLUTION FOR THE TRIMMED-DELETION CHANNEL

The proof of our main theorem hinges on two key lemmas.
The first lemma is specific to our setting, the trimmed-deletion
channel, and is stated and proved in this section. The second
lemma is more general, and will be stated and proved in
Section VI. These two lemmas will be used in our proof of
Theorem 1, in Section VII.

In the seminal paper [3, Proposition 5], it was shown that
in a memoryless setting, a ‘+’ transform squares the Bhat-
tacharyya parameter, while a ‘-’ transform at most doubles it.
This was the key property used to prove strong polarization
in [18]. Our first key lemma states a similar — yet weaker —
claim for our setting. The second key lemma shows that such
a claim is still strong enough to prove strong polarization with
the same exponent as in the memoryless case, [ € (0, %)

We first set up some additional notation. We denote the
Arikan transform of the vector X by U = A(X). Recall that
the two halves of X are X and Xy;. Their Arikan transforms
are denoted V = A(X;) and V' = A(Xy), and we have

Upjrr =V + Vi, Usy =V,

where addition is modulo 2. As in the seminal paper, the binary
vector corresponding to ¢—1 is denoted by, . .., b,. That is, for
1<i< N =27,

i=i(br,. . by) =14 Y 02"k (7

k=1
The following lemma is cardinal to proving the stronger
polarization stated in Theorem 1. The proof will be given in
the following subsections. Recall that § is the deletion rate, and
that the guard-band length is given in (4), and is a function of

¢.
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Fig. 8. The block error rate of the decoder in this work compared to the prior-art decoder [4]. The input distribution was fixed to a memoryless uniform
distribution, Bernoulli(%). The block-error rate was averaged over 2000 simulations. In the comparison above between our decoder and the one of [4], the
same encoder was used and the channel deletions were the same. That is, the decoders in this figure were fed with the same channel output y and the only
difference was the decoding algorithm applied to it. The information indices were selected as the K = 64 indices with the lowest error probability in a genie
decoder. The genie decoder error probability for each index was estimated via Monte Carlo using 2000 test blocks with deletion probability § = 0.1.

Lemma 5 (Recursive bounds for the Bhattacharyya param-
eter of the TDC): Fix a regular and non-degenerate hidden-
Markov input distribution. Let X = A(U) be of length
N = 2", comprised of i.i.d. blocks of length Ny = 2™°, each
distributed according to the input distribution. Let & € (0, %)
be a fixed parameter and let Y* = Z;©Z  ®Zy be the result of
transmitting g(X, ng,&) through the TDC. Then, there exists
n(€,8) s.t. for ng > ni" and all n > ng the following holds.
Let 1<i< N and j=|(i+1)/2]. Then,

) . 2
Z(U|U YY) < Z(UUY 25 25) + 27N°
. 2
2-Z(V;|Vi N Zi)y +27N° if b, =0 (=)
. 2
Z(Vi|Vi T Z5)? + 27N ® if by =1 (+).

(8a)

(8b)

We draw the reader’s attention to several important pointzs.
First, note that in (8a), there is an additive penalty of 9-N3 |
associated with conditioning on Z;,Zj; as opposed to condi-
tioning on Y *. That is, there is a price to be paid for condi-
tioning on the pair of TDC outputs corresponding to g(Xj)
and g(Xp), as opposed to conditioning on the TDC output
corresponding to g(X; ® Xy ). Informally, this is because in
the former we have been given the correct partitioning of the
output into two halves (that are then further processed by
the TC). The inequality (8b) shows us why such a penalty is
worth paying: since Z; and Zj; are independent and identically
distributed, we may now use the standard arguments in [3]
to reach a recursive relation. This relation is indeed weaker
than the one of the seminal paper for memoryless channels [3,

2
Proposition 5] in which the additive penalty of 27V* does not

exist. To conclude, the lemma allows us to track the evolution
of the Bhattacharyya parameter after each polarization step.

The proof of Lemma 5 will be broken into three conceptual
parts. In the first part, we define the “Guard-Band in Middle”
event, termed GBM. That is, the event that the middle symbol
of the TDC output originated from the middle guard-band.
In the second part, we show that under GBM, Y~ can be
processed to yield Z; and Zj;. This essentially gives us the
first term on the RHS of (8a). In the third part, we show that
the CQ}BM event is very likely. That is, the additive penalty of
275 in (8a) comes from bounding the probability that GBM
does not occur.

We note that in [19] we have shown a weaker bound for
the Bhattacharyya parameter of this setting. A multiplicative
penalty of % existed in the upper bound in (8). That is,

i-1 SNV i-1 ot px _N%
Z(U;|U; aY)ST'Z(Uin Ly, Zyy) + 2 .

We will now be able to avoid this harsh multiplicative penalty
by employing the effect of channel degradation [20, page 207],
[21, Lemma 3], which will be demonstrated in the upcoming
proof.

A. The GBM event

In this subsection we define the “Guard-band in Middle”
(GBM) event, related notation, and consequences. Recall from
Section IIT and Figure 1 that Y* =Z = Z; © ZA ® Zy is the
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Fig. 9. The block error rate of the decoder in this work over various selections of n and ng. As in Figure 8, the input distribution was fixed to a memoryless
uniform distribution, Bernoulli(%). The block-error rate was averaged over 2000 simulations. The information indices were selected as the K indices with
the lowest error probability in a genie decoder. The genie decoder error probability for each index was estimated via Monte Carlo using 2000 test blocks with

deletion probability ¢ = 0.1.

result of passing G;® Ga © Gy through the TDC. The GBM
event occurs if Z is not empty and its middle index

Z|+1
imid [' |2+ J : ©)

falls within Z . That is, GBM occurs iff Z; , originates from
the middle guard-band G a, see Figure 10. The complementary
event is denoted ~-GBM, see Figure 11.

We denote the left and right halves of Z = Y* as Zp, =
(Z1,...,Zs,) and Zr = (Ziy41,- .-, Z)z)). see Figure 10.
The main utility of the GBM event is this (again, see Fig-
ure 10): since Za contains only ‘0’ symbols, under GBM

(Zu)" = (Z)",

(Zr)" = (Zn)" .
That is, under GBM, the simple operation of trimming the two
halves of Y* is assured to give us Z; = (Z;)* and Z; = (Zy)*.
This simple observation will be used in the next subsection in
order to state a recursive relation.

(10a)
(10b)

B. Bounding the Bhattacharyya parameter using GBM

In this subsection, we derive an upper bound on the
Bhattacharyya parameter Z(U;|U{"',Y*). In the previous
subsection we defined Z; and Zy as the left and right halves
of Z £ Y™ after trimming their trailing and leading zeros,
respectively. That is, Z{ , Zf; are the result of some processing
of Y*. This processing is illustrated in Fig 10 and Fig 11. We
now consider a channel which is a degradation of the TDC
channel. The input of the channel is the same as the case of
the TDC, but the outputs of the channel are Zj,Zg;. Clearly

Fig. 10. An illustration of the GBM event.

Tmid

z-v | Z

TC /

Fig. 11. An illustration of the complementary event, ~-GBM.

this is a degraded channel of the TDC, since Y *, the output of
the TDC is further processed into Zj , Z;,. The Bhattacharyya
parameter of the degraded channel is larger or equal to the
Bhattacharyya of the TDC [20, page 207] [21, Lemma 3],

hence:
Z(U UL Y < Z(U\UT 23 Zy) (11)

In order to save space we use the following shorthand



in the upcoming probability expressions: M1 L'is short for

Uit =ui™, z} and z}, are short for Z} =z} and Z}, =z},
respectlvely, and 0 and 1 are short for U; = 0 and U; = 1,
respectively. Furthermore, in our shorthand notation, a sum
without subscripts is always over ui‘l,z}:,zﬁ. To illustrate,
we use both the long and short notation in the following
expression for our quantity of interest.

Z(Ui|U1iila ZE? Zl*%)

5 P(U; =0, Uli_ll = uzfll, Z;=z{ ,7}=z},)
<P(U; = 1,03 = ui), 2t =2 , Z=2%,)

>

i—=1 % %
uy L2y 2%

S /PO, i L2,z

By the law of total probability over {GBM, -GBM}, the
RHS above equals (for n > ng + 1, assuring a guard-band was
added):

|I'>

Lzp,zh) - P(1ulf

Z ]P’(O ul” ,zf,zﬁ,GBM)+P(0,u§_l_, zf,zﬁ,ﬂGBM))
- x (P(1,ui™, 21, 2, GBM)+P(1,ui, 27, 2, ~GBM) )

< Z \/]P’(O, ul

P(0,ui™", 21,25, GBM)P(1,ui", z{,, 2, ~GBM)
Yo | +PO,ui ™ 21, zh, ~-GBM) P(1,ui ™", 27, 25, GBM)  (12)
+P(0,ui™, 2}, 2k, ~GBM)-P(1,ui ", 2], 2}, ~GBM)

17Z£7Z1§7GBM).P(l’ui_17zi’zﬁ’GBM) +

We will now bound both sums in (12). For the first sum we
have:

Z ]P)(O u _lyzizziaz;{zz;{aGBM)
s\ PO 20 2 =i, GBM)
(10) 5 P(0,ui™", Zf =2 , Zii=2;, GBM)

-1 *
wirige g P(1,u, Zf =z2], Z};=2{;, GBM)

Z IP(0, U ! yZi =zf, Zf; = zjy)

< i
x P(1,uy ! Lf =2, = z))

w2

= Z(UUL ™ 21 Zy)

For the second sum in (12) we have:

P(0,ui”"

Z + IP’(O,u
+ ]P](O7 'LLI

< Z P(u§_17zi7zi§{) 'P(lau§_17ziazﬁa._‘GBM)

- +P(0,ult, 2z}, 25, -GBM) - P(ui!, 2}, 25
= S \/P(ui 2 2) - P(ui ! 2], 2, ~GBM)

= Y B(ui ! 2, 2 )\/B(-GBM]ui

</P(-=GBM),

where last inequality follows by the Jensen inequality, applied
to the concave function /- .
Combining the bounds for the two sums in (12) yields

ZU|Ui™ Y™ < Z(UilUT 21 Zy) +/P(-GBM) .

zL7zR,GBM) P(1,ud"
zL,zR,ﬁGBM) P(1,ul
Yzt 25, ~GBM) - P(1,u}”

ZL7 ZR, —\GBM)
zL7 ZR7 GBM)
ZL7 ZR7 _'GBM)

HD(07 uzfl_v an Zl*k7 GBM) : P(L u’iil7 an Zl*)m _'GBM)
+P(0,u1 2, 2k, ~GBM) - P(L,uy ™ 21, 21

 Z{,25,)

To complete the proof of (8a), it remalns to show that the

term /P(~GBM) is smaller than 2-V? 3 , for large enough n
and ng. This will be shown in the upcoming lemma. Lastly,
since Z; and Zj; are i.i.d., the second inequality in our lemma,
(8b), is a direct consequence of [3, Proposition 5]. Thus, the
following lemma completes our proof.

Lemma 6 (Upper bounding \/P(-GBM)): Let X be of
length N = 2" and drawn as described in Lemma 5. Let Y~ be
the TDC output for input g(X,ng,&). Let GBM be the event
defined in Subsection V-A. For a fixed deletion rate 0 € (0,1)
and a guard band length parameter 0 < £ < = used in (4), there
exists an ni (¢, &), which is a function of the input distribution
as well, such that:

VP(-GBM) < 9N

for all ng >n§*(&,8) and n > ng.

Proving thlS proves Lemma 5: for it, we take nf
one in Lemma 6.

The proof of Lemma 6 follows from a strengthening of [4,
Lemma 23]. That is, we show that there exists a threshold ngh
and a constant 6 > 0 such that

P(~-GBM) < 2792

13)

{0 be the

(1-2¢)n 7 (14)
for all ng > ngh and n > ng. Thus, since we’ve required that
the constant ¢ satisfy £ € (0, %), standard manipulations yield
(13), for large enough n.

In [4, Lemma 23], the RHS of (14) is weaker: n is replaced
by ng. We give an outline of the differences between our proof
of (14) and the proof of the weaker claim in [4, Lemma 23].
For the full proof of Lemma 6 see Appendix A. The main
difference lies in bounding the probability that too much of Z;
is lost due to trimming. The weaker result follows by showing
that the probability of a certain prefix of the leftmost block
being completely lost due to trimming and deletion is upper
bounded by a term that decays exponentially with Ny, the
length of the block. In our proof, we show that for any prefix
of G, the number of block symbols is always greater than
the number of guard-band symbols. Thus, the probability of
such a prefix being lost due to deletion and trimming decays
exponentially with its length. The stronger bound then follows
by taking the prefix length to be proportional to N, as opposed
to Np.

VI. SECOND KEY LEMMA — STRONG POLARIZATION
DESPITE A SMALL ADDITIVE PENALTY

In the previous section, we’ve stated Lemma 5, which gave
upper bounds on the evolution of the Bhattacharyya parameter.
Due to the added penalty in these bounds, we cannot use prior
art in order to claim a polarization rate of roughly 2-VN,
Indeed, in this section we state the second key lemma in the
paper, Lemma 7, which implies such a rate for processes that
evolve as in Lemma 5. Lemma 7 is stated quite generally, in
the hope that it will be useful for other settings.

Lemma 7 (Strong polarization despite an additive penalty):
Let By, Bo, ... bei.i.d. uniformly distributed Bernoulli random
variables. Fix ¢ (0, %), €>0,k>1,and v > % There exist

a positive constant 17 = (¢, x) > 0 and a threshold ng'" =



no*™(€’, k,7) such that the following holds. Fix ng > no'" and
let Zy,, Zng+1s Zng+2, - - - be a random process that satisfies:

Zn+ 2N i Bpa =0(=
Zua {2 B 2007 s )
k- Z2 427N if By =1(+)
and
Zng 77 - (16)

There exists a threshold n'® = n't(¢’, 8, k,v,ng) > ng starting
from which strong polarization occurs with probability at least
1-¢":

P(Zn<2‘Nﬁ, Vnzmh) >1-¢ . (17)

We notice that Z,, provides a rather “weak” polarization step
in (15). In memoryless channels, Z,,,; <2-Z,, and Z;,, < Z2
[18, z.2], which is a “cleaner” and stronger polarization step
than our case. In the memoryless cases, strong polarization can
be proven as in [22]. In our case, we also have an additive
term, 2°V 7. Still, because the additive term decays to 0 fast
enough (v > 1/2), strong polarization occurs, with the same
exponent as the memoryless channels.

We now prove Lemma 7.

Proof: Let ng > no'" and let Z,,, Znos1, Zngs2s- - -
satisfy (15) and (16), for not™ and 7 we have yet to commit
to. We first define an auxiliary process, starting at index ng
with initial value 7:

- Zp if Bpy1 =0 (=
Tpar =240 0 7nd =) s ne (18)
Z2 if Bpoy = 1(+)
Zny =1 (18b)
We now fix vy, = (7 + 1/2)/2 such that,
1
3 <Ya< Y - (19)

Let n*® > ny be a parameter that will be committed to later
on as well. We define the following events for the processes
Ly Lo

S 2{Zy 227V Vn>ng}, (20a)
Sy 2 {Zn<27N7, Vn>ath), (20b)
Yo 2{Zp < Zy, Vn>ngt. (20¢c)

The first two events bound the new process Z,,, and the third
event discusses a relation between Z,, and the original process
Z,,. For the events above we list the following claims:

Claim 6.1: For all ¢, > 0 there exist n,(x) > 0 and
102 (Yas €4y K,1) st if 0 < <y and ng > net? , then:

P(3,)>1-¢,. (21)

Claim 6.2: For all €, > 0 and ng > 0 there exist 1, (€, £) > 0
and (B, e, k,1,m0) = ng s.t. if 0 <7 < 7y and ' > it
then:

P(Eb) >1—¢. 22)

Claim 6.3: There exists an 1o (7,74) s.t. if ng > ng'",

then event Y, implies X, i.e.:

P(Sc[a)=1. (23)

The proofs of Claims 6.1-6.3 are given in the upcoming
subsections. The combination of the claims above proves our
lemma. For this, we set:

EI

€q = €p = 3 24)
and set:
n(e' ) < winfra, .3 (253)
no (€, k,7) = max{no'" ne'"} (25b)
n'M (€, B, k,v,n0) = max{ni" ng} > ng . (25¢)

Using the three claims above, we can bound the probabilities
of events ¥, and X.. For ¥;, we have:

SERp (26)

where in (a) we applied (22) from Claim 6.2, since the
conditions are satisfied by our selection of 7 and n'" in (25a)
and (25c), respectively. We next note that:
HD(Ec) 2 P(Ec|2a) ’P(Ea)

Q) 27

> 1-(1-¢€)=1-¢,.
In (a) we applied (21) from Claim 6.1, and (23) from Claim
6.3, since their conditions are satisfied by our selection of 7
and ng in (25a) and (25b), respectively.

By inspection, the intersection of 3, and X, implies the

event in (17), by (25c). Thus,

P(%)

IP(Zn <2 N yns nth)
> IP’({Z,L < Q’NB7 Vn > nth}ﬂ{Zn <Zn,, VYn> no})
=P(Zyn3,.)
=1-P(-X,u-X%.).
In the last equality we denoted events —-X;,->. as the

complementary events of X, 3. respectively. We now upper
bound P(=3, U -X,.):

IP(—\Eb U _‘Ec) < P(ﬂzb) + P(—\EC)

(26),(27)
€q T €p
24
=" €.
Thus:

P(Z, < 2N yn> nt) 2 P(SnT) 2 1-¢

|
A. Proof of Claim 6.1
Proof: We first set:
1 1
£ —¢|0, - 28
mesye (03], 8)

where the inclusion follows from requiring that x > 1 in
Lemma 7.

We note that the process Z,, is positive for all n > ng, since
it starts from a positive value of Z,,, =1 € (0,1,] and in each
step is either multiplied by 2-x > 0 or squared and multiplied



by 2-x > 0 (both operations preserve positivity). By (18a) and
since k > 1:

Zn=2-1-220 > 227 (29)
By recursively applying (29) we get:
Zn> 227
59Bn-1 2Bn S9Bn-1+Bn
2( n-2 ) = Zn—2
—oBp_o+B,_1+Bn
> 75
722?:_,,30 Bit1
2.2 2 (30)
. 1 19 )
We also set p =, — 5 > 0, and define:
1 1
Ayt | —In| ———— ][>0, 31
’72p2 Il(ea'(1_6_2p2))“ ( )
tho [ 14 1
ng, = ’Y—logz(—logQ n)+ TAG , (32)

19
which are well defined since 7, (>) %, P="a— % >0,0<n<
(28) 4
nasgandea>0. -
We first bound the probability of Z,, not satisfying the lower

bound in our claim (recall (20a)):

no

- vay B0 [ TISl By a
P(Z, <27 V") < IP’(22 © eV )

n—1
@p > Biv1 > 17, —logy(—log, 77))

i=no

(b) n-1
<P Z B> (n—no)-’ya

i=n0

(;) P

i=n0

”Z—:l Biy1 2 (n—n0)~(;+p))

i:no

”Z‘:l B > (n—no)'(;‘*P))

<P

@ ~2(n-no)p?

(33)

In (a) we applied log,(-log,(-)) to both sides of the in-

. . . 5 (18b)  (28) 1
equality, while recalling that Z,,, =" n € (0,5]. In (b),
we enlarged the probability by decreasing the lower bound,

. o 3D 4 .
since ng 2 nog" > - log,(—1log, ). Inequality (c) holds by

our selection of p = v, — % Lastly, in (d) we applied the
Hoeffding bound [23, page 78].

Next, we set:
th a

n, £ng+ Ag, (34)

and address the probability of our lower bound holding for all

n>nth:

Il
—_
|
~
3
s
N
N
~
2
g
N —

> 1- i P(Z, <27N™)

n=nth

33) .

> 1- e (n-ng)p
n=zn:§1h

® 1 ~2(n*P—ng)p?

N C1—e 2P €

G 1 o-28ap”

- 1-e20°

(€29]

> 1-¢, (35)

where (a) follows from the union bound, and for (b) and we
remind that p > 0.

For the initial period of n € [no, nt), we lower bound Z,
by the extreme event of drawing only B;,; =1 (‘+’) for ¢ =
no, ...,n—1. This event indeed minimizes Z,, for a low enough
starting point 7 < 74, as shown in Lemma 10 in Appendix B.
That is, for n € [no, nth):

a
Zn > Zn for Bi+1 =1 (‘+’), Vi = no, ...
B0) oTitn, Birt
= no
72(n—n0)
n0
(18b) o(n-ng)
=7

,n—1

for Bi+1 =1 (‘+’)7 Vi = ng,y ..., — 1

@ ont-ng)
> n

(34) 2%a
=0

(322) g-270"0

D g _goNe (36)
For (a) and (b) we remind that we are considering the case of
n € [ng,ntt).

In (36) we have shown that if ng > not?, then Z,, > 2~V
for all n € [ng,n'"). In (35) we have shown the same lower
bound holds for all n > ngh with probability of at least 1 —¢,.
By combining the two results we complete the proof of our
claim. [ |

B. Proof of Claim 6.2

Claim 6.2 is a specialization of [24, Proposition 49].
Namely, [24, Equation 166] as well as the constraint on Z,
in [24, Proposition 49] have inequalities which in (18) are
specialized to equalities. The fact that our indexing starts at ng
as opposed to 0 in [24, Proposition 49] is of no consequence.

The above paragraph proves our claim, and the reader may
elect to leave it at that. However, since the thresholds 7 and
ngo are not given explicitly in [24, Proposition 49], we choose
to do so here, for completeness. That is, we give explicit
expressions for 7, (our analog of the 7 in [24]) and nzh (our
analog of the ng in [24]).

To set 7, and nzh explicitly, we carefully inspect the proof
of [24, Proposition 49] and the strong polarization proof in
[22] on which it relies. For the diligent reader wishing to
correspond our steps to the mentioned sources, we note that the
process Z,, here is written without the “bar” in [24, Proposition
49] and in [22]. In addition, o, and o which will be used here
are denoted ¢, and ¢, respectively, in [24, Proposition 49] and



in [22]. This replacement was performed to avoid confusion
with €, and ¢, from Claim 6.1 and Claim 6.2, respectively. We
also note that [22] discusses a general process of the form:

dTn
Zn+1 <K- Z’n ’

where K > 1, T, is uniformly distributed over {1,2,...,¢}
and dy,ds,...,dy > 1. In our case, and in [24, Proposition
49] as well, £ =2 and:

1
dr =
T’Vl { 2

This simplifies some of the expressions we 01te from [22].
Specifically, we note that the parameter E 2 7 Zt 1 log,d; >
[, defined in [22], equals s in our case. Lastly, in our case K =
2-k, not to be confused w1th the substitution of K with «, used
in [24, Proposition 49]. We note that the multiplicative factor
of 2 added to the process Z,, (see (18)) essentially originates
from “getting rid” of the additive penalty in the process Z,,
(see (15)).

We now summarize in four steps how to set 7, and nth in
order to prove our claim. By following these steps we satlsfy

two conditions. The first i 1s that for all n > nzh, the process Z,,

is upper bounded by 2~ 257 , with probability at least 1—¢y,.

The expression for A is calculated in [22, Equation 16]. We
rewrite it here for our case, i.e. for /=2, d; =1 and dy =2

1 1 9
A= E(log2(1—9)+log2(2—a))

+0p - (—logy(1-0)+logy(2-0)) (38)
m

+ Ta((% +Ub)1og2(1 -0)+ (% - ab)10g2(2 - 9)) (39)

where 6 = —log, 2k is defined by a small parameter o, > 0
which we will select shortly. The parameters o > 0 and m,,
will be set soon as well.

Just as in [22], the second condition we will satisfy is that
each of the three terms in the expressmn of A ie. (37),
(38) and (39), is upper bounded by 2 # . Hence, = — A > 3.
By combining these two conditions we get the desned upper
bound on Z,,.

Throughout these four steps, all the introduced parameters
(04,0 and m,,) are functions of the parameters in our claim:
K, €p,7,no and (.

1) We first set a small enough o, > O such that, for 8 =

—log, 2k >0, we have § < 1 and the term in (37) is

if T, =1
if T), =

(37

3 5
< . For example, set:
1- 2/&
6= 3(1 275 )>0
and o, = (26)77 >0
2) We set a small enough 7, and a large enough m, such
that if Z,, =71 < then
P(Z, < 0a, Vana)>1—62—b. (40)

The above, up to renaming of parameters, is [24, Equation
171]. A possible selection for these parameters, suggested
at the very end of the proof of [24, Proposition 49], is:

Al(%)”r
T 2020)2\4)

77b(€b7 H)

where r = r(k) is the largest positive solution of (2k)" +
(4k)™" =2, and

[ { ﬁ(lnn—lnaa),
Mg = Ng + | max
In2

2 4 ’
where s = s(k) = 2In(2(2r)2) "

3) We set a small enough op > 0 such that the term in (38)

-B
3

1
2 Ing(%) .

NI

Op =

We remind that § was set in the first step and satisfies
0<1.

4) We set a large enough ni" such that for all n > n" the

3-8
3
{ma<i<n: Ty=t}] 1
P N ‘ S oy 1.8
for all n > n{" and t € {1,2} 2

That is, take ngh to be the maximum of

. {ma((; +03)logy(1-0) + (3 - 0p) logy (2 - 9))|

35
3

- [1111(4 )]
“ 202 (120 ]|’

where (41) follows from Hoeffding’s inequality [23,
Theorem 4.12] and the union bound (see (33) and (35)
in which we applied similar arguments).

and

(41)

C. Proof of Claim 6.3
Proof: Under event &, (20a): Z,, > 2~V for all n > ny.

. (19)
Since v, < 7, for n > ng 2™ (7,74) = ﬁ we get

yn 2 ygn+1.

Thus, if ¥, occurs then Z,, satisfies:

— — _9%Yamn _9Tmn
KZyn > 272 >9272
272

an 42
>272" (42)

o -
K-Z5i 2

[\

Yan+l

33

From the above we get that under ¥, if Z,, > Z,,, then Z,,,; >
Zn+1 as well (regardless of B,,,1). That is:

= (8a) |KZptK Zn if Bpy1 =0~

Zni1 = . PR
if Bpi1=1(+)

) K+ T + 2—2”" if By =0(=

T |k Z if Bpo1=1(+")’

_on n 2 ng
/{-Zn2+2 2

@ [rZ, + 272" if B =0(=’
if Byyr=1(+)

15)

2 n+l »

where (a) holds under the hypothesis that Z,, > Z,,.



. = (18p) (16
We remind that: Z,, =" n > Z,,. Thus, we may show

by induction that under X, Zn > Z, for all n > ng. We have
shown that under X,:

Ly < Zn, Vn>ng.

VII. PROOF OF OUR MAIN THEOREM

Proof: The proof of Theorem 1 follows by combining
Theorem 3, Lemma 4, Lemma 5, Lemma 7, and Lemma 11.
Let 6 € (0,1) be a fixed deletion probability of the deletion
channel. Fix € € (0,1), £ € (0, é) and 0 < 5’ < B < 3. We take
€' in both Theorem 3 and Lemma 7 to be < 5 and fix x and
from Lemma 7 to 2 and , respectively. We set 77 in Theorem 3
to be n(€’, k) from Lemma 7. Next, we take ni (e, 8, &) to be

the maximum of

n&*(¢',n,d) from Theorem 3,
ng' (e,
th(¢,8) from Lemma 5,

and ny (¢, k,~) from Lemma 7.

&) from Lemma 4,

By this selection we are promised for ng > ngh that

N |X| >1-
—_— €
A G| ’

by Lemma 4. For a fixed ng > n{® we take n*®(e, 3, 3’,n0)
to be the maximum of n*®(¢’, 3, k,v,n0) from Lemma 7 and
n™ (8,43, €) from Lemma 11.
We now prove that if we take n > n'", then

ZU U, YY) < 27N and K(U;[UIY) <27V (43)
for at least Z—e of the indices. For this, we define the processes
anz Zn0+1, Zno+2 ... and K’I’Lo7 Kn0+1, Kn0+2 ... which start
th we fixed above. We couple these processes

from the ng > ny
to the Bernoulli(%) ii.d process By, Bs,... by defining:

Zn = Z(U|UI, Y*) and K, = K(U|U{™)
for ¢ = i(B1,Ba,...,By), see (7). That is, the drawn

Bi,..., B, are the index bits by,...,b, of 7.
Let n and ng be as fixed above. We denote by W the set of

“weak polarization” indices. That is, for |U| = |X]| = No, W is
the set of indices 1 < j < Ny which satisfy:
Z(U,UI, Y*) < and K(U;[U ) <.
In terms of our random processes we get
i(B1,...,Bny) €W <= Z,, <nand K,, < (44)

We now show that for all n > n'®
bounded by 27V

P(Z, <2, K, <2V vn>nth)

our processes are upper
’ with probability > Z - e.

>P(Z, <2’Nﬁ,Kn <2’N6,Vn2n s Zng <1, Ky 1)
=3 P(Z,<2N" Kp<2N ¥n2n'™ i(By, ..., Buy)=)
JEW
=3 P(Z,<27 N K2V vnent™|i(By,. .., Bny)=j)
Jew
x P(i(By,. .., Bny) =)
()
> 3 [P(Za <27, ¥n 20 i(By,..., Byy) = )
jew
+P(K, < 27N, V> n™|i(By,..., Bn,) =j)-1]
x P(i(B, ..., Bny) = 7)
(b) . .
>3 ((1-€)+(1-€)-1)x P(i(Bi,...,Bn,) =J)
Jjew
= (1-2¢')- 3 P(i(By,..., Bny) = )
Jjew
(©)
> (1-2¢) - (I—e)
>T -3¢
=1-¢

Inequality (a) follows by noting that P(An B) > P(A) +
P(B)-1, since P(A)+P(B)-P(AnB)=P(AuB) <1.In-
equality (c) is by Theorem 3. Inequality (b) follows by apply-
ing Lemma 7 to each! of the processes Dngs Lng+1s Lng+2 - - -
and K, Kp 11, Kny+2 - - .. Indeed, first note that our choices
of ng, n, and 7 satisfy the conditions on them in Lemma 7.
We now show that each of the two processes satisfy the
two conditions, (15) and (16), in Lemma 7. To see that
each process satisfies (16) recall that we are under the event
i(B1,...,Bn,) =7 where j € W, and thus (16) is satisfied by
(44). For the Bhattacharyya process Z,,,, Zp,+1,. .. condition
(15) holds by Lemma 5 (x =2 and v = %) and our choice of
ng. For the total variation process K, K +1,... condition
(15) holds by [13, Proposition 4]. That is, since the blocks of
X are i.i.d, for n > ng we have [13, Proposition 4]

K(WV;|[Vi ™) ifb,=0("~
2-K(V;[V{™) if by =1(+),

where U,V ,i,j and b,, are as in Lemma 5. To summarize,
we have proved that (43) holds for a fraction of at least 7 — ¢

of the indices.
We now show that for n >n

KE(Ui|Ui™) < { (45)

th

: @ © 1 /
2 Y) L 2 |uit, Y ) €2V € 2N2-AB
_NB (;)L2,Aﬁ’ ’
2N

'We note that the use of Lemma 7 for upper bounding the process K is a
bit of an overkill. The evolution of K in each polarization step is better than
the evolution of the Bhattacharyya parameter Z(U;|U{=,Y*). That is, there

is no small additive penalty of 2=V 2/3, contrast (8) with its analog for K in
(45). Thus, instead of using Lemma 7 we could have used [24, Proposition
49].

i-1y ®
and K(U;|JU;7) <2



for at least Z — € of the indices 1 < ¢ < N. Inequality
(a) results from the TDC being a degradation of the deletion
channel. That is, X - Y — Y* form a Markov chain in that
order. Inequalities (b), that is (43), indeed hold for the above
fraction of indices, as we have just proved. Lastly, (c) is the
result of combining Lemma 4 and Lemma 11, which may be
applied by our selection of ngy and n, respectively. ]

APPENDIX A
HIGH PROBABILITY OF GBM

We now prove Lemma 6. This lemma states that the GBM
event, i.e. the event where the middle bit in the TDC output
is a bit from the middle GB, occurs with high probability.

Proof: As mentioned previously in Subsection V-B, parts
of the proof resemble the steps taken in the proof of [4, Lemma
23]. We define the following length differences due to channel
deletion (recall illustration of Gy, Y1, Z;, etc. in Figure 1):

a=|Gi| - Y]
52 |GA|—|YA| (463)
v = |Gul - [Yul,

and the following length differences due to trimming:
o = Y| - |Z]
B =YA|-|ZA] (46b)
v = [Yu| = |Znl .

We will be interested in the event: AnNA’nBNnB'nCnC’, where
A, B, C will be events constraining the number of deletions in
Gy, Ga, Gy, respectively, and A’, B’, C’ are events constrain-
ing the number of bits trimmed in Y7, YA, Yy, respectively.
These events will be defined explicitly in a moment, but first,
we note that the main property of these events is:

AnA'nB'nBnCnC' = GBM.

That is, under all of the events A, A’, B, B’, C, C" we are under
the GBM event. The justification of this property will soon
be given in (50).

We define:
A = {0|Gi| -l < a<8|Gi|+ 0} (47a)
A ={0<a <f} (47b)
B ={8<6|Ga|+} (47¢)
B'={p =0} (47d)
C ={6|Gpn|-¥ <~ <8Gy|+4} (47¢)
C'={0<~ <0}, (470

Intuitively, a small i implies a tight tolerance on the events
defined in (47) — and a small enough tolerance will imply
GBM. On the other hand, we must not take / too small, since
we want each of the probabilities of these events to be close
to 1. As we will see, both aims are achieved by taking

1-06

i==—"4,.

1 (48)

For this selection, and since

4
0, <200 21Xy < |Gyl

we notice that under the event A, the number of bits deleted

from Gy is less than %|G1|. Also, under A" we will trim less

-5
than 1T|G1| bits from Yj. Thus, in total, under A n A’, the
total number of bits deleted or trimmed from Gy is less than

1+0 1-46 3+0
((7) N (—))|G1| _ 20 G <G
5 1 1

That is, under An A’, the trimming of Y7 has stopped prior
to the received GB bits in Y. By symmetry, under An A’ n
Cn ', we do not trim Y A from either side. Hence,

AnA'nCnC' = B'. (49)

We use this now to show the following:

{AnA'nBnCnC"}

Qi AnAnBAB ACAC)

@ a+a <y+y +L0,-B8-5
and v+ <a+d +4,-8-p

(46)

= {|Zn| < |Zal +|Zi|

® GBM .

and |Zi| <|Za|+|Zyl}
(50)

(a) holds since under the event AnA'nBnB' nCnC":

yiy +l -8 T iy b, -8
8|Gu| - +0+10, —0|Ga| -7

8|Gu| -0+ 0, -0, -0

(47c¢),(47e),(47f)
>

®

(423) 5|GH|—E+4é—E

= (S|GII| + 2@
(47a),(47b) ,

> a+a

and v+ <a+a’ +£, — - by the same steps. For (b),
the middle index i.,;q does not fall in Zj, by

P Z|+1J
| 2
) Z1|+|ZA|+ZH|+1J
| 2
N ZI|+|ZI|+1+1J
| 2
=|Z|+1,

and the middle index i.,;q does not fall in Zy, by

PO 1Z| +1
mid 2

_ |ZI| + |ZA| + |ZII| +1
- 2
|ZI| + |ZA| + |ZII| +1
2
. |Zi| + |ZA| +|Zi| +|ZA|+ 1
2
< |Zy| +|Zal+ 1.

Thus, %, must fall within the middle guard-band ZA. We
note that the outputs middle guard-band Z is not an empty



string under the events above. If it was an empty string, i.e.
|ZA| =0, we get from (50): |Z;| < |Zy| and |Z;| > |Zy| which
is not possible.

From (50) we get: P(GBM) > P(AnA'nBnCnC"). We
are interested in the complementary event, which satisfies:

P(-GBM) <P(-={AnA'nBnCnC'})
OP(2A) + P(=A") + P(=B) + P(~C) + P(=C")
2. P(-A) +2.P(-A") + P(~B)

(a) is by the union bound and (b) results from the symmetry

between events A, A" and C, C’ respectively, by (47).
We now set:

710g2(1+12§),1§10g2(1 ) +1,

1 (1-9)? 1 8

¢ log2( 128D )7 1-26-2 10g2(
1281log, (7)

T2¢ 1082 ((1—5)2<log22(e>—1>)

ng"(&,6) £ max

(51
and proceed to upper bound the probabilities of each of the
events —-A,—A’, and - B, for n > ng > n . We note that 7 > 0
is a constant dependent on the input distribution that will be
defined later on. We will also set the constant D > 0 later
on, which is dependent on the input distribution and on the
deletion rate 0. In Lemma 8 we will bound P(-A"). P(-A)
and P(-B) may be bounded using Hoeffding [25, Theorem
4.12], as in [4, equations (89),(90)]. That is,

]P(ﬂA) < 2. 6_%

(a) _ 202

< 2-e 27

(48) _2((1=6)5/4)2
< 2-e 27

2
e_(l—sé) 227n
2
(i) 9. e_(l—sé) 22((1-8)(n-1)-1) 9-n
(1-6)2 92(1-)(n-1)-n
= 2. 32

(1-8)% 5(1-26)n

< 92.e 128 , (52)

where in (a) we bounded |Gy < 2- 271 which results from (4a)

(51
and ng >n§" > L log2(1 + 150 g) > %logQ(1 > g) Similarly
for the event —|B we have (using the penultimate displayed
equation in the proof of [25, Theorem 4.12])

_ 242
P(—!B) < e Gal
48) _2((1=-9)en/4)?
='e

n
2
2087,

= e 16 n

(1-8)2 [ 5(1-€)(n-1
@ 2958~ |20-9¢D |

(? ,2<1Ig>22<1—5)<n—1>—1
<e

,(112‘)220—5)@—1)
=e

_a-92531-6)n
g e 32 s

(53)
where in (a) we used |2%] > 27! which holds for any x > 0
(for € [0,1) we have 1 > 27! and for z > 1 we have
[27] > 2% — 1> 2771y,

In total, we reach the following upper bound for P(-GBM):

P(-GBM) < 2. P(=A) +2-P(=A") + P(-B)
(52),(53),<Lemma 8 B (117258)2 5(1-26)n
> . 2 ' eiD.Z(lfg)n
(-5 o(1-6)n
+e e ,

where D > 0 is the same constant from (51). The value of
D will be given explicitly in the proof of Lemma 8. We note
that when bounding P(A’) we will use the fact that n > ng >

(5D
ngt > max{ logy(1+ 3=), 5log2(647) +1}, and the
qualities of the input distribution we fixed. The definition of
7 will also be given in the proof of Lemma 8.

Finally, for 0 < £ < % and n > ng > n&" we have

(1-8)2 (1-2¢)n (b) __
2 <2

(a) (1-8)2 5(1-26)n (¢) 2
P(~GBM) < e~ 12 s 20O 92N

(51) _
Specifically, inequality (a) holds for nf" > %10g2 (M),

128D
1 128 log,(7)
—logQ(W : 1og§fe)—1)’ and (c)

(51 .
holds for n{" > - 25 z lo 2((112_%)22). [ |

(51)
(b) holds for n§* >

A. Bounding the probability of event - A’

The following lemma was used in the proof of Lemma 6.
In this lemma we develop a bound on P(-A’), the probability
that “too many” bits were trimmed in Y. The bound we reach
decays with n (in contrast to the weaker bound in [4, equation
(94)] which decays with ng).

Lemma 8 (Upper bounding P(-A’)): Let A" be as in (47b).
There exists n{"(¢), which is also dependent on the input
distribution, such that for n > ng > n{(¢)

P(-A') < P20

where D > 0 is a constant dependent on the input distribution
and on the deletion rate 6.

Proof: We consider the event A”, defined as follows.
Under the event A”, some index j < /in Gy is a ‘1’ bit

and was not deleted by the channel (where 7 was set in (48)).
Clearly A” = A’, hence,

P(-A") <P(-A") .

-A" is the complementary event where no index j < /in Gy
is a ‘1’ bit that was not deleted.

We denote by #% the number of bits to the left of index
j in g(X,ng,&) that originate from X, and denote by #éB
the number of GB bits to the left of index j. For ng > nf" >

110g2(1+ =)
#ie > #h,
That is, there are more bits from X than GB bits, for any

prefix of G. The proof of (54) is given in Lemma 9. By (54),
there are at least 3 bits from X prior to index j in G, i.e.

Vie{1,2,...,A}. (54)

# > % . (55)
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For the case of X distributed according to a regular Markov
input distribution with states S, which we assumed is not
degenerate, there exists an integer 7 > 0 and a probability
0 <pp <1 s.t. for any state s€ S

]P((X17X2,...7X7—):(070,...,0)|50:S)<p(). (56)

That is, the probability of a ‘1’ bit in a series of 7 bits in X
is greater than 1 —pg. For each 7 bits in X, the probability of
at least one of them being a ‘1’ bit that was not deleted in the
channel is greater than

(1-po)(1-0).

In our setting, X consists of blocks of length Ny, each
drawn independently from the regular hidden Markov input
distribution. We consider two cases: #%J < Ny and #%J > N
For the first case, all the bits up to index [éj that originate from
X were drawn according to the underlying regular Markov
input distribution (that is, originate from the same block in
X). There are [#%J /TJ segments of X bits of length 7 up to
index |/]. A

For the case where #%J > Ny, we count the number of
segments of 7 bits up to index |/] in G that originate from X
and require that each segment was taken from the same block
in X. There are at least

[#40 130 - Loy
such segments of length 7. We lower bound by

14 w# No_#% | #
[#X/NOJ No/T )2 ony 2 = ar 2| ar |

I

In (a) we applied |z] > £ which holds for x > 1, which is

satisfied for #X > Ny and no > ng h > log, 7.
12}
For both cases we get that there are at least {# J segments

of X bits of length 7 up to index |¢]. Thus, by the Markov
property:

Ed
P(-A") < (1-(1-po)(1-0))
1]

Dnt1-5) + 9]
L (po1-) + o)l
where (a) follows from [26, equation (3.11)]. We continue to
upper bound the RHS from above:
Ll(1-0)+ D
D (po(1-5) +6>l3712“ 7
< (o(1-0) +plE]
< (po(1-8) +8) 7=
= (po(1 - 6) + 6) T a0
< (po(1-6) + 5y ez 2"

1-5 5(1-§)
- efln( p0(1—5)+5)2%6r2 "

1 (5 2(1 £)(n-1)

2(1-n

where (a) is by [2%]| > 27! which holds for any 2 > 0. For
(b) we apply |[x]| > 5 which holds for x > 1, thus inequality

(b) holds for n > ng > ni" > 1 10g2(647-) L1
We denote [) = 215?7 In m , where 7 and py satisfy

(56). We note that D > 0, since 0 < pg(1 —4) +d < 1. Finally,

P(—\A,) SP(—!A”) < e—D~2(1_§>n ,

for

n>n0>n8h

= max{g log2(1 +

1 ) L (64T)+1}
1-2¢)1-¢%\1 5 '

B. Guard-band presence in g(X)

To show (54), we state and prove the following lemma.

Lemma 9 (Majority of X bits in any prefix of G): If ng >

log2(1 + 157 £) then for n > ng and for any given index j
1n 9(X,ng,§), } }

#x 2 #ap >
where #;( is the number of X bits in the prefix up to j in
9(X,no,&), and #{,5 is the number of GB bits up to j. That
is, in any prefix of G the number of bits from X is greater or
equal to the number of GB bits.
Proof: We divide our proof to three claims.

Claim A.1: Assume to the contrary that there exists an
index jo for which our lemma does not hold, i.e. #% < #{p.
Then, there must exist some index j; which is located at the
right edge of some guard-band that also does not satisfy the
lemma, ie. #§ < #4p-

Proof: If jo is an index of a GB bit, we may continue to
the right edge of the GB containing jj, making the rightmost
index of this GB the desired j;. This j1 satisfies:

#]1 #Jo <#GB <

If jo is an index of an X bit, we may continue to the left

edge of the block of X containing jp, making the rightmost

index of the GB to the left of this block the desired j;. This
J1 satisfies: ‘ ‘ ‘

#5 <R < #ly =

|

Claim A.2: We define index jniq as the rightmost index

of the middle GB of ¢g(X). We remind that g(X) is created

from N; = 2" blocks of X, each block of length Ny = 2™°.
If #]"‘“‘ > #J”“d for all ny, then,

#x 2 #ip
for any index j in g(X).

Proof: Recall that g(X) was generated according to a
given ngy and n;. We denote by

(nl ) )series

the prefix of g(X) of length jiq. For a general nq, the full
g(X) will be the concatenation:

(”17 ”())series © (nl - 17 77/0)series ©...0 (2 ”())series © (1‘ 71,[)) series © X(Nl) .



See Figure 12, for ¢(X) = (2,70)series © (1,70 )series @ X(4).

jmid
| / |
1 J1 J1
y

’X(l) OO X (2)

x3) ) X(4)‘

(1, //\\\k )series (2” 77’0)5(:11(‘,5 (17 nO)scrics

Fig. 12. The (n1,m0)series portions of g(X). In this example n = ng + 2
and the vector g(X) is a concatenation of (2,70 )seriess (1,70 )series, and
X(4).

We notice the following property: for each index j; located
at the right edge of some guard-band in ¢g(X), the series of
bits to the left of j; are concatenations of the building-blocks

{(Zv n())series}isj 9

where J is some subset of {1,2,...,n;}. Therefore, if
#3 > #U is satisfied for any nq, then each building-
block (11,70 )series cONtains at least as many bits from X as
guard-band bits. Thus,

#Y 2 #ly
for any rightmost index j1 of a GB in g(X). By Claim A.1,
this leads to: #3 > #Lp Vjie{l,...,A}. ]

Claim A.3: For any nq, #j“"“‘ > #J"“d
Proof: In the series of bits up to jniq, there are half of

the bits of X. That is,

; 1

Jmid — X -

#e = X

Also, up to jmiq, there are half of the GB bits of g(X), plus
the additional bits from the middle GB,

ot (57)

Jmld — *(A N) (58)
The total number of GB bits satisfies
g(X)|-X| = A-N (59)
(4a) —¢n
< (B,
The length of the middle GB satisfies:
0, € 20-0(n-1) £ gn-1.9-¢no (60)
where the last inequality is by n > ng + 1. Thus,
#gg.id (5:7) gn-1
(@) -
> b (L) entoanim
(59),(60) 61
: 1
> b} (A -N)+ gn
(58) P
2y

where (a) is satisfied for ng > %logz(l 15" g) and any & > 0.

|
By combining the results from Claims A.2 and A.3, we have
proven Lemma. 9. u
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APPENDIX B
PLUS TRANSFORMS DECREASE THE PROCESS Z,,

Recall that Claim 6.1 was stated and proved as part of the
proof of Lemma 7. That proof relied on Lemma 10, which we
prove here. We remind the reader that B;, Bs, ... is a random
process with i.i.d. entries, each with distribution Bernoulli(%).

That is,
0 w.p.
By = { WP
1 w.p.

We also remind that the process B,, is coupled with the process
Z, in (18). In Claim 6.1 we lower bound Z,,. A pivotal part
in lower bounding Z, is showing that the event of drawing
only 1’s in the process B,, minimizes the process Z,. This
will be proven herein.

For this, we denote by 3;(n) the event of drawing only
1’s up to n, starting from ng. The parameter n is the starting

index of the process Z,, (18). That is,

N D=

El(n) = {Bi+1 = 1, V?’lo <i<n-— 1} . (623.)

The following lemma shows that under this event, Z, is
minimized.

Lemma 10: Let Zno, Zno+1, ... be the process defined in
(18). We denote by Z>1 the value of Z,, under event 21(n)
in (62a). Note that Z =) is a constant. Let 7, = 5— as in (28).
For 1 <n, and for any n > ng:

Zp > Zfl with probability 1.
Proof: We denote the value of Z,,,1 when B,,1 =1 (‘+)
as Z;,,, and the value of Z,,,; when B,,;1 =0(‘-") as Z,,;
Sub-Claim B.1:

For n<na: Zn<n=Zy.,<n (63)
Proof:
7t ok 22
< 2-%-77
< 2:Kmg-m
@8)
="n.

Sub-Claim B.2: For n <n,:

ZZ <y, V¥n2ng.

Sub-claim B.2 may be easily proven by induction, where the

. . Lo . . = (I8b
induction basis is given by our starting point at Z,,, (15

The induction step is given by (63).
Sub-Claim B.3: Under % (n), for n < n,:
z

n+1

<Zn<Z,, (64)

The ‘-’ case in Sub-claim B.3 is true since x > 1 and since
the process Z,, is positive for all n:

= 5 (18a) 5—
Zn<2 k-2, "2 7

For the ‘+’ case, we must show that for n < n, and under
21(77,),
Z+ 80,

n+1

/12721 < Zy .
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Hence, it suffices to prove that under 31 (n):
2-k-Z,<1.

We use Sub-claim B.2 to recall that Z>! < 7). Recalling again

that n (ZSS) ﬁ, we deduce the above.

Now to the proof of our lemma. We will prove by con-
tradiction. Assume that Z,, is minimized for some series of
draws B = {By.1}}5,, which is not all 1’s. For this series, for
some i: B;;1 =0 (‘="). We denote the first index in B where

0 was drawn as 1, i.e,
Biy+1=0(=") and B;y1 =1(‘+") Vng<i<ip.

Notice that up to 79 we have performed only ‘+’ operations.
Thus, by Sub-claim B.2, Zo <1n. We now replace B;, 41 =0
with B; .1 = 1. By (64), Zi0+1 is now smaller. We perform
all other transforms dictated from B without change. The key
thing to note is that both operations in (18a) are monotonically
increasing in Z,,. Thus, by a simple induction argument, Z,,
will also be decreased by our change at step 9. We arrive at
a contradiction to Z,, being minimized by the original series
B. Hence, the series minimizing Z, is Bjyq = 1 for all ng <
i <n—1 (the draw of event X1(n)).

|

APPENDIX C
AUXILIARY THRESHOLD CALCULATION FOR THEOREM 1

The following lemma, combined with Lemma 4, proves the
rightmost inequalities in (1) and (2) for a large enough n. This
lemma is used in Section VII, i.e. in the proof of our main
theorem, Theorem 1.

Lemma 11: Fix 8> " >0 and ¢ € (0,1). Let N = 2™,
There exists a threshold n'" (3, 8’, €) such that if n > n'" then

0N o 1 o)
2N
Proof: We set

n'™ (3,8 €) =

1 1 L
—_ 1+ ——1 L5 (- ©
maX{(ln(Q)-ﬁ’P’ B_p ng( (1_6)ﬁ’)} (65)
For n > nth:
o N <%'2—(5—V«)3,
_1 . !
o82() ofn >ﬁ.25”+1+n
— €
1 ’
S P sy L (@)’
— €
& g >ﬁ'25'"+eln(2)ﬂln
— €

o 9fn S ofn, (1 +

_
(1-e)%
o 2=, (1 + ! )

(1-e)”
n 63 1 1
<~ n > > ﬁ_ﬁ’ 10g2(1+(1_6)ﬂ,)

Transition (a) is satisfied for n > o' (6>5) — L __ . For
= = (In(2)-)?"

transition (b), recall that by Taylor’s theorem applied to
f(x) =¢*, for x >0 we have:

2

e‘”’C:1+:r+:%+E2(:v)7 (66)

) c
where By () = L2008 = €43 for ¢ e [0,a] [27, p. 283].
Since all the terms on the RHS of (66) are nonnegative, we
have:

e“>1+22, Vr>0. (67)

That is, for x = In(2)8'n > 0 inequality (67) yields transition

(b).
|
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