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Abstract—Constant weight codes can arise from an input
process sampled from a periodic Markov chain. A previous result
showed that, in general, polarization does not occur for input-
output processes with an underlying periodic Markov chain. In
this work, we show that if we fix the initial state of an underlying
periodic Markov chain, polarization does occur. Fixing the initial
state is aligned with ensuring a constant weight code.

I. INTRODUCTION

Polar codes have been shown to achieve the capacity or
information rate of many channel models [1]–[12]. Specifically,
in [4], [5], polar codes were shown to achieve the information
rate of input-output processes with an underlying finite-state,
aperiodic, and irreducible Markov (FAIM) process. Moreover,
in [4, Theorem 4] it was shown by a counter-example that
aperiodicity is a necessary condition. In this paper, we prove
that polarization does occur for periodic processes, provided
that the initial state is fixed. This setting is natural in the
context of codewords constrained to be of a constant weight.

An example of an irreducible Markov chain of period
p = 4 for producing sequences of constant weight 𝑁/2 (i.e.,
normalized weight 1/2) is given in Figure 1. This holds if the
initial state is 𝜀 and the sequence length 𝑁 is a multiple of 4.
A few things to note:

• We produce only a subset of the sequences of weight
𝑁/2.

• All sequences of length 4 have probability 1/6, where 6 =(4
2
)

is the number of sequences of length 4 and weight 2.
• The number of states can be drastically reduced, while

producing the same set of sequences at the same
probabilities, see Figure 2.

• Enlarging the period p from 4 to a larger number will
allow us to produce a larger subset of sequences of
weight 𝑁/2, at the expense of more states.

• If the sequence length 𝑁 is not a multiple of the period
p, we must also constrain the final state to be in a certain
set. For example, in Figure 1 and 𝑁 = 6, the final state
must be either ‘10’ or ‘01’. That is, of weight 1.

• For 𝛼 = 𝑎/𝑏 rational, a similar graph can be constructed
for sequences of weight ⌊𝛼𝑁⌋, when 𝑁 is not a multiple
of 𝑏. The same holds for weight ⌈𝛼𝑁⌉. This again requires
constraining the final state to be of a certain weight.

• For 𝛼 ≤ 𝛽 rational, a similar graph can be constructed for
sequences of weight between 𝛼𝑁 and 𝛽𝑁 . Now, generally,
the final state is constrained to have a range of weights.

• For positive integers 𝑎 and 𝑏, the aperiodic graph in
Figure 3 can ensure sequences whose weight modulo
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Fig. 1. Markov chain for producing sequences of weight 𝑁/2. Labels for
blue and red arrows are ‘0’ and ‘1’, respectively. Transition probabilities
between states are shown on the arrows. The state 𝜀 is the start and end state,
at which the output is ensured to have weight 𝑁/2. The chain has period
p = 4; each horizontal layer of the graph is a different phase 𝜙.
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Fig. 2. Condensed Markov chain for producing sequences of weight 𝑁/2.
Here, states from Figure 1 of the same phase and weight are merged. The
probability of a blue (red) edge from a node with phase 𝜙 and weight 𝑤 to a
node with phase 𝜙 +1 and weight 𝑤 (𝑤+1) is the number of valid sequences,
i.e. length 4 and weight 2, whose weight in the prefix of length 𝜙 + 1 is 𝑤

(𝑤 + 1) divided by the number of valid sequences whose weight in the prefix
of length 𝜙 is 𝑤.

𝑏 is 𝑎. This is obtained by fixing the initial state to be
‘0’ and the final state to be ‘𝑎’.

This paper omits or sketches some of the proofs; full details
can be found in [13].

II. SETTING AND MAIN THEOREM

Although we will ultimately fix the initial state, we start by
considering a strictly stationary process, (𝑋 𝑗 , 𝑌 𝑗 , 𝑆 𝑗 ) 𝑗∈Z. Here,
𝑋 𝑗 is binary, 𝑌 𝑗 ∈ Y, and 𝑆 𝑗 ∈ S, with Y and S finite alphabets.
We call 𝑆 𝑗 the state at time 𝑗 . The conditional distribution of
the process is 𝑃𝑋 𝑗 ,𝑌𝑗 ,𝑆 𝑗 |𝑆 𝑗−1 , independent of 𝑗 by stationarity.
The distribution has a Markov property: conditioned on 𝑆 𝑗−1,
the random variables 𝑋𝑘 , 𝑌𝑘 , 𝑆𝑘 are independent of 𝑋𝑙 , 𝑌𝑙 , 𝑆𝑙−1
for any 𝑙 < 𝑗 ≤ 𝑘 .

The state sequence 𝑆 𝑗 is a finite-state irreducible Markov
(FIM) process. By the Perron-Frobenius theorem [14, Theorem
8.4.4 and Corollary 8.1.30], it indeed has a unique stationary
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Fig. 3. Markov chain for producing sequences whose weight modulo 𝑏 is
constrained to some integer 0 ≤ 𝑎 < 𝑏. Blue and red arrows are labelled ‘0’
and ‘1’, respectively. All edge probabilities are 1/2. The chain is aperiodic.
To construct the sequences, we constrain the initial state to ‘0’ and the final
state to ‘𝑎’.

distribution 𝜋, which is positive. That is, for any state 𝑠 ∈ S,
𝜋(𝑠) > 0. We denote the period of the state sequence by p.
That is, we can partition S into p classes, which we call phases.
The phase of 𝑠 ∈ S is denoted 𝜙(𝑠), an integer between 0 and
p−1. This partition is such that P

(
𝑆 𝑗+1 = 𝑠′ |𝑆 𝑗 = 𝑠

)
is positive

only if 𝜙(𝑠′) ≡ 𝜙(𝑠) + 1 (mod p). For example, in Figure 1,
each horizontal layer corresponds to a different phase.

The conditional entropy, Bhattacharyya, and total variation
parameters are key to proving polarization theorems. For a
binary random variable 𝑈, general random variables 𝑊 , 𝑄,
and an event 𝐴,

𝐻 (𝑊 |𝑄, 𝐴) = −
∑︁
𝑤,𝑞

𝑃𝑊,𝑄 |𝐴(𝑤, 𝑞) log2 𝑃𝑊 |𝑄,𝐴(𝑤 |𝑞),

𝑍 (𝑈 |𝑄, 𝐴) = 2
∑︁
𝑞

√︃
𝑃𝑈,𝑄 |𝐴(0, 𝑞)𝑃𝑈,𝑄 |𝐴(1, 𝑞),

𝐾 (𝑈 |𝑄, 𝐴) =
∑︁
𝑞

��𝑃𝑈,𝑄 |𝐴(0, 𝑞) − 𝑃𝑈,𝑄 |𝐴(1, 𝑞)
�� .

The entropy rate of our process, excluding the states, is

H𝑋 |𝑌 = lim
𝑁→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 ). (1)

We also denote

H𝑋 = lim
𝑁→∞

1
𝑁
𝐻 (𝑋𝑁

1 ). (2)

These limits exist, see [4, Section II].
Following is our main theorem. By the Honda-Yamamoto

scheme [15], it implies that a polar coding scheme with rate
approaching H𝑋−H𝑋 |𝑌 and vanishing error probability exists,
if we condition on either the initial state or the initial state
and the set of final states.

Theorem 1. Let (𝑋 𝑗 , 𝑌 𝑗 , 𝑆 𝑗 ) 𝑗∈Z be a FIM process, where
(𝑆 𝑗 ) 𝑗∈Z has period p. For 𝑁 = 2𝑛, denote by 𝑈𝑁

1 the polar
transform of 𝑋𝑁

1 , and fix 0 < 𝛽 < 1/2. Fix 0 ≤ 𝜑 < p, and a
non-empty set Ψ0 ⊆ S such that all states 𝑠0 ∈ Ψ0 have phase
𝜙(𝑠0) = 𝜑. Furthermore, let Ψ𝑁 be a non-empty subset of S
such that all states 𝑠𝑁 ∈ Ψ𝑁 have phase 𝜙(𝑠𝑁 ) = 𝜑+𝑁 mod p.
Denote the event 𝐴𝑁 as

𝐴𝑁 ≜ {𝑆0 ∈ Ψ0 and 𝑆𝑁 ∈ Ψ𝑁 }.

Then,

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝑍 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐴𝑁 ) < 2−𝑁 𝛽
}��� = 1 −H𝑋 |𝑌 ,

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝐾 (𝑈𝑖 |𝑈𝑖−1
1 , 𝐴𝑁 ) < 2−𝑁 𝛽

}��� = H𝑋,

We note that the encoding and decoding complexity of
our coding scheme is 𝑂 ( |S|3𝑁 log 𝑁), utilizing successive-
cancellation trellis decoding [16], [17] and the Honda-
Yamamoto scheme [15]. The only difference is that rather than

marginalizing 𝑆0, 𝑆𝑁 over all states in |S|, we marginalize 𝑆0
only over Ψ0 and 𝑆𝑁 only over Ψ𝑁 .

Throughout this paper, we assume the setting of Theorem 1.
We denote by 𝑈𝑁

1 , 𝑉𝑁
1 the polar transforms of 𝑋𝑁

1 and 𝑋2𝑁
𝑁+1,

respectively. We further denote 𝑄𝑖 = (𝑈𝑖−1
1 , 𝑌𝑁

1 ) and 𝑅𝑖 =

(𝑉 𝑖−1
1 , 𝑌2𝑁

𝑁+1), for 1 ≤ 𝑖 ≤ 𝑁 .
Our proof of Theorem 1 will follow by showing slow and

then fast polarization. We factor the period p into

p = d · q, (3)

where q is odd and d is a power of 2. In essence, we show
that both slow and fast polarization occur if we fix the phase
modulo d of the initial state. Our proofs are extensions of the
ideas presented in [1], [4]–[6], [18], while also taking into
account the above.

For 0 ≤ Δ < d, define

S(Δ) = {𝑠 ∈ S : 𝜙(𝑠) ≡ Δ (mod d)}.

We denote the event

𝐷 (Δ) ≜ {𝑆0 ∈ S(Δ)} = {𝜙(𝑆0) ≡ Δ (mod d)} .

Since 𝑁 = 2𝑛 and d are both powers of 2, we have

𝐷 (Δ) = {𝑆𝑁 ∈ S(Δ)}, for 𝑁 ≥ d. (4)

Observe that by stationarity, we have for 0 ≤ Δ ≤ d

P (𝐷 (Δ)) = 1/d. (5)

For 𝑁 = 2𝑛 ≥ d denote

S2
𝑁 (Δ) =

{
(𝑠0, 𝑠𝑁 ) ∈ S2 : 𝑠0 ∈ S(Δ) and

𝜙(𝑠𝑁 ) − 𝜙(𝑠0) ≡ 𝑁 (mod p)
}
, (6)

and

S3
𝑁 (Δ) =

{
(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ∈ S3 : (𝑠0, 𝑠𝑁 ) ∈ S2

𝑁 (Δ) and

(𝑠𝑁 , 𝑠2𝑁 ) ∈ S2
𝑁 (Δ)

}
. (7)

Observe that for 𝑁 = 2𝑛 ≥ d,

𝐷 (Δ) holds ⇔{𝑆0 ∈ S(Δ)} ⇔ {𝑆𝑁 ∈ S(Δ)} ⇔ {𝑆2𝑁 ∈ S(Δ)}
⇔{(𝑆0, 𝑆𝑁 ) ∈S2

𝑁 (Δ)}⇔{(𝑆0, 𝑆𝑁 , 𝑆2𝑁 ) ∈S3
𝑁 (Δ)}.

The following definition and the observation and lemma
that follow will be of use in the sequel.

Definition 1. Denote 𝑓 (𝑁) ≃ 𝑔(𝑁) if 𝑓 (𝑁) − 𝑔(𝑁) can be
upper and lower bounded by expressions independent of 𝑁 .
It is easily shown that ≃ is a transitive relation.

Observe that if 𝑓 (𝑁) ≃ 𝑔(𝑁) and the limit
lim𝑁→∞ 𝑓 (𝑁)/𝑁 exists, then lim𝑁→∞ 𝑔(𝑁)/𝑁 exists, and the
limits coincide.

Lemma 2. If 𝑉 , 𝑄, and 𝑊 are random variables, 𝐴 is an
event, and the support of 𝑊 is finite, then

𝐻 (𝑉,𝑊 |𝑄, 𝐴) ≃ 𝐻 (𝑉 |𝑄, 𝐴) ≃ 𝐻 (𝑉 |𝑄,𝑊, 𝐴), (8)

Proof sketch: This is a consequence of the chain rule.
Finally, as a shorthand, for random variables 𝑋,𝑌 we denote

𝑃𝑋 |𝑌 (𝑥 |𝑦) = P (𝑋 = 𝑥 |𝑌 = 𝑦). The extension for multiple
random variables is immediate.



III. PROOF OF SLOW POLARIZATION

The proof of slow polarization comprises two steps: showing
a convergence to a limiting random variable and then showing
that this random variable is either 0 or 1, with probability 1.

For a given 0 ≤ Δ < d, 𝑁 = 2𝑛, and 1 ≤ 𝑖 ≤ 𝑁 , denote

𝐻̂𝑛 (Δ) = 𝐻 (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)), (9)
𝐻̂−

𝑛 (Δ) = 𝐻 (𝑈𝑖 +𝑉𝑖 |𝑄𝑖 , 𝑅𝑖 , 𝑆0, 𝑆2𝑁 , 𝐷 (Δ)). (10)
𝐻𝑛 (Δ) = 𝐻 (𝑈𝑖 |𝑄𝑖 , 𝐷 (Δ)). (11)

Lemma 3. Fix 0 ≤ Δ < d. Consider the random process

𝐽𝑛 = 1 + ⟨𝐵0, 𝐵1, . . . , 𝐵𝑛⟩2 = 1 +
𝑛−1∑︁
𝑗=0

𝐵 𝑗2𝑛− 𝑗 ,

where the 𝐵 𝑗 are i.i.d. Bernoulli 1/2 random variables. Then,
the random processes (𝐻̂𝑛 (Δ))∞𝑛=1 and (𝐻𝑛 (Δ))∞𝑛=1 where 𝑖 =
𝐽𝑛 converge a.s., in 𝐿1, and in probability to limiting random
variables 𝐻̂∞ (Δ) ∈ [0, 1] and 𝐻∞ (Δ) ∈ [0, 1], respectively.

Proof sketch: Take 𝑛0 large enough such that 2𝑛0 ≥ d.
The proof follows by showing that the processes (𝐻̂𝑛 (Δ))∞𝑛=𝑛0
and (𝐻𝑛 (Δ))∞𝑛=𝑛0 are a bounded sub-martingale and a bounded
a super-martingale, respectively, with respect to (𝐽𝑛)∞𝑛=1, see
[19, Theorems 7.3.1 and 14.2.1 and Proposition 5.2.3].

For 𝑁 > 0, denote

S3
𝑁 =

{
(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ∈ S3 :

𝜙(𝑠𝑁 ) − 𝜙(𝑠0) ≡ 𝜙(𝑠2𝑁 ) − 𝜙(𝑠𝑁 ) ≡ 𝑁 (mod p)
}
. (12)

Further denote, for fixed 𝑁 clear from the context,

𝜋(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ≜ P (𝑆0 = 𝑠0, 𝑆𝑁 = 𝑠𝑁 , 𝑆2𝑁 = 𝑠2𝑁 ) . (13)

Lemma 4. There exists 𝑁0 and 𝜇 > 0 such that for all 𝑁 ≥ 𝑁0
and all (𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ∈ S3

𝑁
we have 𝜋(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) > 𝜇.

For a given 0 ≤ Δ < d, 𝑁 = 2𝑛 ≥ d, and 1 ≤ 𝑖 ≤ 𝑁 , we
follow [6, sec. VI.B] and define for (𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ∈ S3

𝑁
(Δ),

𝛼(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ≜
𝐻 (𝑈𝑖 +𝑉𝑖 |𝑄𝑖 , 𝑅𝑖 , 𝑆0 = 𝑠0, 𝑆𝑁 = 𝑠𝑁 , 𝑆2𝑁 = 𝑠2𝑁 ) (14)

and
𝛽(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ≜

𝛾(𝑠0, 𝑠𝑁 ) + 𝛾(𝑠𝑁 , 𝑠2𝑁 )
2

, (15)

where

𝛾(𝑠0, 𝑠𝑁 ) ≜ 𝐻 (𝑈𝑖 |𝑄𝑖 , 𝑆0 = 𝑠0, 𝑆𝑁 = 𝑠𝑁 ). (16)

By stationarity, 𝛾(𝑠𝑁 , 𝑠2𝑁 ) = 𝐻 (𝑉𝑖 |𝑅𝑖 , 𝑆𝑁 = 𝑠𝑁 , 𝑆2𝑁 = 𝑠2𝑁 ).
The following is the analog of [6, Lemma 16] for our

setting.

Lemma 5. Let 𝑁 = 2𝑛 ≥ max{𝑁0, d}, for 𝑁0 as in Lemma 4.
For 0 ≤ Δ < d and 1 ≤ 𝑖 ≤ 𝑁 fixed

𝐻̂−
𝑛 (Δ) ≥ d ·

∑︁
(𝑠0 ,𝑠𝑁 ,𝑠2𝑁 ) ∈S3

𝑁
(Δ)

𝜋(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) · 𝛼(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ), (17)

and

𝐻̂𝑛 (Δ) = d ·
∑︁

(𝑠0 ,𝑠𝑁 ,𝑠2𝑁 ) ∈S3
𝑁
(Δ)

𝜋(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) · 𝛽(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ). (18)

Furthermore, for all (𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ∈ S3
𝑁
(Δ),

𝛼(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ≥ 𝛽(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ). (19)

Recall from (3) the factorization p = d · q, where d is
a power of 2 and q is odd, this is the key for proving the
periodic analog of [6, Lemma 17], below.

Lemma 6. For every 0 < 𝜖 < 1 there exists Θ = Θ(𝜖) > 0,
for which the following holds. Let 𝑁 = 2𝑛 ≥ max{𝑁0, d},
where the Euler totient of q divides 𝑛, and 𝑁0 is as promised
in Lemma 4. Fix 0 ≤ Δ < d and 1 ≤ 𝑖 ≤ 𝑁 . Then, if
𝜖 ≤ 𝐻̂𝑛 (Δ) ≤ 1 − 𝜖 , there exist (𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) ∈ S3

𝑁
(Δ) such

that
𝛼(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) > 𝛽(𝑠0, 𝑠𝑁 , 𝑠2𝑁 ) + Θ. (20)

Corollary 7. Fix 0 < 𝜖 < 1. There exists 𝜏(𝜖) > 0 such that
the following holds. If 𝑁 = 2𝑛 is as in Lemma 6, 0 ≤ Δ < d,
1 ≤ 𝑖 ≤ 𝑁 , and 𝜖 ≤ 𝐻̂𝑛 (Δ) ≤ 1 − 𝜖 , then

𝐻̂−
𝑛 (Δ) − 𝐻̂𝑛 (Δ) > 𝜏(𝜖).

Proof: Take 𝜏(𝜖) = 𝜇 · d · Θ(𝜖), where 𝜇 is as promised
in Lemma 4 and Θ(𝜖) is as promised in Lemma 6.

Following is an adaptation of [20, Theorem 1] to our case;
its proof relies on Corollary 7.

Lemma 8. The random variable 𝐻̂∞ (Δ) is a {0, 1} random
variable with probability 1.

The following lemma states that fixing the initial phase
does not change the entropy rate.

Lemma 9. For 0 ≤ 𝜑 < p, we have

lim
𝑁→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 ) = lim

𝑁→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝜙(𝑆0) = 𝜑).

Proof: By (8), we have 𝐻 (𝑋𝑁
1 |𝑌𝑁

1 ) ≃ 𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝜙(𝑆0)),
by taking 𝐴 as the always true event. Thus, our aim is to show
that for any 0 ≤ 𝜑 < p,

𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝜙(𝑆0)) ≃ 𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝜙(𝑆0) = 𝜑).

By stationarity, we have P (𝜙(𝑆0) = −𝜑′ mod p) = 1/p for
any 0 ≤ 𝜑′ < p. Thus,

𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝜙(𝑆0)) =
p−1∑︁
𝜑′=0

1
p
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝜙(𝑆0) = −𝜑′ mod p).

(21)
Recall that 𝜑 is fixed. For a given 0 ≤ 𝜑′ ≤ p, denote 𝜓 =

𝜑′ + 𝜑. Note that 𝜓 ≥ 0. We have

𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝜙(𝑆0) ≡ −𝜑′ mod p)
(a)
≃ 𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝑆𝜓 , 𝑆𝑁 , 𝜙(𝑆0) ≡ −𝜑′ mod p)

= 𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝑆𝜓 , 𝑆𝑁 , 𝜙(𝑆𝜓) = 𝜑)
(b)
= 𝐻 (𝑋𝑁

1 |𝑌𝑁+𝜓
1 , 𝑆𝜓 , 𝑆𝑁 , 𝜙(𝑆𝜓) = 𝜑)

(c)
≃ 𝐻 (𝑋𝑁+𝜓

1 |𝑌𝑁+𝜓
1 , 𝑆𝜓 , 𝑆𝑁 , 𝜙(𝑆𝜓) = 𝜑)

(d)
≃ 𝐻 (𝑋𝑁+𝜓

𝜓+1 |𝑌𝑁+𝜓
1 , 𝑆𝜓 , 𝑆𝑁 , 𝜙(𝑆𝜓) = 𝜑)

(e)
= 𝐻 (𝑋𝑁+𝜓

𝜓+1 |𝑌𝑁+𝜓
𝜓+1 , 𝑆𝜓 , 𝑆𝑁 , 𝜙(𝑆𝜓) = 𝜑)

(f)
≃ 𝐻 (𝑋𝑁+𝜓

𝜓+1 |𝑌𝑁+𝜓
𝜓+1 , 𝜙(𝑆𝜓) = 𝜑)

(g)
= 𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝜙(𝑆0) = 𝜑),

where (a) is by the RHS of (8) since the number of states is
finite; (b) is by the Markov property; (c) is by the LHS of (8)
since we have added a finite number 𝜓 of binary random



variables; (d) is again by the LHS of (8), now removing a
finite number 𝜓 of binary random variables; (e) is by the
Markov property; (f) is by the RHS of (8); and (g) is by
stationarity.

We have shown that 𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝜙(𝑆0) = −𝜑′ mod p) ≃
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝜙(𝑆0) = 𝜑). By (21), 𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝜙(𝑆0)) ≃

𝐻 (𝑋𝑁
1 |𝑌𝑁

1 , 𝜙(𝑆0) = 𝜑), completing the proof.
The following proposition establishes slow polarization. It

is in a similar vein to [6, Theorem 20]

Proposition 10. For 0 ≤ Δ < d, 0 < 𝜖 < 1, and 𝑁 = 2𝑛, the
following holds:

lim
𝑛→∞

1
𝑁

��{𝑖 : 𝐻 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐷 (Δ)) < 𝜖
}�� (22a)

= lim
𝑛→∞

1
𝑁

��{𝑖 : 𝐻 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) < 𝜖
}�� (22b)

= 1 − lim
𝑛→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) (22c)

= 1 − lim
𝑛→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝐷 (Δ)) (22d)

= 1 − lim
𝑛→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 ) (22e)

and

lim
𝑛→∞

1
𝑁

��{𝑖 : 𝐻 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐷 (Δ)) > 1 − 𝜖
}�� (23a)

= lim
𝑛→∞

1
𝑁

��{𝑖 : 𝐻 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) > 1 − 𝜖
}�� (23b)

= lim
𝑛→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) (23c)

= lim
𝑛→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 , 𝐷 (Δ)) (23d)

= lim
𝑛→∞

1
𝑁
𝐻 (𝑋𝑁

1 |𝑌𝑁
1 ). (23e)

IV. PROOF OF FAST POLARIZATION

To prove fast polarization, we first define 𝑀 (Δ) for all
0 ≤ Δ < d,

𝑀 (Δ) = 1
d · min{𝜋𝑠 : 𝑠 ∈ S(Δ)} . (24)

Recall that for any 𝑠, we have by irreducibility and stationarity
that 𝜋𝑠 > 0, and hence 𝑀 (Δ) is well defined (the denominator
is positive). The utility of 𝑀 (Δ) is seen in the next lemma,
which allows us to bound the probability of two dependent
events by their marginal probabilities.

Lemma 11. Fix 0 ≤ Δ < d and 𝑁 = 2𝑛 ≥ d. Let 𝐴, 𝐵 ⊆
X𝑁 × Y𝑁 . Then,

P
(
(𝑋𝑁

1 , 𝑌
𝑁
1 ) ∈ 𝐴 and (𝑋2𝑁

𝑁+1, 𝑌
2𝑁
𝑁+1) ∈ 𝐵

���𝐷 (Δ)
)

≤ 𝑀 (Δ) · P
(
(𝑋𝑁

1 , 𝑌
𝑁
1 ) ∈ 𝐴

���𝐷 (Δ))
)

· P
(
(𝑋2𝑁

𝑁+1, 𝑌
2𝑁
𝑁+1) ∈ 𝐵

���𝐷 (Δ)
)
. (25)

Recall the definitions of 𝑈𝑖 , 𝑉𝑖 , 𝑄𝑖 , 𝑅𝑖 from Section II. For
a given 0 ≤ Δ < d, 𝑁 = 2𝑛, and 1 ≤ 𝑖 ≤ 𝑁 , denote

𝑍𝑛 (Δ) = 𝑍 (𝑈𝑖 |𝑄𝑖 , 𝐷 (Δ))
𝑍−
𝑛 (Δ) = 𝑍 (𝑈𝑖 +𝑉𝑖 |𝑄𝑖 , 𝑅𝑖 , 𝐷 (Δ))
𝑍+
𝑛 (Δ) = 𝑍 (𝑉𝑖 |𝑈𝑖 +𝑉𝑖 , 𝑄𝑖 , 𝑅𝑖 , 𝐷 (Δ))

and

𝐾̂𝑛 (Δ) = 𝐾 (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ))
𝐾̂−
𝑛 (Δ) = 𝐾 (𝑈𝑖 +𝑉𝑖 |𝑄𝑖 , 𝑅𝑖 , 𝑆0, 𝑆2𝑁 , 𝐷 (Δ))
𝐾̂+
𝑛 (Δ) = 𝐾 (𝑉𝑖 |𝑈𝑖 +𝑉𝑖 , 𝑄𝑖 , 𝑅𝑖 , 𝑆0, 𝑆2𝑁 , 𝐷 (Δ)).

Lemma 12. Fix 0 ≤ Δ < d, 𝑁 = 2𝑛 ≥ d, and 1 ≤ 𝑖 ≤ 𝑁 . Then,
𝑍−
𝑛 (Δ) ≤ 2 · 𝑀 (Δ) · 𝑍𝑛 (Δ) and 𝑍+

𝑛 (Δ) ≤ 𝑀 (Δ) · (𝑍𝑛 (Δ))2.

Proof sketch: This is an extension of [4, Section VI] for
our scenario.

Lemma 13. Fix 0 ≤ Δ < d, 𝑁 = 2𝑛 ≥ d, and 1 ≤ 𝑖 ≤ 𝑁 .
Then, 𝐾̂−

𝑛 (Δ) ≤ d · 𝑀 (Δ) · (𝐾̂𝑛 (Δ))2 and 𝐾̂+
𝑛 (Δ) ≤ 2 · 𝐾̂𝑛 (Δ).

Proof sketch: This is an extension of [5, Proposition 12]
to our scenario.

The following proposition establishes fast polarization. Note
that this is not yet Theorem 1, since that requires conditioning
on a finer event than 𝐷 (Δ).

Proposition 14. Fix 0 < 𝛽 < 1/2 and 0 ≤ Δ < d. Then, for
𝑁 = 2𝑛,

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝑍 (𝑈𝑖 |𝑄𝑖 , 𝐷 (Δ)) < 2−𝑁 𝛽
}��� = 1 −H𝑋 |𝑌 , (26)

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝐾 (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) < 2−𝑁 𝛽
}��� = H𝑋 |𝑌 . (27)

Proof: We prove fast polarization using [21, Proposition
49]. We first concentrate on (26). By Lemma 12, the process
𝑍𝑛 (Δ) satisfies [21, Equation 167], with 𝜅 = 2𝑀 (Δ). This
also holds if we offset our process to start at some 𝑛′ instead
of 0. As a shorthand, we write 𝑍𝑛 in place of 𝑍𝑛 (Δ) in the
sequel.

Fix 𝛿 > 0. Thus, [21, Proposition 49] implies that there
exist 𝜂 > 0 and 𝑛0 such that for 𝛽′ = (𝛽 + 1/2)/2,

P
(
𝑍𝑛+𝑛′ ≤ 2−2𝑛𝛽′ for all 𝑛 ≥ 𝑛0

���𝑍𝑛′ ≤ 𝜂) ≥ 1 − 𝛿/2.

We now show that we can choose 𝑛′ such that

P (𝑍𝑛′ ≤ 𝜂) > 1 −H𝑋 |𝑌 − 𝛿/2. (28)

This will imply that

P
(
𝑍𝑛+𝑛′ ≤ 2−2𝑛𝛽′ for all 𝑛 ≥ 𝑛0, 𝑍𝑛′ ≤ 𝜂

)
> 1 −H𝑋 |𝑌 − 𝛿.

Hence,

P
(
𝑍𝑛+𝑛′ ≤ 2−2𝑛𝛽′ for all 𝑛 ≥ 𝑛0

)
> 1 −H𝑋 |𝑌 − 𝛿.

This implies that

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝑍 (𝑈𝑖 |𝑄𝑖 , 𝐷 (Δ)) < 2−𝑁 𝛽
}��� ≥ 1 −H𝑋 |𝑌 (29)

since 𝛽′ > 𝛽 and 𝛿 > 0 is arbitrary. All that remains to prove
(26), is to show that the above “≥” is in fact an equality. We
will come back to this point later.

To prove (28), we call upon Proposition 10 with 𝜖 =
√
𝜂.

By, (22a), (22e), and (1),

lim
𝑛→∞

P
(
𝐻𝑛 (Δ) <

√
𝜂
)
= 1 −H𝑋 |𝑌 .

Thus, there exists 𝑛′ such that

P
(
𝐻𝑛′ (Δ) <

√
𝜂
)
= 1 −H𝑋 |𝑌 − 𝛿/2.



By [5, Lemma 1], 𝐻𝑛′ (Δ) <
√
𝜂 implies 𝑍𝑛′ < 𝜂, which

establishes (28).
We now concentrate on (27). By Lemma 13, the process

𝐾̂𝑛 (Δ) satisfies [21, Equation 167], with 𝜅 = max{d𝑀 (Δ), 2}.
Thus, by a similar reasoning as above we obtain

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝐾̂ (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) < 2−𝑁 𝛽
}��� ≥ H𝑋 |𝑌 . (30)

To complete the proof, we now show that the weak
inequalities in (29) and (30) are in fact equalities. To see this,
first note by [5, Lemma 2] that 𝑍 (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) ≤
𝑍 (𝑈𝑖 |𝑄𝑖 , 𝐷 (Δ)). Hence, (29) implies that

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝑍 (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) < 2−𝑁 𝛽
}���≥1 −H𝑋 |𝑌 , (31)

and a strict inequality in (29) implies a strict inequality in
(31). Now, assume to the contrary a strict inequality in either
(29) or (30), or both. This implies a strict inequality in either
(31) or (30), or both. Thus, for all 𝑁 large enough, there must
exist an index 0 ≤ 𝑖 < 𝑁 , such that

𝑍 (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) < 2−𝑁 𝛽

,

𝐾 (𝑈𝑖 |𝑄𝑖 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) < 2−𝑁 𝛽

.

This cannot hold, since 𝐾 + 𝑍 ≥ 1, by [5, Lemma 1].

V. PROOF OF THEOREM 1

The following technical lemma will be used in our proof
of Theorem 1.

Lemma 15. Let 𝑈 be a binary random variable; 𝑊 , 𝑄 general
random variables; and 𝐴1, 𝐴2, . . . , 𝐴ℓ mutually exclusive
events. Denote 𝐶 = 𝐴1 ∪ 𝐴2 ∪ · · · ∪ 𝐴ℓ . Then,

𝑍 (𝑈 |𝑄,𝐶) ≥
ℓ∑︁
𝑗=1

P
(
𝐴 𝑗 |𝐶

)
𝑍 (𝑈 |𝑄, 𝐴 𝑗 ), (32)

𝐾 (𝑈 |𝑄,𝐶) ≤
ℓ∑︁
𝑗=1

P
(
𝐴 𝑗 |𝐶

)
𝐾 (𝑈 |𝑄, 𝐴 𝑗 ), (33)

𝐻 (𝑊 |𝑄,𝐶) ≥
ℓ∑︁
𝑗=1

P
(
𝐴 𝑗 |𝐶

)
𝐻 (𝑊 |𝑄, 𝐴 𝑗 ). (34)

Proof of Theorem 1: Recall the factorization (3), p =

d · q, where q is odd and d is a power of 2. Recall that 𝜑
is the common phase of all the vertices in Ψ0 and denote
Δ = 𝜑 mod d. Next, note that by (6) that for 𝑁 = 2𝑛 ≥ d we
have for all (𝑠0, 𝑠𝑁 ) ∈ Ψ0 × Ψ𝑁 that (𝑠0, 𝑠𝑁 ) ∈ S2

𝑁
(Δ).

Proposition 14 with 𝛽′ = (𝛽 + 1/2)/2 in place of 𝛽 implies
that

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝑍 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐷 (Δ)) < 2−𝑁 𝛽
}��� = 1 −H𝑋 |𝑌 ,

lim
𝑛→∞

1
𝑁

���{𝑖 : 𝐾 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)) < 2−𝑁 𝛽

}��� = H𝑋 .

Note that the second equality is obtained by considering the
case in which the 𝑌 are constant, and hence nothing is gained
by conditioning on them. The proof of Theorem 1 will follow
by showing that there is some 𝜉 > 0 independent of 𝑁 and
0 ≤ 𝑖 < 𝑁 such that

𝑍 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐴) ≤ 𝜉 · 𝑍 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐷 (Δ)) (35)

and

𝐾 (𝑈𝑖 |𝑈𝑖−1
1 , 𝐴) ≤ 𝜉 · 𝐾 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)), (36)

for 𝑁 = 2𝑛 large enough. Indeed, we claim that 𝜉 = 1
𝜇·d

suffices for 𝑁 ≥ 𝑁0, where 𝜇 and 𝑁0 are as promised by
Lemma 4.

For compactness, denote Ψ0,𝑁 ≜ Ψ0 × Ψ𝑁 . To show (35)
we apply Lemma 15 with

𝐶 = {(𝑆0, 𝑆𝑁 ) ∈ S2
𝑁 (Δ)},

𝐴1 = {(𝑆0, 𝑆𝑁 ) ∈ Ψ0,𝑁 },
𝐴2 = {(𝑆0, 𝑆𝑁 ) ∈ S2

𝑁 (Δ) \ Ψ0,𝑁 }.

Note that by definition 𝐶 and 𝐴1 are simply 𝐷 (Δ) and 𝐴,
respectively. Thus,

𝑍 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐷 (Δ))
(a)
≥ P (𝐴1 |𝐷 (Δ)) 𝑍 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑌𝑁
1 , 𝐴1)

+ P (𝐴2 |𝐷 (Δ)) 𝑍 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐴2)
(b)
≥ P (𝐴|𝐷 (Δ)) 𝑍 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑌𝑁
1 , 𝐴)

= P
(
(𝑆0, 𝑆𝑁 ) ∈ Ψ0,𝑁 |𝐷 (Δ)

)
· 𝑍 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑌𝑁
1 , 𝐴)

=
P
(
(𝑆0, 𝑆𝑁 ) ∈ Ψ0,𝑁

)
P (𝐷 (Δ)) 𝑍 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑌𝑁
1 , 𝐴)

(c)
≥ 𝜇 · d · 𝑍 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑌𝑁
1 , 𝐴)

= 𝜉−1 · 𝑍 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑌𝑁

1 , 𝐴)

where (a) is by (32), (b) is since 𝐴1 = 𝐴 and probabilities are
nonnegative, and (c) is by (5) and Lemma 4. This yields (35).

To show (36), we apply Lemma 15 with

𝐶 = {(𝑆0, 𝑆𝑁 ) ∈ Ψ0,𝑁 },
𝐴𝑠0 ,𝑠𝑁 = {(𝑆0, 𝑆𝑁 ) = (𝑠0, 𝑠𝑁 )},

where in the above (𝑠0, 𝑠𝑁 ) range over Ψ0,𝑁 . Note that in
this case, 𝐶 = 𝐴, and clearly 𝐶 = ∪(𝑠0 ,𝑠𝑁 ) ∈Ψ0,𝑁 𝐴𝑠0 ,𝑠𝑁 . Thus,

𝐾 (𝑈𝑖 |𝑈𝑖−1
1 , 𝐴)

= 𝐾 (𝑈𝑖 |𝑈𝑖−1
1 , 𝐶))

(a)
≤

∑︁
𝑠0 ,𝑠𝑁

P
(
𝐴𝑠0 ,𝑠𝑁 |𝐶

)
𝐾 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑆0= 𝑠0, 𝑆𝑁 = 𝑠𝑁 )

(b)
=

∑︁
𝑠0 ,𝑠𝑁

P
(
𝐴𝑠0 ,𝑠𝑁

)
P (𝐶) 𝐾 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑆0= 𝑠0, 𝑆𝑁 = 𝑠𝑁 )

(c)
=

∑︁
𝑠0 ,𝑠𝑁

P
(
𝐴𝑠0 ,𝑠𝑁 , 𝐷 (Δ)

)
P (𝐶) 𝐾 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑆0= 𝑠0, 𝑆𝑁 = 𝑠𝑁 )

=
∑︁
𝑠0 ,𝑠𝑁

P
(
𝐴𝑠0 ,𝑠𝑁 |𝐷 (Δ)

)
P (𝐷 (Δ))−1 P (𝐶)

𝐾 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑆0= 𝑠0, 𝑆𝑁 = 𝑠𝑁 )

(d)
≤ 1
𝜇 · d

∑︁
𝑠0 ,𝑠𝑁

P
(
𝐴𝑠0 ,𝑠𝑁 |𝐷 (Δ)

)
𝐾 (𝑈𝑖 |𝑈𝑖−1

1 , 𝑆0= 𝑠0, 𝑆𝑁 = 𝑠𝑁 ),

= 𝜉 · 𝐾 (𝑈𝑖 |𝑈𝑖−1
1 , 𝑆0, 𝑆𝑁 , 𝐷 (Δ)),

where (a) is by (33), (b) is since 𝐴𝑠0 ,𝑠𝑁 ⊆ 𝐶, (c) is since
𝐴𝑠0 ,𝑠𝑁 ⊆ 𝐷 (Δ), and (d) is by (5) and Lemma 4. This yields
(36), completing the proof.
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