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Abstract—Constant weight codes can arise from an input
process sampled from a periodic Markov chain. A previous result
showed that, in general, polarization does not occur for input-
output processes with an underlying periodic Markov chain. In
this work, we show that if we fix the initial state of an underlying
periodic Markov chain, polarization does occur. Fixing the initial
state is aligned with ensuring a constant weight code.

I. INTRODUCTION

Polar codes have been shown to achieve the capacity or
information rate of many channel models [1]-[12]. Specifically,
in [4] and [5], polar codes were shown to achieve the
information rate of input-output processes with an underlying
finite-state, aperiodic, and irreducible Markov (FAIM) process.
Moreover, in [4, Theorem 4] it was shown by a counter-
example that aperiodicity is a necessary condition. In this paper,
we prove that polarization does occur for periodic processes,
provided that the initial state is fixed. This setting is natural
in the context of codewords constrained to be of a constant
weight.

An example of an irreducible Markov chain of period
p = 4 for producing sequences of constant weight N/2 (i.e.,
normalized weight 1/2) is given in Figure 1. This holds if the
initial state is € and the sequence length N is a multiple of 4.
A few things to note:

« We produce only a subset of the sequences of weight N /2.

« All the sequences of length 4 have equal probability, 1/6,
where 6 = (3) is the number of sequences of length 4 and
weight 2.

« The number of states can be drastically reduced, while pro-
ducing the same set of sequences at the same probabilities,
see Figure 2.

o Enlarging the period p from 4 to a larger number will
allow us to produce a larger subset of sequences of weight
N/2, at the expense of more states.

« If the sequence length N is not a multiple of the period
p, we must also constrain the final state to be in a certain
set. For example, in Figure 1 and N = 6, the final state
must be either ‘10” or ‘01’. That is, of weight 1.

o For a = a/b rational, a similar graph can be constructed
for sequences of weight |@/N], when N is not a multiple
of b. The same holds for weight [@/N]. This again requires
constraining the final state to be of a certain weight.

« For o < B rational, a similar graph can be constructed for
sequences of weight between aN and SN. Now, generally,
the final state is constrained to have a range of weights.

« For positive integers a and b, the aperiodic graph in
Figure 3 can ensure sequences whose weight modulo b
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Fig. 1. Markov chain for producing sequences of weight IV /2. Labels for blue
and red arrows are ‘0’ and ‘1’, respectively. Transition probabilities between
states are shown on the arrows. The state & is the start and end state, at which
the output is ensured to have weight N /2. The chain has period p = 4; each
horizontal layer of the graph is a different phase ¢.
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Fig. 2. Condensed Markov chain for producing sequences of weight N /2.
Here, states from Figure 1 of the same phase and weight are merged. The
probability of a blue (red) edge from a node with phase ¢ and weight w to a
node with phase ¢+ 1 and weight w (w+1) is the number of valid sequences,
i.e. length 4 and weight 2, whose weight in the prefix of length ¢ + 1 is w
(w+ 1) divided by the number of valid sequences whose weight in the prefix
of length ¢ is w.

is a. This is obtained by fixing the initial state to be ‘0’
and the final state to be ‘a’.
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Fig. 3. Markov chain for producing sequences whose weight modulo b is
constrained to some integer 0 < a < b. Blue and red arrows are labelled ‘0’
and ‘1, respectively. All edge probabilities are 1/2. The chain is aperiodic.
To construct the sequences, we constrain the initial state to ‘0’ and the final
state to ‘a’.




II. SETTING AND MAIN THEOREM

Although we will ultimately fix the initial state, we start by
considering a strictly stationary process, (X;,Y;,S;),ez. Here,
X; is binary, Y; € Y, and §; € §, with YJ and § finite alphabets.
We call S; the state at time j. The conditional distribution of
the process is Px; v;.s;|s;_,» independent of j by stationarity.
The distribution has a Markov property: conditioned on §;_i,
the random variables Xk, Yx, Sx are independent of X;,Y;, S;—;
for any [ < j < k.

The state sequence S; is a finite-state irreducible Markov
(FIM) process. By the Perron-Frobenius theorem [13, Theorem
8.4.4 and Corollary 8.1.30], it indeed has a unique stationary
distribution &, which is positive. That is, for any state s € S,
n(s) > 0. We denote the period of the state sequence by p.
That is, we can partition 8 into p classes, which we call phases.
The phase of s € S is denoted ¢(s), an integer between 0 and
p— 1. This partition is such that P (S 4 = s’|S; = s) is positive
only if ¢(s") = ¢(s) +1 (mod p). For example, in Figure 1,
each horizontal layer corresponds to a different phase.

The conditional entropy, Bhattacharyya, and total variation
parameters are key to proving polarization theorems. For a
binary random variable U, general random variables W, Q, and
an event A,

H(W|Q,A) = - >, Pw.oja(w, q)log, Pwio,a(wlg),
w,q

Z(U|Q.A) =2 \/PU,QlA(Oa 9)Pu.oa(l,q),
q

K(U|Q,A) = > |Pu.,0ia(0,9) = Puoja(l,q)].
q

The entropy rate of our process, excluding the states, is

: 1 N |yN
Ty = Jim SHX YY), )

We also denote

.1 N
Hx = A}linm NH(XI ). 2)
These limits exist, see [4, Section II].

Following is our main theorem. By the Honda-Yamamoto
scheme [14], it implies that a polar coding scheme with rate
approaching Hx — Hxy and vanishing error probability exists,
if we condition on either the initial state or the initial state and
the set of final states.

Theorem 1. Let (X;,Y;,S;)jez be a FIM process, where
(S})jez has period p. For N = 2", denote by UIN the polar
transform oleN, and fix 0 < B<1/2. Fix0< o <p, and a
non-empty set Wy C 8 such that all states sy € Wy have phase
¢ (s0) = ¢. Furthermore, let ¥y be a non-empty subset of 8
such that all states sy € Wn have phase ¢(sn) = ¢+N mod p.
Denote the event AN as

AN £ {So e¥Y and Sy € ‘PN}.
Then,
1 .
lim — {i L Z(UUL YN A < 2*N”H =1 - Hyy.
n—00

1 .
lim Hz KU U, Ay) < 2-N“H = Hy,

We note that the encoding and decoding complexity of
our coding scheme is O(|S|>Nlog N), utilizing successive-
cancellation trellis decoding [15], [16] and the Honda-
Yamamoto scheme [14]. The only difference is that rather
than marginalizing Sy, Sy over all states in |S|, we marginalize
So only over ¥y and Sy only over Wy .

Throughout this paper, we assume the setting of Theorem 1.
We denote by U N, VIN the polar transforms of va and XIZVIXI,
respectively. We further denote Q; = (Ui_l,Y N) and R; =
(VimtyRN ), for 1 <i < N.

Our proof of Theorem 1 will follow by first showing slow
polarization and then showing fast polarization. We factor the
period p into

p=d-aq, 3)

where g is odd and d is a power of 2. In essence, we show
that both slow and fast polarization occur if we fix the phase
modulo d of the initial state. Our proofs are extensions of the
ideas presented in [1], [17], [4],[5], and [6], while also taking
into account the above.

For 0 < A < d, define

S(A)={seS:¢(s)=A (modd)}.
We denote the event
D(A) £ {So € 8(A)} ={#(S0) =A (mod d)}.

Since N =2" and d are both powers of 2, we have

D(A) ={Sy €8(A)}, for N >d. “)
Observe that by stationarity, we have for 0 < A < d
P(D(A)) = 1/d. (5)

For N =2" > d denote

S%V(A) = {(so,sN) €8 :sp€ 8(A) and
¢(sn) —d(s0) =N (mod p)}, (6)

and

83 (A) = {(s0,5n.52n) € 8 : (50, 5v) € 83,(A) and
(SN, s2n) € S%V(A)} @)
Observe that for N =2" > d,
D(A) holds & {Sy € 8(A)} & {Sy € 8(A)} © {San € S(A)}
& {(50.Sn) €83 (M)} & {(So. Sn. Sav) €83 ()}

The following definition and the observation and lemma that
follow will be of use in the sequel.

Definition 1. Denote f(N) =~ g(N) if f(N)— g(N) can be
upper and lower bounded by expressions independent of N. It
is easily shown that =~ is a transitive relation.

Observe that if f(N) ~ g(N) and the limit limy _,c f(N)/N
exists, then limy_ g(N)/N exists, and the limits coincide.

Lemma 2. If V, Q, and W are random variables, A is an
event, and the support of W is finite, then

H(V,W|Q,A) = H(V|Q,A) ~H(V|Q,W,A),  (8)



Proof: This is by the chain rule. For the left ~, by the
chain rule, H(V,W|Q,A) = H(V|Q,A)+ H(W|V,Q, A). Since

the support of W is finite, the claim follows. For the right =,

we use the chain rule on H(W, V|Q, A) both ways and obtain

H(\VIW.Q,A) -H(V|Q,A) = HWI|V,Q,A) - HWI|Q, A).

Since both terms on the right-hand side are bounded between
0 and the base-2 logarithm of the support of W, we conclude
that H(V|Q,W,A) ~ H(V|Q, A). ]

Finally, as a shorthand, for random variables X,Y we denote
Pxjy(x|y) = P(X =x|Y =y). The extension for multiple
random variables is immediate.

III. PROOF OF SLOW POLARIZATION

The proof of slow polarization comprises two steps: showing
a convergence to a limiting random variable and then showing
that this random variable is either O or 1, with probability 1.

For a given 0 < A<d, N=2",and 1 <i < N, denote

H,(A) = H(U;|Q:, So, Sn, D(A)), ©)
H; (A) = H(U; +V;]Qi, Ri, So, San s D(A)). (10)
H,(A) = H(U;|Q:, D(A)). (11)

Lemma 3. Fix 0 < A < d. Consider the random process

n—1
By, =1+ > B;2",

j=0

Jn=1+<B(),Bl,...,

where the Bj are ii.d. Bernoulli 1/2 random variables. Then,
the random processes (H, (A))""1 and (H,(A));", where i =
Jn converge a.s., in Ly, and in probability to llmmng random
variables I:Ioo(A) € [0,1] and Hs(A) € [0, 1], respectively.

Proof: Take ng large enough such that 2" > d. The
proof follows by showing that the processes (H,,(A)) no and
(Hn(A))pZy, are a bounded sub-martingale and a bounded a
super-martingale, respectively, with respect to (J,,),- ,, see [18,
Theorems 7.3.1 and 14.2.1 and Proposition 5.2.3]. Since we
are considering entropies of binary random variables, both
H,(A) and H,(A) are clearly bounded between 0 and 1. It
remains to show that E [I:In+1(A)|Jl,J2, ... ,J,,] > H,(A) and
E [Hp1 (A1, 02, .. Jn] < Hy(A), for n > ngp. Indeed, let
i = J, be the random index corresponding to H,(A). Then,

E [ﬁn+1(A>|J1,Jz, ..

(@ 1
i —H(U +V|Q1,R1’S0552N»D(A))

i)

+ EH(‘/llUl +‘/ia Qi?Ri7 SO’SZN’D(A))

b) 1
(:) EH(UH‘/I|Q15 Ri9 SOs S2N9D(A))

c) 1
> EH(Ui,Vi|Qi,Ri»S0,SN,S2N»D(A))

@1
= EH(UilQi,Ri,SO,SN,SZN’D(A))

1
+ —H(V‘|Ui, Qi,Ri, S0, SN, San, D(A))

1
(5>—H<U|QI,SO,SN,D(A>>+ SH(ViIR:, Sy, $23, D(A))

(i)H 0.

Above, (a) is since B4 is Bernoulli 1/2, (b) is by the chain
rule, (c) is since conditioning reduces entropy, (d) is again by
the chain rule, (e) is by the Markov property and (4), and (f)
is by stationarity.

For H,,(A) we have

[ n+1(A)|Jl9J2’~--’Jn]

© 2 (B +VilQs R D) + (VilU; + Vi, 01, R, D(A)

b 1
© H(U,,VIQ,,RI,D(A))

1
© CHWIQ: R, D) + 3 H(VIU;, 01, Ry, D(A)
(d)
< —H(UilQi,D(A)) + EH(VilRi,D(A))
(E’H (8).
Above, (a) is since B4 is Bernoulli 1/2, (b) is by the chain
rule, (c) is again by the chain rule, (d) is since conditioning
reduces entropy and (4), and (e) is by stationarity. [ |
For N > 0, denote

Si/ = {(SO,SN,SzN) €s:

$(sn) = ¢(s0) = ¢p(san) = d(sn) =N (mod p)}. (12)
Further denote, for fixed N clear from the context,
n(s0,sn, 52n) = P (So = 50, SN = 5N, Son = s2nv) . (13)

Lemma 4. There exists No and i > 0 such that for all N > Ny
and all (so, SN, S2N) € S?v we have

(80, SN, S2N) > .

Proof: See Appendix A. [ ]
Foragiven 0 < A<d, N=2">d,and 1 <i <N, we
follow [6, sec. VI.B] and define for (sg, sy, s2n) € Sij(A),

(50, SN, S2N) £

H(U; +VilQi, Ri, So = 50, SN = sn,San = son)  (14)
and
(50, 5N 52m) 2 ¥ (50, 5n) +27(SN,S2N)’ (15)
where
(50, sn) £ H(Ui|Qi, So = 50, SN = sn). (16)

By stationarity,

Y(sn,s2nv) = H(Vi|Ri, SN = sn, San = s2n)-
The following is the analog of [6, Lemma 16] for our setting.

Lemma 5. Let N = 2" > max{Ny,d}, for Ny as in Lemma 4.
ForO<A<dand 1<i<N fixed

Ay (A) 2 d- 3 w(s0, 58, 528) - @(s0, 55, 528),  (17)
(505N 528 ) €83, ()
and
Hn(A)=d'Z7T(SO,SN,S2N)'B(SO,SN,SZN). (18)

(50,SN 52N ) €83, (A)



Furthermore, for all (so,sn,S2n) € S?V AN,

a(so, SN, San) = B(s0, SN, San)- (19)

Proof: Note that under the stationary distribution, we have
P (So = 50, SN = sn,S2n = san|D(A)) =d - w(s0, SN, S2n)-
Hence, by (10), (14), and since conditioning reduces entropy,
A, (A) = H(U; +Vi|Qi, Ri, So, San, D(A))
> H(U; +Vi|Qi, Ri, So, SN, San, D(A))
= > d-7(s0. sn. S2n) - (0, SN, S28),
(50,5N 52N ) €83, (A)
which establishes (17).
To see (18), observe that by stationarity we have
H,(A) = H(U;|Q:, So, Sn. D(A))
_ H(UilQi’ SO9 SN& D(A)) + H(‘/llRl’ SN, SZN’ D(A))
B 2
_ ¥(s0,s8) +Y(sN, 52N)
—Zd'ﬂ(SO,SN,SzN)' )
(50,SN 52N ) €S, (A)

= S7d- n(s0. s s2) - Bso, 5w, 92n)

2
(50,SN 52N ) €83, (A)

where in the last two equalities we used (16) and (15).
Finally,

(S0, SN, S2N)
(a)
> H(U; +Vi|Vi, Qi, Ri, So = 50, SN = sn, San = s2n)

= H(U;|V;, Qi, R;, So = 50, SN = SN, S2n = 52N)
(b)
= H(U;|Qi, So = 50, SN = 5N)
= ¥(50, SN)»

where (a) is since conditioning by V; reduces entropy, and (b)
is by the Markov property. Similarly, by conditioning on U;,
we have

a(so, SN, s2nv) ZH(Vi|R;, SN = sn, San = s2anv) =Y (SN, S2n)-

Combining these two inequalities and recalling (15) yields (19),
which completes the proof. ]

Recall from (3) the factorization p = d - g, where d is a
power of 2 and q is odd. We have already used the special
structure of d previously. The entire factorization of p is the

key for proving the periodic analog of [6, Lemma 17], below.

Lemma 6. For every 0 < € < 1 there exists ® = O(e) > 0, for
which the following holds. Let N = 2" > max{Ny, d}, where the
Euler totient of q divides n, and Ny is as promised in Lemma 4.
FixO0<A<dand 1 <i <N. Then, ife < H,(A) < 1—¢,
there exist (sg, SN, S2N) € 8%(A) such that

a(so, sn,s2n) > B(s0, SN, s2n) + ©. (20)
Proof: By definition of y in (16) and stationarity,
H,(A) =d > P (So = 50,5y = sn) - ¥(50. SN) (1)

(505N ) €83, (A)
=d D> P (Sy =sn, S8 = s2n) - ¥(sn, 52).

(sn.52n) €83, (A)

Our aim is to show that there exists a triplet (sg, Sy, Son) €
83,(A) for which

min{y(so, sn),y(sn,s2n)} S 1 —€ (22)

and

max{y(so,sN), Y(SstZN)} = €. (23)

The above would imply (20), due to [4, Lemma 11] and part
(1) of [17, Lemma 2.2]. Note that the latter is required since the
former does not involve conditioning. We further note that [4,
Lemma 11] is stated for strict inequalities, but actually holds
also for non-strict inequalities, as can be seen in its proof.

We will show the existence of a triplet (sg, Sy, San) € S?V (A)
for which

y(s0,sn) < Hy(A) and  y(sn.s2n) > Hu(A) 24

or

y(s0,sn) = Hy(A) and  y(sy,son) < Ho (D) (25)

Note that by our assumption that € < H,(A) < 1 —e¢, the above
would indeed imply (22) and (23). The above can be written
succinctly as

(Hn(A) =y (50, 57)) - (Hu(A) = y(sn, s2n5)) < 0.

The proof is by contradiction. Namely, assume that for all
(50, N> $2N) € 83 (A),

(Hn(A) = ¥(50,58)) - (Hn(A) = y(sn, s2n5)) > 0.

Let phase 0 < ¢ < p=d-q be such that ¢ = A (mod d)
and ¢ = -2 (mod Q). Such a ¢ indeed exists, by the Chinese
remainder theorem [19, Theorem 2.12.6]. Fix so, sy such that
#(so) = ¢ and ¢(sy) = ¢ + N (mod p). Note that (59, sy) €
Si,(A). For s € §, denote ¢’ (s) = ¢(s) mod . Thus, ¢’ (sg) =
-2 (mod q) and ¢'(sy) = —1 (mod q), where the second
equality is by Euler’s theorem [19, Theorem 2.14.1] and our
assumption that the totient of g divides n. Since (26) is assumed
to hold, w.l.o.g. further assume that y(so, sn) < Hu(A).

Our aim is to show that for any (s,s’) € S%V(A), we have
y(s,s’) < H,(A). This would establish the contradiction,
by (21). Indeed, by stationarity, for every 0 < A < d,
Z(s.5yes?, (a) P (So = 5,8y = 5") = 1/d. We do this by show-
ing that for any 0 < j < q and any (s,s’) € S%V(A) such that
#'(s) = j, we have y(s,s’) < Hn(A).

1) We have already established that y (s, sn) < Hu(A).

Recall that ¢’(s9) = =2 and ¢’(sy) = -1 (mod Q).

2) We claim that for any ag € 8 such that (sx,a0) € 83,(A),
we have y(sy,a9) < H,(A). Indeed, this follows by
(26), and noting that (so, sy, a0) € 83 (A). Note that
¢’'(ap) =0 (mod Q).

3) We now claim that for any ag, a; such that (sy, ag,a1) €
Si, (A), we have y(ag, a1) < H,(A). Indeed, this follows
by (26) and item 2. Note that ¢’(ap) =0 (mod Q) and
¢'(a1) =1 (mod g).

4) We conclude from item 3 that for any (ag,a;) € S?V(A)
such that ¢’(ag) = 0 (mod q) we have y(ag,a;) <
H, (A). This will be the basis of our induction on ;.
Note that ¢’(a;) =1 (mod Q).

(26)



5) For the induction step, assume that for some j > 0, for
any (a;,aj.1) € 8% (A) such that ¢'(a;) = j (mod q),
it holds that y(aj,ajs) < H,(A). We now show that
for any (aj41,a42) € 8%, (A) such that ¢ (aja) = j+1
(mod Q), it holds that y(aj;1,a;12) < Hp(A). Indeed
this holds since (a;,aj+1,a)42) € 8?\/ (A), the induction
hypothesis, and (26).

This completes the proof. ]
The following is a corollary of Lemmas 4 to 6.

Corollary 7. Fix 0 < € < 1. There exists 7(e) > 0 such that
the following holds. If N = 2" is as in Lemma 6, 0 < A < d,
1<i<N, and € < Hy(A) < 1—¢, then

H; (A) = A, (A) > 7(e).

Proof: Take 7(€) = u - d - O(e€), where u is as promised

in Lemma 4 and O(¢) is as promised in Lemma 6. ]

The following lemma is essentially [20, Theorem 1], adapted
to our case.

Lemma 8. The random variable H.(A) is a {0,1} random
variable with probability 1.

o

Proof: Consider the random process (Fln(A))nzl, as in
Lemma 3, where it was shown to converge a.s., in L, and in
probability to H.(A) € [0,1]. To show that H.(A) € {0,1}
with probability 1, assume to the contrary that there exists
€ > 0 such P (Aw(A) € (26,1 -2¢)) > p, for some p > 0.
Next, note that

P (H,(A) € (e,1-¢))
>P(Hy(A) € (e,1—€) and |H,(A) — Ho(A)| <€)
> P (Ho(A) € (26,1 -2¢) and |H,(A) - Ho(A)| < €)
=P (Hwo(A) € (26,1 - 2¢))
-P(Aw(A) € 26,1 =2¢) and [H,(A) — Ho(A)] > €)
> P (Hwo(A) € (26,1 -2€)) =P (|H,(A) — Ho (A)] > €)
> p—P(|H,(A) - Ho(D)] 2 €) ,

where the last inequality follows from our contradictory
assumption. By convergence in probability of H,,(A), we obtain

liminf P (H,(A) € (6,1 -¢€)) > p.

Thus, from Corollary 7, recalling our constraint on n from
Lemma 6, there exist an infinite sequence n = ny,ny,...
and 7 > 0 such that P(|H;(A) -H,(A)|>71) > p/2.
Since H,,1(A) equals A (A) with probability 1/2, we have
P (|Hus1(A) = Hy(A)| > 7) > p/4. This implies that H,(A)
cannot converge in probability. This is a contradiction, and we
conclude that H.(A) € {0, 1} with probability 1. ]

The following lemma states that fixing the initial phase does
not change the entropy rate. Note that in the following we have
already established the existence of the limit on the left-hand
side, and claim that the right-hand side limit exists.

Lemma 9. For 0 < ¢ < p, we have

I\%ILHOONH(Xl Y| )=I$ILHDONH(X1 IY1", #(So) = ¢).

Proof: By (8), we have H(XN|YN) = H(XN YN, ¢(S0)).
by taking A as the always true event. Thus, our aim is to show
that for any 0 < ¢ < p,

HXY Y, ¢(S0)) = HXY YT, ¢(So) = @).
By stationarity, we have P (¢(Sp) = —¢’ mod p) = 1/p for any
0 < ¢’ < p. Thus,
p-1

HXYYN, 6(S0) = >

1
BH(XlN 1YY, ¢(So) = —¢’ mod p).
¢'=0

(27)
Recall that ¢ is fixed. For a given 0 < ¢’ < p, denote ¢ = ¢’ +¢.
Note that ¢ > 0. We have
H(X{'Y{Y, ¢(So) = ~¢' mod p)

@) ,
CHXNIYN, Sy, Sn. ¢(So) = —¢’ mod p)
=HXN YN, Sy, Sn. 6(Sy) = ¢)

®)

ZHXNYNY Sy, Sn. 6(Sy) = )

©

SHXNY Sy, Sn.6(Sy) = ¢)

@
SHX) Y Sy, Sn.6(Sy) = ¢)

Y+l

(O] N+y |y, N+y —
= H(X,, 1Y, Sy, SN, 6(Sy) = ¢)
() N+, N+

= HX) Y 6(Sy) = )

CHONWN, 6(50) = ),

where (a) is by the RHS of (8) since the number of states
is finite; (b) is by the Markov property; (c) is by the LHS
of (8) since we have added a finite number ¢ of binary random
variables; (d) is again by the LHS of (8), now removing a finite
number ¢ of binary random variables; (e) is by the Markov
property; (f) is by the RHS of (8); and (g) is by stationarity.

Thus, we have shown that

HXN YN, ¢(So) = —¢" mod p) = H(XV Y], 4(So) = ¢).
Using this in (27) we obtain
HXPYIYY, ¢(S0)) = HXN Y)Y, 6(So0) = @),

completing the proof. [ ]
The following proposition establishes slow polarization. It
is in a similar vein to [6, Theorem 20].

Proposition 10. For 0 <A <d, 0<e < 1, and N =2", the
following holds:

lim % {i: HU:\U YN, D(8)) < €} (28a)

nlg&%Hi cHUAUTL YN, S0, Sn. D(D)) < €}|  (28b)

1
1 - lim —H(X]Y|Y], S0, Sy, D(A))

- n—oo N (28¢)
1

=1- lim —HXNYY,D()) (28d)
n—oo N
1

=1- lim NH(XIN 6] (28e)



and

lim %Hi cHUUTL YN, D(A) > 1 - €} (29a)

N i
nlggoﬁHz L H(U;|\UTL YN, S0, Sv, D(A)) > 1 - €}| (29b)

1
= lim NH(X{VWN,SO,SN,D(A)) (29¢)
n—oo
1
= lim —HX][Y)Y,D(A)) (29d)
n—oo N
. 1 N |yN
=nl£130 NH(XI Y. (29¢)

Proof: We first prove (29e)=(29d), which implies
(28e)=(28d). Note that D(A) is a union of the events ¢(Sy) = ¢,
where ¢ = A (mod d). Given D(A), each such event has
probability 1/q, by stationarity. Hence,

2

@=A (mod d)

HXV YN, D(A)) = LHGM YN, 6(50) = 0).

Note that the number of summands is g, by the Chinese
remainder theorem [19, Theorem 2.12.6]. Multiplying both
sides by 1/N and taking limits with n — co, we use Lemma 9
to obtain the desired equality.

We next prove (29d)=(29c), which implies (28d)=(28c). We
do so by using the notation =~ from Definition 1. By the RHS
of (8), and noting that the number of states is finite, we have
HXNYN,D(A) = HXNYY, So, Sy, D(A)), from which
the equality follows.

We next prove that (29¢)=(29b) and (28c)=(28b). First, note
that for the random process (H,, (A));,, as in Lemma 3,

1

N
E [A,(A)] = Z HWU UL YN, So, Sn, D(A))

N i=1
1
= NH(U{VWN,SO,SN,D(A))

1
= NH(X{VWN,SO,SN,D(A)).

Thus, lim;, . E [ﬁn (A)] equals (29¢). By the bounded con-
vergence theorem [18, Theorem 7.3.1] and Lemma 3,

lim E [A,(8)] =E [12201@”(@] =E [Au(0)]
=P (Hw(A) =1) =P (Ax(A) >1-¢€), (30)

where the latter two equalities are since Ho(A) € {0, 1} by
Lemma 5. Hence,

(29¢) =P (Hw(A) > 1 —€)

@ lim P (A,(A) > 1-€) = (29b), GD
where (a) is by [18, Theorem 10.1.1(3)] and since convergence
in probability of H,(A) implies convergence in distribution [18,
Theorem 10.2.1]. This establishes (29b)=(29c). The equality
(28b) = (28c¢) follows similarly, for the process (1 — H, (A)),.

Finally, we prove that (29¢)=(29a) and (28c)=(28a). To this
end, we define the random sequence (H, (A))"_,, where Hy(A)

was defined in (11) and the index i is drawn in the same manner
as in Lemma 3. Now, utilizing the chain rule we obtain that

1 X .
E [H,(A)] = N STHUUTL YN, D(A))
i=1

1 1
= SHWUY Y, D(A) = CHX VY, D(A)).
Taking limits on both sides yields that
1 N
lim E [H,(A)] = lim —H(XN|Y]",D(A)) =E [Ax(d)],
n—oo n—oo N

where the latter equality is since we have shown above that
(29d) = (29¢) = (29b) = E [H(A)], see (30) and (31). Next,
since conditioning reduces entropy we have H, (A) > H,(A).
By [6, Lemma 19], this implies that H, (A) converges in L,
to He(A). Since H,(A) is also bounded, then L; convergence
implies convergence in probability and thus in distribution.
Now, using the same argument as for (31),

(29¢) = P (Hw(A) > 1 =€) = lim P (Ha(A) > 1 - €) = (292).

To see that (28c) = (28a), we repeat the above for the process
(1 - Hn(A))n- ]

IV. PROOF OF FAST POLARIZATION
To prove fast polarization, we first define M(A) for all
0<A<d,
1
d-min{n; : s € S(A)}’
Recall that for any s, we have by irreducibility and stationarity
that 7y > 0, and hence M (A) is well defined (the denominator
is positive). The utility of M(A) is seen in the next lemma,
which allows us to bound the probability of two dependent
events by their marginal probabilities.

Lemma 11. Fix 0 < A <dand N =2" > d. Let A,B C
XN x YN Then,

M(A) =

(32)

P(OXN M)y ea and (OGN, V) € BD())

<M(A)-P ((XN,Y,N) € A]D(A)))

(OGN, V2V € D). 633)

Proof: See Appendix A. [ ]
Recall the definitions of U;, V;, Q;, R; from Section II. For
agiven0<A<d, N=2" and 1 <i < N, denote
Zn(A) = Z(U;|Qi, D(A))
Z,(A) =Z(U; +V;|Qi, Ri, D(A))
Zy(A) = Z(V;|U; + Vi, Qi, Ri, D(A))
and
Ien(A) = K(UiIQi9 SO’ SN’ D(A))
K;, (A) = K(U; +Vi|Qi, Ri, So, San, D(A))
K (A) = K(V;|U; + Vi, @i, R, So, San, D(A)).
Lemma 12. Fix 0 < A<d N=2">d, and 1 <i < N.
Then,

Z-(A) <2-M(A)-Z,(A) and Z:(A) < M(A) - (Z.(A))>.



This is an extension of [4, Section VI] for our scenario.
Proof: We first prove that Z, (A) <2-M(A) - Z,(A). As
a shorthand, denote for an i clear from the context,
P (Ui =u, Qi = q|D(A))
P(Vi=0v,Ri = V|D(A))
PWUi=uVi=0v,0i=gq,

p(u,q) =
pv,r)=
plu,v.q,r) = =r|D(4)).
We further denote
ag =p(0,q), by =p(l.q),
¢ =p(0,r), dr=p(Lr).

Observe that by Lemma 11, we have

(34)

p(u,v,q,r) < M(A)p(u,q)p(v,7). (35)

Indeed,
Z,(8) =23 NP (Ui +Vi=0,0i = ¢,

q.r

Ri = rID(A))

AP U +Vi=1,0i = ¢,
=2> V(p(0,0,¢,r) +p(1,1,q,1))
q,r

R; =r|D(A))

(p(0,1,4,r) +p(1,0,4,7))
2M(A)Z\/(aqcr+b dr)(aqd, +bycy)

— 2M(A) Z V(@ +b3)erd, +(c2 + dPagb,

Comny S (\/(ag +b2)crdy +(c + d%)aqbq)
q,r

(;) 2M(A) D ((aq +bg) Verdy + (¢ +dy) \/aqbq)

q.r

< a)

22@&;@)

D OM(A)Z, (D),

where (a) is by (34) and (35); (b) and (c) follow from the

inequality va + B8 < +a + /B, which holds for @, 8 > 0; (d)

holds since a, +b, =P (Q; =¢q), ¢, +d, =P (R; =r) and we

sum over all ¢ and r, respectively; finally, (e) is by stationarity.
Next,

Z:{(A)IZZ\/P(VizovUi+‘/i:t’Ql q, —V|D(A))
q,r,t
AP (Vi =1,U; +V; =1,0; = q.R; = r[D(A))
=2 > VP (Ui =1,Vi=0,0; = ¢,Ri = r[D(4))
q,r,t
ANP(WU; =1+1,V; =1,0; = q,R; =r|D(A))
=2 Z \/p(t,O,q,r)p(l +t,1,q,r)
q,r,t
(a)
<2M(A) D Vp(t.q)p(1+1,q)p(0,r)p(1,7)
q,r,t
am(8) 3 Vp(0. 9)p(L.g)p(©0.)p(L.7)
q.r,t

“Doma) - 22\/%17 o d,

= M(A) 2> Naghy -2 > Ve, d,
q r

D M (A (Za (M)

where (a) is by Lemma 11, (b) and (c) are since ¢ can be
either 0 or 1, and (d) is by stationarity. ]

Lemma 13. Fix 0 < A <d N =2"
Then,

K (A) <d-M(A) - (K.(A)? and KF(A) <2-K,(A).

This is an extension of [5, Proposition 12] to our scenario.
Proof: Recalling (13), we denote

>d and 1 <i < N.

A(sny) = (50, SN, S2N ),

where we have deliberately omitted the dependence on sg, son -
By summing over sg or spn in S(A) we obtain

D AN = Py son (SN2 528), (35a)
S0€S(A)

> Alsw) = Psysy (50, SN). (35b)
>N ES(A)

For (59, SN, S2n) € S?V(A), we have by (32) and the Markov
property
A(sy) < d- M(A)Psy sy (50, SN)Psy.5on (SN5528). (36)

We further define for sg, sy, son € S?V (A) and i clear from the
context the following shorthand

Pu,.0150.5n (4 qls0, SN)

Zp (1, q)

PV, RiISn.Son (0 F|SN, S23)

Z P (v,r)

PUf,v,-,Q,-,leso,szN(u, v, ¢, 7|50, 52n)

PN (u, q) =
P (q) =
P (v,r) =
PN (r) =

p;(Z)N (u’ v, q’ r) -

PN (t,v,q,r) =
psN(tq,r) =

Py,v, Vi, 0:.Ri1S0.8n (10, @, 7150, S23)

Z PN (t,0,q,1) (37)
KS”(UIQ)—ZIP (0.9) = p3N (1, 9)|

KoY (VilR:) = Z [P (0,7) = iy (1,7).

Denote
7 (50, %, 52n8) = Ps,.5,n (50, S2N3).

We then have

(0, %, s2n) P (u, 0, q,7)
= 71(50) Ps, |50 (S2ns0) psa™ (u, 0, g, 1)
= 1(50)Pu,.vi,0:,R;.San S0 (U5 U, 4, 7, SN [ S0)

=m(s0) D, PU.vi.0wRi.Sw 515 (s 0 ., SN, S2N]0)
sn €S (A)

=n(s0) D, Pu,.0i.Sn1S(Us s SN |s0)
SN ES(A)

Py, Ri.Son|Sn (U575 S2N |SN)

=m(s0) >, Psyiso(snlso)ps (u,q)
SN ES(A)

(v.7)
(38)

“Ps,y1sy (S2n[sN) Py

= 20 AGNIpY (u, @y (v,1),
SNES(A)



where the latter equality is since m(sg,SN,S2N)
7(50)Psy 150 (SN 150) Psyy sy (S2N SN )-
Denote the set Sy = {s0, son : (50, 52n) € S(A)}. Then,

K (A)_ZZH(SO’*“?ZN) |p;2N(O q’r)_ﬁ;(zyN(l’q’r”'
Sx 457

We first bound the inner sum for some fixed (sg, s2n7) € S«.

ZR(SO,*,SzN) P2 (0.q.7) = p2N (1,q.7)]

= Z |7T(SO, *, SZN)pYZN (O q, r) - 7T(S0, *, S2N)pS(]N(] q, r)i
q,r

C3 S A0 DR @ ) - p w0+ 1)

sNES(A)

Z psn ) (P (v.q) = piy (v+1, q))‘

q.,r

<Z/l(SN)
sNES(A)
—ZA(sN)ip;,N(O q) - PN (1, g)|- [Py (0,r) -
sNeS(A)

= >, ALK (Ui|0)KEN (ViIR:)

snES(A)

© o
<d-M(A) D) Psysy (s, sn)KSN (Ui|Q0)
SN ES(A)

PN (1,1)]

“Psy son (SN, S2N) KGN (Vi|R;)
(d)
<d-M(A) D) Psysy(so,sn)KY (Ui|Q0)
sneS(A)
Z PSN 52]\] (SN> SZN)KSZN (VilRi)7
sy €8(A)

where (a) is by (37) and (38), (b) is by the triangle inequality,
(c) is by (36), and (d) is by adding nonnegative terms to the
sum. Finally, by summing over 8, we obtain

K, (A) =d-M(A) - (K.(A)>
Next,

K;(A) = Z Zﬂ'(S(), *, 52N) |ﬁ3r5N (t’ 0, qu)_ﬁi(z]N (t’ L, q,}’)| .
Sy t.q,r

Similar to the above, we first bound the inner sum for some
fixed (so, s2n) € Sy,

D w50, % 52n) [N (1,0, g, 1) = PN (1, 1,q. 7))
t,q,r

-3

t,q,r

Ps,.son (50, 528) PN (1,0, 4, 1)

_PSO’SZN (S()’ SzN)p_féN (t7 1» q’ r)

> Asw) (P (P (0.)

1.q.r sneS(A)

(i)

P+ L (L))

PR (1,1))

%Z > Aw (P @ (0.0 -
t.q,

rlsye8S(A)

3 Asw) (PR ) (3 0.) - p3) (1,q>))|

sNES(A)

Z Aty @ s 0.0 - pi (10 )

sNes(A)
+ 3 A(sN>p;y<r)(Z|p;y(o 9 -p3y(1.9))
sNeS(A)
= D) AGNKINVIR) + D) AGsn)KN (UilQ)),
SNES(A) SNES(A)

where (a) is by (38), (b) is by the following algebraic identity
that holds for any four numbers a, b, ¢, d,
(a+c)(b-d)+(b+d)(a-c)
5 )
and (c) is by the triangle inequality and since ¢ is binary.
It remains to sum over 8,. Recalling (36), stationarity implies
that

D ASNKEY (ViR:) = D Psy.son (v, 52n)KS2N (V| R;)
83, () SN 52N €83, (A)
= Ien(A)
> AsNKN (Uil Qi) = D, Psy.sy (s0, sn)KSN (Ui Q)

83 (A) 50,5n €82, (A)

ab—-cd=

Thus, we obtain
K} (A) < 2K, (A).

This completes the proof. [ ]

The following proposition establishes fast polarization. Note
that this is not yet Theorem 1, since that requires conditioning
on a finer event than D(A).

Proposition 14. Fix 0 < 8 < 1/2 and 0 < A < d. Then, for
N =2",

]1, {i - Z(Ui|0:, D(A)) < 2—Nﬁ}) =1-Hxy. (39

|
= {i - K(Ui|04, S0, Sn» D(A)) < 2-N“H = Hxpy. (40)

n—oo

Proof: We prove fast polarization using [21, Proposition
49]. We first concentrate on (39). By Lemma 12, the process
Z,(A) satisfies [21, Equation 167], with k = 2M(A). This also
holds if we offset our process to start at some n’ instead of 0.
As a shorthand, we write Z,, in place of Z,(A) in the sequel.
Fix 6 > 0. Thus, [21, Proposition 49] implies that there exist

n > 0 and ny such that for 8’ = (8+1/2)/2,

P (z,,+,,/ <272 forall n > nolz, < n) >1-5/2.

We now show that we can choose n’ such that
P(Zy <m)>1-Hxy —6/2. (41)
This will imply that
P (Zn+n’ <272 forall n > no, Zy < n) >1-Hxy —06.
Hence,
P (Z,Hn, < 22" for all n > no) >1-Hxy —6.
This implies that

o1
lim —
N

n—0o0

{i . Z(U;10:, D(A)) < 2-’”’}( >1-Hyy (42)



since 8’ > B and § > 0 is arbitrary. All that remains to prove
(39), is to show that the above “>" is in fact an equality. We
will come back to this point later.

To prove (41), we call upon Proposition 10 with € = /.
By, (28a), (28e), and (1),

nll_I)I(;lo]IJJ (Hn(A) < \/)7) =1- :H:X|Y~
Thus, there exists n” such that
P(an(A) < \/ﬁ) =1 —:H:;qy —5/2

By [5, Lemma 1], H,(A) < +/ implies Z,» < 5, which
establishes (41).

We now concentrate on (40). By Lemma 13, the process
K, (A) satisfies [21, Equation 167], with x = max{dM (A), 2}.
As before, this also holds if we offset our process to start at
some n’ instead of 0. As a shorthand, we write I%n in place of
K,(A) in the sequel.

Fix 6 > 0. Thus, [21, Proposition 49] implies that there exist
n > 0 and ny such that for 8’ = (8+1/2)/2,

P (12,,+,,, <272 forall n > ng

Ky < n) >1-6/2.
We now show that we can choose n’ such that
P(Ky <n) > Hxyy —6/2. (43)
This will imply that
P (Kn+n/ < 2_2%’ for all n > ng, Ky < n) > Hxy — 0.
Hence,
P (I%nm/ < 272"3/ for all n > no) > Hxpy — 6.

This implies that

lim |7 RWiQs S0, v, D) <27V} = 36y @)

since 8/ > B and § > 0 is arbitrary. All that remains to prove
(40), is to show that the above “>” is in fact an equality. We
will come back to this point later.

To prove (43), we call upon Proposition 10 with € =
By, (29b), (29e), and (1),

Tim P (H,,(A) > V1 nZ) = Hxyy.

Thus, there exists n’ such that
P (an(A) > 1= n2) = Hypy - 6/2.

By [5, Lemma 1], H, (A) > /1 — % implies K, < n, which
establishes (43).

To complete the proof, we now show that the weak
inequalities in (42) and (44) are in fact equalities. To see
this, first note by [5, Lemma 2] that Z(U;|Q;, So, Sy, D(A)) <
Z(U;|Q;, D(A)). Hence, (42) implies that

1-n2

1
tim |{i - (1101, S0, S, D(A) <27V} |21 = 3y, 45)
n—oo
and a strict inequality in (42) implies a strict inequality in (45).
Now, assume to the contrary a strict inequality in either (42)
or (44), or both. This implies a strict inequality in either (45)

or (44), or both. Thus, for all N large enough, there must exist
an index 0 < i < N, such that

Z(UilQ1, So, Sn» D(A)) < 27N,
K(UilQi, S0, Sn» D(A)) < 27N,

This cannot hold, since K+ Z > 1, by [5, Lemma 1]. ]

V. PROOF OF THEOREM 1

The following technical lemma will be used in our proof of
Theorem 1. Its proof is given in Appendix A.

Lemma 15. Let U be a binary random variable; W, Q general
random variables; and A1, A,,...,Ar mutually exclusive
events. Denote C = Ay U Ay U---U Ayp. Then,

4

Z(U|Q.C) = D> \P(A;IC) Z(U|Q, A)), (46)
j=1
l

K(U|Q,C) < X P (A/IC) K(UIQ,A)), (47)
Jj=1
t

H(W|Q,C) > ZIE” (A;1C) HW|Q, A;). (48)

J=1

Proof of Theorem 1: Recall the factorization (3), p =
d - q, where q is odd and d is a power of 2. Recall that ¢
is the common phase of all the vertices in ¥y and denote
A = ¢ mod d. Next, note that by (6) that for N = 2" > d we
have for all (sg,sy) € Wo X Py that (sg,sn) € S%V(A).
Proposition 14 with 8’ = (8+ 1/2)/2 in place of 8 implies
that

1 .
lim — {i L ZUUI YN D(A)) < 2—N“}| =1-Hyyy.
n—oo N

1y, i—1 -NFP
lim {;:K(in1 S0, Sn, D(A)) < 2 }|=J—CX.
n—oo

Note that the second equality is obtained by considering the
case in which the Y are constant, and hence nothing is gained
by conditioning on them. The proof of Theorem 1 will follow
by showing that there is some & > 0 independent of N and
0 <i < N such that

ZUUTL YN, A) < € ZWUAUSL YN, D(A)  (49)

and

K(U;|UTY A) < - K(U;|UTY, So, S, D(A)),  (50)

for N = 2" large enough. Indeed, we claim that & = ;%d suffices
for N > Ny, where u and Ny are as promised by Lemma 4.

For compactness, denote ¥y n £ @) x Wy. To show (49)
we apply Lemma 15 with

C ={(S0.5n) € 83 (M)},
A1 ={(S0,Sn) € Yon 1,
Az = {(S0. Sn) € 83 (A) \ Won}.



Note that by definition C and A; are simply D(A) and A,

respectively. Thus,
ZWilui LYY, D(a))

@ i-1 yN
> P (A1|D(A) Z(UUT Y)Y, Ay)
+P (A2|D(A) ZWUUT YN, Ay)

® i-1 yN
=P ((So, Sn) € Yon|D(A)) - Z(U: U YN, A)
_ P ((So,Sn) € Yo.n)

qr7i-1 yN
B (D) Z(W Ui~ YN, A)

(c) .
>p-d-Z(U U YN A)

=¢ 'z Uit YN, A)

where (a) is by (46), (b) is since A} = A and probabilities are

nonnegative, and (c) is by (5) and Lemma 4. This yields (49).

To show (50), we apply Lemma 15 with

C ={(So.Sn) € ¥on},
Aso,sN = {(SO’SN) = (SO’SN)}’

where in the above (so, sn) range over Wy n. Note that in this
case, C = A, and clearly C = U sy)e¥y n Asp.sn+ THUS,

K(UlUi™, A)
= K(Ui|Ui™", 0))

<ZIP’

S0,.SN
(g) Z IP)(Aéo SN)
P(C)

(E)A i IP(ASOsSN’D(A))
- 2 IED(C)

S0,.SN

— Z So SN|D(A))
50, sNIP’(D(A)) P(C)

@ 1 i

< —— D) P (AgsnID(A) KU UL, So=s0, Sn=5N),
- S0,SN

= &-K(U|U, So, Sn, D(A)),

so.sv [C) K(UAUT™Y, So =50, Sy =sn7)
K(U:|U™Y, So=50, SN =5N)

K(Ui|Ui_l,So=So,SN=sN)

K(U;|UY, So=50, SN =5N)

where (a) is by (47), (b) is since A C C, (c) is since

S0,SN
Ag,sy S D(A), and (d) is by (5) and Lemma 4. This yields
(50), completing the proof. ]
APPENDIX A

AUXILIARY PROOFS

Proof of Lemma 4: By the Markov property, we must
show that there exist an Ny and a u such that for all N > Ny
and all sg, sy, son satisfying (12),

n(s0, SN, S2N) =

m(s0)P (Sn = sn|So = s0) P (S2n = son|SN = sn) > p.
By irreducibility and stationarity, we have for all sq that

7(80) = Mmin = minzx(s) > 0.
se8

Hence, our claim will follow by showing that there exists Ny
and ¢’ > 0 such that for all N > Ny and all sg, sy satisfying
¢(sn) — ¢(so) =N (mod p),

P(Sy = sn|So =s0) > .

Namely, we can take y = mmin - (u')%/2.

By [22, Theorem 1.3], there exists Ny such that for all
o,w € 8 such that ¢(w) — ¢(0) = Ny (mod p), we have
P (Sn, = w|So = o) > 0. We take y’ as the minimum of this
probability over all o and w as above. Now, for N > Ny define
8" ={oce8:¢(cr)—¢(sog) =N - Ny (mod p)}. We have

P (Sn = snISo = s0)
Z P(SN—NO = 0'|S() = S())]P)(SN = SN|SN—N0 :0')

oe8’

D P (Sn—n, = S0 = s0) 1’

oe8’
!

v

The equalities follow by periodicity of the Markov chain and
the definitions of 8" and ¢; the inequality follows since ¢(sn)—
¢(0) = Ny (mod p) for any o € &, by our definition of &,
and our assumption that ¢(sy) — qb(so) =N (mod p). [ |

Proof of Lemma 11: For (x1 ,y1 Ny, (xN+1,yN+1) e XN x
YN, denote by a()c1 V] Ny and b(x2N ) the following
events:

N+1’yN+1

a(xl ,y )_ {(XN,YN) (xl > V1 )}
b(xN+l yN+l = {(va’Xl’YZH) = (xN+1 yN+1)}

We start by noting the following: it suffices to prove that for
all ()c1 Y Ny, (xN+1,yN+l) e XN x YN we have

P (aGe, 1), b3, 03[P @) < M(a)
P (a1 [Ca)) - B (G303,

Indeed, this would imply (33), since

D(A)). (51)

]P’((XN,YlN)eA and (X2 Y2+1)EB‘D(A))

N+1°
DN P (aGeY ), 603 [P ()
(VY )eA (xRN, vay, ) €B
SYVIINIED Y 1 PTE R TIoteN )
(xN.yN)eA
Z (b(xNH yN+1 D(A))

(x3N vy )eB
- M(A) P ((XN,Y{V) c A’D(A)))
P (OGN, V2N € Bp()).
To prove (51), we start with its LHS and note that
P (ae v, b33N D)

>

SN ES(A)

93 Psw = snlp@) B (a5 = sn. D))
SNES(A)

D(A))

(a(xl Y1 ) SN _SN’b(xN+l’yN+]

(b(xN+l’yN+1 Sy = SN’D(A))



P (a(xf],yllv),SN =SN D(A))

QS P(Sy =snID(A) -

B A) P (SN - sN|D(A))
P (503N, 30, Sv = sn|D(8)
]P’(SN = s D(A))
NI py F e oS =salpia)

(b(xN+1’yN+1) SN =N D(A))

(a(xl ). SN —SN|D(A))

© % 1/d

sned(a) Tsn

P (b3, 33, S = sw[D(A)

Yy 3 (a(xl M), SN_SN)D(A))
SN ES(A)
(b(xN+1’yN+1) SN =N D(A))
?M(A) DY (a(xl ). S —SN‘D(A))

SNES(A) sy €8(A)

(b(xN+l’yN+1) Sy = sy

P (a1, Sy = su|D ()

2

s €8(A)
= M) P (alx, y) D)) - P (66330 D).

where (a) is by the Markov property; (b) is valid since the
denominator is positive by irreducibility and stationarity; (c)
is since for sy € Sy, we have
I ___PMO®)  _1/d
P(Sy =snID(4)) P(Sy=sn,D(A) 75y

=M D)

SNES(A)
(b(xN+1’yN+1) SN = SN|D(A))

where the latter equality holds since D(A) C {Sy = sy} and
by (5); (d) is by (32); and (e) is since the sum over s}, adds
nonnegative terms to the RHS. This completes the proof. H
Proof of Lemma 15: Since the events (A;); are mu-
tually exclusive and their union is C, we have P (A;|C) =
P(A;) /P(C). To keep the notation light, for a general
event A, we denote P(U =u,Q =q|lA) = p(u,q|A) and
PU=u,Q=q,A) = p(u,q,A). Observe that p(u,q|A) =
p(u,q,A)/P(A).
Recall that by the Cauchy-Schwarz inequality, for sequences
(aj); and (bj); of the same length we have

{[2e)zs) 5o

Using the above inequality with a; = /p(0,¢9,A;) and b; =

vp(l,q,A;), we obtain
Z(U|Q.C) = 22 Vp(0.4|C)p(1,4|C)

=5 (C) > Vp0,4.0)p(1,4.C)

2 4 ¢
~ PO ;J(ZP(O"I’AD) (j/Zzlp(l,q,A,f)

Jj=1

l
> > \P(0.4.4p)  p(1.g,4))

q j=1
P AJ)

\/p(O, ql4;) - p(1,q14;)
q

This yields (46).
To prove (47), we have with the above notation and using
the triangle inequality,

K(U|Q.C) = Z Ip(0,4|C) - p(1,4|C)|

= —Z|p(0 q.C) —p(1,4,0)|

PO) 4
t
- %Z > (p(0,q,A)) - p(1,4, 4))
q |j=1
1 4
< 5 2 2 |P(0..4) = p(1.g. A))|
IP)( ) q j=1
14
-3 P(l $ 2lp(0.9,47) = p(1,9,4))
j=1 q
P (4))
- p(0.ql47) = p(1,qlA,)

M-~

IP’(A IC) K(U|Q, Aj).
1

~.
1l

To prove (48), we define an indicator random variable J that
under C equals j if we are under event A;. Since conditioning
reduces entropy,

M«\

H(WIQ,C) = HWIQ,C,J) = > P (4;IC) HWI|Q,C,J = j)

.
Il
—_

M-~

> P (4/IC) HWIQ, A)).

.
Il

This completes the proof. [ ]
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