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Abstract— The min-sum approximation is widely used in the
decoding of polar codes. Although it is a numerical approximation,
hardly any penalties are incurred in practice. We give a
theoretical justification for this. We consider the common case of a
binary-input, memoryless, and symmetric channel, decoded using
successive cancellation and the min-sum approximation. Under
mild assumptions, we show the following. For the finite length
case, we show how to exactly calculate the error probabilities of
all synthetic (bit) channels in time O(N*°%%), where N is the
codeword length. This implies a code construction algorithm with
the above complexity. For the asymptotic case, we develop two
rate thresholds, denoted R;, = Rr(\) and Ry = Ru(\), where
A(+) is the labeler of the channel outputs (essentially, a quantizer).
For any 0 < 8 < % and any code rate R < Rj, there exists a
family of polar codes with growing lengths such that their rates
are at least R and their error probabilities are at most 2=~ 7
That is, strong polarization continues to hold under the min-sum
approximation. Conversely, for code rates exceeding Ry, the error
probability approaches 1 as the code-length increases, irrespective
of which bits are frozen. We show that 0 < Ry, < Ry < C, where
C' is the channel capacity. The last inequality is often strict, in
which case the ramification of using the min-sum approximation
is that we can no longer achieve capacity.

I. INTRODUCTION

Polar codes are a family of capacity-achieving error cor-
recting codes with efficient encoding and decoding algorithms,
introduced by Arikan [1]. In this paper, we study the setting of
a binary-input, memoryless and symmetric channel. Although
many generalizations to this case exist [2]-[16], it is arguably
the most basic and common one. Moreover, it affords a very
efficient hardware implementation using the numerical min-sum
approximation (MSA) in the decoder.

The seminal decoding algorithm of polar codes is called
successive-cancellation (SC) decoding. It is a recursive algo-
rithm that makes repeated use of the following two functions:

f(Lg,Ly) = 2tanh™* <tanh (g) - tanh <[;b>> (D)

gu(Laa Lb) = (_1)u Lo+ Ly . 2

The functions gg and g; are simple to implement, since addition
and subtraction are hardware-friendly operations. However,
the f function is somewhat complicated, since hyperbolic
functions are expensive in terms of calculation time and power
consumption. Therefore, in many practical implementations the
MSA is used [17]. That is, similar to what is done in LDPC
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Fig. 1. The capacity C' and the thresholds Ry and Ry, of a BI-AWGN
with 3-bit quantized output. For reference, the capacities of the corresponding
non-quantized BI-AWGN and AWGN are also given.

decoder implementation [18], the f function is replaced with
a simpler function f given by

f(Laa Lb) = sgn(La) . Sgn(Lb) : min{lLa‘7 ‘Lb|} )

where sgn(-) is the sign function defined as

3

1 ifz>0,
sgn(z) 2< -1 ifz<0,
0 ifz=0.

For the non-approximated setting, L,, Ly, and the outputs
of f and g are log-likelihood ratios (LLRs) corresponding to
certain channel outputs. For the approximated setting, we use
the generalized term ‘labels’ for the corresponding quantities.
At the base of the recursion the labels L, and L; are obtained
by applying a labeling function A(-) on the channel outputs.
The full definition of A(-) is given in Section II. Informally,
A(y) is a quantized version of the LLR corresponding to the
channel output y, up to a positive scaling constant.

The MSA is also used in decoders that are derivatives of the
SC decoder, such as the SC list decoder [19] and the SC stack
decoder [20]. Often, the MSA incurs only a small penalty in
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Fig. 2. The capacity C and the thresholds Ry and Ry, for the BSC(p).

error rate [21, Figure 7], [22, Figures 7-8], and [23, Figure 4].
In this paper, we analyze this phenomenon.

The following theorem is our main result for the asymptotic
case. The theorem promises two rate thresholds, Ry, and Ry,
when employing the MSA in SC decoding. Below Ry, strong
polarization is guaranteed, while above Ry the error probability
approaches 1. Figures 1 and 2 plot these thresholds and the
channel capacity C' for the binary-input additive white Gaussian
noise (BI-AWGN) channel with quantized output, and for the
binary symmetric channel (BSC), respectively. As can be seen
in these figures, Ry, Ry, and C' are all rather close. However,
note that Ry is strictly smaller than C. That is, in these cases
using the MSA means that we can no longer achieve capacity.
The theorem assumes that a “fair labeler” is used, as defined
in Definition 2 below.

Theorem 1. Let W be a binary-input, memoryless and
symmetric channel. Fix 0 < § < % Let \(-) be a fair labeler.
Then, there exist thresholds Ry, = Ry, ()\) and Ry = Ry(A),
such that 0 < Ry, < Ry. When using SC decoding and the
MSA, the following holds. For any code rate R < Ry, there
exists a family of polar codes with growing length N such that
their rates are at least R and their word error probabilities
are at most 2~N". Conversely, for code rates exceeding Ry,
the word error probability approaches 1 as the code-length
increases, irrespective of which bits are frozen.

If we only assume a fair labeler, Ry, is weak but still positive,
and Ry is trivial. For a significant subclass of fair labelers,
“good labelers” (Definition 1), both bounds can be significantly
strengthened. A good labeler is often the case in practice.

For the finite-length case and the good labeler setting, we
develop an algorithm for calculating the exact error probability
of each min-sum synthetic channel, defined in (10). The running
time of our algorithm is O(N!-58%). Note that in the non-
approximated setting, no such algorithm exists, only a method
to calculate bounds on the error probabilities [24].

II. NOTATION

Denote by W : X — Y a general binary-input, memoryless,
and symmetric channel with input alphabet X = {0,1} and
output alphabet ). For each pair z € X and y € Y the input
probability is p(z), and the transition probability is W (y|z).
Hence, the joint probability is given by W(y;x) = p(z) -
W (y|x). We will assume that p(z) is symmetric, i.e. p(0) =
p(1) =1/2.

For n € N denote N = 2" and let (X;, ;)" be N i.id.
pairs, each distributed according to W (y; z). Denote by U2 !
the polar transform of Xév ! For 0 < 7 < N, define the
following synthetic joint distribution':

W (o™l ) =
Pr(YON*1 = yév717 Ué'*l = uéﬁl, Ui =u;) .

@
By [1, Proposition 3],
@) <yévf17ugjfl;u2j) —
S W, (v B o sy @ sy
W, (A i) ©)
and

(2j+1) ( N-1  2j. _
Wy Yo —HUg 3U25+1) =

j -1 92j-1 2j—1
Wi, (vl @y sy @ )
'W](\‘IJ)Q (yg”,uﬁff;uzjﬂ) , (6)

where WI(O) (y;x) = W(y;x) and “®” is addition over GF(2).
In the above, uOfQI and ug]; ! are the even and odd entries of
ugj 71, respectively. As shown in [1], WJ(V2] ) and WJ(V2] +1) are
the result of applying the “—"" and “+” transforms, respectively,

on WJ(\?/)Q, up to a relabeling of the output.
For each joint distribution WI(\,i) we define the LLR Lg\i,) as

i o W gL iy, = 0
st)(ycj)v 1,u0 ') £ log, I(VL)( (J)v_1 ?—1 ; '
WN (yo yUg U = 1) N

Using the relations described in (5) and (6) we obtain recursive
transforms for the LLRs. Namely, these are (8a) and (8b) below,
once we remove all the tildes. The starting condition for this
recursion is LSO) (y) = logy(W(y;0)/W(y; 1)).

The SC decoder uses f and g to recursively calculate the
LLRs of all synthetic joint distributions, yielding a decoding
algorithm with running time O(N log N).

The min-sum SC decoder is a simplified version of the
original SC decoder, as it uses f (see (3)) instead of the
computationally heavier f during the recursion. Unlike f,
both f and g are positive homogeneous (i.e. multiplying both
inputs by a positive constant multiplies the output by the same
constant). This implies that the min-sum decoder is not affected

I'We find it notationally easier to track joint distributions instead of channels.
The latter is simply obtained from the former by multiplying by 2.



by scaling. Therefore, we further extend the approximation
and allow the initial labels at the base of the recursion not
to be LLRs, but some values obtained by applying a labeling
function A on the channel outputs. We now list 3 properties
required of a labeler A to be called a “good labeler”.

Definition 1 (Good labeler). A labeler A : Y — R is a good
labeler with respect to a binary-input memoryless symmetric
channel W : X — ) if the following holds:

1) Symmetry preservation: since W is symmetric, there
exists a permutation 7 : ) — ) such that for all y € ),
W(y|1) = W(n(y)|0) and 7(7(y)) = y. We require that
A7(y)) = —A(y) for all y € V.

2) Sign consistency: for all positive ¢ we have ay > a_q,
where oy = 7 ()=, W(y[0), and the inequality is
strict for at least one t.

3) Finite integer range: the range of \ is contained in
{—v,—v+1,...,v—1,~}, for some positive integer ~.

We also define a “fair labeler” as follows.

Definition 2 (Fair labeler). A labeler A is a fair labeler if the
first two requirements of a good labeler are met.

Note that if we were to take A(y) = LLR(y), we would
have a fair labeler, for any channel with positive capacity.
The last property of the good labeler is required only for
computational reasons, and is often the case due to quantization.
The justification for it is by the homogeneous property of f
and g and its implications, as described above.

Under the MSA, labels are calculated recursively by

L& (yév 1 y2i™ 1) _
f( o (yém Lt oty 1) L%}g(ym Jugly 1)) ,
LG () = (8b)

b (L 7 7 008 2 (7 025)),
with starting condition L( )( ) = Ay).

III. POSYNOMIAL REPRESENTATION

(8a)

For a fair labeler, we now define the synthetic joint
distributions (on the label ¢ and input w;) at stage ¢ of the SC
decoder and min-sum SC decoder. These are, respectively,

$tu) 2 Z W (ot ub ), )
llo 7“6 b
L%)(y 1”6 b=t
Wz X WG o)
N—1 _ i—1,
Yo 7“0 :

L ul Y=t

Denote by 71]5,1) the support of QS\Z,) (t; u;) with respect to ¢. In

the setting of a good labeler, by definition, 7’50) C{—v,....,7}
As will soon become apparent, under this setting,
T S {2y, 20 ) (11

and wt(7) is the Hamming weight of the vector whose entries
are the binary representation of . Indeed, this follows by (12a)
and (12b) below, and the definitions of f and ¢ in (3) and (2).
Using the relations in (5)—(8), we obtain the following minus
and plus transforms of synthetic min-sum joint distributions.

Lemma 2 (Transforms of synthetic joint distributions).

2% (4 up;) = (12a)

> Q%}Q(fa; Uz B ugj41) - Q%}z(tb% Ugj+1)

ta,ty, U 41t

Ff(ta,ts)=t
Q) (tugj ) = (12b)
> QN/Q(ta%uzi ® uzjt1) - Qg\jr}z(tb%uzjﬂ) :

ta,lp,u2;:
Jug; (ta,ty)=t

The following lemma ensures that symmetry holds for the

min-sum synthetic distributions.
Lemma 3 (Symmetry of synthetic joint distribution).
2 (tu) = QW (—tu; 1) . (13)

The above symmetry implies that the probability of error at
the ¢-th stage of the min-sum SC decoder, when aided by a
genie that reveals the correct values of uz_l, is given by

PC( (”) 3000 +2-3° QY (10) .

t<0
To derive a Bhattacharyya-like upper bound on P, and to
aid in notation in general, we abuse notation and define the
following posynomial, in the indeterminate &:

Ve 2>y aWwo) ¢ .

The above is indeed a posynomial: all the coefficients are non-
negative as they are probabilities, while ¢ is not restricted to
non-negative numbers. We further define the following:

z(QV.¢) 22-Q0 .

Our upper bound on F, is presented in the following lemma.

(14)

15)

(16)

Lemma 4 (Bhattacharyya-like bound). For 0 < &, < 1,
P Q) <z (aV.) -

We remark that setting & = 1/+/2 and removing the tildes
yields the Bhattacharyya bound on the error probability at the
i-th stage of the non-approximated genie-aided SC decoder.
Also, we may optimize over &, to yield the tightest upper
bound, denoted

7z (QV) & jmin 7 (QV.6) -

The above optimization is an instance of geometric program-
ming, and can thus be efficiently computed [25, Section 4.5].

The following shows that the evolution of Z and Z* is
similar to the evolution of the Bhattacharyya parameter in the
non-approximated setting.

7)

(18)



Lemma 5 (Bhattacharyya-like evolutions). For 0 < § < 1
and 0 < j < N/2 we have

Z(QW &) <22 (Q008) . (%)
£(077.6) - (2(ws) -
Furthermore,
7 (Q§") <22 (QN/Q), (200)
@) (= (@) ew

To prove the above, we state the following two lemmas.

Lemma 6 (Bound on posynomial minus transform). For all
0 <& <1 we have

QW (&) <2 Q&) - @1)
Lemma 7 (Posynomial plus transform).
o 2
Qe =2+ (QF).0) (22)

The previous lemma implies that the coefficients of

~§3j 1) (&) can be calculated efficiently from those of QW) &).

_ N/2
We now show an analogous result for QE\Q,J )(5 ). In aid of this,
we define the “above” and “below” posynomials:

INIGERY <ZQ ) (23)
teT]&r) t'>t

BY (¢ Z (Z QY ) (24)
teT]E;) t'<t

Namely, if we write out QS\? (&) in ascending order of powers
of &, then the coefficient of £ in flg\z,) (&) (resp. BE\Z,) (&) is
the sum of the coefficients strictly above (resp. below) the
monomial Q%) (t;0)&t.

Let T'(€) and A(€) be two posynomials. Denote by [£!] T'(€)
the coefficient of ¢! in ['(¢). Define the “positive” and
“negative” operators, and Hadamard (element-wise) product:
these operators return posynomials, where for all ¢,

¢ _JETE  t>o,
[f]pos<F(£)>—{[§_t]r(§) i0 (25)
¢ _JETE)  t<o,
[5]neg<F(£)>—{[§_t]P(§) f=0 (26)
(€ (T @A©) = ([€1T©) - (ETAE©) - @D

Lemma 8 (Posynomial minus transform).

2(Q9)2©) @ (2-pos (49),(©)) + %), (9)))
+2(QV),(1/) © (2-neg (BY), () + Q9),(1/€)))
( i 8)

IV. FINITE-LENGTH CASE

In this section, we assume a good labeler. For the finite length
case, our aim is to calculate P, (QS\? forall 0 < i < N,
where the codeword length is N = 2". The expression for this
is given in (14), which we can recast using (26) as

Pe(~§3)) = neg< ()(£)>L:1

We use (22) and (28) to calculate Qﬁ@(g) for all ¢, and
then apply (29) to yield the error probability. The following
two lemmas specify the complexity of calculating Qg\zﬂ )(5)
and Q%J +1)(§) from Q(] ) 5(£). Namely, the complexity of
calculating all the coefﬁments of the former, given all the
coefficients of the latter. Recall that 7'5\1[) is defined in (11).

(29)

Lemma 9. The complexity of calculating Qﬁj)(f) Sfrom
~(j (9)
QW)2(©) is O (ITx)al).

Lemma 10. The complexity of calculating Qggj +1)(f) from
(4)

QW) €) is O (ITR)al - log(ITR)al) ).

The following theorem is our main result for this section. It
shows that the complexity of calculating all the probabilities
of error P, (Qg\l,)) is polynomial in the codeword length N
and in v (recall Definition 1).

Theorem 11 (Total complexity of evaluating P.). When using
a good labeler )\, the complexity of calculating P, (QS\?) for
all 0 <i < N is O(N™2231og N - ylog~y). We simplify this
to O(N*58% . ylog 7).

V. ASYMPTOTIC CASE

In this section we prove Theorem 1. We first do so assuming
a fair labeler, and then show how to significantly improve the
thresholds Ry, and Ry for the case of a good labeler. The
following three results are required for deriving Ry,.

Proposition 12. Let By, By, ... be i.i.d. random variables
such that Pr(B; = 0) = Pr(B; = 1) = 1/2. Let Sy, S1,. .. be
a [0, 1]-valued random process that satisfies

Sna Bn :07
Sn-ﬁ-lgl‘f'{ 1

n>0.
Bni1 =1,

- (30)

Then, for every ¢ > 0 and 0’ > 0 there exist n' =n'(¢',d', k)
and n =n(€e,d8 k) > 0 such that if So < n then

Pr(S, <€ foralln>n')>1-4¢". 31)

This is [26, Equation 171], and is the crux of proving [26,
Proposition 49]. The expression for 1 is given in the penultimate
displayed equation in [26, Appendix A], where r is defined
slightly before as the largest positive solution of K"+ (2k)™" =
2. In our setting, S,, will be related to Z*. Thus, by (20), we
specialize to k = 2. Plugging x = 2" into 2" + 47" = 2 yields
x+1/ 22 = 2. The three roots of this equation are 1, ¢, and

~1, where ¢ = 3 - (1 ++/5) is the golden ratio. Thus,

—p
r = logy () and n(d') = 8 (87 )2)V Tog2 ¢



The following result is an immediate corollary.

Corollary 13. Let Sy, S1,... be as in Proposition 12, with
Kk =2. Fix € >0 and n > 0. Then there exists n' = n'(€’,n)
such that if So < n then

Pr(S, <€ foralln>n")>1-48(n), (32)

where

8'(n) £ (1+v5)/2

The following result is of primary importance and will be
used directly to prove Theorem 1.

2. (8n)°82% and ¢ = (33)

Proposition 14. Let Sy, S1,. .. be as in Proposition 12, with
k=2 Fix0<8<1/2,7n>0,and 6 > §(n), where §'(n) is
given in (33). Then, there exists ng = ng (8,6 — §'(n)) such
that if Sy < n then

Pr (Sn < 272" for all n > no) >1-6. (34

A. Fair Labeler

Proof of Theorem 1: For Ry, we first recall that any de-
coder operates on the output of W, after it has been labeled by
. Thus, it effectively sees the channel Q(¢|z) = 2- ng) (t; ),
as defined in (10). We take Ry as the capacity of this channel,
which is valid by the strong converse to the coding theorem,
see [27, Theorem 5.8.5].

We now work towards deriving Ry,. Consider a polar code
of length N' = 2" with non-frozen index set A = {0 <
i< N:25QW) < 27"}, where p/ = BE12 By the
“genie-aided decoder” argument in [1], the union bound, and
Lemma 4, the error pr(,)bability of such a code is at most
|A]- 27V < N.27N" < 2-N”  where the last inequality
holds for N large enough. Thus, we must find an Ry, such
that for R < Ry, Al > N -R.

Consider the set A’ ={0<i < N : CJ(\? < 2*Nﬁ,}, where

¢ = 2+(Q\”) and
C(i) B 2- Cj(\%;) 1 1s even, 35)
ARG ) iis odd.

By (20), we have for all 4 that C]((,') > Z*(QS\Z,)). Namely,
A’ C A. Thus, it suffices to find an Ry, such that for R < Ry,
fixed and all N large enough, |A’| > N - R. For any M = 2™,
we use the definition of ¢'(-) in (33) and define the following:

M—-1

Ry(M) 2 % 3 max{l —5’(g§?}),o} .

Jj=0

(36)

Proving the following two items will complete the proof:

1) For a given M and R < Ry (M) there exists ng such
that for all n > ny we have |A’| > N - R.

2) There exists an M such that Ry, (M) > 0.

To prove the first item, assume that R, and therefore Ry, (M),
are positive, otherwise the claim is trivial. For each one of
the M indices 0 < 57 < M, we invoke Proposition 14 with
6 = 8'(C7)+ (Ru(M) = R).n = So = (i and p" = 25112

in place of . Denote the ng promised by the proposition as n(j ),

Now define ng'™* = . By (34), for n > m + ng'™*
2(n m)ﬁ

the fraction of indices 0 < 7 < N such that ( N <27
is at least

1 M
MZmaX{l
—Zmax{l—&’

_ % Zmax {1-8c8).0} + R - Ri(M)
§=0

=R.

_ 7)
max; nO

- (5’(4“}5}) + Rp(M) — R) ,o}

| V

)+ R~ Ri(M), R~ Ry,(M) |

For the first item to hold, we take ng > m+n’nax large enough
such that for all n > ng we have 2™ 2 mm < 2” 2 _
2=V (ensuring |A’| > N - R) and N -2~ N

We now prove the second item. That is, it is always possible
to find an M such that Ry, (M) > 0. We first show that

7*(Q\”) < 1. Indeed,

< 9N,

(©
5 2(Q.9)
£=1
where the inequality follows by item 2 in Definition 1.
Hence for & < 1 sufﬁ01ently close to 1 it must hold that
(Q1 ,€0) < 1. Thus, Clo) Z*(Q(0 ) < 1. Next, note that

M
¢ ,@4 D= ( fo)) . Take M as the smallest power of 2 that

is at least log, b where a = §( and b = n(1/2) = 0.327254.
For this choice, Ry,(M) > 17 > 0, by considering the last
term in (36). [ |

=1 and >1,

2@.9)|_,

B. Good Labeler

We now show how both thresholds Rj, and Ry can be
strengthened in the case of a good labeler. We give a simplified
description here. We give a full and more nuanced description
in the expanded version [28]. For Ry, we observe the following
regarding the proof of Theorem 1. Any definition of Cz(\?') that
satisfies ¢\ > Z*(Q) for all 0 < i < N is valid. Thus,
for a parameter V' = 2V < M, and all indices 0 < k<V,
define C‘(,k) Z*(Qﬁ/k)). For N > V, define g“](\z,) recursively
according to (35). This improves Ry, (M), which we now denote
as Rr,(V, M), since for polarization stage v we are calculating
the exact values of Z*(QgC )), as opposed to bounds on them.
By Lemmas 9 and 10, we can indeed calculate ng ) efficiently.

To strengthen Ry, we now define Ry (V') as the average
capacity of the channels corresponding to ng) over0 < k < V.
The proof of this threshold being valid is given in [28]. In
essence, we employ a so called “block-genie” that corrects us
after N/V decisions have been made. Each block of size N/V
corresponds to N/V uses of one of the above channels, and
hence we cannot code for this block at a rate exceeding the
capacity of that channel.

The two figures in this paper were derived with V' = 12 and
M = 36, and pruning as described in [28].
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