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When viewed under coherent illumination, scattering materials such as tissue exhibit highly
varying speckle patterns. Despite their noise-like appearance, the temporal and spatial variations
of these speckles, resulting from internal tissue dynamics and/or external perturbation of the
illumination, carry strong statistical information that is highly valuable for tissue analysis. The
full practical applicability of these statistics is still hindered by the difficulty of simulating
these speckles and their statistics. This paper proposes an efficient Monte Carlo framework that
can efficiently sample physically-correct speckles and estimate their covariances. While Monte
Carlo algorithms were originally derived for incoherent illumination, our approach simulates
complex-valued speckle fields. We compare the statistics of our speckle fields against those
produced by an exact numerical wave solver and show a precise agreement, while our simulator
is a few orders of magnitude faster and scales to much larger scenes. We also show that the
simulator predictions accurately align with existing analytical models and simulation strategies,
which currently address various partial settings of the general problem. © 2023 Optical Society

of America under the terms of the OSA Open Access Publishing Agreement
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1. INTRODUCTION

When a camera images a scattering volume illuminated by coher-
ent light, captured images are characterized by pseudo-random
patterns called speckle. Despite their noise- like appearance,
speckle patterns have strong statistical properties that provide
rich information about the scattering material that is being im-
aged. These statistical properties have been studied extensively
in optics [1-11], and form the basis for many imaging techniques
in application areas where scattering is important, such as medi-
cal imaging and remote sensing.

In the past, speckle statistics has been studied in two dis-
jointed contexts: spatial and temporal. Temporal speckle statis-
tics [12, 13] are mostly used for imaging liquid dispersions [14,
15] or temporally varying blood vessels [16] deep inside tissue,
in techniques like diffuse correlation spectroscopy [17-22], laser
speckle contrast imaging [12, 23, 24], and dynamic light scatter-
ing [25, 26]. The study of these statistics attempts to analyze mo-
tion in the volume. The idea is based on a set of theoretical results
relating the temporal variation of speckle intensity to the particle
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(blood-cell) motion speed inside the tissue, and on a diffusion
relation connecting the speed of Brownian motion to particle
properties. At the same time, speckles exhibit important spatial
correlations. For example, speckle images are approximately
shift-invariant with respect to small perturbations of illumina-
tion, a property known as the memory effect (ME). This property
has been exploited in a variety of applications, including seeing
through a scattering layer and behind corners [27-36], measur-
ing intrinsic material parameters [37], as well as adaptive-optics
focusing of light through highly-aberrated materials [10, 11, 38].

Despite much research on temporal or spatial statistics, there
is little usage of joint spatio-temporal statistics, in part due to
limited understanding of such statistics, and due to the lack of
good simulation tools. While the most accurate way to com-
pute such statistics would involve exact solutions to the wave
equations [39—41], such solvers are computationally prohibitive
and can only handle toy scenes. One popular large-scale ap-
proach [42] exploits Monte Carlo (MC) algorithms for the sim-
ulation of positive temporal-only correlations, at a fixed sensor
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location and under fixed illumination conditions. However, the
simulation of spatio-temporal correlations between measure-
ments at different positions was not addressed.

This paper offers two main contributions. First, we develop
MC algorithms for the evaluation of complex spatio-temporal cor-
relations. Second, beyond computing statistics, we can sam-
ple complex-valued speckle fields with physically-correct statistics.
These fields can be thought of as realizations of spatio-temporal
transmission matrices whose second order statistics are indistin-
guishable from those produced by an exact solution to the wave
equation. As we show below, this new ability is highly valuable
in the design of tissue imaging algorithms, and in particular in
the training of machine-learning systems [43, 44].

To this end we build on our recent MC rendering framework
[45, 46], computing the spatial correlations between speckle fields
measured at different sensor positions and under varying illu-
mination conditions. We extend this for the evaluation of spatio-
temporal correlations. Beyond computing pairwise correlations,
the approach can realize complex speckle fields with accurate
covariance statistics.

We compare our approach against a previous MC toolbox [42]
for computing temporal-only speckle correlations, and we also
validate the spatio-temporal correlations against an exact wave
solver in flatland.

We demonstrate two possible applications of such spatio-
temporal correlations. The first application scenario has to do
with motion tracking. It is usually believed that blood motion is
a combination of Brownian motion in a random direction and a
directional flow along the vessel direction. However, the tempo-
ral speckle literature evaluates mostly the Brownian component.
While there is evidence that in certain applications the Brown-
ian component is indeed dominant, there are fewer attempts to
study application scenarios with dominant directional motion,
in part due to the difficulty in simulating such correlations. This
is due to the fact that the directional motion is manifested as a
spatio-temporal correlation rather than a temporal-only effect,
since a cell that is imaged at pixel x and time t would be imaged
at a neighboring spatial pixel x + A, at a successive time frame.
With our approach, we show for the first time how to simulate
this effect and how to disentangle the directional and Brownian
motion components.

In a second application, we revisit a recent empirical study on
dynamic wavefront shaping [47], where different approaches for
computing a wavefront correction are compared in a medium
consisting of a combination of static and dynamic scattering
layers. It has been suggested that iterative wavefront shaping
algorithms effectively correct mostly the static aberrations and
thus they are more stable over time. While the results in [47] are
based on an experimental setup, our approach can synthesize
spatio-temporal transmission matrices with the correct statistics.
With such transmission matrices, we can simulate the setup
of [47] and re-validate their observation in a simple numerical
simulation, which can be more easily generalized to a large class
of scenes and materials.

Our simulator will be made publicly available on Github.

2. MODELING SPECKLE STATISTICS

Setting and notation.  We denote three-dimensional vectors (e.g.,
points o, i, v) with bold letters, and denote unit vectors with a
circumflex (e.g., directions @, i,¥). We denote the unit vector
from y to o as yo. We assume the illumination is fully-coherent
and unpolarized. Our sources and sensors can be either points

100

i, v or directions i, ¥. We often use point notation i, v for both
cases, except where context requires otherwise.

We consider scattering volumes V € R satisfying a few
common assumptions [48]: First, the average distance between
scatterers is an order of magnitude larger than the wavelength.
Second, the locations of scatterers are statistically independent.
Third, the motions of different scatterers are statistically indepen-
dent, and their average displacement is an order of magnitude
smaller than the distance between scatterers. Finally, we ignore
refraction and reflection events at the interface of volume V.

Bulk material properties. The optical properties of scattering
materials can be summarized by a few statistical parameters.
The extinction coefficient 0; of the material governs the density
of scatterers in the volume. It can be decomposed as 0y = o5 +
04, where the scattering and absorption coefficients o and o,
model the portion of energy that is scattered and absorbed upon
interaction with a scatterer. The mean free path is the average
distance in the volume that light travels between two scattering
events, and it can be shown to be inversely proportional to
the extinction coefficient MFP = 1/0;. The complex scattering
amplitude function s(cos 6) describes how a field interacts with
a scatterer: if a scatterer is illuminated from direction i, the
scattered field u at direction ¥ is proportional to s(i - ¥). The
phase function is defined as p(cos #) = |s(cos 8)|?.

Motion parameterization. ~ Scatterers are moving independently
with displacements following a distribution 7 (A¢). We model it
as a Brownian motion with a drift, so that
Ay =t-U+w,y/2D|t], 1)

where w is sampled from a 3-dimensional unit normal distribu-
tion, and the scalar t is the time interval of the displacement. The
above motion has two components: an isotropic Brownian mo-
tion with a diffusion coefficient D with the dimensions cm? /s,
corresponding to fluctuations of the particles in all directions,
and a mean direction U which encodes the constant velocity
flow along the vessel direction. The corresponding mean and
variance of the 3D temporal displacement are

E[A=t-U E [HAth[At}HZ] = 6DJt]. ?)
In thick tissue where the light crosses multiple vessels with
varying orientations, the flow direction often reduces into an
isotropic perturbation known as “random motion” [16, 49],
whose variance scales as a function of #? rather than as a func-
tion of t as the Brownian component. For accuracy we chose to
model this random motion with a mean displacement U, where
the direction of U is spatially varying (different U vectors in
different volumetric positions).

For ease of notation, the derivation below assumes that scat-
tering volumes are spatially homogeneous, meaning that scat-
terers are uniformly distributed, or equivalently, that the bulk
parameters as well as the motion parameters are the same ev-
erywhere inside a volume. In practice this assumption can be
easily removed and our implementation does take into account
heterogeneous spatial variation (and in particular, varying U
vectors).

Speckle statistics. We now consider a volume with multiple
scatterers as in Fig. 1(a): We denote the time-dependent position
of scatterers in the volume as Of) = {o1(f), 02()), . ..}. The posi-
tion 0,(0) of each scatterer at time 0 is sampled independently



155
156

157

158
159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182
183
184
185
186
187

188

Vol. X, No. X / X 2023 / Optica 3

from other scatterers, from the bulk material density. Then,
scatterer displacements are sampled independently from 7 (Ay).
Scatterer position at time ¢ is:

oyt) = oy (0) + Ay 3

Scatterers are illuminated from a source i, and imaged with
a sensor v. Knowing the exact scatterer locations at every time
step, we can solve the wave equation to obtain the complex-
valued scattered field ui,’o(t), which typically contains large fluc-
tuations with a semi-random noise structure known as speckles
(see flatland speckles in Fig. 1(b,c)). A camera usually only
measures the intensity of these fields I‘i,’o() |ul O(t) 2.

To capture speckle statistics, we can begin with the speckle
mean,

i) = Eoy [1°0)] @
Assuming scatterer density is stationary, the speckle mean is
time-invariant and we shorten notation and denote it as m,.

We can similarly define higher-order statistics of speckles. Of
particular importance will be the speckle covariance,

ip *
.mvz ,

©)

In this case,

Ci (h,t2) = Eo(t,t) [“3{0 (t) - u© (t2) } —my,

where (-)* denotes complex conjugation.
ui}lo (t1),ui%O (t,) are two speckle fields generated by the same
scatterer configuration at two time instances. The scatterer in-
stantiations are illuminated by two incident waves from iy, iy,
and measured at two sensors vy, v;.

As we discuss in supplement, the speckle mean can be
computed using a closed-form expression; in fact, because the
speckle mean is the aggregate of complex numbers of essentially
randomly-varying phase, it is typically zero (unless ballistic light
is present). Therefore, when characterizing speckle statistics, the
most challenging part is computing the covariance.

Note that our goal in this paper is to compute covariances
between complex speckle fields. Such covariances can be easily
translated to covariances of positive intensity images. Assuming
the speckles follow a zero-mean multi-variate Gaussian distribu-
tion, the Siegert relation can be used:

Eo(ntz) [Ilh (1).13,22/0(,52)}_]5001)[I‘i,ll,o(tl)] Eo(n,) [112’ (t )]
= |, () ©)

Computing speckle statistics. A straightforward approach for
computing the speckle covariance is to sample N different scat-
terer configurations O(f), ... ON(#), solve the wave equation for
each configuration at each time instance , and then compute the
empirical covariance:

iz,O”

i1,d i;,0
Clz tl,fZNfzul 'V2

(t )* —mit iz
V1,V2 2 Vi vy

@)

Fig. 1(d-f) shows speckle covariances evaluated with this pro-
cedure. However, solving the wave equation is only tractable
for a very small number of particles (a few thousands), and this
computational cost is further exacerbated by the need to repeat
this process multiple times. Our goal is to devise Monte Carlo
algorithms that can compute the same speckle covariance much
more efficiently.

©
5]

©
@

s .9')'5
ey

Field

Field
Field

1 incident 1 incident 2
X
Scatterer configuration

Rendered fields —uy°

Fig. 1. Speckle correlations: (a)Flatland geometry illustration:
we consider a volume with moving scatterers, under two illu-
mination directions, and measure the resulting field on a planar
sensor. (b-c) Given a statistical description of bulk material pa-
rameters, we can sample multiple scatterer instantiations, and
(b,c) illustrate two such instantiations. Below each scatterer in-
stantiation we plot the speckle field obtained by solving the
wave equation under two incident illuminations and at two time
instances. (d-f) illustrate some correlations in the data. (d) Spa-
E [, (to) -l (1)
correlation along a diagonal shifted from the center. This is the
memory effect correlation, as speckles generated under nearby
illuminations are correlated but shifted. (e) Temporal-only co-
variance for a fixed illumination i, and a fixed sensor point
Voi ety t2) = E [l (k) -l (12)" ]
the speckle fields are most similar, which is manifested by a
strong diagonal in the correlation matrix. As the time difference
increases, the speckles start to change. (f) Spatio- temporal co-
variance, where one wave is fixed and the other varies at both
= B [ul (to) - (1)"]
strongest at the central spot t = t,, v = v, where the two waves
are identical, but it has a strong elongated diagonal correspond-

ing to a non-zero constant velocity component U in the scatterer
motion.

° O(t1) ° O(t )

O(ts)

tial covariance c(vy,vy) = , note the strong

. At the same time instance

space and time: ¢(v, t) . The correlation is

3. PATH-INTEGRAL FORMULATION

The basis for a Monte Carlo evaluation of speckle covariance
is expressing it as an integral of paths through the scattering
volume, and then approximating this integral by importance-
sampling many such paths, summing their contributions. These
path integrals can be justified by the Twersky approxima-
tion [50, 51] and the correlation-transfer equation (CTE) [52],
which extends the well known radiative-transfer equation (RTE)
describing intensity propagation in a scattering media, to de-
scribe the covariance of complex fields. To simplify the flow of
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Fig. 2. Path pairs for speckle covariance: (a) A naive approach for computing speckle covariance should integrate path contributions
over all pairs of paths from i; to v and from iy to v,. However most such paths have random phases and do not contribute to
the correlation. (b) Covariance estimate can be reduced by considering only path pairs sharing all their nodes. Note that if we are
computing correlations at two different time instances t;, t5, the path X! traces the position of the scatterer at time instance ¢; and the
path X2 traces its position at time t,. (c) We can further simplify the covariance estimate and consider only the mean paths. Around
each node in the path we analytically integrate the contribution of all possible motions.

the main text we provide the full derivation in supplement and
only summarize here the main results.

For ease of notation, w.l.o.g we consider covariances between
two time instances of the form t| = —t/2, t, = t/2. We denote
the mean particle position by

(o(t1)+o(t2)), 8

0=

N

sothato (1) = 0 — 1/2A¢, 0 () = 0 + 1/2A¢.
We start by defining a mean path through the volume as an
ordered sequence

X° = 0;—...—0p,

©)

where B € {1,...,00} and we consider a pair of paths from i
to v! and from i, to v2 that share all their intermediate nodes,
and differ only in the start/end segments connecting them to
the source/sensor, see Fig. 2(c):

01,...,0g €V,

1

X =i =X vy, =i vy, (10)

Our main result, proven in supplementary, is in showing that
the covariance can be expressed as the integral over the space of
such joint path pairs

Cl, (44) =[x (48) a%,

where each path has a contribution that can be expressed as a
Markovian product of its segments

(11)

B
ce (3/3) = E}fbl' (12)

The contribution of central segments is identical to the contribu-
tion considered by classical Monte Carlo algorithms for evaluat-
ing temporal-only correlations [42]:

fi =7(8p,0p11 — 0p_1,0p) - p(8p_10p - 8,0p11) (13)
-&(Bp, 0p11) - 05 (Bp11) for2<b<B-1,

and the formula for the start end/segments (the b = 1,b = B
cases) is provided in supplement. Here p(+) is the phase function
of the material denoting the probability of turning from one
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direction to the next one upon interacting with a scatterer, and &
is the exponential attenuation along paths in the volume times its
redial decay: &(01, 02) = 1/[o—01] -exp(—%ot\oz — 01]). Finally

7(0p0p11 — 85-10p) =

e*kzD\f\\\fm*ﬁb\\2+ikf(fm*ﬁb)'U, (14)
is the integral of phase variations over all possible motions that
the node 6, could have taken. It can be seen that - is lower
when the time difference |¢| or the diffusion coefficient D, and
thus when larger motion is present the correlation decays. This
term is similar to the momentum accumulated by common MC
algorithms computing temporal-only correlations [42, 49]. Intu-
itively this term is smaller when the diffusion coefficient D is
larger, since for faster motion the phase variations of the two
paths are larger and correlation is lower.

The main difference between our derivation and the classi-
cal temporal-only correlation is that we evaluate covariances
between two different source-sensor pairs, and therefore the con-
tribution £/ of the first/end segments is different. To keep the
manuscript concise the exact formula is provided in supplement,
however, these are complex-valued terms taking into account the
phase accumulated along the start/end segments of the paths.
For the special case where the two illumination and viewing
directions are identical i; = iy, v = v», the contribution of the
start/end segments in our derivation collapse to the contribution
of the central segments in Eq. (13).

In Sec. 4 below we use Monte Carlo path sampling to approx-
imate the covariance integral of Eq. (11). The full justification
of this result is provided in supplement. However it can be
justified by the two insights illustrated in Fig. 2(a-b).

Naively, to define the field propagating from i to v at any
time instance one needs to sum the throughput contributions
over many paths of the form

i—X° (t)—v. (15)
The throughput is a complex number with a phase ¢ propor-
tional to the path length ¢(X):

§(3) = e,

where k = 271/ is the wavenumber at wavelength A.

(16)
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As a result, the covariance between two speckle fields can be
expressed as an integral over many pairs of paths: X! from i; to
v; at time —t/2; and path X2 from i, to vy at time #/2. Each path
has a contribution whose phase is proportional to the difference
between the two path lengths:

i (-5.4) <SR (-5)) -8 ()"

If the two paths are sampled independently, they have very
different lengths, and hence their contributions would have
rather random phases. As complex numbers with random phase
average to zero, such pairs do not contribute to the covariance.
The first insight in simplifying the covariance path-integral is a
central result from the literature [50, 53], detailed in supplement,
stating that the covariance integral can be computed by only
considering joint pairs of paths that share their central segments

17)

o1 . <
X (—%) =i1—=X°—1/28;—vq,

X2 (£) =ip—% +1/28—v,, (18)
where we denote the displacement sequence of the path as
Kt = Aty,...,Atp. Note that in the above equation we use
the same central sequence, but at two different time instances.
Such joint path sequences are illustrated in Fig. 2(b). With this
restriction the phases of the two paths are more consistent since
their central segment has roughly the same length. However, as
the particles are moving and the paths are traced in two different
time instances, their length can still vary.

By considering the space sub-paths X° and displacement
paths A, we can evaluate the covariance as the integral of con-
tributions from joint path pairs:

ii
x<At 3:3)

Unfortunately, the path integral in Eq. (19) cannot be evaluated
in closed-form. The second central insight in the simplification
of the path-integral is as follows. As the displacement of each
node is sampled independently from a Gaussian distribution,
at least the integration over displacements can be evaluated in
closed-form. In supplement we derive the following analytical
expression for the path contribution:

i1,dn t t
CV1/V2 T2 2

dA; dX°. (19)

v (4 4) = [ceg, (4 4) dBi = Hfb,

(20)

with the flf defined in Eq. (13). This implies that we can evaluate
the covariance by only integrating static paths, as illustrated
in Fig. 2(c) and outlined in the beginning of this section using
Eq. (11). The phase variations resulting from particle motion
around each node, are integrated into the momentum -y (-).

4. ESTIMATING SPATIO-TEMPORAL SPECKLE COVARI-
ANCES

Our goal is to compute the spatio-temporal covariance of Eq. (11).
Given the absence of analytical solution, we want to approximate
the integral using importance sampling. For that we sample N
paths from a distribution q(X°) of choice, and approximate the
covariance as
1 G (4§

Cilll/l‘%z ( 2/ 7) ~ N Z (i’s,n) ' (1)
While any distribution ¢(X°) would provide an unbiased esti-
mate in Eq. (21), the variance of this estimator can be largely

316

317

319

reduced using importance sampling rather than naive uniform
sampling. The estimation largely improves when we can define
a sampling strategy for which g is a good approximation of cgs.
We review below two sampling strategies for the temporal-only
case, which are defined by different choices of 4. We then adapt
them to the case of spatio-temporal covariance.

Computing temporal-only covariance.  Previous approaches com-
pute temporal correlation alone without spatial variation of
the source and/or sensor position. In this case i; = iy and
vy = v, and the paths %1, %% in the derivation of the pre-
vious section share all their segments. In particular, the for-
mula for flf (Eq. (13)) is equivalent for all b values, including
the first and end segments. We also note that apart from the
’y((‘)ﬁb\ﬂ — 6mb) component, the terms be essentially de-
fine a Markovian path distribution. Thus one way to evaluate
Eq. (21) is to use a path-tracing algorithm, sampling N paths X*"
in the following scheme:

1. Sample the first ray @ emerging from i.

2. While not hitting the volume boundary, repeat for every suc-
cessive segment:

2.1 Sample the next point 6, from a distribution

q(8y) = &(0p—1,05)* - 05(0p)- (22)
2.2 Sample the next direction @}, from the distribution
q(@p|0p) = p(@p—1 - @p). (23)

3. If the last node on path 63 is on sensor v, update using
Eq. (20)

1 Cxsin ( bl f)

= . 24

TN g .

Overall a path in this approach is sampled from a distribution

1o

The contribution of the path cys» is non zero, only if it reaches
the area of the sensor v, for such cases we note that the ratio
flf/(q((')b)q(d;ﬂ(')b)) is only the y(-) terms. Thus the estimate
can be expressed as

(") (25)

q(o|op) q(@p|0p).

.. 1 B —
ii t ot A A
Cv,v ('i' 7) Z H 'Y ob °b+1 02—102)' (26)
e b=1
ends in v

Below, we refer to this approach as basic path-tracing. Its main
drawback is that if the sensor area is small, the vast majority of
paths do not reach the sensor and a lot of computation power
is wasted without contributing to the estimate of Eq. (26), see
Fig. 3(a).

A more efficient sampling strategy that is commonly used
in computer graphics is based on path tracing with next-event
estimation [54-56], or variance reduction. Rather than waiting
for the path to hit the sensor, we explicitly connect the last node
to the sensor. As we sample only the first B segments, unlike
Eq. (25), the path sampling probability does not include the last
segment and can be expressed as

B-1

q(®") = q(06)q(d0|09) ;71:11 q(0p)q(@p|0p).

27)
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(a) Path tracing w/o next-event (b) Path tracing with next-event (c) Pairwise next event estimation

\Y/ Il'i- *Iz o "'iVl

Fig. 3. Path tracing strategies: (a) Basic path tracing samples paths from a Markovian path distribution following Eq. (25). Most paths
do not end in the sensor, and they are discarded. (In the figure, only purple curve is contributing and all blue ones are discarded) (b) In
a next-event estimation approach all paths contribute to the estimate, and moreover, every node on the path is explicitly connected
to the sensor. We weight each connection by the probability that a path-segment leaving that node will actually hit the sensor. (c)
Next-event estimation of path pairs: we only sample the central segment of the path, and connect it to two sources and two sensors.
The covariance estimate sums the throughput contributed from such connections.

As a result, the covariance estimate can be expressed as

B-1 . 1 n B— —
CW (-5, 5) = Z 'le“r(ﬁZﬁZH — 0, 405)- (28 CVr (-3, 3) N*Z f (o] '11 H’Y 004410, 19;), (30)
= b7
Since we do not sample the last segment, the ratio se The complete path sampling algorithm is provided in supple-
czon (-5, 5) a70 @ent, along with an extension for heterogeneous, spatially vary-
NtON (29) & ing volumes.
ar2 There are multiple ways in which the first node can be sam-

leaves the term fé’” in Eq. (28). Note that effectively, the for- s»  pled, and a good one may depend on the imaging geometry
mula for this term provided in supplement is the probability s+ of interest, see discussion in [46]. The simplest strategy is to
that when sampling a path leaving 65, we will actually sample a5 sample the first node uniformly. Alternatively we can sample
the segment connecting 6 to the sensor. The main advantage s it in probability 0.5 from |&(i1,01)|? and in probability 0.5 from
of Eq. (27) over the basic path-tracing approach in Eq. (25)is s |&(i2,01) \2.

that all paths contribute to the estimate, and estimation noise is
considerably reduced. Moreover, since all segments on the path s 5. SAMPLING A SPECKLE FIELD
are sampled using importance sampling, we can reuse them and

connect to the sensor from every node on the path, not only 37 In this section our goal is to sample a speckle field with the cor-
when it exits the volume, improving path utility, see Fig. 3(b). s rect spatio-temporal statistics. For that we assume we are given
In supplement we evaluate path tracing with and without next 1 alist of ] sources iy, ..., ij, sensors vy, ..., vy and time indices
event estimation. We show that for small sensor sizes, next- s t1,...,t j, and wish to sample ] complex numbers uilll, . ui,’}
event estimation provides a very significant acceleration. In 33 that have the same covariance as computed in the previous
practice MC simulations for diffused correlation spectroscopy 4  section. That is, for every j, k,

applications often use wide sensors, and for such, the next-event

estimation does not provide additional acceleration. However, E [ Mif i *} _E [ui,’] E [uik ] * Ci/j,i\’; (t:,t) (31)
as we see below, to extend path-tracing algorithms to the case AL / Vk VR

of spatio-temporal covariances, we need to exploit next-event

anni s A straightforward way to do that would be to use the algo-
estimation ideas.

ss  rithm of the previous section to compute all elements of the
Computing spatio-temporal covariance. To compute spatio- 37 J % ] covariance matrix, and then sample our fields as entries
tempora] covariance we want to consider two paths that can 388 of a multi-variate Gaussian distribution. To reduce the compu-
start and/or end at two different points. In this case the term 3 tational complexity, we suggest that we can use the subpaths
fbl has a different structure at the first and last segments of the 3% sampled in the Monte-Carlo process to directly generate fields
path (detailed in supplement), and this expression does not lend 3 with the desired covariance.

itself to simple sampling. As we have seen above, using the next ss We follow the strategy of the previous section and sample
event estimation strategy, there is no need to sample the last s N subpaths X*"". For each subpath we sample a sequence of
segment of the path, but rather include f} in the accumulated .« temporal displacements 5?/ from 7. We define N x | paths by
contribution. We can use a similar strategy for the first segment. 5, concatenating the same sub-paths to all sources and sensors, as
Rather than starting from the source and sampling the length .o; illustrated in Fig. 4.

of the first segment, we directly sample the first node 61 and

the direction @; of the segment 81,0, from some distribution g 527 (tj) = =" + E’t“/ —V;. (32)
of choice. Subsequent segments are sampled as before. As we

do not sample the first segment, we explicitly connect the first sz We define the sampled fields as the sum of contributions from
node to the source as in Fig. 3(c), and add to the summation its ses these paths. Each path has a phase proportional to its length and
throughput fé : s we also need to take into account the attenuation and scattering
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Fig. 4. Sampling speckle fields: We sample subpaths X*". To
achieve a field with consistent entries, each subpath is connected
to all source and sensors.

amplitude function at the first and last segments, as those are
not sampled by g. This leads to the fields

T L A’ 23
MV]' N 2 uVj 7 ( )
n=1
with
i 05(00) T S my . (el Ao
Uy, ql((‘)?,dyq’)s(lf’ol of,05) -s(0%_4,0% - 63, v))
B
(ij,0f) - (65, v)) [ 20 (1) ol 1 (1), (34)
b=0

A detailed pseudo-code for the field-sampling algorithm is pro-
vided in supplement. We emphasize that while the central seg-
ment X" is shared by all paths X} (t;), the lengths of the start
and end segments, connecting the first and last shared node
o, oj to different sources and sensors are different, and hence

for different entries j of the field the phases of u:’,;lj are different.
However, the fact that the same central segments are used to

render all entries of the vector ufZli leads to consistent speckles.
For example, if sensors vy, v, are located next to each other, the
phases of the segments (6% —vq) and (8% —v;) are similar
and a smooth speckle grain is generated, as we visualize in the
results section below.

In supplement we formally prove that the fields sampled with
this strategy have the desired covariance of Eq. (31). Intuitively,
this results from the fact that different paths are independent
and for each path the expectation of its contribution to the pairs
(ij,v;), (ix, vk) is the same as the pairwise path contribution we
sum in Eq. (28). We also validate this equivalence numerically
in the following section.

We emphasize that the fields generated by the algorithm de-
scribed in this section do not correspond to any physical particle
instantiations as simulated in Fig. 1. Yet, they have the same sec-
ond order statistics as fields obtained from a particle instantiation
followed by an exact solution to the wave equation. However,
the fields sampled with our algorithm do not contain any higher
order statistics, such as the C2 and C3 terms in [5]. In supple-
ment we also add to the sampled fields the speckle mean (the
ballistic term).

(©

D=10"cm?/s
6} |[——D=3x10"cm¥s

%1078

0 T e e e
0O 10 20 30 40 50 O 10 20 30 40 50

t[ns] t[ps]
MC correlaton & MC field
= = =MCX %  Theoretical formula

Fig. 5. Validation of temporal-only correlations: we compare our
algorithm against the MCX simulator [42], which is designed
to compute temporal-only speckle correlations. Our simulator
agrees accurately with MCX (dashed MCX curves are barely
visible), both when used to compute covariance directly and
when used to sample speckle fields. For large source-sensor
separation the correlation decay can also be matched with an
analytical formula. (a) Illustrating the simulated geometry and
medium dimensions. The simulation uses an MFP of 0.1 cm,
A = 500 nm, isotropic scattering, and the dynamic areas occupy
9% of the overall volume. (b) Evaluating two source-sensor
separations § using D = 1077 cm?/s and (c) evaluates two
diffusion coefficient values using § = 2 cm.

6. RESULTS

A. Validation

Temporal correlations.  In Fig. 5 we start by validating our ap-
proach on 3D scenes using the publicly available MCX pack-
age [42]. This simulator is aimed at computing temporal-
only correlations. In Fig. 5 we plot the temporal-only corre-
lation Cyy (0, t) as a function of t. The simulation uses point
source/sensors on the volume boundary separated by distance
6. In all cases we compute the correlation directly using the
covariance MC sampling algorithm of Sec. 4. We also sample
speckle fields using the algorithm of Sec. 5 and compute the
temporal correlations of these fields. All three approaches match
precisely. We also compare the prediction against the theoretical
prediction of correlation decay [57]. This prediction holds only
for large source-sensor separations, stating that

R (-4 veDr)  exp (~*72v6Di)

T 4l 1 2

(35)

where I; is the transport MFP, r; = \/O2+12, and 1, =
624 (2.33-1)? (ignoring refraction at surface interface).

Spatial correlations.  In Fig. 6 we simulate a static scene and plot

LA
Ci (0,0)

That is, we plot the correlation between a field u:, illuminated by

spatial-only memory effect correlations of the form

a directional source i and a field illuminated by a tilted source
at direction i + Ag. These memory-effect correlations decay as
a function of the tilt angle Ay. For thick volumes where the
diffusion approximation applies, the correlation decay can be
predicted by analytic formulas, known as the C1 term in [5].
In Fig. 6 we plot such correlations for media of two different
thicknesses. At all cases we keep the mean free path fixed at
0.3 cm and vary the anisotropy parameter g of the phase function
(so that while mean free path is fixed, the transport mean free
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Fig. 6. Spatial-only memory effect correlation between the
speckle fields generated from a sample under two directional
illuminations, plotted as a function of the tilt Ag between the illu-
mination directions. We plot such correlations for media of two
different thicknesses. We keep the mean free path fixed at 0.3 cm
and vary the anisotropy parameter g of the phase function (so
that while mean free path is fixed, the transport mean free path
varies). For the thinner volume our correlation decay agrees
with the theoretical C1 prediction at ¢ = 0, but differs from it at
larger g values as the diffusion limit is not yet achieved. For the
thicker sample the diffusion approximation is also valid with
g = 0.9. The simulation uses A = 500 nm.

path varies). For the thinner volume our correlation decay agrees
with theoretical prediction at ¢ = 0, but differs from it at larger
g values as the diffusion limit is not yet achieved. For the thicker
sample the diffusion approximation is also valid with g = 0.9.

Spatio-temporal correlations. In Fig. 7 we test the accuracy of
the spatio-temporal correlations computed by our algorithm.
As no Monte Carlo simulator is available we compare against
statistics evaluated with an exact wave-solvers [39]. For that we
sample many scatterer instantiations as in Fig. 1, solve the wave
equation exactly using a numerical solver [39], and compute the
empirical correlations as in Eq. (7). We restrict the comparison to
flatland as the solver [39] only supports flatland equations. We
simulate three different types of scatterer motions, illustrated
in Fig. 7(d-f). The first case is Brownian only, the second case is
a motion combining both a Brownian and a linear component,
and finally we simulate a purely linear motion. In Fig. 7(a) we
plot correlations of the form

. . *
o) =B [ud (4) b, ()]
The first row of each correlation image corresponds to the Ay =0
case, which is the usual temporal-only correlation. As can be
seen, there are also other correlations in the data which depend
on the spatial positions.

In particular, note that if we have a purely linear motion so
that for all nodes on a path Ay, = tU, and we also selecti; —i; =
vy — vi = tU, ie. the illumination and viewing directions are
“tracking” the particles and are shifted by the exact same amount,
then both paths have the exact same length and the correlation
should be high. Indeed, when the motion includes a linear
component we see a dominant diagonal in the correlation matrix.
This corresponds to a situation where the displacement of the
sensor point tracks the motion of the scatterers. In the simulation
of Fig. 7(a) the illumination is fixed. In Fig. 7(b) we repeat the
experiment, this time when the illumination is also shifting in a
way that matches the scatterer velocity,

= CIR, (5 4) = E[ud (-4) -l

(D, t) = CH o (36)

c(Ay, t) (37)

(1)

492

With this tracking configuration the correlation along the diago-
nal is even stronger. Finally, in Fig. 7(c) we repeat the simulation
using directional illumination. This saves the need of moving
the source, and strong correlations are present under a fixed
illumination.

For all evaluations in Fig. 7 the correlations produced by our
MC simulator match precisely those computed with the exact
wave solver, yet our simulator is several orders of magnitude
faster and scales to much larger scenes. We also demonstrate
that the correlations of fields sampled by the algorithm of Sec. 5
match with the direct covariance evaluation of Sec. 4.

B. Sampling speckle images

Fig. 8 demonstrates speckle images, sampled using our field
sampling algorithm described in Sec. 5. Unlike the toy scene of
the previous subsection, this sampling algorithm is implemented
using a realistic 3D scene.

While these are synthetic images they demonstrate physically
consistent correlations. For example, in Fig. 8(b-d), as we tilt
the illumination direction, the resulting speckle patterns are cor-
related shifted versions of each other. Also, in Fig. 8(d-f), the
simulated particle motion includes a linear component and a
Brownian component, and indeed when we fix the illumination
and visualize the speckle variation over time, we can also see
how the pattern is shifting. In supplement we demonstrate addi-
tional speckle images, sampled with a variety of medium param-
eters: changing the MFP, changing the phase function, changing
the diffusion coefficient, and changing the linear component. In
Fig. 8(g-k) we compute the covariances of the sampled fields
and compare them with a direct evaluation of the covariance
using the algorithm of Sec. 4, showing a precise match. This
validates our claim that the field sampling algorithm produces
fields with desired covariances. The image simulation includes
blurring by the imaging optics following the algorithm of [46],
using a numerical aperture of 0.5. As demonstrated below, this
algorithm can be used to sample spatio-temporal transmission
matrices with physically correct statistics.

C. Application: separating diffused and linear motion compo-
nents

One important application of measuring temporal correlations
is that it can be used to extract information about particle mo-
tion. The first approach is to fit the temporal-only correlation
formula of Eq. (35) with a parametric model that will allow the
estimation of the diffusion coefficient D. However, this formula
only describes the correlation as a function of D, and in many
contexts [16] there is interest in recovering the flow component
U as well. One way to approach this is with various extended
formulas [26, 49] that describe the temporal-only correlation as
a parametric function that depends on two parameters corre-
sponding to both D and U. However, as the correlation curve
is noisy for large temporal displacements, this approach is not
robust.

Alternatively, by exploiting spatio-temporal correlations, we
can obtain a richer description of the motion and separate the
Brownian (diffused) and linear component. One useful form of
spatio-temporal correlation is tracking [58, 59], and our spatio-
temporal simulator can help in the design of such systems. To
understand tracking, we first note that the linear component
U can be extracted simply by examining speckle images (e.g.
Fig. 8) and computing the shift at which correlation is maxi-
mized. Given U we can extract D by computing the temporal
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Fig. 7. Spatio-temporal validation: we validate the spatio-temporal covariances predicted by our covariance and field sampling
algorithms (Secs. 4 and 5) against covariances computed with an exact wave solver, using Eq. (7). All three approaches produce the
exact same covariances. (a) plot spatio-temporal Correlations for static illumination, as a function of the displacment between the

sensors and the time difference c(Ay,t) = E [ul, (-%) Uy ia, ( ) ] In (b) we also shift the illumination source to track particle motion,

demonstrating an even higher correlation. This evaluates ¢(Ay, t) = E [ui, (-%)- u:,J;AA"X (%) ] . Finally in (c) we simulate correlations

under directional illumination, which can detect strong correlations without moving the light source. We simulate three motion types
illustrated in (d-f): Brownian only motion, mixture of Brownian and linear motion as well as a linear only motion. For fully linear
motion, strong spatio-temporal correlations can be detected over long time instances. The simulation uses an homogeneous MFP=

401, D = 0.015A%/s, U = 1A /s, A, ranging from 0 to 2A, and t ranging from 0 to 2s.

correlation of a tracking system, when the illumination and sen-
sor point are shifting with the same velocity as the particles. To
see this, note that in a standard temporal-only correlation we
would measure:

cno tracking(t) =E [u;(()) . ”i/ (t)*] , (38)
and in a tracking system we measure
ek (t) = E [u,(0) - a1 (0] (39)

If both the start and end points as well as all nodes on the path
are shifted by tU, the path length is invariant to this shift and is
only influenced by the isotropic D component. To demonstrate
this, in Fig. 9 we simulated temporal correlations in a moving
volume, whose motion includes both U and D components. We
compare the temporal only (no-tracking) correlation curve of
this volume to the temporal-only correlation simulated using
the same D but U = 0. We see that these two curves are very
different and thus, in the presence of a U component the decay
of the curve cannot be used to extract D. In contrast, the tracking
curve in the configuration with U matches precisely the curve of
the U = 0 simulation. Thus tracking undoes the influence of the
linear flow and allows us to estimate the diffusion coefficient D
by fitting the temporal correlation curve.

D. Dynamic wavefront shaping

Wavefront shaping algorithms [38, 60, 61] attempt to overcome
tissue scattering and find modulated illumination, which is aber-
rated in a way that is conjugate to the tissue aberration. When
propagating through a scattering medium, the two aberrations
should cancel each other and all light energy is focused into
a sharp spot. Despite the large potential of wavefront shap-
ing ideas in overcoming tissue scattering, every tissue sample
would require its own unique modulation, and the estimation
of such a modulation is a time consuming optimization. This is
particularly challenging with dynamic samples as the modula-
tion should rapidly adapt to the change in the tissue. Recently
Blochet et al. [47] have experimentally tested the operation of
wavefront shaping algorithms in mediums that contain a mix-
ture of static and dynamic parts. They arrive at the interesting
observation that iterative wavefront shaping algorithms, e.g. in
an Hadamard basis [62], tend to estimate modulations that adapt
to the static part of the volume and hence they are more robust
to temporal variations. The authors explain this by the fact that
the modulation estimation algorithm relies on iterations that
project a modulation estimate onto the scattering medium and
re-update the modulation based on the intensity measured at the
desired focal spot. Due to the iterative nature of this algorithm,
the dynamic part that is changing between measurements is



595
596
597
598
599
600
601
602

603

604

605

606

607

608

609

610

611

612

613

614

615

’ ‘Vol. X, No. X / X 2023 / Optica 10 ‘

(a) Setup (b) uy (t1) (© ul?(ty)

M.C. field

M.C. covariance

0.0

NEN

0.2

(f) us (t3)

(d) us (1)

() ui (2)

(k) Chia (

|f1,

0.4 0.6 0.8 1.0

Fig. 8. Sampling speckle images: we use the algorithm of Sec. 5 to sample speckle images with consistent spatio-temporal variations.
(a) imaging setup. (b-d) Three speckle images under different illumination directions. Note how the speckles shift with illumination
angle, demonstrating memory effect correlations. (d-f) temporal variation of the speckle pattern for a fixed illumination. Again, due
to the linear component, the speckle patterns are shifting. In (g-k) we compute the covariances of the sampled fields and compare
them with a direct evaluation of the covariance using the algorithm of Sec. 4 showing that our sampled fields follow the desired
covariances. In our simulation the volume is illuminated by a plane wave starting at i; = 0° and tilting at angular intervals of 0.007°.
The simulated motion includes a mixture of linear and Brownian components with Uy =25cm/s, D =2 x 10~8 cm?/s. Temporal
images are sampled at intervals of 25 ps. We use MFP = 250 pm and isotropic scattering. Images are simulated with a 0.5 NA.

manifested as noise to the optimization, and mostly the static
part is fitted. The observation of Blochet et al. [47] is based on
experimental validation, which is limited to a particular setup.
With our simulation we can obtain the same results numerically
and test them over a wide range of imaging and material pa-
rameters. To this end we exploit the fact that we can sample
physically-consistent speckle fields as a function of illumination,
spatial sensing point and time, which is effectively the sampling
of a spatio-temporal transmission matrix.

The setup of our simulation is illustrated in Fig. 10(a). A co-
herent wavefront is modulated by an SLM with 1024 modes. A
camera is located at the back side of the sample and can monitor
the amount of energy at the desired focal spot, as well as its tem-
poral variation. We record the intensity Ip,cys at one pixel of the
validation camera for 2 seconds and use these measurements to
update the SLM modulation following the algorithm described
by [63]. After 2 seconds, we stop to update the SLM and record
the resulting intensity Igocus () for additional 4 seconds. We also
record the native temporal intensity variations Ispece(#) at the
same pixel for 4 seconds without applying any SLM modulation.
We compute the temporal intensity correlation as evaluated by

616

[47]:
Ec[I(T)-I(t+ T)]
Ec [1 (o))
We compute this temporal correlation for both focus and speckle
intensities. To reduce noise we average the correlations of 100
different transmission matrix realizations. We demonstrate in
Fig. 10(b-c) some of these correlations. As predicted by [47], the
intensity measured after a focusing modulation is computed,
is more stable compared to the native speckle variation in an
unmodulated setting, and the decay of the correlation as a func-
tion of time is lower. This observation is consistent for different
motion speeds and different MFP densities. As also observed by
[47], when the scatterers density in the dynamic part increases,
this layer induces more scattering and hence the decay of the
correlation is faster even after we find a focusing modulation.
To analyze the decay analytically, we follow [47] and fit
the normalized speckle temporal covariance with a paramet-
ric model of the form

@) =1+w|g(t),

2
2 —2ty . 2 %
0P ~exp (T (1+t S

82(t) = (40)

(41)

(42)
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Fig. 9. Separating motion components. We demonstrate the
temporal decay in correlation for a static source and sensor,
compared with the case where they are both shifting to track
the linear part of the motion velocity. Without tracking the
correlation decay mixes both a Brownian and a linear motion
components. When tracking is used, the remaining correlation is
only a function of the Brownian component. It precisely matches
the correlation observed in a volume with the same D param-
eter and no linear term (U = 0). The simulation uses isotropic
scattering, MFP = 0.1 cm, A = 500 nm, a linear motion velocity
of Uy =5 am/s, and two different Brownian motions simulated
in the two sub-figures.

where ¢ (#) is the normalized temporal covariance of the com-
Civ (0)
Cov(00)”

Intuitively, w is the dynamic portion of the volume, and when
this portion is larger the temporal correlation decays faster. In
Fig. 10(d-e), we display the average 1 — w and I values, respec-
tively. In Fig. 10(d), we see that the dynamic wavefront shaping
process achieves a larger static component, indicating that this
process strengthens the static path contributions over the paths
that have nodes on the dynamic part of the medium. Also, in
Fig. 10(e), the decay of the correlation is slower in the focused
configuration, indicated by a wider variance I'.

plex fields, which is expressed earlier in this paper as

7. CONCLUSION

This paper derives a Monte Carlo framework for evaluating the
spatio-temporal correlations of speckle patterns formed under
coherent illuminations. It also offers the ability to sample speckle
fields with correct covariances, which can be used for the real-
ization of spatio-temporal transmission matrices. This can be
valuable for the design of new imaging algorithms, in particular
for generating large-scale training datasets for machine-learning
algorithms, bypassing painful lab acquisitions. While we have
demonstrated some applications, we have only scratched the
surface of what can be done with spatio-temporal statistics and
we hope this new simulation framework will motivate future
exploration.

At the moment our proof of concept implementation is not
as fast as MCX [42]. We hope that some of the ideas introduced
for temporal-only MC [44, 64, 65], as well as incoherent path
tracing ideas developed in computer graphics [54-56], can be
incorporated into an efficient spatio-temporal MC simulator.
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Fig. 10. Dynamic wavefront shaping: we repeat the experiments of [47] with our numerical simulator. (a) Imaging geometry: the
volume includes a static layer and a dynamic one, the MFP of the static layer is 0.7 mm and the MFP of the dynamic layer is varied as
reported above. An iterative estimation of a wavefront shaping modulation effectively treats the dynamic layer as noise, and mostly
adapts to the static part of the volume. (b,c) The decay in correlation after a wavefront-shaping modulation is found is slower than the
native decay of the correlation with no modulation. This holds for different diffusion coefficients (different Brownian motion rates)
and different densities in the dynamic layer (different MFP). (d-e) we fit the decay with the analytical model in Eq. (41) and Eq. (42)
and report the 1 — w and I values, demonstrating again that the corrected modulation is decorrelating more slowly, as it has originally
adapted to the static part of the volume. In the simulation, the camera samples the speckle field at intervals of 243 ps.
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