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Abstract

We investigate several variants of bin packing problems in which items may be frag-
mented into smaller size pieces called fragments. While there are a few applications to bin
packing with item fragmentation, our model of the problem is derived from a scheduling
problem present in data over CATV networks. Fragmenting an item is associated with a
cost which renders the problem NP-hard. The first part of this paper is concerned with
worst case analysis; We analyze the following problems: Bin packing with size increasing
fragmentation, packing variable size bins with item fragmentation and the problem of size-
preserving fragmentation, i.e., when fragmentation does not change the size of items. For
each problem we investigate the performance of some well known algorithms such as Next-
Fit and First Fit Decreasing, as well as of other algorithms. The second part of the paper is
devoted to average case analysis. We present a new technique of average case analysis and
use it to analyze the performance of the Next-Fit algorithm for the problem of bin packing
problem with item fragmentation.
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1 Introduction

Because of its applicability to a large number of applications and because of its theoretical
interest bin packing has been widely researched and investigated. A comprehensive survey of
bin packing problem can be found in [CGJ96]. In the classical one-dimensional bin packing
problem, we are given a list of items L = (a1, ag, ..., a,), each with a size s (a;) € (0,1] and are
asked to pack them into a minimum number of unit capacity bins. Since the problem, as many
of its derivatives, is NP-hard many approximation algorithms have been developed for it (see
e.g., [UN76],[CGJI84)).

The bin packing problem presented in this paper is derived from a scheduling problem
present in data over CATV networks. In particular we refer to Data-Over-Cable Service In-
terface Specification (DOCSIS), standard of the Multimedia Cable Network System (MCNS)
standard committee. For a detailed description see [MCNS]. When using CATV networks for
data communication the data subscribers are connected via a cable modem to the headend.
The headend is responsible for the scheduling of all transmissions in the upstream direction
(from the cable modem to the headend). Scheduling is done by dividing the upstream, in time,
into a stream of numbered mini-slots. The headend receives requests from the modems for
allocation of datagram transmission. The length of each datagram can vary and may require
a different number of minislots. From time to time, the headend publishes a MAP in which
it allocates mini-slots to one modem or a group of modems. The scheduling problem is that
of allocating the mini slots to be published in the MAP, or in other words, how to order the
datagrams transmission in the best possible way.

The headend must consider two kinds of allocations:

1. Allocations for connections with timing demands, such as a CBR connection (referred to
as fixed allocations). These connections must be scheduled so as to ensure delivering the guar-
anteed service. For a CBR. connection, these would typically be scheduled in fixed, periodically
located minislots.

2. Allocations for connections without timing demands, such as a best effort connection.
These connections can use any of the minislots.

The headend therefore performs the allocation in two stages: in the first stage it schedules,
or allocates, minislots for connections with timing requirements. In the second stage all other
allocations are performed. Because different CBR connections have different requirements (i.e.,
different periods) and because the size of the MAP is not necessarily related to the connections,
the fixed allocations may appear in different locations in the different MAPs, which means that
every MAP might have a completely different structure.

The relation to the bin packing problem should now be clear. The items are the datagrams
that should be scheduled, each of which may require a different number of minislots. The bins
are defined by the gaps between every two successive fixed allocations in the MAP. The goal is
to use the available minislots in the MAP, in the best way.

One of the capabilities of the system is the ability to break a datagram into smaller pieces
called fragments. When a datagram is fragmented, extra bits are added to the original datagram
to enable the reassembly of all the fragments at the headend.

The subject of item fragmentation in bin packing problems received almost no attention
so far. This paper concentrates on aspects that were heretofore never researched, such as
developing algorithms for the problem and investigating their performance. We restrict our
attention to practical bin packing algorithms, i.e., of low order polynomial running time, and



examine both online and offline algorithms. Online algorithms are applicable to cases where
the items arrive in some order and must be assigned to a bin as soon as they arrive. Next-Fit
and First-Fit are example of online algorithms. Offline algorithms assume the entire list of
items is known before the packing begins, this knowledge may be used for sorting the items for
example. First-Fit Decreasing and Best-Fit Decreasing are examples of offline algorithms. In
addition to the classical definitions of bin packing, we also look into other environments such
as bins of variable sizes and finite number of bins.

As indicated earlier, to make the problem nontrivial a cost must be associated with frag-
mentation. In the scheduling problem, where items correspond to datagrams, the cost may
be due to the extra overhead bits that are added to each fragment for reassembly purposes.
Other fragmentation costs can be those resulting from processing time or reassembly delay. It
is interesting to note that when the cost associated with fragmentation is ignored the packing
problem becomes trivial, and when the cost is very high, it does not pay to fragment items and
we face the classical problem. Hence, the problem is interesting with the middle-range costs. It
has been shown [MCG98] that for non zero cost the ability to fragment items does not reduce
the complexity of the problem, that is, the problem of bin packing with item fragmentation is
NP-hard.

The scheduling problem we described can also be modeled as a Multiple Knapsack Problem
(MKP) [MT81]. In MKP we are given a pair (B, L) where B is a set of m bins (knapsacks)
and L is a set of n items. Each bin B; € B has a capacity ¢(B;), and each item a; € L has a
size s(a;) and a profit p(a;). The objective is to find a subset S C L of maximum profit such
that S has a feasible packing in B.

We are going to treat the Multiple Knapsack Problem in a future paper, where we deal with
some aspects in which the scheduling problem differs from the classical bin packing problem:

1. Variable size bins - The bins may be of different sizes.
2. A finite number of bins - The number of bins a MAP defines is finite.

3. Small bins - Not all items are necessarily smaller than all bins (as assumed in the classical
problem).

Another characteristic of the scheduling problem which we intend to explore in the future is
the ability to modify bin sizes. Since a bin’s size is a consequence of timing requirement it may
be possible to slightly alter some of the fixed location. This results in a variant of bin packing
where the bin sizes can be altered in a constrained manner.

The remainder of the paper is organized as follows. In Section 2 we address the problem of
bin packing with size-increasing fragmentation. Section 3 explores the case of packing variable
size bins. Section 4 discusses the problem of size-preserving fragmentation, i.e., when fragmen-
tation does not change the size of items. In Section 5 we present an average case analysis of
the NF' algorithm for the problem of bin packing problem with item fragmentation.



2 Bin Packing with Size-Increasing Fragmentation

In this section we study the variant of bin packing with item fragmentation where fragmentation
increases the size of an item. We define the problem similar to the classical bin packing problem.
The classical bin packing problem deals with equal-sized (unit capacity) bins and a list of items
each of which can fit in every bin. To handle fragmentation, we use a discrete version of the
problem and add a fragmentation cost function that adds overhead units to each fragment. We
proceed to formally define the problem.

Bin Packing with Size-Increasing Fragmentation (BP-SIF): We are given a list of
items L = (a1, as, ..., a,), each with a size s(a;) € {1,2,...,U}. The items must be packed into
a minimum number of bins, which are all the size of U units. When packing a fragment of an
item, one unit of overhead is added to the size of every fragment.

Ezample: Assume the bin size is U=10 and we are given three items of sizes 5, 6 and 7. We
can pack the items in only two bins in the following way: We pack the items of sizes 5 and 7
one in a bin and fragment the item of size 6 into two fragments of sizes 2 and 4. When we pack
the fragments we add one overhead unit to each, so their sizes become 3 and 5, respectively.
We pack the fragment of size 5 with the item of size 5 and the fragment of size 3 with the item
of size 7.

Performance Ratio: We use the same definition as is typically used in analyzing the
classical problem. For a given list L and algorithm A, let A(L) be the number of bins used
when algorithm A is applied to list L, let OPT(L) denote the optimum number of bins for a
packing of L, and let R4(L) = A(L)/OPT(L). The asymptotic worst case performance
ratio R is defined to be:

RY = inf{r > 1: for some N >0, Rs(L) < r for all L with OPT(L) > N} (1)

The bin packing problem is known to be NP-hard in the strong sense [GJ79]. We show that
the complexity of BP-SIF is the same.

Claim 2.1 BP-SIF is NP-hard in the strong sense.

Proof: We denote by D(BP-SIF) the decision version of BP-SIF and show that it is NP-
Complete in the strong sense. We do so by reducing the 3-PARTITION problem to a restricted
instance of D(BP-SIF). The 3-PARTITION problem (defined formally below) is known to be
NP-Complete in the strong sense [GJ79].

3-PARTITION: given a list L of n = 3m integers: wq,ws,...,w, and a bound B € Z* such
that B/4 <w; < B/2for j =1,...,n and 3} 7_; wj = m B, can L be partitioned into m disjoint
subsets Si, ..., S such that ) ;cq w; = B fori =1,...,m?

We define D(BP-SIF) as follows: given a list of items L, a size s(a) € ZT for each item
a € L, a positive integer bin capacity U and a positive integer K, is there a feasible packing
of L in K bins of size U? Any instance I of 3-PARTITION can be polynomially transformed
into an equivalent instance I’ of D(BP-SIF) by setting U = B and K = m. To realize the two
decision problems are equivalent note that, since the total size of all items is equivalent to the
total capacity of all bins, in any ”yes” instance of D(BP-SIF) all n items are packed without
fragmentation and the packing is therefore also valid for 3-PARTITION. Clearly the packing of
any ”yes” instance of 3-PARTITION is also valid for D(BP-SIF). It follows that the ”yes” and
"no” instances of the two problems are equivalent. A



When packing a list of n items into m bins, the maximum number of fragmentations possible
is n-m (each item is fragmented over all bins). From the definition of the problem it is obvious
that a good algorithm should try to perform the minimum number of fragmentations. Therefore
we would only like to consider algorithms that do not fragment items unnecessarily.
Definition 1: An algorithm A is said to prevent unnecessary fragmentation if it follows the
following two rules:

1. No unnecessary fragmentation: An item (or fragment of an item) is fragmented only if it
is to be packed into a bin that cannot contain it. In case of fragmentation, the item (or
fragment) is divided into two fragments. The first fragment must fill one of the bins. The
second fragment is packed according to the packing rules of the algorithm.

2. No unnecessary bins: An item is packed in a new bin only if it cannot fit in any of the
open bins used by A.

Algorithms that prevent unnecessary fragmentation have the following property.

Lemma 1 For any algorithm A that prevents unnecessary fragmentations - Ry < %, for
every U > 2.

Proof: Assume that the number of bins used by the algorithm is A (L) = m. Since A
prevents unnecessary fragmentation it can perform at most m — 1 fragmentations while packing
m bins (no fragmentation in the last bin), regardless of the size of the list. Each fragmentation
adds 2 units of overhead at the most. Therefore, in the worst case, 2(m — 1) units of overhead
are added to the total size of all items. Note that in this case only the last bin may be left
unfilled. Assuming the optimal packing does not fragment any item, the number of bins used
by it satisfies:

(m—-—1)U—-2(m—-1)+1 uv-2 1

OPT (L) > i :(m—l)T‘i‘ﬁ (2)

The asymptotic performance ratio follows:

A(L) mU m—00 U-2
Ry (L) = < Ca' T < —
a(L) OPT (L) = (m—1)(U—-2) +1 Ey =g
A
Remark: For the more general case, where r units of overhead (instead of one) are added to
the size of every fragment, it can be shown by similar arguments, that: RY < %, U > 2r.

We now have an upper bound on the performance ratio of any algorithm. In the remainder
of this section we investigate specific algorithms to find their actual performance ratio. For
a given algorithm A we define a version of the algorithm that allows item fragmentation and
denote it by A;. We investigate the worst case performance ratio of the following algorithms:
NF¢, NFD; (NFIy) and FFD; (BFDy).

2.1 Next-Fit with item fragmentation - NF}
The N Fy algorithm is defined similar to the NF' algorithm.



Algorithm N F - In each stage there is only one open bin. The items are packed, according
to their order in the list L, into the open bin. When an item does not fit in the open bin, it is
fragmented into two parts. The first part fills the open bin and the bin is closed. The second
part is packed into a new bin which becomes the open bin. Offline version of the algorithm
sorts the items in decreasing (NFDy) or increasing (NF1y) order before packing the list.

The N Fy algorithm is very simple, can be implemented to run in linear time and requires
only one open bin (bounded space). However, as we show next, similar to the classical problem,
the performance ratio the algorithm achieves is the worst possible.

Theorem 1 For algorithm NFy - Ryp, = g, YU > 6.

Proof: Lemma 1 provides an upper bound on the performance ratio of the algorithm. We
present an example that proves the lower bound. Let us first consider the case where the bin
size U is an even number. As a worst case example we choose the following list L: The first
item is of size U/2, the next % — 2) items are of size 1. The rest of the list repeats this pattern
kU times. An example of such a list, for U=6, is given in Figure 1. The optimal packing avoids
fragmentations by packing bins with two items of size U/2 or U items of size 1. The total
number of bins used is: OPT(L) = Sk + (% - 2) k = (U — 2) k. On the other hand, algorithm
NFy fragments each item of size U/2 (except for the first item). Overall 2(kU — 1) units of
overhead are added to the packing and therefore the number of bins used by NFy is:

NF;(L) = gk + QkUU_ Ly <% - 2) kw = [Uk - %w =Uk. (3)

A worst case example for the case where U is an odd number is similar. The first item in

L is of size (U — 1)/2, the next (% — ) items are of size 1. The rest of the list repeats this

pattern kU times. It is easy to verify that, as in the previous example, OPT(L) = (U — 2)k,
while NF;(L) = kU.

We conclude that for every U > 6 the asymptotic performance ratio is: R‘]’VOFf = %:fr((—?) =
U
U2 A

Az =3

a = a3 = A543 Akt 3.1 =3

Bl B2 BGI{-] B6k B] - B3k B3I¢+1 - B4k
NF¢ (L) = (U(U-2))OPT(L) = 6k OPT(L) =4k

. Item of size 1
Item of size 3

”””” Overhead due to fragmentation

Figure 1: An example for the packing of NFy for U = 6, the list is L = {3,1,3,1....3,1}.

When the bin size is very small the above proof does not hold. We now show that for the

values 3 < U < 5 the worst case asymptotic performance ratio is: R%’Ff = %



U:2: R?Ff =

W~

, for example L ={1,2,1,2,...,1,2}.

e U=23: R})VOFf = %, for example L = {1,3,1,3,...,1,3}.
o U=4: F]ovopf = %, for example L = {2,3,2,1,...,2,3,2,1}.
e U=5: R;’V"Ff = 3, for example L = {3,3,...,3,2,2,...,2}.

It is interesting to compare the N Fy algorithm to the classic NF' algorithm for which the
asymptotic worst case performance ratio is: Ry = UQ—EI, VU > 1. While the performance
ratio of NF is increasing with U the performance ratio of NF} is decreasing with U. This is
intuitive since as the bin size gets larger the effective cost of fragmentation gets smaller.

2.1.1 NFDj; and NFI; Algorithms

Given the poor performance of the NF} algorithm, one may ask whether sorting the items
before applying the NFy packing, would yield better results. It turns out that algorithms
NFDy and NFI; are very similar to the N Fy algorithm in their worst case performance. The
actual performance ratio of these algorithms depends on the bin size U, but in all cases it is
not far from the ratio of NFy. To avoid dealing with each value of U separately, we present an
example for a general value. The example serves as a lower bound on the performance ratio for
any value of U, but as we shell see in some cases the ratio may be even worse. Our list of items
is made of k items of size U — 2 and k items of size 2. An example for such a list, for U = 7, is
given in Figure 2. The optimal packing uses k£ bins where each bin contains two items, one of
each kind. The NFD; algorithm first packs k items, of size U-2, into k bins. Then k-1 items
of size 2 are packed into [2(k —1) /U] bins if U is even, or [2(k—1) /(U —1)] bins if it is
odd. The NFI; algorithm will use the same number of bins, since the only difference is that
the items are packed in reverse order. This simple example gives us the following lower bounds:

R¥rp, = R¥rr, 2 %, for any even U > 6 (4)
U+1
R%FDf :R%’Flf > U_1 for any odd U > 5 (5)
ti i -y —
(Y
a; =5 a =5 a = 5
T ........ I
B, B, By B B3 B - By
NFDAL) = NFIAL) = OPT(LY(U+1)/(U-1) = 4ki3 OPT(L) =k

Figure 2: An example for the packing of NFDy for U = 7, the list is L = {5,5,...,5,2,2,...2}.

The above example provides a lower bound. We now demonstrate that in some cases the
NFDy and NFI; algorithms can perform just as bad as NFy. The first example is for U=5



and a list L = {3,...,3,2,...,2}, for which R¥rp, = B¥pr, = BYr, = 3. To see that such
examples are not restricted to low values of bin size, consider U = 32 and choose a list of 15k
items of size 10 and 15k items of size 6. In the optimal packing the content of each bin is
{10, 10, 6, 6}, therefore OPT (L) = 7.5k. The total number of bins used by the algorithms
is: NFDy(L) = NFI;(L) = 8k, since all bins (save two) contain two units of overhead. The
performance ratio in this case is the worst possible:

8k 32 U
o o0 — —
Ryp1, = BNrpp, . |32 =Tk 30 U—2 (6)

On the other hand for some values of bin size, NF Dy and N FI; have a better performance

ratio than NFy. For example when U = 6, Rifpp, = R¥pr, = 3, while Ryp, = 3.

2.2 First-Fit Decreasing with item fragmentation - F'/F' Dy

We now develop an algorithm based on the FFD heuristic. Let us first describe algorithm
FFDjy which packs items from a list L, into a fived number of m bins.

Algorithm FFDy; - First-Fit Decreasing with item fragmentation: The algorithm packs
the items in decreasing order. An item is packed into the lowest indexed bin into which it fits. If
an item does not fit into any bin it is fragmented. When fragmenting an item the first fragment
fills the lowest indexed bin that is as yet not full. If the second fragment can be packed without
fragmentation, it is packed into the lowest indexed bin into which it fits, otherwise another
fragmentation is performed according to the above rule.

Remark: Other definitions are possible. For example, upon fragmentation we may choose
to insert the second fragment back to the list. Another possibility is to first go over the whole
list and pack items without fragmentation and only then pack the remaining items into the
available free space.

Note that F'F'D; may not be able to pack all the items in L. To ensure all items are packed,
we use the following iterative algorithm:

Algorithm FFD; Iterative (FFDy; —I) - The FFD; — I algorithm tries to pack the
list L into a fixed number of m bins. If it fails it increases m by one and tries again. Let s(L)
be the sum of all items in L, the first value of m is: m; = [s(L)/U], which is the minimum
number of bins possible.

The algorithm performs the following steps:

1. Set m=m; = [s (L) /U].

2. Try to pack the list L into m bins using the FF Dy algorithm.
3. If all items were packed stop.

4. Otherwise set m = m + 1 and go to step 2.

It is interesting to see if FF'D; — I improves the performance ratio of NF;. As we shell see
the improvement is significant for small values of bin size.

Theorem 2 The asymptotic worst case performance ratio of the FF Dy —1I algorithm satisfies:
(1) R¥pp, ;< ply when U <15

8



Proof: To prove the theorem we use a property which we call the border bin property. We
assume F'F'D; — I has m bins to pack and number the bins By, ..., B,, according to the order
they are opened by the algorithm. Looking at the level (used space) of the bins at a certain
time during algorithm execution, we say that bin Bj, j < m, is a border bin at that time if its
level satisfies: L(B;) # L(Bj+1)-

Claim 2.2 At any time before the first item is fragmented, the packing of FFD; — I contains
at most 2U border bins.

Proof: The FFDy; — I algorithm packs the items in decreasing size order. We consider the
number of border bins before the first item is fragmented. Denote by BR(k) the number of
border bins, after k different sizes of items have been packed by FF Dy —I. Clearly BR(1) < 2
since items of the same size are packed in a similar way. Whenever each additional size is packed
the number of border bins may increase by at most two, therefore BR(k) < BR(k — 1) + 2.
Since there are at most U different sizes, BR(U) < 2U, and the claim follows. A

We now proceed to prove the theorem for each range separately.

(i) U <15 : We establish % as an upper bound on the asymptotic performance ratio.
It is clear that as long as the number of bins with two units of overhead is small, i.e., O(1),
the asymptotic performance ratio cannot exceed % (the proof is similar to that of Lemma
1). We make the following observation:

Claim 2.3 The final packing of the FF Dy — I algorithm cannot contain more than O(1) bins
with 2 units of overhead, if one of the following conditions is met:

1. Before the first fragmentation occurs, the free space in the bins is 2 or less.

2. The fragmented items are of size 4 or less.

Proof: Consider the moment before the first fragmentation is performed. The first condition
is trivial since at most 1 unit of overhead can be packed when the free space in the bins is 2.
To prove the second condition, knowing that the free space in the bins is at least 3, we need
only test the case of items of size 4 (and bins with free space 3). When an item of size 4 is
fragmented over two bins with free space of size 3, only one unit of overhead is packed in each
bin, together with a fragment of size 2. The only way to get a bin with 2 units of overhead, is to
fragment an item of size 4 over three bins which must have free space of sizes 2,3,3 or 3,2,3; in
this case the last bin of each triplet contains 2 units of overhead. However, the number of such
triplets is O(1), since each of them contains at least one border bin and according to the border
bins property, there are at most 2U border bins. It follows that the number of bins containing
2 overhead units is less than 2U, which is O(1) for m > U. A

It is easy to verify that the conditions set by the above claim cannot be extended, since
fragmenting items of size 5 over bins of size 3 results in one third of the bins containing 2 units
of overhead. Therefore, in order to get a significant number of bins with 2 units of overhead,
items of size 5 or more must be fragmented. This means that the list should contain items
of size 6 or more. Note that if FFD; — I fragments items of sizes s(a;) > ¥, they are also
fragmented by the optimal packing. We conclude that in order to create a difference of more
than one overhead unit, between the optimal packing and the packing of FFD; — I, two items
of size s(a;) > 6 must be packed in a bin and leave a free space of at least 3. To do so, the



bin size must satisfy U > 15. However, in the case of U=15, items of size 5 are packed without
fragmentation and therefore the value U% is an upper bound on the asymptotic performance

1
ratio for U < 15.
(i) U >16 : We first prove the lower bound and then the upper bound.

Claim 2.4 For the FFDy — I algorithm - %5 < Ri%ep,_;.

Proof : For each value U > 16, we present an example where the performance ratio exceeds
%. We first consider the case where U is even and then the case where U is odd.

Case 1: Even U = 2u. We choose the following item list- L: k items of size u — 2, then k
items of size u — 3 and finally k items of size 5. The optimal packing fills £ bins each with one
item of each size, OPT(L) = k. When FFD; — I is applied to L the first £ bins contain all
items except for the last k/4 items of size 5. In the best case (U is a multiple of 5) no more
overhead is produced and % more bins are used. The total number of bins required by the

algorithm is: FFDy — I(L) > (k + 5k/4U). The performance ratio in this case is:

4U + 5 U
X > > 16.
RFFDf*I— AU > U—]_’ Y even U_ 16 (7)

Case 2: Odd U = 2u + 1. This time we choose the following item list: & items of size u — 1,
then k items of size u—3 and finally k items of size 5. The packing is similar to the one in the last
example and the total number of bins used by the algorithm is: FFDy — I(L) > (k + 7k/6U).
The example for the odd case provides a slightly lower bound:

6U + 7 U
X > > 17.
RFFDf*I— 6U > U—]_’ Y odd U_ 7 (8)

We now turn to the upper bound on the performance ratio. We show that for any bin size
U, the performance ratio is smaller than %, which is the upper bound set by Lemma 1.

Claim 2.5 For the FFDy — I algorithm - R¥pp,_; < 7.

Proof : In order to prove the claim we show that the algorithm cannot produce a packing
where each bin (maybe except for a negligible number) contains two units of overhead. The
border bins property implies that just before the first item is fragmented, the bins are arranged
in long sequences where the free space in all bins is equal. The items are also packed in long
sequences. Let us assume the free space in a sequence is z and the size of the items packed
is y. Obviously x < y otherwise the items are not fragmented. Note that when an item is
fragmented over more than two bins, only the first and last bins can contain two units of
overhead. Therefore it is enough to consider only the case where an item is fragmented over
two bins. Assume that item number & is fragmented over two bins such that bin number 1
contains a fragment of size a and bin number 2 contains a fragment of size y — . The next
item (number k£ + 1) is also fragmented and a fragment of size z — y + « — 2 is packed in bin
number 2. In order to create a repeated cycle of fragmentations the size of the first fragment
of each item must be equal, that is « =  —y + o — 2. This is true for y = z — 2, but for
that value the items are not fragmented in the first place. Since we can not create a repeated
cycle of equal size fragmentations, the size of the first fragment packed in a bin increases, until
it reach the size of the bin, in which case only one unit of overhead is packed in the bin. This

10



means that at least one of every y (the size of the fragmented item) bins contains only one unit
of overhead. Since y < U/2 we can establish that:

U U
[o¢]
RFFDf—ISU_2+%<U_2 (9)

This concludes the proof of Theorem 2. A

The improvement of FF'Dy — I over NFy is significant for low values of bin size (U < 15),
which are the most meaningful values (since the performance ratio is decreasing with the bin
size). Moreover, FFFD; — I is superior for any value of U. We make the following remarks:

e For U > 16, equations (17) and (18) enable us to set a tighter bound on the performance
ratio, than what is stated in the theorem.

e For each of the following values: U € {7,9,10,11,13,14,15}, it is possible to find an

example where the ratio is %, hence R%p D;1= % We show an example for U = 7.
The list L contains k items of size 3 and 2k items of size 2. The optimal packing packs
one item of size 3 with two items of size 2 in each bin, therefore OPT(L) = k. The
FFDjy — I algorithm packs k/2 bins with two items of size 3 and 2k/3 bins with three
items of size 2. There are no fragmentations, but each bin contains a wasted space of 1
unit, that cannot be used. The total number of bins is FFDy — I(L) = 7k/6. It is not
difficult to develop similar examples for other values of U in this range. The value U = 12
is an exception since the performance ratio is slightly lower. The worst list we could find
is made of items of sizes 8, 3 and 2 for which we have: R, 1= %.

e When U <5, Rpp,_; = 1, however when U € {6,8} R, _; > 1. This is interesting,
since for the classical problem the performance ratio of FFD is: R¥pp = 1. As an
example for U = 6 we choose a list L with 15k items of size 4 and 12k items of size 3. The
optimal packing fragments items of size 4 and uses OPT(L) = 18k bins. The FFDy — I
algorithm fragments items of size 3 and as a result FF Dy —I(L) = 18.5k. As an example
for U = 8 choose a list with 7k items of size 6 and 4k items of size 4.

e We may define algorithm BF Dy-I in a similar way to F'/F'Dy — I, only this algorithm is
based on the Best-Fit Decreasing heuristic. We can show that the BF Dy — I algorithm
has the same performance ratio as FFD; — I.

3 Packing Variable Size Bins with Item Fragmentation

In this section we look into a problem containing two important elements of the scheduling
problem: bins of different sizes and a fixed number of bins. We are given a set B, of m variable
size bins and a list L, of n items. The goal is to maximize the sum of items packed from the
list.

The problem is a variant of the multiple knapsack problem (MKP), see e.g., [MT90]. In
MKP each item a; € L has a size s(a;) and a profit p(a;). The goal is to pack items of maximum
profit into variable size bins. In the variant we define here, the profit of each item equals its
size, i.e., p(a;) = s(a;). The problem is also related to variants of variable size bin packing,
although it is different from previously studied variants. Two known variants are particularly
relevant. The first variant, presented in [FL86], defines the problem as follows: we are given a
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list of items and a set of bin sizes. There is an infinite supply of bins of each size. The goal is to
pack the items into a set of bins, such that the sum of all bin sizes is minimized. Our problem
is different, since the set of bins is fixed. The second variant appears in [Lan84] and [FK8§]
where the problem is defined in a similar way to ours but the goal is to pack as many items as
possible. This variant corresponds to the case where the profit of each item is p(a;) = 1.

Bin packing problems (in contrast with knapsack problems) assume that all items must
be packed and there is no effort to optimize the selection of a feasible subset. As a result
the performance of any bin packing algorithm is going to be primarily effected by the subset
selection. We make the following assumption to avoid the effect of item selection:

Feasible List Assumption: An optimal packing can pack all items in L into the set of bins
B (the optimal packing may require to fragment some of the items).

Note that although the assumption tells us that optimally all items can be packed, a spe-
cific algorithm may not be able to pack all items. Another important assumption is that the
algorithm is allowed to pack only part of an item. That is, packing one fragment of an item
but leaving the other fragment unpacked is legal.

Problem Definition 2: We are given a list of m bins B and a feasible list of n items L.
Each item a; € L has a size s(a;) € ZT and each bin B; € B has size s(B;) € Z*. The goal
is to maximize the total sum of items packed in B. When packing a fragment of an item one
unit of overhead is added to the size of every fragment.

Performance Ratio: For a given list L and algorithm A, let ¢(A, L) be the sum of items
packed form list L by algorithm A, let ¢(OPT, L) denote the sum of items packed from L by
an optimal packing. Define the ratio: Ra(L) = ¢(OPT,L)/c(A,L). The asymptotic worst case
performance ratio R is defined to be:

RY =inf{r > 1: for some N >0, Rs(L) < r for all L with OPT(L) > N} (10)

As in the previous section we are going to consider only algorithms that avoid unnecessary
fragmentations (see Definition 1).

We found out in Section 2 that in the case of equal size bins, the performance ratio is a
factor of the bin size. As we shell see, in the case of variable size bins the performance ratio is
determined by the average bin size: U = + > j=1 8(Bj). We note that the average bin size is
not necessarily an integer.

Lemma 2 For any algorithm A that prevents unnecessary fragmentations:

U _
RY < =——, U>2.
S )

Proof: Assume algorithm A produces the worst possible packing. When packing m bins
there could be at most m—1 fragmentations. Each fragmentation may add at most two overhead
units. The content of the bins after A is done is:

c(A, L) >Z ) —2(m —1) >m(U —2)

The best an optimal packing can do is to fill the bins without fragmentations:

c(OPT, L) Z
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If we compare the worst possible packing of algorithm A, to the best possible packing, we
get the ratio of Lemma 2:

mU U

R < =
A= mU -2 U-2

A

We now find the performance ratio of the NFy and FFD; algorithms. We point out that
Lemma 2 holds for any value of U, however we are going to consider only cases where U is an
integer. We use Lemma 2 as an upper bound and establish lower bounds on the performance
ratio of the algorithms. Note that the case of equal size bins is a special case of the current
problem. Therefore we can use the examples of the previous section as worse case examples.
This means the performance ratio of the algorithms can only worsen when the bins are of
variable size.

Claim 3.1 For the NFy algorithm R%Ff = %, 5<U,Ue€Zzt.

Proof : The upper bound is given by Lemma 2. To show that this is also the lower bound,
we use the examples of the previous section. We showed an example for every 6 < U where each
bin contains 2 units of overhead. As a worst case example for the case of U = 5 choose m bins
of size 5 and an item list with m items of size 3 followed by m items of size 2. Only the items of

size 3 are packed by algorithm N F, therefore the performance ratio is: R%Ff | =3= v

3 U-2°
U=5
A

We now turn to the FFD; algorithm. Here the worst case performance ratio is effected
more severely.

Theorem 3 For the FF Dy algorithm the performance ratio satisfy:

ﬁg}%%"mfg%, §8<U,Uez".

Proof : The upper bound is given by Lemma 2. To establish a lower bound we present
the following example: Let there be m = 2k bins, of which k are the size of U + 2 units and
another k are the size of U — 2 units. Clearly the average bin size is U. Let us assume the bins
are arranged in decreasing order (similar examples can be developed for increasing order). As
an item list we choose 3k items, k from each of the sizes U — 2, U — 3 and 5. In the optimal
packing each bin of size U + 2 contains one item of size U — 3 and one of size 5. Therefore all
the bins are full and we have ¢(OPT, L) = 2kU. The FFDy algorithm first packs each item of
size U — 2 into a bin of size U + 2, then each item of size U — 3 into a bin of size U — 2. In the
last stage of the packing items of size 5 are fragmented over the free space in the bins of size
U +2. The content of the bins, when the algorithm terminates, is: ¢(FFDy, L) = k(2U — 2.5).

7 L
The example shows that R%OF_Df > 515 85U, Ue 7T, B A

Considering the cases of U < 7, we find that the performance ratio is 1 for values U < 4.
For values 5 < U < 7 the performance ratio satisfies: R D; 2 %

Remarks:
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1. The difference between the cases of equal and variable size bins, is significant for small
values of U. For example consider the case of U = 5. For equal size bins (U = 5) the
performance ratio is Ry D; = 1. For variable size bins it is: R%) D; = g .

2. The difference between the two cases is not as significant for values of U > 15, since in
both cases the performance ratio is not far from upper bound.

4 Bin Packing with Size-Preserving Fragmentation

In this section we study a different fragmentation cost function in which fragmenting an item
does not increase its size. Instead, we assume that packing an item is associated with a cost
and fragmentation increases this cost. The cost of packing an item (or fragmenting it) depends
on the application. As an example, take the scheduling problem but assume that fragmenting
a datagram does not increase its size, because the format of the datagram already includes the
fragmentation fields. On the other hand fragmentation requires additional resources from the
system (CPU, memory) and takes longer to process. In other applications, such as in stock-
cutting problems, it may simply cost to fragment an item (cut a piece of pipe for example) or
put it back together. We proceed to formally define the problem.

Bin Packing with Size-Preserving Fragmentation (BP-SPF): We are given a list of
n items L = (a1, as,...,a,), each with a size s(a;) € {1,2,...,U} and a cost c(a;) € Z*. The
items must be packed into m identical bins, of size U. It is possible to fragment any item, in
which case one unit is added to its cost but does not change its size. The goal is to minimize
the total cost.

Denote by s(L) and ¢(L) the total size and cost of all items, respectively. To ensure all
items can be packed, we assume s(L) < mU.

Performance: There are several ways to evaluate the performance of an algorithm for the
problem. We observe that since the cost of fragmentation is not related to the size or cost of
an item, the additional cost of an algorithm depends only on the number of fragmentations it
performs. We therefore chose to evaluate the performance of an algorithm by its overhead. For
a given list L and algorithm A, let ¢(A4, L) be the total cost of algorithm A, let ¢(OPT, L) denote
the optimal (minimal) cost and define the overhead of A as: OHA(L) = c¢(A,L) — c¢(OPT, L).
For the case of OPT (L) = m, we define the worst case overhead of algorithm A, OH}, as:

OHY =inf{h: OH(L) <h for all L with OPT (L) = m}. (11)
We first show that the complexity of BP-SPF is similar to that of BP-SIF.
Claim 4.1 BP-SPF is NP-hard in the strong sense.

Proof: The proof is similar to that of BP-SIF. We define the decision version D(BP-SPF)
as follows: given a list of items L, a size s(a) € ZT and a cost c(a) € Z* for each item a € L, a
positive integer bin capacity U and two positive integers, k and C, is there a feasible packing
of L in k bins of size U such that the total cost is C? Any instance I of 3-PARTITION can
be polynomially transformed into an equivalent instance I' of D(BP-SPF) by setting U=DB,
K =m and C = ¢(L) (which implies that for any ”yes” instance all n items are packed without
fragmentation). A

We consider only algorithms that prevent unnecessary fragmentation (see Definition 1).
Such algorithms have the following property.
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Lemma 3 For any algorithm A, that prevents unnecessary fragmentations - OH'{ < m — 1.

Proof: Since A prevents unnecessary fragmentations, it may perform at most m — 1 frag-
mentations when packing m bins. The maximum cost of algorithm A is therefore: ¢ (A, L) =
c¢(L)+ (m —1). Clearly ¢(OPT, L) > ¢(L), which means that for any list L: OH 4 (L) < m—1.
A

We now examine the performance of the NFy and FFDy algorithms (defined in Sections
2.1 and 2.2, respectively). We show that the performance of the NF; algorithm is the worst
possible while F'F'D; performs better.

Theorem 4 The overhead of algorithm NFy for every m > 2 is - OH}Van =m-—1, V2<U.

Proof: Lemma 3 provides an upper bound. We show that this is also the lower bound. As a
worst case example choose the following list of items: one item of size U — 1 followed by m — 1
items of size U. The optimal packing causes no fragmentations by packing each item in a bin.
The NF; algorithm fragments all the items of size U. The total overhead is therefore m — 1.
AN

We now turn to the FFD; algorithm. We expect F'/F' Dy to perform better than NF; and
this is indeed true when the bin size U is small. However, we show that if the bin size is not
bounded, the worst case overhead of F'F'Dy is the maximum possible, that is, there exist a list
L for which, for any value of m, ¢ (FFDy,L) — c(OPT,L) =m — 1.

Claim 4.2 For the FFDy algorithm, for every m > 2 and 2m + 16 < U - OH}"FDf =m—1.

Proof: We choose a bin size satisfying: U > 2m + 16. The list, L, is made of k repetitions
of the following set: L' = {U/2+2, U/2+1, U/4+2, U/4+1, U/4—-3, U/4—3}. Two
bins of size U are needed to pack L', therefore m = 2k bins are needed to pack L. The optimal
packing cause no fragmentations by packing k bins with items of size U/2 + 2, U/4 + 1 and
U/4—3, the other k bins are packed with items of size U/2+1, U/4+2 and U/4 —3 (see Figure
3). The FFDy algorithm packs the items in the following way: The first 5% items are packed
without fragmentations. The free space in the first k bins is U/4 — 4, in the remaining k bins
the free space is 1 (see Figure 3). Since the free space in all bins is smaller than the size of the
items, the items are fragmented. Each item except the last is fragmented over two bins. When
packing the last item, bins By,...Bx_1 are full, bin By has free space of % — k — 3 and each bin
Bii1,...,Boy has free space of 1. As a result, the last item is fragmented over the remaining free
space, causing k more fragmentations. The total number of fragmentations is m — 1 and the
overhead is therefore OHp', p; =M= 1. A

To hold for every value of m the above claim requires an unbounded bin size. Since we are
mainly interested in asymptotic behavior, i.e., U < m, this is clearly not a practical assumption.
For the more reasonable cases where m > U the overhead of algorithm F'F' Dy is less than m —1.

Claim 4.3 For any bin size U there is N > 0 for which the overhead of FFD; satisfies -
OH}"FDf <m-—1, VN <m.

Proof: We show that if U < m then ¢ (A, L) < ¢(L)+ (m — 1). Recall that when analyzing
the FFDy — I algorithm (subsection 2.2) we proved the border bin property. The property
tells us that before the first item is fragmented the bins are ordered in long sequences of equal
content bins. Note that by increasing m while keeping U constant, we can create sequences of
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u/4-3 u/4-3
U/4+2 u/4+1
u/2+1 u/2+2
k bins k bins

An optimal packing of list L

U/4-3
U/4+2 U/4+1
U/2+2 U/2+1
k bins k bins

The state of the packing of FFD; before the first fragmentation

Figure 3: Worst case example for algorithm FFDy.

any length. Consider the moment before FFD; fragments the first item. Let us assume the
free space in a sequence is z and the size of the items packed is y, where z < y. Clearly at least
one out of every x - y bins is closed without fragmentation. The overhead is therefore always
smaller than m — 1. A
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5 Average Case Analysis

In Section 2 we presented worst case analysis of several algorithms for the problem of bin
packing with size increasing fragmentation. Worst case analysis provides an upper bound
on the performance ratio of an algorithm, but from a practical point of view it may be too
pessimistic, since the worst case may happen very rarely. A different approach for estimating
the performance of an algorithm, is an average case analysis. In this case we assume the items
are taken from a given distribution H and we try to estimate the performance ratio of an
algorithm, when it is applied to a list taken from that distribution. For a given algorithm A
and a list of n items L,,, generated according to distribution H, the expected performance ratio
is defined as follows:

— A(Ly)
R\(H)=E[RA(L,) = E | —=2_ 12
4) = EIRa(L)] = B | 5t (12)
The asymptotic expected performance ratio is defined as:
R (H) = lim R\(H) (13)

n—oQ

In this section we present average case analysis of the NF; algorithm. Let us define the
problem in a formal way.

Average case analysis of BP-SIF: We are give a list of n items L = (a1, as, ..., a,), each
independently chosen from the finite set s(a;) € {1,2,...,U}. The probability to choose an item
of size i is h;, i.e., for all t: h; = Pr(s(a;) = 1). The goal is to pack the items into a minimum
number of bins of equal size- U. When packing a fragment of an item, one unit of overhead is
added to the size of every fragment.

The first average case analysis of the N F' algorithm was done by Coffman, So, Hofri and Yao
[CSH80] who showed that the asymptotic expected performance ratio for continuous uniform
distribution is: Ryp = 1. For discrete uniform distribution, in the range s(a;) € {1,2,...,U},
it has been shown in [CHJ93] that the NF algorithm has the following asymptotic expected
performance ratio:
22U +1)
3(U+1)°

Note that the result for the continuous uniform distribution is reached when U — oo.

Ryp = (14)

The above mentioned results were achieved by using different techniques, all of which are
fairly complicated (see, for example [CSH80], [Hof84] and [Kar82]). We present here, what we
believe to be a much easier method of calculating the asymptotic expected performance ratio.
We first use this method to repeat the analysis of the N F' algorithm. We next apply it to the
new problem of bin packing with item fragmentation, to find the expected performance ratio
of the NFy algorithm.

5.1 Average Case Analysis of the NF' Algorithm

We use a Markov chain to describe the packing of the algorithm. The state of the algorithm,
which we denote by V¢, is the content of the open bin after ¢ items were packed. Since the bin
size is U and there are n items to pack, the possible states of the algorithm are 1 < N; < U,
1 <t < n. The probability distribution for N,y is completely determined by the value of IV,
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which renders the process a Markov chain. We consider only the cases where the Markov chain
describing the algorithm is ergodic. Note that this is very reasonable since the chain is finite
and for most item size distributions it would also be irreducible and acyclic, hence ergodic. If
the chain is not ergodic, it is necessary to apply the analysis we present on the irreducible part
of the chain which is accessible from the initial state (empty bins).

Assume N;_1 = j and the algorithm now packs item a;. If the open bin cannot contain the
item, i.e., j+ s(a;) > U, the item is packed in a new bin. The previous open bin contains U — j
unused units which we call overhead units. We say that the overhead units "increased” the size
of a; and define its combined-size to be the actual size of the item, plus the overhead units it
created. For example, say the algorithm is in state N; = 2 and the next item is of size U. The
overhead in this case is U — 2 units and we say the combined size of the item is: U + U — 2.

Denote by oh; the overhead added to the size of item a;. For an algorithm A and a list L,
of n items, we define the expected average combined size of all items to be:

I;,(A) = E l% t:zn:l(s(at) + ohy) (15)
We define the expected asymptotic average combined size of all items as:
lu(4) = lim I7,(4) (16)
We can express the asymptotic expected number of bins required by A as:

We now use a property of the optimal packing that ensures that for any item size distribution
the tails of the distribution of OPT'(L,) decline rapidly enough with n [RT87], so that as n — oo,
E[A(L,)/OPT(Ly,)] and E[A(L,)]/E[OPT(Ly)] converge to the same limit [CL91]. Therefore
the asymptotic expected performance ratio is given by:

RS = lim E [‘A(Ln) } A L) (18)
n—oo "~ |OPT(Ly) o limy, 00 OPT(Ly,)
E [% limg, 00 A(Lﬂ)] . Iau(A)

E [% limy, o OPT(Ln)] I, (OPT)

To find the asymptotic expected performance ratio of the NF algorithm, we must calcu-
late both I,,(OPT) and I,,(NF). Since bin packing is NP-hard, we can not expect to find
I,,(OPT) for all item size distributions. Fortunately, we do know that for several important
distributions, including the uniform distribution, the overhead of the optimal packing can be
neglected [CGJ96]. For such distributions we have:

I,,(OPT) = EU) - h (19)
=1

To find I,,(NF) we use the Markov chain describing the algorithm. Denote by P the
transition matrix of the Markov chain and by II = (IIy,...II¢y) the equilibrium probability
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vector satisfying II = IIP. Assume NF packs a long list of n items; denote by n; the number
of visits in state j during the packing. Since we consider ergodic chains, we have the following
property:
Pr (hmnﬁoo # = Hj) = 1, which is usually written as: lim, %J = II;, a.s. (almost
surely).
We now denote by n;; the number of items of size 7 packed when the algorithm is in state
7. The probability for the next item in the list to be of size 7, h;, is unrelated to the state of the
algorithm. Therefore we can use the Law of large numbers to establish the following property
of gt
lim 2% = lim "2 . p; =TI; - h;, a.s. (20)

n—oo N n—o00 N

The overhead added to each item is related to both the state of the algorithm and the size
of the item. We denote by oh,(j) the overhead added to an item of size 7 which is packed when
the algorithm is in state j. We calculate the average combined size of the items in the following
way:

Iw(NF) = lim I},(NF) = lim E ZZnﬂ- i+ ohi(3)) (21)

n—oQ
] 1i=1
= [ZZ lim 2. z—i—oh())-l
|j i n—oo J
Substituting (20) we get:
I,(NF) ZZH - hi - (i + ohi(j)) (22)
j=1l:=1
To simplify (22) we use the following definitions:

h=SV i hi average size of items (without overhead)
OH(j) = XU, hi - oh;(j) average overhead in state j (23)
OH = Z;]:l II; - OH(j) average overhead size

Equation (22) now becomes:

U U
Io(NF) = Zﬂj-Zi-hi+Zﬂj-Zhi-ohi(j) (24)

The expression in (24) is very intuitive: the asymptotic average combined size of the items
is made of the average size of the items plus the average size of the overhead. To calculate the
expected performance ratio we must find two components:

1. The equilibrium probabilities of the Markov chain, II. We find II by constructing the
transition matrix P and calculating the equilibrium probability vector satisfying: IT =
I1pP.
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2. The overhead components oh;(j). This is easily obtained from the packing rules of the
algorithm.

Our technique of average case analysis has two advantages: it is suitable for analyzing any
(i.i.d) item size distribution, both discrete and continuous, and the calculation is relatively easy.
These properties are important since in most real-world applications of bin packing the items
are drawn from a finite set, which is rarely uniform.

In the next subsection we calculate specific results for the case of discrete uniform distribu-
tion.

5.1.1 Discrete Uniform Distribution

Discrete uniform distribution means that h; = %, Vi. It is easy to see that in this case the
Markov chain is ergodic. An important characteristic of the discrete uniform distribution is
that the overhead of the optimal packing is negligible. To state it formally, let L,, be a list of n
items drawn from a discrete uniform distribution H and let s(L,) be the total size of all items
in L. The expected wasted space of the optimal packing has the following property [CCGO0O]:

Wopr (H) = E[U - OPT (Ly) — s (L)) = O (Vn)

Based on the above result it is clear that lim, ,o E[OPT(L,)/s(Ly)] = 1, which means
we can neglect the overhead of the optimal packing in calculating the asymptotic expected
performance ratio. Therefore for the optimal packing we have:

U U
IaU(OPT):Zi-hi:%Zi:¥ (25)

i=1 =1
We use (24) to find the average combined size of the items. We first find the equilibrium
probabilities of the Markov chain. Let P be the U x U transition matrix describing the chain
and let IT = (IIy, ...,IIyy) be the equilibrium probability vector satisfying: II = IIP. There is
a symmetry in the lines of the transition matrix P, in a sense that line 7 and line U — j are

identical. For j < [%J we have:

The last line is: Pyy =7, 1 <k<U
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As an example we present the matrix P for the case of U = 10:

(27)

[y
_ O OO OO OO OO
—_—-O OO0 0O O
— == OO OO O
=== O OO =
e e e e S S e T e TN T
e e e
o= = = NN DN =
o= = NN NN DN
o= NN N DN DN NN -
NN NN NN N NN

The simple structure of the matrix P enables an easy solution to the set of equations

II=TIIP. ,
25

Hj:P?"(N:j):m

(28)

Next we compute the overhead component OH(j). It is easy to verify that for the NF
algorithm the average overhead in state N = j is:

U U 1 . .
OH(j) = hi'Ohi 1) = = (U—-j) =—— 29
B=Yheohl)= 3 5 0-9)="7 (29)

We now use (28) and (29) to find the average combined size of the items:

v+1 < LU+l & 24 J(U =)
Lo(NF) = ==+ 1 OH(j) = — +ZUW+U' U
j=1 j=1
1 22— 1 —1 2U+1
_ U;—i- j2(U j_U+ +U _ 22U+ (30)
2 ZUU+) 2 6 3

We use I,,(NF) and I,,(OPT) to obtain the asymptotic expected performance ratio:

—s0 _ In(NF) _ (2U+1)/3 202U +1)
RM“‘@AOPT)_(U+1V2_'aU+1) (31)

The result for the asymptotic expected performance ratio is in accordance with known
results (see [CHJ93]). The asymptotic worst case performance ratio is:

o U

NF= T for every U > 2.

We compare the two, for several values of U, in Table 1.
In both cases the performance ratio increases with the bin size. There is a dramatic difference

between the worst case ratio and the expected ratio. The average case results are therefore not
as bad as the worst case analysis indicates.
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Table 1: Expected and worst case asymptotic performance ratio of the NF' algorithm.

Bin Size U | Worst case ratio R}, | Average case ratio Ryr
3 1.5 1.166...
4 1.6 1.2
6 1.714... 1.238...
10 1.818... 1.272...
100 1.980... 1.326...
00 2 1.3333...

5.2 Average Case Analysis of the NF; Algorithm

We now use the same method we used for analyzing the NF' algorithm, to analyze the case
where item fragmentation is allowed, i.e., the NF} algorithm. In this section we assume the
items are taken from a discrete uniform distribution, that is: h; = %, Vi. Note that the
overhead this time is due to fragmentation or an unused free space (if the content of a closed
bin is U — 1).

The first stage in our analysis of N FY}, is to find the equilibrium probabilities of the Markov
chain. Let us describe the components of the transition matrix P:

0 k<2 k<j<U—k

P

k=0 2 J€{k-2k-1} 3<k (32)

1 else

As an example we present the matrix P for the case of U = 10:

o 12 1 1 1 1 1 1 17
0022111111
0012211111
0011221111

1 0011122111
P=%loo11112211 (33)
Ooo0o1 1111221
001111112 2
011111111 2
1111111111 |
The set of equations defined by II = II P is:
1
My = =y (34)
1
I, = ﬁ(nl + y_1 + ) (35)
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Hj:%(lJrHj—lJrHjﬂ), 3<j<U (36)

Note that the solution to (36) (if it were the only equation) is: II; = ;7. Unlike the
case of NF, the solution to the set of equations (34)-(36) is not simple. We therefore defer the
calculation of a closed form solution to subsection 5.2.1 and proceed to calculate the average
overhead in state N = j - OH(j). Note that when an item is fragmented over two bins, 2 units
of overhead are added to it. In state N = U — 1 all items of size 2 or more are packed in the
next bin, so only 1 unit of overhead is added to them. The average overhead in state N = j is

therefore:
27 1<53<U-2

U-1 j=U-1 (37)

Sl =

0 j=U

We can now express the average combined size of the items:

U+l < L U+1 U-1 &2
Ly (NFy) = 222 4 SIL - OH(j) = = + =TIy + S I 22 (38)
2 & 2 U =7 U
Similar to (25), the overhead of the optimal packing is negligible: I,,,(OPT) = ZEL,
The asymptotic expected performance ratio is therefore:
o Iy (NFy) 2 U-1 2 95
R = J 14—  f — _ P 39
N T TOPT) T USI\ U HU“J.ZIHJ U (39)

At this point we do not have a closed form solution to the equilibrium probabilities and
therefore we cannot present the expected performance ratio in closed form. It is easy, however,
to find a numerical solution for every value of U. In Table 2 we present the expected asymptotic
performance ratio and the worst case ratio, for several values of U.

Table 2: Expected asymptotic performance ratio of the NF; algorithm.

Bin Size U | Worst case ratio Ry, | Average case ratio F?Ff

3 1.5 1.1666...

4 1.5 1.1961...

5 1.5 1.2097...

10 1.25 1.1676...

20 1.1111... 1.0938...

100 1.0204... 1.0198...

00 1 1

Recall that, according to Theorem 1, the worst case performance ratio of NF} is: R¥p ;=

%. Figures 4 and 5 present the asymptotic expected performance ratio of the NF; and
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NF algorithms together with the worst case performance ratio of NFy. We observe that the
difference between the worst case and the average case for NF is not as significant as in NF,
that is, the expected performance ratio of the NF; algorithm is not far from its worst case
performance ratio. This is obvious for large values of U since the worst case ratio converges to
one, but it also indicates that even under a uniform distribution the N F algorithm produces
almost the worst possible packing. An interesting question, which we leave open, is whether
other, more efficient, algorithms can produce a better packing. In this respect we note that in
the case where fragmentation is not allowed, there is a big difference between the performance
of NF and the performance of other online algorithms, such as First-Fit and Best-Fit, for which
the asymptotic expected performance ratio, for any value of U, is [CGJ96]: Rppr = Rpp = 1.

Finally we note that it is not difficult to repeat the analysis we presented for a general
item size distribution. We begin by calculating the equilibrium probabilities. To that end we
construct the transition matrix P and then find the equilibrium probability vector by solving
the equation IT = TTP. The next step is to calculate the overhead component oh;(j) (overhead
added to an item of size i packed in state 7). The expression for oh;(j) is given by:

0 j+i<Uorj=U
ohi(j) =% 2 j+i>U, j<U-2 (40)
1 j4+i>U, j=U-1

We can now use (24) to calculate the average combined size of the items:
U U U U
T (NFp) = T bt YT b ohi() )
j=1 i=1 j=1 i=1

The key problem in deriving the expected performance ratio for a general item size distri-
bution is that, unlike the uniform distribution, I,,(OPT) is not always known. In cases where
I,,(OPT) is not known we can choose to calculate the ratio between the number of bins used
by the algorithm, NFy(L) and s(L)/U.

5.2.1 Calculating the Expected Performance Ratio

In this section we derive a closed form solution of the expected performance ratio. Since
this closed form solution is rather complex, we also provide an approximation of the expected
performance ratio. The approximation is much easier to use and the approximation error, for
all but small values of U, is insignificant.

We substitute N = E[N] = Z;-lej -II; in (39), to express R?Ff in the following way:
_ 2 2 U-1
R?Ff =1+ U1 <5N — THU_1 — 2HU> (42)

To calculate the value of N we use a generating function: II(z) = Zgzl IT; 27.
We now use the equilibrium equations (34) - (36) to get:

U U
. 1 .
H(Z) = E Hj 2 = H1 z + HQ 2,’2 + E 5 (1 + Hj—l + Hj_g) 2 (43)
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Figure 4: Expected and worst case performance ratio of the NFy and NF' algorithms.

1 1 U+1 SECA | :
= EHUZ + E (HU—l + TH[]) z —l—jz:; 5 (1 + Hj_l + Hj_g) 2

Arranging the above expression we get:

U
(U-2-2%) - T(2) = =Ty 27" = My +TMy1) 2 + My + Tyo1) 22 + Ty 2+ Y &
j=3
oy 2742+ (My + 1) 294 = (My + Ty—1) 22 — My 2 — Y5 27
II(z) = 3 (44)
244z —-U
To find N we take derivative of the generating function:
d11(z) 1 2 U
= —U) (U4 2)TTy 2V T 45
o ] (GRS (CRLTE (45)

U
+ (U+1)(Ily +Iy-q) 2V — 2y + My )z — Iy — Z] zjll
Jj=3

U
— (HU U2 4 (I + y—q) LU (Ily +y_1) 22 — Oy z — sz) (2z + 1)}

=3

The mean is found when z = 1:

dll (Z) | . U(U—l— 1) —4UTly —2 (U— 1) My-1
dz =t 2(U -2)

- (46)
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Figure 5: Expected and worst case performance ratio of the NFy and N F algorithms for values
of U < 15.

Substituting (46) in (42) we get an expression for the asymptotic expected performance
ratio:

_ 2 (2 U-1
Ryp, = 1+ 71 <5N -~ My - 2HU> (47)
2 U(U + 1) —4UTly — 2(U - I)HU—l U-1 )
=1 — My_; — 210
Trra ( U —2) g u-tT e
. 2 AUPTIy 420U — DIy
N U-2 (U+1)U(U - 2)

We now have an expression which is a function of ITy_; and ITy:

U AUy 42U - DIy

U-2  U+1)U-2) (48)

B
Ryp, =

Observe that the first part of the expression is equivalent to the worst case performance
ratio. The second part constitutes the difference between the worst case and the average case.

To find the expected performance ratio we must now calculate the probabilities Iy, [Ty 1.
We do so by exploring the roots of the generating function given in (44). Note that the
denominator is a square polynomial with two roots. Since the generating function is analytic
for any value of z, the roots of the denominator are necessarily roots of the numerator also.
This information provides two equations from which Il and Il can be found. Denote by
21 and z9 the roots of the denominator:

1 / 1 1 1
Zl——§+ U"‘Z, 21——5— U+Z
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Substituting z; in the numerator we get:
U .
My 27 + (M + Ty 1) 27 = (T + Ty 1) 28— Ty 20— Y21 = 0 (49)
j=3

Simplifying the above equation we obtain:

a(+2) (A 1) +2 (2 1)y = (204 = 2) /(2 -1) (50)
We get the same equation if we substitute zy in the numerator.

2 (14 2) (A =1) Mo +2 (4 =1) 1y 1 = (A = 28) /(2 -1) (51)
Using (50) and (51) it is now a straightforward algebraic exercise to find II;; and IIr7_;.

U VAT ((=0) 1) + 272U + 2, (1= U)) + 272 (2, (U = 1) = 20)

HU:(2—U) ¢ETIT«—UWAJ)+@9_ZQ(U+1)
(52)
1 (=) (A =) (B —1) = (2 —1) (5 = 23) (27 1) -

My-1 = 2-0) \/m((_U)U _1) + (2 = 2)) (U +1)

To find the expected performance ratio we substitute (52) and (53) in (48).

The expression we obtained for the expected performance ratio enables a calculation for any
value of U but does not provide too much insight. To get a better understanding we note that
(36) gives us a very good approximation: Iy = Iy_; = U% The approximation is getting

2
better the larger U is. Using the approximation we get:

U B AUy + 2(U — l)HU—l

By = U-—2 (U +1)(U —2) (54)
~ U Wrs+20 g U 60 — 2
T U-2  U+nU-2 < U-2 U+HU0-27

Comparing the exact value of the expected asymptotic performance ratio to the approxi-
mation, we find that for U = 7 the difference is about 0.3%, for U = 10 the difference is less
than 0.003% and for larger values of U the approximation error is insignificant.

5.2.2 The NF; Algorithm with r» Units of Overhead

In this section we examine a more general case of bin packing with item fragmentation. We now
assume that r units of overhead are added to every fragment of an item. The original definition
is therefore a special case where r = 1. A reasonable assumption is that the bin size is much
bigger than the overhead, that is < U. We note that the asymptotic worst case performance
ratio of NFy in this case is Ry, = % As we shell see, the average case analysis is very
similar to the case where r = 1. Before we begin we would like to point the following properties
of the problem:
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e Items of size 27 or less are not fragmented since the size of each fragment would be bigger

than the original size of the item.

e If a bin contains U — 2r or more units and the next item can not fit in the bin, the bin is

closed and the item is packed in a new bin.

The first stage of our analysis is to find the equilibrium probabilities of the Markov chain.
To construct the transition matrix P we assume the state is N;—1 = j and the next item is of
size 1, 1 <4 < U. There are three possibilities:

1.

2.

If j +4 < U the item fits in the bin and the next state is Ny = j + 1.

If j4+4>U and j < U — 2r the item does not fit in the bin and is therefore fragmented
over two bins. The next state is Ny =j+ i+ 2r —U.

If 44> U and j > U — 2r the item does not fit in the bin but it is not fragmented. The
next state is Ny = 1.

Based on the above rules, we can construct the transition matrix P and numerically calculate
the equilibrium probability vector II.

If U > 4r we can describe P in more details. We note the following properties:

1.

States 1,...,2r are exceptional. State N; = k where k < 2r can be reached from state
N;1 =jonlyif k> jorj>U — k. The transition probability is .

Any other state k > 2r can be reached from all states. The probability of Ny = k if

Ny1=jis 2ifk—2r <j<k-—1,itis { otherwise.

The components of the matrix P have the following format:

0 k<2, k<j<U-—k
Pr=—-42 k—2r<j<k—1, 2r<k (55)

1 else

An example for such a matrix for » = 2 and U = 10 is given bellow:

—_
_ O OO OO0 oo oo
—_—— O OO OO OO -
—_ —_ —_ O 00000 O K
—_ == O OO =
— = = = = = NN NN
— = = = = NN N DN
= = = DN NN DN =
— = = N NDNDN R /==
— = NN NN F =
RN N RN e e e e
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The set of equations defined by II = IIP is:

(ZH+ Z H), 1<j<2r (57)

1=U—j+1

T, <1+ Z H), r<j<U (58)

i=j—2r

Note that the solution to equation (58) (if it was the only equation) is: II; = 5. This
means that the probabilities Iy, ..., 1o, serve as initial values, from which the other steady state
probabilities converge to the stable solution. As in the previous analysis, it is simple to get a
numeric solution.

We now calculate the average overhead in state N = j - OH(j). Note that when an item is
fragmented over two bins, 2r units of overhead are added to it. In state N > U — 2r all items
of size 2r or more are packed in the next bin, therefore the overhead of each item is U — j. The
average overhead in state j is therefore:

2rj  1<j<U-2r

) 1
OH(j) = = (59)
JU—3) U-2r<j<U
We can now find the average combined size of the items:
U + L & 24 U—j
I(NFy) = Z 0, ” n Z I, )] = 7) (60)

j=U—2r+1

For the optimal packing I,,(OPT) = % The asymptotic expected performance ratio is
therefore:

R, = JoWNE) 2 Uirn- 2ir Z i, AU —9) (61)
NE;y = 1, (OPT) " " U+1\| & U U
7j=1 1=U-2r+1

We do not have a closed form solution for the equilibrium probabilities and therefore we can
not present a closed form expression of the asymptotic expected performance ratio. However,
it is easy to compute the expected performance ratio for any value of U and r. In Figure
6 we present the asymptotic expected performance ratio for several values of overhead units
r. The top curve is the asymptotic expected performance ratio of the NF algorithm that
does not use fragmentation. We can see that when U is smaller than approximately 4r the
performance ratio of NF and NF; are the same. We conclude that when U < 4r fragmentation
does not significantly improve the performance of the algorithm. When U becomes larger the
performance ratio of improves. As we expect the performance ratio of NF; is increasing with
r but is never more than the performance ratio of the NF algorithm.
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