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Abstract — In this paper we develop a sub-
optimal (nearly optimal) finite-memory filter for
estimating a stationary Gaussian signal contam-
inated by colored impulsive noise. The noise is
modeled as the output of an FIR filter, whose
input is an independent, identically distributed
sequence of Gaussian Mixture random variables
with zero-mean components (denoted ZMGM).
The resulting filter is a non-linearly weighted
combination of linear filters, for which a com-
putationally efficient architecture is proposed.
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1 Introduction

A common approach for dealing with impulsive noise in
the context of filtering is to use pre-processing hard lim-
iters, thus practically discarding the outliers (e.g. [1]).
However, when either signal or noise involved have a
substantial correlation length, such a hard-limiting op-
eration may be far from optimal. Other approaches use
statistical models to describe the impulsive behavior of
the noise, such as alpha-stable models (e.g. [2]). The
drawback of these approaches is the relative complexity
of both the analytical derivations and filter implemen-
tations involved.

Gaussian mixture (GM) modeling is appropriate for
describing outlier situations, where large deviations oc-
cur with a small probability. In this paper we allow
for an impulsive colored noise modeled as a filtered se-
quence of independent, identically distributed (iid) GM
random variables with zero-mean components (denoted
ZMGM). A ZMGM random variable (r.v.) has the fol-
lowing probability distribution function (p.d.f.):
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where M is the number of zero-mean Gaussian compo-
nents of known variances o} < 03 < --- < g3, appear-
in%v[with probabilities pi,p2,...par respectively, with
> m=1Pm = 1. By exploiting the fact that the sum of
independent ZMGM (and/or Gaussian) r.v.’s is also a
ZMGM r.v., we develop a fixed-memory filter for es-

timating a stationary Gaussian signal from measure-
ments corrupted by additive ZMGM noise.

2 Filtering of Gaussian Signals in Col-
ored ZMGM Noise

Let z[n] denote the desired signal, which is stationary
zero-mean Gaussian with correlation function Ry, [l]. It
is desired to filter (estimate) z[n] from the noisy mea-
surements y[n] = z[n] + v[n], where v[n] denotes the
noise, modeled as a correlated ZMGM process, indepen-
dent of z[n]. The correlated ZMGM noise is created by
an iid sequence w[n] of ZMGM r.v.’s passing through
an FIR of length K + 1. For simplicity, we shall assume
that w[n] is ZMGM with M = 2 mixture components
of variances 07 < o2 appearing with probabilities p;
and p, respectively. For notational brevity, we denote
by p the outlier probability, thus po =p, p1 =1—p.

We restrict the discussion to finite-memory filters
of length L, thus it is desired to filter z[n] from the
preceding L observations of y[n], i.e. from the vector
y,=[ o] yln—1 - yl-L+1]".

In [3] it is shown that in the case of memoryless esti-
mation with v[n] ZMGM with M = 2, the improvement
attained by using optimal estimation (over optimal lin-
ear estimation) is substantial for small values of p. We
therefore focus our discussion on such cases in the con-
text of finite-memory filtering as well. We further as-
sume that (L + K)p? < 1, such that the probability
of multiple occurrences of outliers in w[n] influencing
y, is negligible. Thus, rather than developing the opti-
mal estimator, we shall develop a sub-optimal estima-
tor, which is approximately optimal under the (highly
probable) assumption that no more than one outlier
occurred in the recent K + L samples of w[n].

To derive our sub-optimal estimator of z[n], we
denote by I, an auxiliary r.v. taking the values 1
or 2, which indicate the Gaussian component from
which wln] is drawn, such that fy ) r(w[n]|I = m)
is N(0,0%)(m = 1,2). We further define a vector
of indicators I,, = [ I, In_1 I (k+L-1) ]T
composed of component indicators of w[n],w[n —
1],...wn — (K + L — 1)] respectively.

The optimal minimum mean squared error (mse) es-
timator of z[n] is well known to be the conditional ex-



pectation E[z[n]ly | = E[E[z[n]ly, ,L,]], where I,, can
take 2K+L values. However, for our sub-optimal es-
timator we consider only the K + L + 1 most proba-
ble values of I,, namely I° I ... I5%E where I° =
[1 1 -« 1]7and I*, k=1,2,...K + L are all-
ones vectors with a 2 at the k ’th entry (the remain-
ing possibilities will be indexed implicitly as I¥, k =
K+L+1,.. 28+ 1),

Given I,, = I*, z[n] and y,, are jointly Gaussian. Thus,
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where RYE = R,, + R}, and r,, = r,, =
[ Roxl0] Ruo[l] R.,|L —1] ]. Here Ry, is the
L x L correlation matrix of z[n], and RF, is the correla-
tion matrix of v[n] given I, = I* which can be derived

as follows:
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the L x (K + L) Toeplitz matrix composed of the
noise-generating FIR’s impulse response coefficients,
g[l] I = O,l,...K. We now have v,, = Gw,,, where

= [ v[n] wn-1] v[n — L +1] ]Tandwnz

[ win) w[n—l] wlp — K —L+1] 1", Thus,

= GRF GT, where RE  is the correlation ma-

trix of w, given I, = I™: k. For k = 0 there are no

outliers in w,,, a.nd therefore all the components have

equal var1ance o?. For k # 0, there is a single outlier

of variance o2 at the k ’th entry of w,,. In any event,
w,,’s components are independent. Thus,
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where I denotes the identity matrix, e, is the k’th col-

umn of I, and §2 = 02 — 02. Therefore,
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where 9, is the £’th column of G.
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Noting that Ry, = Ry, +6%g,9, (k = 1,2,...K +
L), where R} = Ry, + 0fGGT, and using the Matrix
Inversion Lemma we have:
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Our estimator can be expressed as
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where we denote by gx(y, ) = P(I, = [k|gn) the poste-
rior probability of I,, = I*

giveny ,
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(The =~ should be interpreted in a probabilistic sense:
the terms discarded in the denominator are negligible
only in the highly probable case where not more than
one outlier occurred in w,,)

where
ey [ A —p)EFE k=0
P(ln_l)_{p(l_p)K—f—Ll k=1,2, K+L
(10)
and
Fyaly, L, =1") = (11)
1 1 _
L exp(— gy (R, )
\/det{27 Rk }
Using (6) and (7) we may rewrite (11) as
Fyaly, 1L, =1") = (12)
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Note that the first two terms are independent of k and
are therefore common to the nominator and denomina-
tor in (9), which we may consequently rewrite as:

a(y,) = % (13)
where
1—-p k=0
(y,) ={ wepBeliry ) k#0 Y
with
hy = (By,)™g, (15)
w = p/\J1+8gTh, (16)
By = &/ (17)
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Figure 1: Finite Memory Filter for Gaussian Signals in Colored ZMGM Noise

Substituting gk (y, ) into (8), we observe that £[n] can
be interpreted as a weighted combination of linear esti-
mators. The first linear estimator, Zg[n], is the optimal
linear estimator of z[n] assuming that v, ~ N (0, R?,),
namely that no outlier occurred in w,,. The other K+ L
estimators are each optimal linear estimators assuming
that v,, ~ N (0, RF,), namely that a single outlier oc-
curred in the respective location in w,,. The weights
qk(gn) reflect the posterior probability of the respec-
tive events presumed by the estimators.

The data dependent terms ﬁkTgn in the estima-
tor are common to both the linear estimators Zj[n]
and to the terms nk(gn) for £k = 1,2,...K + L,
respectively. This feature can be exploited by the
implementation depicted in Figure 1, where h, =
(RY,) 'ra,, ar = 2Bkr, by, and hy, vx and By are
given above in (15). The estimator is calculated us-
ing only K + L + 1 FIR filters (whose outputs are
denoted £o[n], z1[n], . .. 2x+L[n]), scalar non-linearities
(composed of simple (-)? and exp(:) operations), and
one division. This architecture also allows parallel im-
plementation of the FIR and non-linear operations (up
to the final division).

It is important to observe, that the filter’s memory
length L has to be carefully designed: On one hand,
the correlation length of the signals involved may re-
quire long memory; on the other hand, as L grows, the
condition (L + K)p? < 1 may be breached, implying
that more than one outlier is likely to occur in w,,
thus devalidating our filter derivation. It has been veri-

fied by simulation (not presented here), that when L is
chosen properly, substantial improvement (in terms of
mse) over the optimal linear estimator can be attained
by the proposed filter. The improvement increases as
09 /01 increases, but attains an optimum as a function
of SNR and p.

It is interesting to note that when it is desired to
estimate the noise component, the optimal estimator is
the complementary estimator, i.e. 9[n] = y[n] — Z[n].
This holds true since y[n] = z[n] +v[n] = Ev[n]ly | =
Ely[n] — z[n]ly,] = y[n] — E[z[n]ly,]. Consequently,
the resulting mse’s are the same in both cases, since
O[n] — v[n] = —(&[n] — z[n]). In our case, however, the
estimators are only nearly optimal, and therefore this
property is only approximately apparent.

3 Conclusion

We presented a sub-optimal finite-memory filter for es-
timating a stationary Gaussian signal from measure-
ments corrupted by colored ZMGM noise. The ad-
vantage of the filter is in its ability to deal properly
with outlier situations without discarding data on one
hand, and without compromising performance in ”be-
nign” (no outliers) situations on the other hand. Under
the assumption that independent occurrences of out-
liers are usually sufficiently far apart, the filter is nearly
optimal. Adaptive implementations can be pursued,
that may exploit the relative simplicity of the proposed
architecture.
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