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Abstract

This paper introduces a general framework for sampling
and reconstruction procedures based on a consistency re-
quirement, introduced by Unser and Aldroubi in [1]. The
procedures we develop allow for almost arbitrary sam-
pling and reconstruction spaces, as well as arbitrary input
signals. We first derive a nonredundant sampling proce-
dure. We then introduce the new concept of oblique dual
frame vectors, based on which we develop a redundant
sampling procedure that can be used to reduce the quan-
tization error when quantizing the measurements prior
to reconstruction.

1 Introduction

Many methods exist for representing a signal by a se-
quence of numbers, which can be interpreted as measure-
ments of the signal we wish to represent. For example,
the measurements may be the inner products of the signal
with a set of vectors that span some subspace V, which is
referred to as the sampling space [1]. The problem then is
to reconstruct the signal from these measurements, using
a set of vectors that span a subspace W, which we refer
to as the reconstruction space. If the signal we wish to
reconstruct does not lie in W, then it can not be perfectly
reconstructed using only reconstruction vectors that span
W. Therefore, if we allow for signals out of W, then we
must relax the requirement for perfect reconstruction.

In [1] the authors introduce the concept of consistent
reconstruction, in which the reconstructed signal is in
general not equal to the original signal, but nonetheless
yields the same measurements. Based on this require-
ment, they derive a new sampling procedure for the spe-
cial case where the signals lie in Ly, and where the sam-
pling and reconstruction spaces are not necessarily equal
but are both generated by integer translates of appropri-
ately chosen functions.
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In this paper we extend the results of [1] in several
ways. First, we expand their results to a broader frame-
work that does not require the sampling and reconstruc-
tion spaces to be generated by integer translates, and
does not require the signals to lie in Ly, but rather can
be applied to arbitrary subspaces of an arbitrary Hilbert
space. This framework leads to some new sampling theo-
rems, as well as further insight into the results of [1]. Sec-
ond, we develop redundant sampling procedures in which
the measurements constitute an overcomplete represen-
tation of the signal. These measurements correspond to
inner products of the signal with a frame for V, and re-
construction is obtained using vectors which form a frame
for W. To obtain a consistent reconstruction of the sig-
nal in this case, we develop a generalization of the well
known dual frame operator [2], which we refer to as an
obliqgue dual frame operator. If the measurements are
quantized prior to reconstruction, then as we show the
average power of the reconstruction error using this re-
dundant procedure can be reduced by as much as the
redundancy factor of the frame in comparison with the
nonredundant procedure.

2 Consistent Reconstruction

We denote vectors in an arbitrary Hilbert space H by
lowercase letters, and the elements of a sequence ¢ € Iy
by c[k]. The inner product between vectors z,y € H is
denoted by (z,y). Suppose we are given measurements
c[k] of a signal f that lies in an arbitrary Hilbert space
H. The measurements are obtained by taking the inner
product of the signal with a set of sampling vectors s
that form a basis for some subspace V of #H, which is
referred to as the sampling space, so that c[k] = (s, f).
The basis vectors are chosen! so that the sequence c is in
lo. We construct an approximation f of f using a given
set of reconstruction vectors wy that span a subspace
W C H, which we refer to as the reconstruction space.

I This condition is satisfied if the basis forms a Riesz basis [2];
therefore, all bases used in the paper are assumed to be Riesz bases.



Thus, f has the form f = 3 x d[k]wy, for some coefficients
d[k] that are a linear transformation of the measurements
c[k]. We do not require the sampling space V and the
reconstruction space W to be equal.

If f is any signal in W, then we will show that it can
be perfectly reconstructed from the measurements c[k]
using reconstruction vectors wy, as long as YW and V+,
the orthogonal complement of V in H, are disjoint. How-
ever if f does not lie in W, then it cannot be perfectly
reconstructed using only vectors in J/. Since we are al-
lowing the space of signals # to be larger than the recon-
struction space W, we must replace the requirement for
perfect reconstruction with a less stringent requirement.
The sampling procedures we develop are based on a con-
sistency requirement, introduced by Unser and Aldropbi
in [1]. The idea is to reconstruct an approximation f of
f that has the property that if we measure it using the
measurement vectors sy, then the measurements will be
equal to the measurements c[k] of f. A signal f with this
property is called a consistent reconstruction of f.

Our problem therefore is to obtain a consistent recon-
struction f of any signal f in H, given the measurements
c[k] and the reconstruction vectors wy. We will show
that such a reconstruction is always possible provided
that WW and V* are disjoint. This then implies? that if f
lies completely in W, and W and V' are disjoint, then
f can be perfectly reconstructed from the measurements
c[k]. Therefore, our results can also be used to generate
new sampling theorems that yield perfect reconstruction.
We will illustrate these ideas in the context of a concrete
example in Section 4. In that example H is the space
of length N discrete-time sequences z[n], the reconstruc-
tion space W is the space of length M = 2M'+1 < N
sequences, and the sampling space V is the space of “ban-
dlimited” sequences in A so that z[n] € V if and only if
X[k] =0for M' < k < N — M', where X[k] is the N
point DFT of z[n]. Using our framework we obtain a con-
sistent “time-limited” reconstruction of any signal in H,
so that the lowpass DFT coefficients of the time-limited
sequence and the original sequence are equal. Further-
more, we show that since any signal in W can be perfectly
reconstructed from its samples in V, a time-limited se-
quence can be reconstructed from a lowpass segment of
its DFT transform.

To consider the consistency requirement in more detail,
suppose f = >, d[k]w where d = Hc for some linear
transformation H: [ — l5. The measurement sequence
¢ can be expressed using set transformation notation®

2The proof of this statement, as well as the proofs of many of the
results presented in this paper, have been omitted in the interest
of space.

3A set transformation X: ly — H corresponding to the vec-
tors z;, € H is defined by Xa = Zk a[k]zy for any sequence
a € la. From the usual definition of the adjoint transformation
X*: H — I it follows that if a = X*y, then a[k] = (zk, ).

as ¢ = S*f, where S: Iy — H is the set transformation
corresponding to the vectors s;. The reconstructed signal
is then given by

f= Zd[k]wk =Wd=WHc=WHS*f, (1)
k

where W is the set transformation corresponding to the
vectors wy. Since W and S are given, the problem re-
duces to finding a transformation H that will result in a
consistent reconstruction f, i.e., such that

S*f=S*WHS*f = S*f. (2)

In order for (2) to hold for all f, H must be invertible.
Otherwise there exists a nonzero sequence of measure-
ments a = S*f that lies in the null space of H, which
from (1) results in S*f = 0, contradicting (2).

It is straightforward to show that (2) is satisfied with
an invertible H if and only if W HS* is a projection op-
erator, denoted by G. It can further be shown that the
range space R(G) = W and the null space N(G) = V*.
This follows from the fact that the vectors s;, and wy, form
bases for V and W respectively, and that H is invertible.
Thus, G is a projection onto W along V*, denoted by
Eyyye. Since W is not necessarily equal to V, this pro-
jection in general is not constrained to be an orthogonal
projection, i.e., it is an oblique* projection [3]. Thus, f
is a consistent reconstruction of f only if

f=Epy.f. (3)

If W and V1 are not disjoint, then Eyyy1 is not defined
and consistent reconstruction for all f € H is not possi-
ble.

3 Reconstruction From Nonre-
dundant Measurements

We now show that if W and V* are disjoint but oth-
erwise arbitrary, then we can always obtain a consis-
tent reconstruction of f from the measurements c[k],
i.e., we can always find a transformation H such that
G =WHS* = Eyyy.. It can be shown that S*W is in-
vertible if and only if WW and V* are disjoint. In this case,
reconstruction is obtained by first transforming the mea-
surements c[k] into “corrected” measurements d[k] corre-
sponding to the sequence d = Hc = (S*W)~lc. Then

F=> dklwe =Wd=W(S*W)"'S*f. (4
k

4An oblique projection is a projection operator E satisfying
E? = E that is not necessarily Hermitian. The notation Eyypt
denotes an oblique projection with range space W and null space
VL. If W =V, then E,yy 1 is an orthogonal projection onto W.



Comparing (4) with (3) we conclude that f of (4) is a
consistent reconstruction of f only if T' = Eyy,1, where
T = W(S*W)~1S*. From the definition of an oblique
projection [3], Eyy .+ is the unique operator satisfying

Epyprw = wforany w e W;
Eywypiv = 0for any v € V1. (5)
We can express any w € W as w = Wa for some a € [,
so that Tw = TWa = Wa = w. Since s € V, S*v =0
for any v € V*, and Tv = 0. Thus T satisfies (5), and
consequently T' = Eyy 1, rendering f = T'f a consistent
reconstruction of f. The resulting measurement and re-
construction scheme is depicted in Fig. 1.

c[k] d[k] R
(s w)~ Wi— f=Ewy.f

f— 8

Figure 1: Consistent reconstruction of f using sampling
vectors s, and reconstruction vectors wyg, with W and
Y+ disjoint.

If f € W then f = Eywysf = f, and f can be per-
fectly reconstructed from the measurements c[k] using
the scheme depicted in Fig. 1. By choosing different
spaces H, W and V and using the measurement and re-
construction scheme of Fig. 1, we can arrive at a variety
of new and interesting sampling theorems.

In [1] the authors consider the special case where
H = Lo so that f = f(t), and where W and V are
subspaces generated by integer translates so that wy =
¢t — kT) and s = (t — kT) for appropriately cho-
sen functions ¢(t),%(t). In this case the measurements
clk] = {(sk, f(t)) correspond to samples of the output
of a filter with impulse response 1(—t) with f(t) as its
input, and the reconstructed signal corresponds to the
output of a filter with impulse response ¢(t), with an
impulse train whose values are the corrected measure-
ments d[k] as its input. The transformation (S*W)~!
reduces to filtering with a filter whose impulse response
is the convolutional inverse of the filter with impulse re-
sponse hy = (s, wo) = (Y(t — kT), $(t)). The sampling
scheme of Fig. 1 then reduces to the sampling scheme of
[1, Fig. 3]. However, our sampling scheme is more general
than that of [1] since it applies to arbitrary subspaces W
and V of an arbitrary Hilbert space H. Furthermore, it
is noted in [1] that consistent reconstruction is possible
only if the filter with impulse response hy is invertible.
However, no general conditions are specified under which
this is the case. From our general framework it follows
that the filter will be invertible if and only if W and V*
are disjoint.

4 Bandlimited Sampling of Time-
Limited Sequences

We now consider in detail the example outlined in Sec-
tion 2. H is the space of sequences z[n] such that
zln] = 0 for n < 0,n > N, W is the space of se-
quences z[n] such that z[n] = 0 for n < 0,n > M where
M =2M"+1< N, and V is the space of “bandlimited”
sequences z[n] such that X[k] =0for M' <k < N-M',
where X[k],0 < k < N — 1 denotes the N point DFT of
z[n]. The bases for V and W are chosen as the sequences
sk[n],0 <k <M —1 and wg[n],0 < k < M — 1 respec-
tively, given by si[n] = e/2m7(k=M)n/N for 0 <pn < N —1
and 0 otherwise, and wg[n] = d[k — n].

Consider an arbitrary sequence f[n] in H. The mea-
surements c[k],0 < k < M — 1 of f[n] are equal to

N-1
c[k] = (sk, £) = Y silnlfln]
n=0
N-1
= Y fln]e? E=MIMN — F{((k - M))n], (6)
n=0

where F[k],0 < k < N — 1 is the N point DFT of f[n],
and ((p)) v = p mod N. Thus, the measurements c[k] are
the M lowpass DFT coeflicients of the N point DFT of
f[n]. To obtain a consistent reconstruction of f[n] from
c[k] we need to determine (S*W)~1. The kmth element
of the M x M matrix S*W is

(strwm) = 3 stlnlwnln] = silm] = 27 B™, (7)

n=0

where Z = e=27/N and B = ¢527M' /N We can therefore
express S*W in the form

1 1 1 e 1
1 VA VA ZM-1
o 1 Z2 Z4 Z2(M—1) D
1 gZM-1 22(1;4—1) Z(M-1)?
(8)

Eq. (8) is the product of a Vandermonde matrix and
a diagonal matrix D with nonzero diagonal elements
B™ 0 <m < M —1. Therefore, S*W is always invertible
from which we conclude that W and V' are disjoint, so
that consistent reconstruction is possible for all f[n]. We
can compute the inverse of S*W using any of the formu-
las for the inverse of a Vandermonde matrix (see e.g., [4]).
The corrected measurements d[k] are then given by the
elements of d = (S*W)~lc where c is the vector with ele-
ments ¢[k] given by (6), and f[n] = g:_ol wi[n]d[k] = d,
for 0 <n < M —1 and 0 otherwise. The consistency re-
quirement implies that F[((k—M'))n] = F[((k—M'))n]



for 0 < k < M — 1, where F[k] is the N point DFT of
fIn]. Thus f[n] is a “time-limited” sequence that has the
same lowpass DFT coefficients as f[n].

Now, suppose that f[n] is a length M sequence in W,
and we are given M lowpass DFT coefficients F[((k —
M)n], 0 < k < M — 1. We can then perfectly re-
construct f[n] from these coefficients using the method
described above. This implies the intuitive result that a
time-limited discrete-time sequence can be reconstructed
from a lowpass segment of its DFT transform. This re-
sult is the analogue for the finite length discrete-time
case of Papoulis’ theorem [5], which implies that a time-
limited function can be recovered from a lowpass seg-
ment of its Fourier transform. The reconstruction based
on Papoulis’ theorem is typically obtained using itera-
tive algorithms such as that discussed in [5]. By choos-
ing appropriate sampling and reconstruction vectors in
the general scheme of Fig. 1, we obtained a finite length
discrete-time version of this theorem together with a sim-
ple reconstruction method. This example illustrates the
type of procedure that might be followed in using our
framework to generate new sampling theorems.

5 Oblique Dual Frame Operator

In the previous sections we considered consistent recon-
struction of a signal from a nonredundant set of mea-
surements, given by inner products with a set of linearly
independent vectors. We now consider the problem of
consistent reconstruction from redundant measurements
that are obtained using a linear dependent set of vec-
tors that span the sampling space V. The reconstruc-
tion is obtained using a set of linearly dependent vectors
that span the reconstruction space W. Such a set of vec-
tors (with some additional constraints) is called a frame.
More precisely, a set of vectors y; € W form a frame for
W if there exists constants A > 0 and B < oo such that

Allz|* < D" ({2, yx)|* < Bll|?, (9)
k

for all z € W [2]. The lower bound in (9) ensures that
the vectors yr span W. If the bounds A = B in (9),
then the frame is called a tight frameS. If W is an M-
dimensional space and there are N vectors constituting
the frame, then the redundancy of the frame is defined as
r = N/M. Since the vectors y; must span W, N > M.
Suppose we are given a set of reconstruction vec-
tors y that form a frame for WW. We can then recon-
struct any signal w € W using the frame vectors yy,
as w = Y, d[kly where the coefficients d[k] are not
uniquely specified. A possible choice is d[k] = (i, w)

5In this paper, we consider a tight frame to be a frame with
bounds A =B = 1.

where ¢y, are the dual frame vectors [2] of the frame vec-
tors yg, corresponding to the set transformation Y =
(YH* = Y(Y*Y)!. Here Y is the set transformation cor-
responding to the vectors yg, and (-) denotes the Moore-
Penrose pseudo inverse [6]. The operator Y* = YT is
called the dual frame operator. This choice of coeffi-
cients has the property that among all possible coeffi-
cients it has the minimal norm [2, 7]. If the vectors
yr form a tight frame, then Y = Y. From the prop-
erties of the pseudo inverse YY1 = Py, where Py
is the orthogonal projection onto W, so that indeed
S @k wyyr = YYV*w = YYw = Pyw = w. If f is
any signal in H, then f = >k Uk flye = Pw f is a con-
sistent reconstruction of f from the redundant measure-
ments zi[k] = (Jk, f). Note, that here the sampling space
is the space spanned by the vectors ¢ which is equal to
the reconstruction space W, spanned by the vectors y.

Now, suppose we want to reconstruct a vector w € W
using the reconstruction vectors yg, but now the sam-
pling space V is not necessarily equal to V. In this case
reconstruction can be obtained using what we define as
the oblique dual frame vectors of yr on V, denoted by
gy € V, which are the vectors in V corresponding to
the set transformation (YZ,,)*, where S = NV'(Y)* and
Ygﬁn is the oblique pseudo inverse [8] of Y on & along V.
We define the oblique dual frame operator as the operator
YZ s when V =W, YZ =Y and the oblique dual
frame operator reduces to the conventional dual frame
operator.

The oblique pseudo inverse is defined as follows. Let
T: K — U be an arbitrary linear transformation, and let
K=GoN(T)and U = R(T) & Z. The oblique pseudo
inverse of T on G along Z, denoted T(fz, is the unique
transformation satisfying [8] TQ#ZTU =vforalv € G,

and szw = O for all w € Z. These conditions imply
that

TTY; = Er(r)z; (10)
TE,T = Egnr).- (11)

Now, let y; be a frame for W corresponding to the set
transformation Y, and let Ygf) 1 be the oblique pseudo
inverse of Y on § = N(Y)! along V1. Then since
R(Y) = W, it follows from (10) that YYZ,, = Eypyyu,
so that any w € W can be expressed as w = Eyyprw =
>k (GY,w)yx. Since the vectors g lie in V, the sampling
space is now equal to V while the reconstruction space is
equal to W. If f is any signal in #, then

Eywyr f =YYE,F =D @Y, P, (12)
k

and f = >k (@Y, fyk is a consistent reconstruction of f
from a set of redundant measurements, where the sam-



pling space is not necessarily equal to the reconstruction
space.

We note that given the frame vectors yy for W, there
are many ways of choosing coefficients d[k] that corre-
spond to measurements of a signal f using a frame for
V, and such that Eyyy. f = Y, dlklys. The particular
choice d[k] = (§Y, f) given by the oblique dual frame
vectors has the minimal norm among all possible coeffi-
cients. Another property of the oblique dual frame vec-
tors, which is similar to a property of the conventional
dual frame vectors (see, e.g., [7, pp. 88-89]), is the fol-
lowing. Suppose we want to reconstruct a signal in W
from some given coefficients b[k]. Among all possible re-
construction vectors we seek the vectors that result in
a reconstructed signal whose measurements using sam-
pling vectors ¢ that span a space not necessarily equal
to W, are as close as possible to b[k]. Then the opti-
mal reconstruction vectors are the oblique dual frame
vectors of tp on W, corresponding to the set transfor-
mation (Tﬁ(T)W)*, where T is the set transformation
corresponding to the vectors t.

6 Reconstruction From Redun-
dant Measurements

Suppose now we are given a set of redundant measure-
ments ¢[k] = (zk, f) of a signal f € H, where the vectors
zy, form an arbitrary frame for V. We want to obtain a
consistent reconstruction of f using a set of reconstruc-
tion vectors yj, that form a frame for W. From (12) it
follows that we can obtain a consistent reconstruction us-
ing the corrected measurements d[k] = (§Y, f), where the
vectors ;lj}; are the oblique dual frame vectors of y; on V.
To transform the given measurements ¢[k] into the cor-
rected measurements d[k], we relate the vectors Y to the
given frame vectors x. Let X be the set transformation
corresponding to the vectors x;. Then the oblique dual
frame operator YS#; . can be expressed in terms of X and
Y as

Vi = (Xx*Y)Ix*, (13)
Substituting (13) into (12) it follows that

f=Eppr f =Y(X*V)IX*f =Y(X*Y)le=Yd, (14)

where d = (X*Y){é. Thus the corrected redundant
measurements d[k] are obtained by transforming the
redundant measurements é[k] using the transformation
(X*Y)t. The resulting sampling procedure is depicted
in Fig. 2.

An alternative form of Fig. 2, that we will use later on,
can be obtained by noting that any frame y;, for YV can be
expressed as Y = W Z for some transformation Z: I —
lo, where W is a set transformation corresponding to an

élk dlk .
k] (X*Y)f K] Y — f=Eppsf

f— x>

Figure 2: Consistent reconstruction of f using redundant
sampling and reconstruction vectors xy and y.

arbitrary basis for W, and ZZT = I. Similarly, X = ST
for some transformation 7: Iy — Iy, where S is a set
transformation corresponding to an arbitrary basis for
V, and TTT = I. Substituting into (13), we have

Vi, =ZH S W) TS = ZH(S*W)TLS*, (15)

since (T1)*T* = I. If in addition Y is a tight frame for
W, then Zt = Z* and

YE,. = 2Z(S"W) ts*. (16)
From (15) it follows that we can obtain the redundant
corrected measurements d[k] directly from the nonre-
dundant corrected measurements d = (S*W) 'S*f =
(S*W)~te, via d = Z'd, where c[k] = (si, f) are the
nonredundant measurements obtained using the vectors
s. This interpretation is illustrated in Fig. 3.

c[K] d[k] — d[k] )

f— s (S*W)~1 Zt Z W

Figure 3: Equivalent form of Fig. 2.

One of the reasons for using redundant measurements
is to reduce the average power of the quantization error,
when quantizing the corrected measurements prior to re-
construction. If the sampling and reconstruction spaces
are equal, then we have seen that we can consistently re-
construct a signal f using a set of vectors y; that form a
tight frame for W, where the corrected measurements are
d[k] = (yk, f). Alternatively, we can use a nonredundant
scheme where the reconstruction vectors wy form an or-
thonormal basis for W, and the corrected measurements
are d[k] = (wy, f). Suppose now we quantize the mea-
surements d[k] and d[k] prior to reconstruction. Then
using the redundant procedure, i.e., quantizing the mea-
surements d[k] we can reduce the quantization error by
the redundancy factor of the frame [2] in comparison with
quantizing the measurements d[k]. We now extend this
result to the case where the sampling and reconstruction
spaces are not constrained to be equal. In particular, we
show that we can choose a tight frame y;, for WV such that
when using the redundant sampling procedure of Figs. 2



and 3 we can reduce the average power of the reconstruc-
tion error by the redundancy factor in comparison with
the nonredundant scheme of Fig. 1.

We now assume that W and V are M-dimensional
spaces. Let {wg,1 < k < M} denote a set of reconstruc-
tion vectors that form an orthonormal basis for W, and
let {sg,1 < k < M} denote a set of sampling vectors that
form a basis for V. Let c[k] = (s, f) denote nonredun-
dant measurements of a signal f. The consistent recon-
struction f of f is obtained using the corrected measure-
ments d[k] corresponding to d = (S*W)~l¢, which can
be expressed as d[k] = (v, f), where {vg,1 < k < M}
are the vectors corresponding to the set transformation
V = S(W*S)~1. Thus,

M
F=> (o, f
k=1 k=1

where q[k] = \/a[ko[R], alk] = (we,wi) = 1, b[k] =
(’l)k,’l)k), wp = wk/\/a[k], and 7} = ’Uk/\/b[k].

Assume we quantize the normalized measurements
d[k] = (v, f) prior to reconstruction, and model the
quantization error as an additive zero mean white noise
source, so that the quantized measurements are given by
dlk]' = d[k] + e[k] where E(e[k]e[j]) = 025k;. The recon-
struction error is then € = ZkM:1 g[k)e[k]w;, and

M
= q[k|(@s, f)Wk, (17)

M M A
E((e;e)) =0 > ¢’lk] =0 Y _b[k] = D. (18)
k=1 k=1

Suppose now we use a redundant procedure so that we
reconstruct the signal using a tight frame {yz,1 < k <
N} for W, with redundancy N/M. Then Y = WZ for
some Z: CM — CN such that ZZ* = I). From (16)
it follows that the sampling vectors leading to consistent
reconstruction correspond to the set transformation X =

(YZ,.)" = S(W*S)~1Z, so that
R N N

F=" (e Hye =D dlk@x, /T, (19)
k=1 k=1

where k] = 1/a[k]b[k], a[k] = (yk,yx), b[K] = (zk,z4),

Y = yk/\/&[k], and T = .Z'k/\/b[k]
the normalized redundant measurements (Zy, f), then
the average power of the reconstruction error is D =

o? EkN 1 @*[k]. We now show that we can choose a tight
frame yy, such that D = M/ND.

Let Y = W, where F is an N x M matrix whose rows
are equal to the first M rows of the N x N DFT matrix
with elements 1/v/Ne=727km/N_ Then X = (Y‘;‘L’\E}l)* =
VF. Indeed, since FF* = Iy, YX* = WV* = Eppyo.
We now show that for this choice of sampling and re-
construction vectors D = M/ND. First we note that

If we quantize

Y*Y = F*F = M/NIy. Thus, a[k] = M/N for all k
and D = 0? Y, a[k]b[k] = M/No? 3", b[k]. Next,

N

> bk = Tr(X*X) =

k=1

so that D = M/No? 3", blk] = M/ND.

Therefore, to reduce the quantization error in the sam-
pling and reconstruction scheme of Fig. 1, we propose
the following. Instead of directly quantizing the mea-
surements d[k] in Fig. 1, we first take the N point DFT
of the length M sequence of measurements d[k], and then
quantize the DFT coefficients. The reconstructed signal
is then a linear combination of the reconstruction vec-
tors wy, where the coefficients are the first M values of
the inverse DF'T transform of the quantized DFT coefli-
cients. The overall scheme is equivalent to that depicted
in Fig. 3 where Z! is now the N point DFT transform,
and Z is the inverse DFT transform that returns only
the first M values. The quantization takes place after
the DFT transform.

We can show that we can obtain the same reduction
in quantization error using frames for W and V corre-
sponding to set transformations of the form ¥ = WT
and X = VT respectively, where T is any cyclic unitary
matrix or diagonal unitary matrix.

Te(V*V Z blk (20)

References

[1] M. Unser and A. Aldroubi, “A general sampling the-
ory for nonideal acquisition devices,” IEFEE Trans.
on Signal Proc., vol. 42, no. 11, pp. 2915-2925, Nov.
1994.

[2] I. Daubechies, Ten Lectures on Wavelets,
Philadelphia, 1992.

SIAM,

[3] K. Hoffman and R. Kunze, Linear Algebra, Prentice-
Hall, Inc., second edition, 1971.

[4] F. D. Parker, “Inverses of vandermonde matrices,”
American Mathematical Monthly, vol. 71, no. 4, pp.
410-411, Apr. 1964.

[5] A. Papoulis, “A new algorithm in spectral analy-
sis and bandlimited extrapolation,” IEEE Trans. on
Clircuits Syst., vol. CAS-22, pp. 735-742, 1975.

[6] G. H. Golub and C. F. Van Loan, Matriz Computa-
tions, Johns Hopkins University Press, 1983.

[7] G.Kaiser, A Friendly Guide to Wavelets, Birkhauser,
1994.

[8] R. D. Milne, “An oblique matrix pseudoinverse,”
SIAM J. Appl. Math., vol. 16, no. 5, pp. 931-944,
Sep. 1968.



