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ABSTRACT a Fourier transform defined over the generating gr@upf the

frame. Similarly, in Section 5 we show that the dual and canonical
frame vectors associated with a CGU frame are also CGU.

An important topic in frame theory is the behavior of a frame
when elements of the frame are removed. In Section 6, we show
that the frame bounds of the frame resulting from removing a sin-
gle vector of a GU frame are the same regardless of the particular
vector removed. In this sense GU frames exhibit an interesting ro-
bustness property which is of particular importance in applications
such as multiple description source coding [6].

Since GU frames have nice symmetry properties, it may be
desirable to construct such a frame from a given set of frame vec-
tors. In Section 7, we discuss methods for constructing optimal
U frames from given frame vectors.

We introduce and discuss the properties of a new class of
finite-dimensional frames with strong symmetry properties called
geometrically uniform (GU) frameshat are defined over a finite
abelian group of unitary matrices and are generated by a single
generating vector. The notion of GU frames is then extended
to compound GU (CGUjrames which are generated by a finite
abelian group of unitary matrices usimngultiple generating vec-
tors. Finally, we discuss methods for constructing optimal GU
frames.

1. INTRODUCTION AND OUTLINE

Frames are generalizations of bases which lead to redundant signa?
expansions [1]. A finite frame for a Hilbert spag¢éis a set of
vectors that are not necessarily linearly independent and&pan 2. FRAMES

Two important classes of highly structured frames are Gabor
(Weyl-Heisenberg (WH)) frames [2] and wavelet frames [3, 4]. Let{¢;,1 < i < n} denoten vectors in anm-dimensional Hilbert
Both classes of frames are generated by a single generating funcSPac€t. The vectors; form aframefor H if there exist constants
tion. WH frames are obtained by translations and modulations of 4 > 0 andB < oo such that
the generating function (referred to as the window function), and n
wavelet frames are obtained by shifts and dilations of the generat- Allz|)® < Z |(x, ¢:)|* < Blz|?, 1)
ing function (referred to as the mother wavelet). In Section 3 of i=1
this paper, we introduce a new class of finite-dimensional frames
which we refer to as geometrically uniform (GU) frames, that like
WH and wavelet frames are generated from a single generating
vector. These frames are defined by a finite abelian g@ugf
unitary matrices, referred to as the generating group of the frame.
GU frames are based on the notion of GU vector sets [5], which are
known to have strong symmetry properties that may be desirable
in various applications such as channel coding.

The notion of GU frames is then extended to frames that are
gengrated by a.finite abelian grogp of unitary matrices us?ng defined as' = n/m.
multiple generating vectors. Such frames are not necessarily GU, Given frame vectorsy;, anyz € H can be expressed as
but consist of subsets of GU vector sets that are each generated "

. = S-" a;¢; for some coefficients,;. If then the
by Q. We refer to this class of frames as compound GU (CGU) v .Z’:l @i : . n > m e
. o . coefficientsa; are not unique. A possible choiceds = (¢;, x)
frames, and develop their properties in Section 5.

. . whereg; are theminimal dual frame vectorg}] and are given b,
In Section 4, we show that the dual and canonical frame vec- 4 B 9 y

. . b; = S™1¢;. In the case of a tight framg = AI,,; hence the
tors associated with a GU frame are also GU, and therefore gener-(b ¢ cas \ght Ir

ated by a single generating vector. Furthermore, we demonstrate 1we use the notatioriz, y) = z*y where the superscript denotes
that the generating vector can be computed very efficiently using conjugate transposition.

for all x € H [4]. In our development, we restrict our attention to
the case where botln andn are finite. From (1) it follows that
any finite set of vectors that spahsis a frame forH.

The tightest possible frame bounds ate= min; A;(.S) and
B = max; A\ (S), where{\;(5),1 < i < m} denote the eigen-
values of the frame operatét = " | ¢;¢; = ®P*. Hered is
the matrix of columnsp;, and(-)* is the Hermitian transpose. If
A = B, then the frame is tight frame If A = B = 1, then the
frame is anormalized tight frameThe redundancy of the frame is




minimal dual frame vectors are simply given by = (1/A)#;.
Since a tight frame expansion of a signal is very simple, it is pop-

ular in many applications. The canonical tight frame vectors as-

sociated with the vectors; are the frame vectors; = S~ '/%¢;,
whereS~!/2 is the positive definite square root 8f The vectors

u; form a normalized tight frame that is closest in a least-squares

sense to the vectors [7, 8].

In the next section, we introduce GU frames that have strong

symmetry properties.

3. GEOMETRICALLY UNIFORM FRAMES

A GU frame is defined as a set of frame vectérs= {¢;,1 <
i < n} such thatp, = U;¢ where¢ is an arbitrarygenerating
vectorand the matrice¢U;,1 < ¢ < n} are unitary and form an
abelian groupQ, which is called thegenerating groupf S [5].
Alternatively, a vector set is a GU frame fét if the vectors span
‘H, and given any two vectorg; and ¢, in the set, there is an
isometry that transformg; into ¢; while leaving the set invariant.

Proposition 1 ([9]) Let{¢; = U;¢,U; € Q} be a geometrically
uniform frame with frame bound4 and B. Then4 < Z||¢||*> <
B. If in addition the frame is tight, thed = B = 2 |¢||°.
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SinceU; , we have(¢;, ;) = ¢*U; 'U; = s(U; ' U;),
where s(U;) ¢*U;¢.  For fixed i, the setU;'Q =
{U7'U;,U; € Q} is a permutation ofQ sinceU; 'U; € Q
for all 4, j [10]. Therefore, the numbeds (U, 1U;),1 < j < n}
are a permutation of the numbefg(U;),1 < ¢ < n}. The same
is true for fixedj. Consequently, every row and column of the
Gram matrixG = {(¢:, ¢;)} is a permutation of the numbers
{a; = s(U;),1 < i < n}. Amatrix G whose rows (columns) are
a permutation of the first row (column) will be callecparmuted
matrix. We then have the following proposition.

Proposition 2 ([9]) The Gram matrixG = {(¢:, ¢;)} corre-
sponding to a geometrically uniform vector set= {¢; € H,1 <

i < n} is a permuted matrix. Conversely, if the Gram matrix
G = {{¢i, ¢;)} is a permuted matrix, andep;, ¢;) = (P;, ¢:)

for all 4, j, then the vector$¢; } are geometrically uniform. If in
addition the vectorg¢; } span’, then they form a geometrically
uniform frame forH.

The Fourier transform (FT) matrix plays an important role in
defining GU frames. In order to define the FT we start by replac-
ing the multiplicative group® by an additive groug) to which
Q is isomorphic. Specifically, every finite abelian gro@gs iso-
morphic to a direct produa® of a finite number of cyclic groups:
Q2 Q = Zn, X -+ X ZLn,, WhereZ,, is the cyclic additive
group of integers modulg;, andn = [], n¢. Thus every element
U; € Q can be associated with an element Q of the form
q=(q1,92--.,9), Whereq; € Zy,; this correspondence is de-
noted byU; < q. Each vector; = U, ¢ is then denoted as(q),
whereU; « q.

The FT of a complex-valued functiap : Q@ — C defined on
Q = Zn,y X -+ X ZLn, is the complex-valued functiop : Q — C

defined by

1
¢(h) = —= ) (h.q)¢(q),
%

where (h, q) = [I¢_, e *™"t9/™ Hereh, andg; are thekth
components ofr andq respectively, and the produktg; is taken
as an ordinary integer modulg. Correspondingly, the FT matrix
overQ is defined as the x n matrix F = {ﬁ(h, q),h,q € Q}.
The FT of a column vectop = {p(q),q € Q} is the vector
& = {¢(h),h € Q} given byp = Fop. SinceF is unitary, we
obtain the inverse FT formula gs= F* .

In the following theorem we show that the FT matrix can be
used to define GU frames.

Theorem 1 ([9]) A set of vectorg¢;,1 < i < n} in an m-
dimensional Hilbert spacé( is geometrically uniform if and only
if the Gram matrixG = {(¢:, ¢,)} is diagonalized by a Fourier
transform matrixF over a finite product of cyclic group3.

)

4. DUAL AND CANONICAL TIGHT FRAMES
ASSOCIATED WITH GU FRAMES

For a GU vector set with generating grogp the frame operator
S = ®P* commutes with each of the unitary matric€s € Q
[9]. Therefore,S~! andS~1/2 also commute with/; for all j, so
that

bi=8""p; =8""Uip=U;S"" ¢ = Ui, 3)
where¢ = S™'¢, which shows that the minimal dual frame vec-
tors{¢; = S~ '¢;} are GU with generating grou@. Similarly,

pi =S¢ =S PUp=US o =Up, (4)

wherep = S~%/2¢, which shows that the canonical tight frame
vectors{u; = S~1/2¢;} are also GU with generating gro@.

Therefore, in order to compute the dual frame vectors or the
canonical tight frame vectors all we need is to compute the gener-
ating vectorsp and ., respectively. The remaining frame vectors
are then obtained by applying the grogpto the corresponding
generating vectors.

When the groupQ is abelian, the generating vectors can
be computed very efficiently using the FT. Specifically we show
in [9] that ¢ = (1/v/n) ¥y,c(1/0(h))u(h), where{o(h)
n'/*\/5(h), h € Q} are the singular values @f, {3(h),h € Q}
is the FT of the inner-product sequenf&(0), ¢(q)),q € Q},

T is the set of indice®s € @ for which o(h) # 0, u(h) =
¢(h)/o(h) for h € Z, and{p(h), h € Q} is the FT of{¢(q), ¢ €
Q}. Similarly, p = (1/v/n) >, czu(h). The frame bounds of
the frame{¢;,1 < i < n} are given byA = \/nmingez §(h)
andB = \/ﬁmaxhez .§(h)

The canonical tight frame vectors associated with a GU frame
have the property that among all normalized tight frame vectors
they maximizeRs, = 37", [(¢i, wi)|>. Maximizing R4, may
be of interest in various applications. For example, in a matched-
filter detection problem considered in [1H,,, represents the to-
tal output signal-to-noise ratio. As another example, in a multiuser
detection problem considered in [12], maximiziRg,, has the ef-
fect of minimizing the multiple-access interference at the input to
the proposed detector.



5. COMPOUND GU FRAMES

A CGU frame is defined as a set of frame vectfgg,, 1 < i <
l,1 < k < r} such that;, = U,y for some generating vectors
{#r,1 < k < r}, where the matrice§U;, 1 < ¢ < [} are unitary
and form an abelian grou@. A CGU frame is in general not GU.
However, for eveny, the vectors(¢;x, 1 < ¢ < [} are GU with
generating grouf®.

A special case of CGU frames are filter bank frames [13], in
which Q is the group of translations by integer multiples of the

subsampling factor, and the generating vectors are the filter bank

synthesis filters.

Proposition 3 ([9]) Let{¢ix = Ui, 1 < i < 1,1 < k <r}
be a compound geometrically uniform frame with frame bou#ds
and B, where{¢x,1 < k < r} is an arbitrary set of generating
vectors. Them < L 3™ ||¢x||> < B. If in addition the frame
is tight, thend = L 37 [|¢e||*.

5.1. Example of a CGU Frame

An example of a CGU frame is illustrated in Fig. 1. Here
{bir,1 < i,k < 2} where{¢ir, = Us¢w,U; € G}, G = {I,U}

5.2. Dual and canonical tight frames associated with CGU
frames

With ® denoting the matrix of columng;, it can be shown that
S = ®P* commutes with each of the matricEs € Q [9], so that
the dual frame vectors are given by

Gir =S pix = ST igk = UsS™ "¢ = Uiy, (6)
where¢, = S~'¢. Therefore, the dual frame vectors are CGU
with generating grou@®. Similarly,
571/2Ui¢k = Uisil/2¢k = U;pk,

ik = S~ 2 ¢y, = (7)

whereur, = S~/ “¢y, so that the canonical tight frame vectors
are CGU with generating groug.

Therefore, in order to compute the dual frame vectors or the
canonical tight frame vectors all we need is to compute the gen-
erating vectorg ¢y, 1 < k < r} and{ux,1 < k < r}, respec-
tively. The remaining frame vectors are then obtained by applying
the group@ to the corresponding set of generating vectors.
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5.3. CGU frames with GU generators

A special class of CGU frames@®GU frames with GU generators
in which the generating vectofgh,, 1 < k < r} are themselves

andU represents a reflection about the dashed line in Fig. 1, andGU. Specifically,{¢, = Vi.¢} for some generatap, where the

is given by

V3

1 1
o-3| s U )

21 V3 }

The generators of the CGU frame afe = (1/+/2)[1 1]* and

#2 = (1/3/2)[1 — 1]*. The vectorps; is obtained by reflecting
the generatory;1 about the dashed line, and similarly the vec-
tor ¢22 is obtained by reflecting the generatr. about this line.

As can be seen from the figure, the frame is not GU. In particu-
lar, there is no unitary transformation that transfokps into ¢12
while leaving the set invariant. However, the s8ts= {¢11, ¢21}
andS, = {¢12, P22} are both GU with generating grogp both
sets are invariant under a reflection about the dashed line.

P22

¢12

Fig. 1. A compound geometrically uniform frame.

matrices{Vx,1 < k < r} are unitary, and form an abelian group
g.

Suppose thatl, V; = VU, for all t andp and arbitrary
0(p,t). ThenV, commutes withS = ®®* for eacht, and the dual
frame vectors are given by

Git =S Tk = ST Ui Ve = UiVeS™ ' p = Ui Vi,  (8)

whereg = S~1¢. Similarly,

pir =8¢ = STVPUVG = UiViSTV?¢ = UiVip
©)

wherey = S ¢. Thus even though the frame is not in general
GU, the dual and canonical tight frame vectors can still be com-
puted using a single generating vector. Alternativély, = U; ¢
where¢, = Vig, and s = Uipr Wherepu, = Vip. Thus
{¢r,1 < k <r}yand{ur,1 < k < r} are both GU with gener-
ating groupg.

A special case of CGU frames with GU generators for which
Q andG commute up to a phase factor are Weyl-Heisenberg (WH)
frames [4, 3, 2]. If the WH frame is critically sampled, then
0(p,t) = 0 and the WH frame reduces to a GU frame. In the
more general oversampled ca8éy, t) # 0.
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6. PRUNING GU FRAMES

In applications, such as multiple description source coding [6], itis
often desirable to know or to be able to estimate the frame bounds
when one or more of the frame elements are removed. The fol-
lowing theorem reveals an interesting symmetry property of GU
frames in this context.



Theorem 2 ([9]) LetS = {¢: = U9, U; € Q} be a geomet-
rically uniform frame generated by a finite abelian grogp of
unitary matrices, where is an arbitrary generating vector. L&

be the matrix of columng;, and letS = ®&* be the correspond-
ing frame operator. LeS(j) = {¢; = U;¢,U; € Q,i # j}

be the pruned set obtained by removing the elemeniThen the
eigenvalues of the frame operator corresponding to the pruned set
do not depend on the particular elemefit removed. If in addi-
tion the frame is tight, then the eigenvalues of the frame operator
corresponding to the pruned set are givenby= - — 1 and

Ai = 7=, 2 <4 < n, independent ob;.

An immediate consequence is that the frame bound ratio of a
pruned tight frame is given b3/A = 1/(1 — m/n), which is
close tol for large redundancy = n/m.

We next consider the case where multiple frame elements are
removed.

Corollary 1 ([9]) LetS = {¢; = U;,U; € Q} be a GU frame
generated by a finite abelian group of unitary matrices, lef be

the matrix of columng;, and letS = ®®* be the corresponding
frame operator. Let7 be a set of indices, and lef (k) denote

the set of indices such thatU; = U,Uj for fixedk andj € J.
LetS(k) = {¢: = Uip,U; € Q,i # J(k)} be a pruned set
obtained by removing the elemertswithi € J(k). Then the
eigenvalues of the frame operator corresponding to the pruned set
are independent of.

Corollary 1 implies that the frame bounds of the frame resulting

from removing the elements; withi € 7 (k) are independent of

k so that in the context of multiple description source coding, the

quality of the reconstruction from the reduced set is independent
of the elements removed.

7. CONSTRUCTING GU FRAMES

Since GU frames have nice symmetry properties, it is desirable to
construct a GU frame from a given set of frame vectors. We shall
next present a method for constructing a GU frafe, 1 < ¢ <

n} with Gram matrix3*R for some3 > 0, from given frame
vectors{y;,1 < i < n}, where the GU vectorg; are chosen to
minimize the least-squares ertbr= " (@i — ¢i, i — dq).

Theorem 3 ([14, 9]) Let {¢:} be a set ofn vectors in anm-
dimensional Hilbert spacé{ that span, and letF’ be the ma-
trix of columnsy;. Let{¢;} denote the: GU frame vectors that
minimize the least-squares errdf = 7" (@i — ¢i, pi — ¢i)
subject to the constrain*® = 3°R, and letd be the matrix
of column&;@i. Let F be the Fourier transform matrix that diag-
onalizesR, let A be the diagonal matrix with diagonal elements
{aj = n'%a4;,1 < j < n} where{a;,1 < j < n} is the FT
of the first row{a;,1 < j < n} of R, let X be anm x n di-
agonal matrix withrm diagonal elements/c; for values ofi for
which a; # 0, and letU and V' be the right-hand unitary ma-
trix and left-hand unitary matrix respectively in the singular value
decomposition of FX*. Then,

1. if 8 = fo is given, then we havé
If in addition FRF* is invertible,
Bo(FRE*)~Y2FR.

2. if 8 > 0is chosen to minimiz&, thend = BUV*E]—'*,
where§ = Tr(UV*XF*)/Tr(R). If in addition FRF™

is invertible, thend = B(FRF*)"'/?FR, where3 =
Tr((FREF*)Y?)/Tr(R).

BoUV*SF*.
then @
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