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State Smoothing in Markov-Switching
Time-Frequency GARCH Models

Ari Abramson and Israel Cohen, Senior Member, IEEE

Abstract—In this letter, we propose a state smoothing algorithm
for path-dependent Markov-switching generalized autoregres-
sive conditional heteroscedasticity (GARCH) processes. Our
smoothing technique extends the forward—backward recursions of
Chang and Hancock and the stable backward recursion of Lindgren,
Askar and Derin. We derive two recursive steps for the evaluation
of conditional densities of future observations. The first step is
an upward recursion that manipulates the future observations
for the evaluation of their conditional densities, and the second
step is a backward recursion that integrates over the possible
future paths. Experimental results demonstrate the improvement
in performance, compared to using causal estimation.

Index Terms—Forward-backward recursions, generalized au-
toregressive conditional heteroscedasticity (GARCH), stable back-
ward recursion, state smoothing.

1. INTRODUCTION

TATE estimation is of both theoretical and practical impor-
Stance whenever the underlying statistical model switches
regimes over time [1], [2]. State smoothing (i.e., noncausal state
estimation) of hidden Markov processes (HMPs) has been orig-
inally introduced by Chang and Hancock [3]. Their solution
for estimating the noncausal state probability, which is imple-
mented using forward—backward recursions, decouples a for-
ward recursion for the evaluation of the joint probability den-
sity of the current state and all observations up to the same
time as well as a backward recursion for obtaining the future
observations’ density given the current state. Lindgren [4] and
Askar and Derin [5] developed an alternative stable backward
recursion for the state smoothing in HMPs. Kim [6] extended
the stable backward recursion to nonmemoryless autoregressive
hidden Markov processes (AR-HMPs), where both the current
state (regime) and a finite set of past values are required for the
conditional density evaluation (see also [2, chap. 22]).

Generalized autoregressive conditional heteroscedasticity
(GARCH) models and also Markov-switching GARCH
(MS-GARCH) models are widely used in the field of econo-
metrics for volatility forecast derivation of economics rates
[7]1-[10], and they have recently been utilized for several signal
processing applications. In [11], GARCH modeling has been
applied to spatially nonuniform noise in multichannel signal
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processing. In [12], a regime-switching GARCH model has
been utilized for speech recognition, and a complex-valued
GARCH model has been proposed in [13] and [14] for mod-
eling speech signals in the short-time Fourier transform (STFT)
domain for the application of speech enhancement. Generally,
when incorporating GARCH processes with switching-regimes,
the volatility evaluation requires knowledge of the pertinent
history of the regime-switching GARCH process, including the
regime-path [7], [8]. Properties of path-dependent MS-GARCH
models have been studied by Francq et al. [15]. In order to
estimate the model parameters, they showed that the condi-
tional likelihood depends on all the possible paths, and for a
Markov-switching ARCH model (in which case, there is no
dependency on past active regimes), they showed that the for-
ward-backward recursions can be employed for the conditional
likelihood evaluation. The complex-valued GARCH model has
been shown to be useful in speech enhancement applications
[13], [14]. Motivated by extending the dynamic formulation
of the time-frequency GARCH model and enabling a better
fit for a process with a more complicated time-varying statis-
tical behavior, a Markov-switching time-frequency GARCH
(MSTF-GARCH) model has been introduced [16]. However,
existing smoothing solutions are inapplicable in the case of
a path-dependent MS-GARCH model since both past obser-
vations and the regime path are required for the conditional
variance estimation, whereas existing smoothing techniques
rely on the assumption that given the current state, past active
regimes are statistically independent of future densities.

In this letter, we develop a state smoothing approach for
MSTF-GARCH processes. The dependency of the conditional
variance on past observations and past active regimes are taken
into consideration as we generalize both the forward—backward
recursions of Chang and Hancock [3] and the stable backward
recursion of Lindgren [4] and Askar and Derin [5]. We derive
two recursive steps for the evaluation of conditional densities
of future observations. The first step is an upward recursion
that manipulates the future observations for the evaluation of
their conditional densities, corresponding to all possible future
paths. The second step is a backward recursion that integrates
over these paths to evaluate the future densities required for
the noncausal state probability. The computational complexity
of the generalized recursions grows exponentially with the
number of future observations employed for the fixed-lag
smoothing. However, experimental results demonstrate that the
significant part of the improvement in performance, compared
to using causal estimation, is achieved by considering a few
future observations.

The organization of this letter is as follows: In Section II,
we introduce the MSTF-GARCH model and formulate the
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state smoothing problem. In Section III, we develop gener-
alized forward-backward recursions as well as generalized
stable backward recursions and derive our noncausal state
probability approach. Finally, in Section IV, we provide ex-
perimental results that demonstrate state smoothing for noisy
MSTF-GARCH processes.

II. PROBLEM FORMULATION

Let X; € C¥ be a K-dimensional random vector at a dis-
crete time ¢, and let Xy, & € {0,..., K — 1} be its kth el-
ement. Let X2 = {X¢|t; < t < t5} represent the data set

from time #; up to ¢, and let X' 2 X!. Let S; denote the (un-

observed) state at time £, and let s; be a realization of S, as-

suming S; is a first-order Markov chain with transition proba-

A A

= p(St+1 = St+1|St = St). Let It = {Xt78t}
. . . . A

denote all available information up to time ¢, where S? = 86 =

{50,...,8t}. We assume that Xy, are generated by an m-state
MSTF-GARCH process of order (1,1), which follows [16]:

th:\/)‘tk|t—1vvtk7 k:077K_1 (1)

where {Vi;} are iid complex-valued random variables with
zero-mean, unit variance, and some known probability den-
sity. Given the state s;, the conditional variance of X,
Mkjt—1,5s = E{|Xw[*|Z"1, 5¢}, is a linear function of the
previous conditional variance and squared absolute value

bilities as,s,, ,

Aekft—1 = Mkfe—1,5, = & + Qo [ Xim1,6]* + Bs, Ae— 1012
2)
where {; > 0, as > 0,and 85 > 0, s = 1,...,m are sufficient
constrains for the positivity of the conditional variance.

Let Y, = X; + D, denote the observed noisy signal,
where D; denotes the noise process that is uncorrelated with
the signal X;, and let D; be a zero-mean complex-valued
Gaussian random process with a diagonal covariance matrix
E{D;D} = diag{c?}, where (-) denotes the Hermitian
transpose operation. The state conditional probability of a
Markov-switching model, p(s:|Y7), is of considerable theo-
retical and practical importance for signal restoration and state
sequence estimation (e.g., [1] and [16]).

Solutions of the state smoothing problem, i.e., 7 > ¢, are nor-
mally obtained for HMPs using the forward—backward recur-
sions [3] or the stable backward recursion [4], [5]. Extensions
of these recursions for nonmemoryless AR-HMPs [2, Chap.
22], [6] are based on the quality that s; and a finite set of past
clean observations give complete statistical knowledge of future
densities. However, in case of a path-dependent MS-GARCH
model, a recursive formulation specifies the conditional distri-
bution of the process as dependent on both past observations and
the regime path, and therefore, existing smoothing solutions are
inapplicable.

III. STATE PROBABILITY SMOOTHING

In this section, we develop the noncausal state probability for
the model defined in (1) and (2). The smoothed probability is

IEEE SIGNAL PROCESSING LETTERS, VOL. 13, NO. 6, JUNE 2006

derived by generalizing both the forward—backward recursions
[3] and the stable backward recursion [4], [5].

A. Generalized Forward—Backward Recursions

Assume that the conditional variance of the process is recur-
sively estimated for any given state (e.g., as proposed in [16]),
and assume that the set of the recursively estimated conditional

variances at time ¢, A, 2 {:\t|t_1,5t|5't = 1,...,m}, with
the observed signal Y., are sufficient statistics for the next
condjtional variance estimation for any given regime [14], [16].
Let A72|TLS:§ = E’{)(T2 @XT_JS:S./J;TI}, T2 Z T1 > T0
denote the vector of estimated conditional variances at time
To based on the observations up to time 73 and on the given
set of active regimes S72, where ® denotes a term-by-term
multiplication, and * denotes complex conjugation. Let
9 A4e—1,5,5 Yt) 2 E{X; ® X}|S: = st,Me—1,5,, Y1t}
where the function g(-) is determined based on the statis-
tical model of {Vi;} [14]. Define the generalized forward
density by «f(ss, V) 2 f(st,f\t./Yt) and the general-
ized backward density by /i(yfjf|sf+l—1,yt+l—l) E
JOEHSIT AL Y=Y, Then, by substituting [ = 1,
we have f (st./yf"’LMt) = a(s, V)P (yfjﬂst,yt), and the
noncausal state probability can be obtained by

a(s, VOB (Vi Ise, V')
Zst OZ(St7 yt)ﬂ (y::l,_’—1L|sf, yt)
Proposition 1: The generalized forward density of an MSTF-

GARCH (1,1) process, a(s¢, V), satisfies the following recur-
sion:

p(s| V) = A3

a(s, V') = f (Yt|st75‘t|t—1,st) Z alsi 1, Y Nas, s,

4)
with the initial condition a(sg, Yo) = p(s0)f(Yol|s0)-

Proof: The generalized forward density is obtained
bya(s:, V') = f(Yt|st,/A\t)f(st,th). Given the active
regime, the state-dependent conditional variance is suf-
ficient for the conditional density. Furthermore, At and
{At_l,Yt_l} represent the same statistical information.

Hence, a(stvyt) = f(Yt|3t75\t|t—1,st)f(St,/A\t—lth—l),

wheref(s;, Av—1,Y—1) = Eshl a(st—lyyt_l)asf,1sw

which yields the recursive formulation for the generalized

forward density.! ]
Proposition 2: The generalized backward density of an

MSTF-GARCH (1,1) process, ﬂ(yfiﬂst,yt), satisfies the

following two-step recursion.

Step 1) Forl=1,..., L and all S/

’ ’

~

)‘t+l|t+z—1,$;+l =&, 1+ O‘St+l’\t+l—1|t+l—1,8;+1_1

+ ﬂsi+1At+l—1|t+l—2,Stt+1_l (&)
IThe initial conditions for the generalized forward recursion have negligible
effect on the conditional densities, assuming an asymptotic stationary process

that is sufficiently long. Therefore, the initial conditional variance f(Yo|so)
can be estimated by using the state-dependent stationary density of the process.
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_ 3 2
Arptppssitt =9 ()‘t+z|t+z—1,s;+’:Yt+l) . (6)

Step 2) Forl = L,...,1 and all S!*'

JHEISH Ay, V)
=B (VLalstt, v ™)
X f(Yt+l|S§+l7:\t|t71,st> tt+l_1) N
BOEIST LY
= > ARSI A VT b e ®)

St41

with BV, 1SIE, Y1+E) = 1 as the initial con-
dition for the second step, and where 1 denotes a
vector of ones.

Proof: The generalized backward density can be obtained

by

/8 (yfj:1L|5t7yt) = Z f (yttilL|S§+l7Xt|t—1,sf‘7Yt) asts“rl

St4+1

R ©)

where the multivariate density f (y,fj;f |Si+ Atjt—1,s,, Y¢) in
(13) can be obtained by

P (VIS A 100 i) = B (U518, 941

xf (Yt+1|3tt+17j\t\t—1,st;Yt)- (10)
From (9) and (10), we recursively obtain forany [ = 1,...,L
BIs Ly
= Z f (y:ilL|S§+lv;\t|t—1,5myf—H_l) Qs 18141 (11)

St41

and

7 (VIS A s VEFY) = B (VEH IS 9H)
XS (Yol S e, iYL (12)

The conditional density f(Y;4|SIT, 5\t|t—1,st YY) in
(16) is the density of the observed data at time ¢ + [ conditioned
on the regime path Stt"'l, the recursively estimated conditional
variance at time ¢ given s;, and also on all observations from
time ¢ up to time ¢+ — 1. This density has a diagonal covariance
matrix with the following conditional variance on its diagonal:

t41 3 t+1—1
E{Yt+l®Y:+l|St+7’\t|t—175t’ it }
_ 22 )
=0 +’\t+z|t+z—1,$§+’
2
=0 +£St+ll

t+1 3 t+1—1
+ast+1E{Xt+l—1 QX:+171|St 7At|t—1,st7yt }

+/Bst+lE{At+l—1|t+l—2|8tt+lil7 ’A\t|t—1,st ) ytt+172}- (13)
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Fig. 1. State smoothing error rate for three-state MSTF-GARCH models with
SNRs of 5 dB (triangle), 10 dB (asterisk), and 15 dB (circle).

The expected absolute squared value of the signal at a spe-
cific time given the active regime is independent of any future
regimes; hence

B { Ko 1 0 XipoaSI Am o, ViF71)
=

tHl—1|t+1-1,8/ Tt

=9 (’\t+l—1|t+l—2,$f+’*1aYt+l—1) : (14)

Combining (14) with (13), we obtain Step 1) of the generalized
backward recursion [see (5) and (6)], and from (11) and (12),
we obtain Step 2) [see (7) and (8)]. |

B. Generalized Stable Backward Recursion

The stable backward recursion is derived by using the
smoothed probability of two sequential states, which is given

by [5]

F(STL VARV FlsealVHE)
f (5t+1,yttjr_1L|yt) .

p (S{HHYIHE) = (15)

Under the assumption that {At, Y} are sufficient statistics for
the next state-dependent conditional variance estimation, we ob-
tain

SRV YY)
= f(seq1. Vi 156, V1) p(s:| V")
= FEISITL YY) p(sestlse, Y p(se| V)
= F(VEHISI A 1005 Y1) s p(silAr Y0) (16)

and

(s, VI V)
=f (y:if|5t+l7yt) p(se1|V")
=f (y:if|3t+1a;\t+l|t,st+l) p(st+1|f\t7Yt)_ (17)
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By substituting (16) and (17) into (15) and integrating out all
states at time £+ 1, we obtain the following backward recursion
for the smoothed state probability:

p(se] V)
= p(se|As, Y4)
Z f(yttif |8tt+17 At|t—1,si ] Yt) astst+1p(3t+1 |yt+L)
>< ~ A
f(y;.|—1:1L|3t+17At+1|t,st+1) P(se41]Ae, Yy)
(18)

St41

where the conditional density f(VESIE, Ay 16,5 Yo) can
be derived from the generalized backward recursion (5)—(8).
However, the conditional density f (yfjf [8¢41, Adetift,s,,,) iN
the denominator of (18) requires calculation of a similar recur-
sion that is not informed of the regime s;.

Although the stable backward recursion is known to be nu-
merically more stable than the forward—backward recursions,
the instability of the latter is insignificant for short delays and
the former requires computation of the generalized backward re-
cursion twice, one for evaluating f(V;{{[SIH", Avjr—1.6,, Ye)

L h
and one for f(y,?il 56415 Aegift,sep )

IV. EXPERIMENTAL RESULTS

The generalized state smoothing has been applied to state
detection in noisy MSTF-GARCH (1,1) processes with three
states and 5-15 dB signal-to-noise ratios (SNRs). Twenty
random stationary models have been simulated with an uncon-
ditional Gaussian model and uniformly distributed parameters
on the intervals (0,1/3], (1/3,2/3], and (2/3,1] for each state,
respectively. For each model, 20 signals are considered, each of
dimension K = 100 and time length 7" = 100. The conditional
variances Aj;_1 5, are estimated using the recursive approach
of [16]. Fig. 1 shows the detection error rate p(8; # s) for
casual estimation as well as for noncausal estimation with up
to L = 4 samples delay. It can be seen that the state detection
monotonically improves with the increase of the delay. How-
ever, the most significant improvement is achieved by using up
to two future samples, and the contribution of additional future
observations decays along time.

V. CONCLUSION

We have derived state smoothing for the MSTF-GARCH
process, in which case the conditional variances depend on
both past observations and the regime path. Our noncausal
state probability solution generalizes both the standard for-
ward-backward recursions and the stable backward recursion
of HMP by capturing both the signal correlation along time
and its conditioning on the regime path. Accordingly, the
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backward recursion requires two recursive steps for evalu-
ating the conditional density of the given future observations
corresponding to all optional future paths. Although the com-
putational complexity of the generalized backward recursion
grows exponentially with the delay, a small number of future
observations contribute with the most significant improvement
to the state estimation. Combining the generalized recursions
with the recursive signal restoration algorithm of [16] facilitates
a noncausal signal restoration, which is a subject for further
research.
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