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ABSTRACT. We consider Markov chains on the space of (countable) partitions
of the interval [0,1], obtained first by size biased sampling twice (allowing
repetitions) and then merging the parts with probability 8, (if the sampled
parts are distinct) or splitting the part with probability 3s according to a law
o (if the same part was sampled twice). We characterize invariant probabil-
ity measures for such chains. In particular, if ¢ is the uniform measure then
the Poisson-Dirichlet law is an invariant probability measure, and it is unique
within a suitably defined class of “analytic” invariant measures. We also derive
transience and recurrence criteria for these chains.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let ©; denote the space of (ordered) partitions of 1, that is

D={p=@)i>1 : P1=>2p2>..20, pr +po+...=1}.
By size-biased sampling according to a point p € {2; we mean picking the j-th part
p; with probability p;. The starting point for our study is the following Markov
chain on €24, which we call a coagulation-fragmentation process: size-bias sample
(with replacement) two parts from p. If the same part was picked twice, split it
(uniformly), and reorder the partition. If different parts were picked, merge them,
and reorder the partition.

We call this Markov chain the basic chain. We first bumped into it in the context
of triangulation of random Riemann surfaces [5]. It turns out that it was already
considered in [15], in connection with “virtual permutations” and the Poisson-
Dirichlet process. Recall that the Poisson-Dirichlet measure (with parameter 1)
can be described as the probability distribution of (Yn)nZI on {2; obtained by
setting Y1 = U1, Yp11 = Upy1(1 — 327, Yj), and reordering the sequence (),
where (Uy, ), is a sequence of i.i.d. Uniform[0,1] random variables. Tsilevich showed
in [15] that the Poisson-Dirichlet distribution is an invariant probability measure
for the Markov chain described above, and raised the question whether such an
invariant probability measure is unique. While we do not completely resolve this
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question, a corollary of our results (c.f. Theorem 3) is that the Poisson-Dirichlet
law is the unique invariant measure for the basic chain which satisfies certain
regularity conditions.

Of course, the question of invariant probability measure is only one among many
concerning the large time behavior of the basic chain. Also, it turns out that one
may extend the definition of the basic chain to obtain a Poisson-Dirichlet measure
with any parameter as an invariant probability measure, generalizing the result of
[15]. We thus consider a slightly more general model, as follows.

For any nonnegative sequence = = (;);, let |z| = >, z;, the £; norm of z, and
|z[3 =32, 27. Set

Q ={p=@@)iz1 : P1>p2>..>0, 0<|p|<oo}

and Q< = {p € Q : |p| < 1}. Let 0 = (0,0,...) and define @ = Q U {0} and
QS = Q< U {0}. Unless otherwise stated, we equip all these spaces with the
topology induced from the product topology on RY. In particular, QS is then a
compact space.

For a topological space X with Borel o-field F we denote by M;(X) the set
of all probability measures on (X,F) and equip it with the topology of weak
convergence. M (X) denotes the space of all (nonnegative) measures on (X, F).

Define the following two operators, called the merge and split operators, on Q,
as follows:

M; : Q— Q, M;jp = the nonincreasing sequence obtained by merging
pi and p; into p; +pj,i # J
Sr o Q= Q, S;'p = the nonincreasing sequence obtained by splitting p;
into up; and (1 —u)p;,0<u<1
Note that the operators M;; and S}* preserve the £; norm. Let o € M((0,1/2])
be a probability measure on (0,1/2] (the splitting measure). For p € Q< and
Bm,Bs € (0,1], we then consider the Markov process generated in (1< by the
kernel

Ko 0:) = 26m S pipiorsyn() + 65 3 02 / s0p() dor(u)

1<j i
+ (1= Bulpl® + (B — Bs)IPI2) 65(-).-

It is straightforward to check (see Lemma 4 below) that K, 3,, g, is Feller contin-
uous. The basic chain corresponds to o = U(0,1/2], with 85 = B, = 1.

It is also not hard to check (see Theorem 6 below) that there always exists
a K, g, g,-invariant probability measure p € M;(£;). Basic properties of any
such invariant probability measure are collected in Lemma 5 and Proposition
7. Our first result is the following characterization of those kernels that yield
invariant probability measures which are supported on finite (respectively infinite)
partitions. To this end, let S := {p € Q1 | Fi > 2 : p; = 0} be the set of finite
partitions.
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FIGURE 1. On the left side a part of size p; has been chosen twice
and is split with probability ;. On the right side two different
parts of sizes p; and p; have been chosen and are merged with
probability Gy,.

Theorem 1. (Support properties) For any K, 3,, g,-invariant p € Mi(21),
1
plS]=1 if /— do(z) < o0 and
x

ulS]=0 if /% do(z) = oo.

Transience and recurrence criteria (which, unfortunately, do not settle the case
o =U(0,1/2]!) are provided in the:

Theorem 2. (Recurrence and transience) The state p = (1,0,0,...) is pos-
itive recurrent for Ky, 5. if and only if [1/z do(z) < co. If however

12 4
(1) /0 m dx < 00

then p is a transient state for K, g, 3, .

We now turn to the case ¢ = U(0,1/2]. In order to define invariant probability
measures in this case, set 7 : Q — Q4,9 := 7(p) = (pi/|p|)i>1 - For each § > 0
consider the Poisson process on R, with intensity measure vy(dz) = Oz e % dx
which can be seen either as a Poisson random measure N(A;w) on the positive
real line or as a random variable X = (X;)$°, taking values in  whose distri-
bution shall be denoted by ug, with expectation operator Ey. (Indeed, Ey|X| =
Ey [;°xz N(dx) = [;° zvg(dz) < oo while Py(|X| = 0) = exp(—1y[(0,00)]) = 0,
and thus X € Q a.s.). A useful feature of such a Poisson process is that for any
Borel subset A of R, with 0 < v9(A) < 0o, and conditioned on {N(A) = n}, the
n points in A are distributed as n independent variables chosen each according to
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the law vy( - |A). The Poisson-Dirichlet measure iy on Q; is defined to be the dis-
tribution of (21)121 In other words, Jig = g o7 . In the case § = 1 it coincides
with the previously described Poisson-Dirichlet measure. See [9], [10] and [3] for
more details and additional properties of Poisson-Dirichlet processes.

We show in Theorem 3 below that, when o = U (0, 1/2], for each choice of f,,, Os
there is a Poisson-Dirichlet measure which is invariant for K, g, 5,. We also show
that it is, in this case, the unique invariant probability measure in a class A, which

we proceed to define. Set
Qli = {(mi)lﬁiﬂk tx; 20,0+ ...t < 1}

and denote by Ay, the set of real valued functions on O that coincide (leb*-a.e.)
with a function which has a real analytic extension to some open neighborhood of
QF . (Here and throughout, leb® denotes the k-dimensional Lebesgue measure; all
we shall use is that real analytic functions in a connected domain can be recovered
from their derivatives at an internal point.) For any u € M7(£1) and each integer
k, define the measure px € M4 (Q’é) by

k
ue(B) = Eu | Y (Hpj,) 15(Pjis--- i) | B € Bqx

jeNs \i=1

(here N’; = {j € NF | j; # jy if i #4i' }). An alternative description of pj is the
following one: pick a random partition p according to u and then sample size-
biased independently (with replacement) k parts p;,, ... ,p;, from p. Then,

pr(B) = P(the ij-s are pairwise distinct, and (p;,,... ,pi,) € B).

Part of the proof of part (b) of Theorem 3 below will consist in verifying that
these measures (uy)r>1 characterize p (see [12, Th. 4] for a similar argument in a
closely related context).

Set for k € N,

dpg }
Ay = e M1(Q & leb®, my, := €Ay b
k {M 1(1) ‘uk ebmy 1= - % € Ak

Our main result is part (b) of the following:

Theorem 3. (Poisson-Dirichlet law) Assume o = U(0,1/2] and fiz 0 = Bs/Bm.
(a) The Poisson-Dirichlet law of parameter 6 belongs to A := (72, Ay, and is in-
variant (in fact: reversing) for the kernel K, g, 3, .

(b) Assume a probability measure pn € A is K, g, g,-invariant. Then p is the
Poisson-Dirichlet law of parameter 6.

The structure of the paper is as follows: In Section 2, we prove the Feller
property of K, 5., 3., the existence of invariant probability measures for it, and
some of their basic properties. Section 3 and 4 are devoted to the proofs of
Theorems 1 and 2 respectively, Section 5 studies the Poisson-Dirichlet measures
and provides the proof of Theorem 3. We conclude in Section 6 with a list of
comments and open problems.
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2. PRELIMINARIES

For fixed o € M;((0,1/2]), Bm,Bs € (0,1] and p € Q< we denote by P, €
Ml(QEU{O}) the law of the Markov process on < with kernel K, 5 5, and start-
ing point p, ie. Py[p(0) = p| = 1. Whenever y € M;(Q<), the law of the
corresponding Markov process with initial distribution yp is denoted by P,. In
both cases, we use (p(n))n>0 to denote the resulting process.

Lemma 4. The kernel Ky, s, is Feller, i.e. for any continuous function f :
Q< = R, the map Q< - R, p— [ f dKy 3., 3,(p,*) is continuous.

Proof. We have

/ fdKop ) = 2603 50 S by (F(Mijp) — 1 (9))
i=1 =i+l

.Y 0 [ Ut - 10D dotu) + f0)

(2) = 2Bm > _pigi(p) + Bs Y pihi(p) + f(p).
i=1 =1

One may assume that f(p) is of the form F(pq,...,px) with k € N and F €
C (Q’é), since any f € C (QS) can be uniformly approximated by such functions,
and denote accordingly ||p||x the R¥ norm of p’s first k¥ components. We shall prove
the lemma in this case by showing that both sums in (2) contain finitely many
nonzero terms, this number being uniformly bounded on some open neighborhood
of a given ¢, and that g; and h; are continuous for every 1.

For the second sum these two facts are trivial: Sj'p and p coincide in their first
k components Yu € (0,1/2], Vi > k, since splitting a component doesn’t affect the
ordering of the larger ones, and thus h; = 0 for ¢ > k. Moreover, h;’s continuity
follows from equicontinuity of (S}),e(o,1)-

As for the first sum, given ¢ € QS with positive components (the necessary
modification when ¢ has zero components is straightforward), let n = n(q) >
k be such that ¢, < iQk and consider ¢’s open neighborhood U = U(q) =
{p € QS D opg > %qk, P < %qn}. In particular, for all p € U, p, < %pk and
thus, when j > ¢ >n, p;+p; < 2p, < pg, which means that M;;p and p coincide
in their first £ components, or that g;(p) = 0 for every i > n(q) and p € U(q).

Finally, each g; is continuous because the series defining it converges uniformly.
Indeed, for j > i and uniformly in p, ||[M;;p —p|lx < p; < % For a given € > 0,
choose jp € N such that |F'(y) — F(z)| < € whenever ||y — z||x < %0 Then

> 0 (F(Mijp) — f(p)| <e Y _pj<e

Jj=jo j=Jjo

which proves the uniform convergence. U
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Lemma 5. Let u € M1(Q<) be K, 3, g,-invariant. Then

(3) /Ip@ dp = %/IP\Q dp.

Furthermore, if we set forn > 1,
1 n—1
(4) o =0(1,00,..)» Vn=vn-1Ksp, 5, and vpn=— Z Vk
" k=0
then for allm > 1,
p

2 - m
(5) /|p‘2 dvp, > m

Proof. Let € € [0,1], and consider the random variable
Xg = Z 1E<Pi
i

on Q< which counts the intervals longer than e. We first prove (3). (The value
e = 0 is used in the subsequent proof of (5).) Assume that X is finite which is
always the case for € > 0 since on QS, X <1/e and is also true for € = 0 if only
finitely many p; are non zero. Then the expected (conditioned on p) increment A,
of X, after one step of the underlying Markov process is well-defined. It equals

Ac = fm Zpipj(lm,pj <e<pitp; — le<pinp;)
i£]
+ Bs Zp121€<p7; (/ Le<ap; dO'(.’I:) _/152(1—$)p¢ dO'(:I,‘))
A
(6) = Pm Zpipj(lm,pjss<m+pj - 16<pi,pj)
(%]

+Bs prlmi (ol(e/pi, 1/2]] = ol[1 = &/pi, 1/2]))

—Bm szz (Ipi<e<ap; — le<ps) -
%

The right hand side of (6) converges as € tends to 0 to
(7) lim A, = _/Bm|p|2 + (Bm + ,35)|p|%
e\0

Since p is K, g, g,-invariant we have [ A, du = 0 for all . Now (3) follows from
(7) by dominated convergence since |A.| < 2.

For the proof of (5) note that for all n > 0, v, has full measure on sequences
p € Q; for which the number X of nonvanishing components is finite because
we start with Xy = 1 vp-a.s. and Xy can increase at most by one in each step.
Given such a p € 4, the expected increment Ay of X, equals (see (6), (7))
A¢ = —Bm + (B + Bs)|p|3- Therefore for k > 0,

/Xo dvgi1 — /Xo dvy, = =P + (Bm + Bs) / lp|3 dv.
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Summing over k£ = 0,... ,n — 1 yields

n—1
(8) / Xy dvp / Xo dvo =~ + (B + B) 3 / 1pl2 du.

k=0
The left hand side of (8) is nonnegative due to [ Xy dvy =1 and [ X, dv,, > 1.
This proves (5). O
Theorem 6. There ezists a K, g,, g,-invariant probability measure p € M1 ().

Proof. Define v, and 7, as in (4). Since Q< is compact, M(Q<) is compact.
Consequently, there are y € M;(Q<) and a strictly increasing sequence (my )
of positive integers such that v, converges weakly towards p as n — oco. This
limiting measure  is invariant under K, g,. 3, by the following standard argument.
For any continuous function f : Q< — R,

/ [ d(pKop,.8,) = / / f dKo 3, 5,(p;) du(p)

— Jim [ [ dKop,p.(0.) dom, () [Lemma ]

n—oo
mp—1
= nli,n(}om—n Z //f dKg,5,0,8, (P, ) dvi(p)
mn—l
= Jim o> [ 50) dveatp) = Jim [ fdnm, = [ sau

Hence it remains to show that §; has full y-measure, i.e. pu[[p| = 1] = 1. To prove
this observe that |p|3 (unlike |p|) is a continuous function on Q<. Therefore by
(3), weak convergence and (5),

+ +Bs .
12/|p|2du=%/lp\§d ﬁm ﬁs /|p|2den21

by which the first inequality is an equality, and thus [p| =1 u — a.s. O

Proposition 7. If u € M1() is Ky, p,, ; 5, -invariant for i = 1,2, then o1 = o3
and 0 := /Bs,l/ﬂm,l = ﬂs,?//@m,Q =:0

Proof. Let k > 1 be an integer and o € {1,2}. Given p, consider the expected
increment A, of )", pf after one step of the process driven by K,

aaﬁm,aﬂs,a:

Aok = Bma Y pPibj (—pf — i+ (pi + pj)k)
i

tha St (< + [+ (=¥ douls))
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Note that [, pf dp is finite because of & > 1. Therefore, by invariance,
J Ag g dp = 0, which implies

_ Bma [ Xizipivs (pi-“ +pf — (pi +pj)’“) dp
2 pzz * dp .

Bs,a [/(t’c + (1 —1)*) dog(t) — 1

Hence, for any k,

S+ (1 =) do(t) =1 _ BmiBsp _ y

f(tk + (1 - t)k) da?(t) —1 ﬂm,Zﬁs,l )
Taking k — oo we conclude that v = 1. This proves the second claim. In addition,
we have

) /(t’“ + (1= 1)) do () = /(t’c F (1= 1)*) do(t)

for all k£ > 1. Obviously, (9) also holds true for £ = 0. Extend o, to probability
measures on [0, 1] which are supported on [0,1/2]. It is enough for the proof of
o1 = o9 to show that for all continuous real valued functions f on [0,1] which
vanish on [1/2,1] the integrals [ f(t) doy(t) coincide for & = 1,2. Fix such an f
and choose a sequence of polynomials

n
T (t) = Z crnt® (ckm €R)
k=0

which converges uniformly on [0,1] to f as n — oo. Then m,(t) + mp(1 — )
converges uniformly on [0,1] to f(¢) + f(1 —¢). Since f(1 —¢) vanishes on the
support of o1 and o9 we get for a = 1,2,

/ F(t) doa(t) = / £(t) doa(t) + / F(L—t) doa(t)
= nlggozn:ck,n/(t’“ + (1 — 1)) dog(t)
k=0

which is the same for @« = 1 and a = 2 due to (9). O
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3. SUPPORT PROPERTIES

Theorem 1 is a consequence of the following result.

Theorem 8. Let € M1(Q1) be K, g, 3, -invariant and denote p := (1,0,0,...)
and (p(n))’s stopping time H := min{n > 1 : p(n) = p(0)}. Then

/i do(z) < 00 = p[S] = 1 <= u[S] > 0 = u[{p}] > 0 <= E,[H] < oo.

Proof. We start by proving that [1/z do(z) < oo implies u[S] = 1. Fix an
arbitrary 0 < 9 < 1/2 and consider the random variables

Wy == Zpilﬁn<pi (m>1).
i>1

After one step of the process W, may increase, decrease or stay unchanged. If
we merge two intervals then W, cannot decrease, but may increase by the mass
of one or two intervals which are smaller than 9™ but become part of an interval
which is bigger than 9¥™. If we split an interval then W, cannot increase, but it
decreases if the original interval was larger than 9™ and at least one of its parts is
smaller than 9. Thus given p, the expected increment A of W,, after one step of
the process is

A = AL —-A where
Ay = fm sz‘pj (Pilpi§19"<pj +Pjlpj<om<p; + (pi + pj)lpiﬂ”j Sﬂ"q’iﬂ’j) and
i#]
Ao = P Zp?/ (pil(l—m)mﬁﬁ"ﬂli + $pi1mpiﬁﬁ"<(1—$)m) do(x).
%

We bound A from below by

Ay > 280> pipjlpicon - Lony,

,J
> 28, (zpzlﬁwlwﬂ) S prlony,
] J
> 2:6m'192n_'—2vvnﬂIn-H

where



10 EDDY MAYER-WOLF, OFER ZEITOUNI, MARTIN ZERNER

and A_ from above by

A < B Z/ (p?10"<p¢§19”/(1—z) +p':i))x1'l9"<]1i ’ 1pi§19"/$) dU(:E)
i>1

< Bs Zp?lﬂn<pisﬂn—l [since ¥ <1/2 <1 — z]
i>1
n—1
+ ﬂs Z/Zp?$1gnj<pi5ﬂnjl 1pi§19n/w dO'(a:)
i>17 j=0
S ﬁs Z ,03(711—1) 119"<pi§19”_1
i>1
n—1 '
+6s > / DT Vgl i1 lpcpi do(@)
i>17 j=0
n—1 . . .
< BT+ B DY 0T g <o s-10((0,07]]
j=0i>1
n—1 ' '
< B3I, + B3 N 9 % 0[(0, 09T
=0
n—1 ' .
< 28,030 972 6[(0, 94T

=0

Since p is invariant by assumption, 0 = [ Adpy = [ A, du— [ A_ dp and therefore

n—1
26m / Willlng1 du < 2B,0%77372072 3 " 9= 5[(0, 9] / HTn—j dps
j=0

n—1
— 28,0753 07ol(0.07) [ "L, di
j=0
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Consequently ,
> uWatTot1 >1/2]
n>1
2056 N\~ o i [ gn—i
< Wty dp < — DD 9770((0,97]) [ 9"t du
n>1 M p>15=0
2 5
:79@ Zﬁ%mw }1#%1@
n>1
5 o0
< 2’!9 ,83 Z — 9 ]+1 O’[(O ,0] Z/sz d,u
Jj= n>1" el
219 58, »
- / Zlﬂ i@ =07 do(a) | [ 1o d
219 5ﬂs/ do(z

which is ﬁnlte by assumption. Thus by Borel-Cantelli, W,,{1,,11 is u-a.s. eventually
(for large n) less than 1/2. However, W,, converges p-a.s. to 1 as n tends to oc.
Thus even #1,,11 is p-a.s. eventually less than 1/2, which means that I, is py-a.s.
eventually empty, that is u[S] = 1.

Now we assume p[S] > 0 in which case there exist some ¢ > 1 and ¢ > 0 such
that 0 := u[p; > €,pi+1 = 0] > 0. By i successive merges of the positive parts and
4’s invariance we obtain

(10) pl{p}] = nlpr = 1] > (26,e®)"™'5 > 0.

Next, we assume p[{p}] > 0 and note that K, 5,1 = lg and thus, defin-
ing g := p/p[S], one obtains an invariant measure supported on S. The chain
determined by K, 3, 3, on S is dp-irreducible, and has fi as invariant measure,
with g[{p}] > 0. Therefore, Kac’s recurrence theorem [11, Theorem 10.2.2] yields
E,[H] < oo.

Finally, we assume E3[H| < oo and show [ 1/z do(z) < oo. If A := {p = p(0) #
p(1)}, then P;[A] = Bs > 0, and when p € A we write p(1) = p° := (1-¢,£,0,...),
where £ has distribution o. Furthermore, restricted to A and conditioned on
§, H > 1 Py-as., where in terms of the chain’s sampling and merge/split
interpretation, 7 is the first time a marked part of size £ is sampled, i.e. a geometric
random variable with parameter 1 — (1 — £)? < 2¢. Thus

w>%WZ%M%WWE&O+/%¢Wﬂo2&O+/%M@>
O

Corollary 9. If [1/z do(z) < oo then there ezists a unique K, g, g, -invariant
probability measure pn € M1(£21).
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Proof. In view of Theorem 1, for the study of invariant measures it is enough
to restrict attention to the state space S, where the Markov chain (p(n)), is dp-

irreducible, implying, see [11, Chapter 10], the uniqueness of the invariant measure.
]

4. TRANSIENCE AND RECURRENCE

Proof of Theorem 2. The statement about positive recurrence is included in The-
orem 8.

The idea for the proof of the transience statement is to show that under (1) the
event that the size of the smallest positive part of the partition never increases
has positive probability. By

no:=0 and nji:=inf{n >n;: p(n)#pn-1)} (>0)
we enumerate the times n; at which the value of the Markov chain changes. Denote
by s, the (random) number of instants among the first n steps of the Markov chain
in which some interval is split. Since j — sy, is the number of steps among the first

n; steps in which two parts are merged and since this number can never exceed
sn; if p(0) = P, we have that Pp-a.s.,

(11) $n; > H for all 5 > 0.

Let (7;);>1 denote the times at which some part is split. This part is split into
two parts of sizes £(I) and L(I) with 0 < £(I) < L(l). According to the model the
random variables & := £(I)/(¢(l) + L(l)), | > 1, are independent with common
distribution . Further, for any deterministic sequence & = (&,)n, let Pgp[ - |
denote the law of the process which evolves using the kernel K, g, 5. except that
at the times 77 it uses the values ¢; as the splitting variables. Note that

Pil-1= [ Pesl -1 d"(0).

Now denote by g(n) := min{p;(n) : i > 1, p;(n) >0} (n > 0) the size of the
smallest positive part at time n. We prove that for N > 0,

(12) g(0) >...>¢q(N) implies ¢(N) <& A& A...NE&,.

(Here and in the sequel, we take &5 A ... A&, = oo if sy = 0). Indeed, we need
only consider the case sy > 0, in which case there exists a 1 <t < sy such that
& =& N...N&,, and 7, < N. But clearly ¢(7;) < &, and then the condition
q(1) > --- > q(N) and the fact that 7, < N imply ¢(N) < (1) < & = §iA. . Ay,
as claimed.

Next, fix some ¢ € (0, 8y/2] where [y := min{g,,, 5;}. We will prove by induc-
tion over 5 > 1 that

= Ao A
(13)  Pegle > a(1),q(0) > ... > q(n))] > fsle<: [ | (1 & ./ é“fkm) _
k=1

For j = 1 the left hand side of (13) equals the probability that the unit interval
is split in the first step with the smaller part being smaller than £ which equals
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Bsle <. Assume that (13) has been proved up to j. Then, with F,,; = o(p(n),n <
nj),

Peple > q(1), q(0) > ... > q(n;4+1)]
(14) = Eep[Pegla(ng) > a(nje1) | Fule > q(1), q(0) > ... > q(ny)] .

Now choose k minimal such that pg(n;) = ¢(n;). One possibility to achieve
g(nj) > g(nj41) is not to merge the part py(n;) in the next step in which the
Markov chain moves. The probability to do this is

1_ Bm Za:a;ﬁk Da (nj)pk (n]) 1— ﬁmQ(nj) Za Da (nj)
Brm a6 Pa(n)e(nj) + Bs 3, P2 (1)) Bo 2= ap Pal(nj)ps(nj)
(),
- Bo

Therefore (14) is greater than or equal to

Ee s [(1—q(ny)/Bo) e > q(1), q(0) = ... > q(n;)].
By (12) this can be estimated from below by
By [(1= (€1 Ao N &,))/Bo), &> a(1), a(0)
This is due to (11) greater than or equal to

(I = (& A A1)/ Bo) Peple > q(1), q(0) > ... > g(n;)].
Along with the induction hypothesis this implies (13) for j + 1.

Y

> Q(nj)] -

Taking expectations with respect to € in (13) yields

NEaN... A
(15) Pplg(n) <e foralln > 1] > E; | Ble <« H (1 _ENG = gfk/21>
k>1

By independence of &; from &;, i > 2, the right hand side of (15) equals

£ 2 . 6/\52/\.../\5]5 2
(16) Bs (1—%> Pl < €]E; k];[Q<1— % )

Observe that (1) implies P[¢; < €] = o[(0,e)] > 0. By Jensen’s inequality and
monotone convergence, (16) can be estimated from below by

c1 exp ZQEﬁ [ln<1_€/\52/;(;../\§k>]

k>2

with some positive constant ¢; = ¢1(¢). Since In(1 —z) > —2z for = € [0,1/2] this
is greater than

4 4 12 Pyle > 1]
(17)  ciexp B anEﬁ[&/\---/\fk] = C1 €xp <_E/o % dt)
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where we used that due to independence

1/2
Byléa Ao NEd] :/0 Pylé > " dt.

Due to assumption (1), (17) and therefore also the left hand side of (15) are
positive. This implies transience of p. O

5. POISSON-DIRICHLET INVARIANT PROBABILITY MEASURES

Throughout this section, the splitting measure is the uniform measure on (0, 1/2].
To emphasize this, we use Kg,, g, instead of K, g, 5, throughout. Recall that

0 = Bs / Bm.-

It will be convenient to equip Q (but not Q<) with the ¢; topology (noting that
the Borel o-algebra is not affected by this change of topology), and to replace the
kernel Kg,, 5, by

1
KA 5.(0) = B S 000u1sp() + 6 S0 [ Sspyl)du
i#j i 0
(18) + (1= B+ (Bm — Bs) ID13) 6p()-
Both kernels coincide on €; (not on Q<). However, K gn 5, has the advantage that
it is well defined on all of  and is homogeneous (hence the superscript H) in the
sense of the first of the following two lemmas, whose proof is straightforward and
in which by a slight abuse of notation K gﬂ B will denote both the kernel in
and in 2 and also the operators induced by these kernels, the distinction being
clear from the context.

Lemma 10. For allp € Q, Ké{mﬂs (mp,-) = Kﬂ}{n,,ﬁs (p,)om L.
More generally, denoting (ILf)(p) = f(w(p)), we have Kgmﬂsﬂ = HKé{n;,ﬁs'

In particular, if u € M1(Q) is invariant (resp. reversing) for Ké{mﬂs then
pom e My(Q) is invariant (resp. reversing) for Kg, g,

Lemma 11. The kernel Ké{n,ﬂs maps continuous bounded functions to continuous
bounded functions.

Proof of Lemma 11. Note that we work with the /; topology, and hence have
to modify the proof in Lemma 4. The ¢; topology makes the mapping p — p
continuous (when € is equipped with the induced ¢; topology). Fix F' € Cy(Q).
By (18) we have
1
Kb, F0) = B S R5F (Mip) + 5 3 G)° [ F (5tp) du
i#j i
+ (1 - ﬁm + (ﬂm - ﬂs)|ﬁ|22) F(p)

(19) = BmKi(p) + BsK2(p) + Ks(p).

Note that for | = 1,2, K;(p) is of the form (T;(p)p, p), with T;(-) € C (Q; L(41,4x)),
and (-,-) denoting the standard duality pairing. In stating this we have used the
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facts that F' is continuous and bounded, and that all the mappings M;; and S}
are contractive.
The continuity of K;, [ =1,2 , then follows from

(Ti(9)3,7) — (Ti(p)P,P) = (Ti(9)q, 7 — P) + ((Ti(q) — Ti(p)) 4, P) + (Ti(p)(T — D), P)
after observing that |g| and ||7;(¢)|| remain bounded in any #; neighborhoods of

.
The continuity of K3 is obvious being the product of two continuous functions
of p. It has thus been shown that Ké{n;ﬂs FeC). O

Theorem 12. The Poisson-Dirichlet measure jtg € M1(€21) is reversing for K, g,, s,
with o = U(0,1/2].

Proof. By Lemma 10 it suffices to verify that ug € M1(Q) is reversing for the
kernel K gﬂ g,» Which for simplicity will be denoted by K for the rest of this proof.
We thus need to show that

(20) Ey(G KF) = Ey(F KG) for all F,G € B(9).

Because g o Migl and pg o (S¥)~! are absolutely continuous with respect to g,
it follows from (19) that if F,{F),}, are uniformly bounded functions such that
J |1 Fn—F|pg(dp) = n—o0 0, then [|KF,—KF|ug(dp) =n—c0 0. Thus, by standard
density arguments we may and shall assume F' and G to be continuous.

Define for each ¢ > 0 the truncated intensity measure vy = 1(. )V, and the
corresponding Poisson measure ug, with expectation operator Ej. Alternatively,
if X is distributed in € according the pg, then uj is the distribution of T°X :=
(Xilx;>e)s, that is, ug = pg o (TE)fl. Observe that Vé > 0,

3
po(IT°X — X| > 6) <07 Eg|T*X — X| =07 By » pj=0" / zvp(dz) =30,
0

pi<e
implying that the measures uy converge weakly to ug as € — 0.
To prove (20) we first write
By(GKF) — By(FKG)| < |F5(G KF) — Ey(G KF)| + |E3(G KF) — Fy(F KG)
(21) +|E§(F KG) — Ey(F KG)|
and conclude that the first and third terms in (21) converge to 0 as ¢ — 0 by

virtue of the weak convergence of ug to py and K'’s Feller property, established in
Lemma 11. It thus remains to be shown that, for all F,G € B(f2) and ¢ > 0,

(22) lim | 55 (G KF) — B3 (F KG)| = 0.
E—r

The truncated intensity 1§ has finite mass Vj =0 [ z7'e""dz, and thus
N(R,) < 00, pj-a.s. In particular each F € B(f2) can be naturally represented
as a sequence (F,,)S%, of symmetric F,’s € B (R"), with || F,[ls < [|F|oo for each
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n. As a result, and in terms of the expectation operators Ej, of uj conditioned
on {N(R,) = n}, we may write
ve g~ (V)"
(23) Ej(GKF)—Ej(FKG) =e ¥y L [Een(G KF) — Ej ,(F KG)] :
n=1
while by the definition (18) of Kj i .0, and the properties stated above of the
Poisson random measure condltloned on {N(R,) =n},

(Va) Ean(GKF)
Bm0" -~ _ix|dz1 dz,
n! Z/ / -'Ez"EJFn l(Mz]x)G (x)e | |£E—1 E

i,j=1

i#i

ﬂSO" Z/ / 22 (/ Froy1(5*%) G (x) dU) 6_""% Ci:i:

3 T fxd'r day,
il (“ﬂm“ﬂm—ﬂs);ﬁ)Fn(x)Gn<x)elx—;.._%

(24) = IV(F,6) + IP(F,Q) + IY(F,G) ,
where x = (z1,... ,2,). Our goal is to prove that this expression, after summing

in n, is roughly symmetric in F' and G (as stated precisely in (22)). Obviously
) (F,G) = I,([O’)(G,F) and in addition we aim at showing that I 12 )1(G F) =
7(21) (F,G) (with an error appropriately small as ¢ — 0). This will be achieved by
a simple change of variables, including the splitting coordinate u in (.

In the integral of the i—th term in I7(L221(G, F') perform the change of variables
(usz1,... ,Zn—1) = (Y1,... ,yn) given by y = S¥'x  (or (u,x) = (ﬁ,Mmy)).

Yi = ux;
More precisely, ¢ y; =x;, j#1t
Yn = (1 - u)37z

for which |y|=|x| and dy;...dy, ==z;dudz;...dz,—1, so that

19.(G,F) =

1
BT / / e Ndy, ... dy,
- Gl - + Ct

(n—1)! Z"y)|y|2yl...yi...yn,l n

(Ct is as the term precedmg it but with the dy; and dy, integrals taken in [0, €],
and the notation 7j; means that the variable y; has been eliminated from the
denominator)

ﬁsan 1/ / e Yldy, ... dy,
25 (M +C¢
(25) 1n¥) Py ynr "




COAGULATION-FRAGMENTATION and POISSON-DIRICHLET 17

(by F,—1’s symmetry, the sum’s (n — 1) terms are equal, hence the last equality).

On the other hand, and for the same reason of symmetry, the n(n — 1) terms
in 15V (F,G) are all equal so that

(26) ()(FG ﬁman / / By (M 9%) G (x )6_|x‘ dry...dz, '

|x[?2z3...2p

Comparing (25) with (26), and observing that by definition 3,,6 = (s, we conclude
that there exists a C' > 0 such that, for n > 2,

sl = |124(G, F) ~ IO(F, G)|
“FHOOHG”ooﬂs © =Y n—2
= T m-2) J/ /[ v gy (9 /[ ‘zf‘dy)
(V )n 2
(27 < ch

Applying (27) via (24) in (23) twice, once as written and once reversing the roles
of F and G, and noting that I\"(F,G) = I’V (G, F) = 0, we have

|B5(G KF) — B§(F KG)|

<e W ( 1?6, F) - 1\(F, G)‘ 1 @ (F,G) - IQ)(G,F)D
n=2

n=2

[ee] e\n—2
_ye (Vy) 2C
S20e W) G STy

n=2

from which (22) follows immediately since Vy —:_,0 co. O

Proof of Theorem 3. (a) The Poisson-Dirichlet law p = iy is reversing by Theorem
12, and hence invariant. We now show that it belongs to A. Note first that puy is
absolutely continuous with respect to leb*: for any D C Q% with leb®(D) = 0, it
holds that

pi(D) S/R v [3.] eNy : (X,...,X;,) € wD] dyp(z) =0,

+

where we used the fact that under pg, 7(X) = X/|X| and |X| are indepen-
dent, with | X| being distributed according to the Gamma law ~yy(dz) of density
1y>02%2e™2 /T(0) (see [9]). It thus suffices to compute the limit

) Eﬁe [#{jEN];ijiE(HIi,.’Ei+5),izl,...,k}]
pk(xla"' amk) = gl_I)I(l) 5k 3
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where all z; are pairwise distinct and nonzero, to have

k
mi (1, .., ok) = pr(@1,. .. ,7) [[ 2
=1
For such z1,... ,z, set I? = (z;,z; + &) and I° = U¥_ I?. Define

Ly =) Xilix,grsy, N =#{j:X;€ll}.
%

By the memoryless property of the Poisson process, for any Borel subset A C R,
(8)  lmP(L% € AN i=1,... k) = P(X| € 4) = (A),

where (28), as above, is due to [9]. Further, recall that N and (fz)Z are in-
dependent. Recall that the density of the Poisson process at (yi,...,yx) is
Oke1vl/ Hle Yi, where |y| = y1 + ... + yx. Performing the change of variables
vi/(z + |y|) = =i, one finds that the Jacobian of this change of coordinate is
(z + |y))¥/(1 — |z|) (in computing this Jacobian, it is useful to first make the
change of coordinates (y1,...,yk-1,|y|]) = (Z1,...,Zk—1,|Z|) where |yl|,|Z| are
considered as independent coordinates, and note the block-diagonal structure of
the Jacobian). It follows that

019 oo B
me(T1,. .., T) = 7/ exp (—z|z|/(1 — |x)) o(dz) = 6°(1 — |a|)’~",
(1 —lz]) Jo
which is real analytic on {z € R* : |z| < 1}. Thus, iy € A. In passing, we note
that mg(-) =1 on QF when 6 = 1.
(b) 1) First we show that the family of functions (my)r>1 associated with p,
determines . To this end, define for j € N¥ (k € N) functions 95,95 1 — [0,1]
by

gi(p) = Z Hpgf and g;(p) := HZj (p) where Z;(p):= pr

i

ieNk (=1 =1

Note that any function g; with j € N¢ can be written after expansion of the
product as a (finite) linear combination of functions g, with h € N*,n > 1. Since
we have by the definition of pj that

k k
(29) /gj du :/_ Hxélil dpg(z) :/_ mg(x) waf*l dz,
0l o =1

< {=1

the family (my)>1 therefore determines the expectations [ g; du (j € N¥, k > 1).
Consequently, (my)r>1 determines also the joint laws of the random variables
(Z1,-..,2Zy), k> 1, under u. We claim that these laws characterize p. Indeed, let
fi be the distribution of the random variable 7 := (Z,)n>0 : Q1 — [0, 1] under p.
Since 7 is injective it suffices to show that the distributions of (Z1,... , Z), k > 1,
under p determine ji. But, since any continuous test function F' on the compact



COAGULATION-FRAGMENTATION and POISSON-DIRICHLET 19

space [0, 1] can be uniformly approximated by the local function Fi,((z5)n>1) :=
F(z1,...,xg,0,...), this is true due to

/Fdﬁ: lim /Fk dji = lim/Fk(Zl,... . 71,0, ...) du.
k—00 k—00

2) For p € A, the set of numbers

B“mk

%0 R TR |
(30) my, my (@1, Tk) 0,0,..0 Ozt ---0z)* lo0,....0

with £ > 1 and n1 > ne > ... > ng > 0 yare enough to characterize (my)x, and
hence by the first part of the proof of b), to characterize u. It is thus enough to
prove that Kz s uniquely determines these numbers. Toward this end, first note
that

(31) /0 ma () dz = [0, 1]] = 1.

To simplify notations, we define mg = 1 and extend my, to a function on [0, 1]* by
setting it 0 on the complement of QX. For k > 1 we have

1
(32) / mk(Z1, ..., Tg)dT1 = (1 - Zﬁvz) mi—1(22, ... , Tk)-
0 =
Indeed, for £ =1 this is (31) while for & > 2, and arbitrary B € B

k=1,
Q<

1
/ / mk(wl,mQ,... ,:II]C) d.’Bl d(l?g...d.’Ek = uk[[(), 1] X B]
BJO

k
= By > (Hm-) 18P, +05) Y. Pilpy(®n)
(jz,...,jk)eN’;_l 1=2 J1¢{d2,-dk}
k
= Eﬂk—l 1B(an .. ,pk) (1 - ZPZ)]
=2

k
= / (1 - ZIZ) mg_1(z2,... ,x) dzo ... dzy,
B i=2

which implies (32). Now we fix k& > 1, apply Kz, g, to the test function #{j €
N’; :pj;, € (ziyxi +6),i = 1,... ,k}dF, with (z1,... ,7x) € QX having pairwise
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distinct coordinates, and take § N\, 0, which yields the basic relation

ko g
ﬁmZ/ 2(x; — 2)pry1(T1, -+ i1, 2, Ti — 2, Tig 1, -+, Tg)d2Z
— Jo
=1

k 1
+2ﬂsZ/ zpk(xla"' s Li—152, Li41y--- ,ZEk)dZ
i=1 7%

k k
= 26, (Zx) P, i) + (B — i) (Z m) pilos, .. )
z:kl \ =1
(1) i
i=1

Here the left hand side represents mergings and splittings that produce a new part
roughly at one of the x;-s; the right hand side represents parts near one of the z;-s
that merge or split. After multiplying by z; - - - z, rearranging and using (32) to
get rid of the integral with upper limit 1, we obtain the equality

k o
(33) ﬁmzxi/ Mp11(21, - -+, Tic1, 2, T3 — 2, Tig1, - - -, Tg)dz
=1 70
k o
(34) _Qﬁs sz/ mk(xla"' 3 Li—15 %, Litly .- - ,iL‘k)dZ
=1 70
k
(35) +20s inmk—l(wb--- s Ti 1, Tig 1y > Tk)
i=1
ko k
(36) —Zﬁsz E T —1(T1, .o 5 Tie1, Tig 1y - - ,Tk)
i=1 j=1,j#i
k k
(37) = 26m (Z :1:) mi(@1,- .. 3k) + (B = 28m) (O 2 mp(@1, ..., zp)
i=1 i=1
ko k
(38) —Bm Z Z wiwjmk($1, cee TE) -
i=1 j=1,j£i
We now proceed to show how (33) — (38) yield all the required information. As
starting point for a recursion, we show how to compute mg(0,... ,0) for all k£ > 1.

Taking in (33) — (38) all z; — 0 except for z; and using the continuity of the
functions my, yields

1 1
ﬂm/ mg+1(z, 21 — 2,0,...,0)dz — 2,35/ mg(z,0,...,0)dz
0 0

+2ﬂsmk—1(0, SR aO)
= 2ﬁmmk(w1, 0,... ,0) + (ﬁs — 2ﬁm)w1mk(x1, 0,... ,0) .
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Letting z1 — 0 we get B,mg(0,... ,0) = Bsmi_1(0,...,0). With my =1 as start
of the recursion this implies
(39) my(0,...,0) =65 (k>0).

For the evaluation of the derivatives of my we proceed inductively. Recall the
(n) (’IL1,n2,... ,nj)

functions my, ’(z1,... , ;) defined in (30), and write m, , J < k, for
mgcm’nz""’nj’o""o). Fix n such that n; > no > ... > ng, with n; > 2. Our analysis

rests upon differentiating (33) — (38) n; times with respect to x1; to make this
differentiation easy, call a term a G term of degree £ if it is a linear combination
of terms of the form

T
0+1
:1:1/ m§c+1)(za$1 — 2,L9,... ,T)dz
0
and
R ()
/0 my (2,21 — 2,32, .., Tk)d2
and 1)
my_q (xlaoa"'c?a"' axk)
and ©
xlmk+1(x1,0,$2, ‘e ,l‘k) .

Note that (33) — (38) contains one G term of degree —1 in (33) and that dif-
ferentiating a G term of degree ¢ once yields a G term of degree £ + 1. Thus,
differentiating the G term in (33) n; > 2 times and substituting z; = 0, we re-
cover a constant multiple of mg_l:l_ 2)(0, Z9,...,Tk,0). Similarly, call a term an H
term of degree £ if it is a linear combination of terms of the form

mg)(wl,... ,xr) and :clm,(cHl)(a:l,... ,xr) and x%m,(f—l—Q)(:(;l,... , Tk )

Observe, that differentiating an H term of degree £ produces an H term of degree
£+1. If we differentiate twice the term 21 [ my(z, 22, - .. ,z;)dz in (34) we get an
H term of degree 0. Therefore differentiating this term n; > 2 times results in an
H term of degree n; — 2. Since the term z2my(z1,... ,7%) in (37) is an H term of
degree -2, differentiating this term n times produces also an H term of degree nq —
2. Thus both terms produce after n,-fold differentiation and evaluation at z;1 =0 a

constant multiple of m,(cnl_Q)(O,acg, ..., xg)- The H term zymy(z1,... ,zx) in (37)

is treated more carefully. It is easy to see by induction that its ni-th derivative

equals nlmgcm_l) (X1, ,zx) + xlmim)(wl, ... ,z). Evaluating it at 1 = 0 gives
(n1-1)

nymy, (0,z9,...,xk).

Moreover, the terms in (35) and (36) for ¢ = 1 vanish when differentiated
twice with respect to z1, while the term in (38), when differentiated with re-
spect to z1 mp > 2 times, and substituting z; = 0, produces terms of the form
(b z)m (0,22, .., zp).

Summarizing the above, we conclude by differentiating (33) — (38) n1 > 2 times
with respect to z1 and subsequent evaluation at x; = 0 that there are some
constants C;(ny), such that
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2Bmmim\™ (0, 2y, ... ,zp)  [(37a),i = 1]
= O (0,20, .. ,,0)  [(33),6 = 1]

+Com{™ (0,35, ... ,z)  [(37b),i =1+ (34),i = 1]

j{:aa D0, 2y, ..y m)  [(38]

[2/3711 (Z xz) + (28m — (Z-’E )] O y T2, - , T) [(37)]
+/3mzmz/ mk+1 0 3 L2y 5 Ti—152, L5 — 2, Ti41y--- ,.’,Ck)dz [(33)]
—2ﬂ52mz/ m 0 3 Xy e e s Lie15 2y Titls--- T)dZ [(34)]

—f—Zﬁst,m(m 0,z2,... ,Ti—1,Tit1,--. ,.’Ek) [(35)]
=2

_2/8.‘:’”1 Zwlmk 1 0 7 L2y ve s Lji—1,Li1y--- ,.’Ek) [(36)7.7 = 1]

—Qﬂs Z Z SEZSE]mI(anf (5(71, v 3 Lg—13 L4419 - - ,$k) [(36)]

i=2 j=2,j1

For z9 = ... = z; = 0 only the first three lines do not vanish and give a recursion
which allows us to compute starting with (39) all derivatives mgcn) 0,...,0) (n>
0).

Further differentiating with respect to zs, ... , zx, one concludes that there exist
constants Dfl,n, such that

2ﬁmn1m§cn1—l,n2,...,nk) — Z [Drll’n’ml(cn’) + D2 n’ml(c-|—1 ) + D?l n’min )1]
n’:|n’|<|n|—2,n}<n;
(40) + Y D4 m{™ + D3 m% ) + DS m{™)],

n':|n’|<|n|-1,n;<nj,n1=n

where D3 D% = 0 unless n’ possesses at least one component which is zero. We
now compute iteratively any of the m,(cn), with ny > ng > ... > ny: first, substitute
n (40) n1 = n + 1,n2 = 1 to compute m,(cn’l) for all n,k. Then, substitute
(n ,])

n1 =n+1,ny = j (j < n) to compute iteratively m; >’ from the knowledge

of the family (m, (6,5 ))k,g,j '<j, etc. More generally, having computed the terms
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i<jo<k, we compute first m\ """ """) by substituting in (40) n =

ni1 +1,n9,... ,nj,,1), and then proceed inductively as above. O

(n1,n2,... ,m;5)
my, )

—_~~

6. CONCLUDING REMARKS
1) We of course conjecture the

Conjecture 13. Part b) of Theorem 8 continues to hold true without the assump-
tion p € A.

It is tempting to use the technique leading to (3) in order to prove the conjecture
by characterizing the expectations with respect to p of suitable test functions. One
possible way to do that is to consider a family of polynomials defined as follows.
Let n = (n9, n3,... ,ng) be a finite sequence of nonnegative integers, with ng > 1.
We set |n| = 2?22 jnj, i.e. we consider n as representing a partition of |n| having
n; parts of size j, and no parts of size 1. Recall next Z; = Z;(p) = >_, p] and the
n-polynomaial

Palp) =[] 2 : 0w = R.
j=2
In| is the degree of Py, and, with n and d as above, d is the mazimal monomial
degree of P,. Because we do not allow partitions with parts of size 1, it holds that
Py, # Py if n # 1’ (i.e, there exists a point p € Q1 such that Py(p) # Py (p))-
It is easy to check that the family of polynomials {P,} is separating for M1(Q).
Letting A, denote the expected increment (conditioned on p) of P, after one step
of the process, we have that A, is uniformly bounded. Hence, by invariance of p,
J Andp = 0. Expanding this equality, we get that

k—1 ngp—1 d
Zpapﬂz 170" (Z(zk)“ (Z’“)quﬂ,,f) 11 2| -

Jj= £=0 j=k+1
- n ngp—1 d
~E, ZpaZ 2/ H (Z Zﬁ(Z’“)foktf) I1 2] |dote)
«a j=2 =0 j=k+1
d _
ZpiZ(H —2)p})"
o k=2 =2
_ d
0 (52t () (-2 ) (1T 2
£=0 Jj=k+1

where
Go,pj = (Pa+18) —Ph— Py >0, fajo=["+(1—z) —1]p, <0,

Z]OL,B_Z +qaa/61]’Z', a,r Z +.f0¢,],
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Note that all terms in (41) are positive. Note also that the right hand side of (41)
is a polynomial of degree |n| + 2, with maximal monomial degree d + 2, whereas
the left hand side is a polynomial of degree at most |n|+2 and maximal monomial
degree at most d. Let 7(k) denote the number of integer partitions of k£ which do
not have parts of size 1. Then, there are 7 (k) distinct polynomials of degree k,
whereas (41) provides at most 7(k — 2) relations between their expected values
(involving possibly the expected value of lower order polynomials). Since always
n(k) > w(k —2), it does not seem possible to characterize an invariant probability
measure p € M;j(€21) using only these algebraic relations.

2) With a lesser degree of confidence we conjecture

Conjecture 14. For any o € M1((0,1/2]) and any Bm,Bs € (0,1] there exists
exactly one K, g 3 -invariant probability measure p € Mi(£).

3) We have not been able to resolve whether the state p = (1,0,0,...) is transient
or null-recurrent for K, ;1 with o = U(0,1/2].

4) There is much literature concerning coagulation-fragmentation processes. Most
of the recent probabilistic literature deals with processes which exhibit either pure
fragmentation or pure coagulation. For an extensive review, see [1], and a sample
of more recent references is [2], [4] and [6]. Some recent results on coagulation-
fragmentation processes are contained in [8]. However, the starting point for this
and previous studies are the coagulation-fragmentation equations, and it is not
clear how to relate those to our model. The functions my introduced in the
context of Theorem 3 are related to these equations.

5) A characterization of the Poisson-Dirichlet process as the unique measure com-
ing from an i.i.d. residual allocation model which is invariant under a split and
merge transformation is given in [7]. J. Pitman has pointed out to us that a slight
modification of this transformation, preceded by a size biased permutation and
followed by ranking, is equivalent to our Markov transition K, g, g,. Pitman [13]
then used this observation to give an alternative proof of part (a) of Theorem 3.
6) Yet another proof of part a) of Theorem 3 which avoids the Poisson repre-
sentation and Theorem 12 can be obtained by computing the expectation of the
polynomials P, (p), defined in remark 1) above, under the Poisson-Dirichlet law.
We prefer the current proof as it yields more information and is more transparent.
7) A natural extension of Poisson-Dirichlet measures are the two parameter Poisson-
Dirichlet measures, see e.g. [14]. Pitman raised the question, which we have not
addressed, of whether there are splitting measures o which would lead to invariant
measures from this family.

8) While according to Theorem 3 there is a reversing probability measure for
o = U(0,1/2] this does not hold for general o € M;((0,1/2]). For instance, let us
assume that the support of ¢ is finite. Then there exist 0 < a < b < 1/2 such that
o[(a,b)] = 0. To show that any invariant measure yu is not reversing it suffices to
find s,t € €1 such that the detailed balance equation

(42) pl{sHKo,8,,.(5,{t}) = n[{t}1 Ko p,,,8. (¢ {5})

fails. Due to Theorem 8, u[{p}] > 0. Now we first refine the partition p by
successive splits until we reach a state p € ; with p; < &, where € > 0 is a
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small number. Since y has finite support, u[{p}] > 0. Then we create from p by
successive mergings some s € ; with a < s2/s1 < b, which is possible if ¢ was
chosen small enough. Again, u[{s}] > 0. If we call now ¢ the state which one gets
from s by merging s; and sy, then the left hand side of (42) is positive. On the
other hand, the right hand side of (42) is zero because of K(t,{s}) = 0 due to the
choice of @ and b.
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