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Abstract

Polyhedromrealizationis thetransformatiorof a polyhedroninto a corvex polyhedrorwith anisomorphic
vertex neighborhoodyraph. We presentn this papera novel algorithmfor polyhedronrealization,whichis
general practical,ef cient, andworksfor ary zero—genupolyhedron.We shav how the algorithmcanbe
usedfor nding acorrespondender shapdransformationAfter thetwo givenpolyhedraarebeingrealized,
it is easyto meige their vertex—neighborhoodyraphsinto a commongraph. This graphis theninduced
back ontothe original polyhedra. The commonvertex—neighborhod graphallows the interpolationof the
correspondingertices.
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1 Intr oduction

Metamorphosiss the gradualevolution of a sourceobject,throughintermediateobjects,into a target object. It
hasnumerouspplicationsjncludingscienti c visualizationandanimationsequencem the Im andad\ertising
industries. Much of the work donein the areafocusedon two—dimensionametamorphosige.g.,[2], [4], [6],
[10], [12], [24], [25], [28]). Three—dimensionahorphingsequenceareharderto compute,comparedo their
two—dimensionatounterpartsThey have, however, mary advantagesver the two—dimensionasequenced:or
instancechangesn theviewing positiondo notrequirea repeatedomputatiorof theentiresequence.

Several approacheso three—dimensionahetamorphosisiave beenexplored. Hong et al. [14] basetheir
methodon matchingthe faceswhosecentroidsareclosest.BethelandUselton [3] adddegenerateverticesand
facesuntil acommonvertex—neighborhoodjraphis achieved. ChenandParent[5] extenda transformatiorfor
piecavise linear two—dimensionatontoursto threedimensions. In their method,morphingis donebetween
polyhedrawhich arerepresentedly setsof three—dimensionailanarcontours.Kaul andRossigna¢17] usethe
Minkowski sumof the modelsto obtaina smoothtransition. Parent[21] establishegorrespondenchky recur
sively subdviding the surfacesuntil anidenticaltopologyis achiered. Kentet al. [18] [19] createa correspon-
dencebetweerzero—genupolyhedra by mappingthemonto a sphereand meging their vertex—neighborhod
graphs. Kanai et al. [16] utilize a similar algorithm by using the harmonicmapsof the polyhedra. Several
voxel-basednethodswverealsoexplored([7], [13], [15], [20], [23]).

Morphingathree—dimensionalolyhedrorinto anotheiis usuallydonein two steps: nding acorrespondence
betweenthe polyhedraandinterpolatingthe correspondingertices. In this paperwe focuson the problemof
nding acorrespondencéle follow the approactintroducedn [19], wheretwo zero—genupolyhedraare rst
“in ated” like balloonsuntil they becomespherical. Theone-to-oneorrespondends thenfoundbetweerpoints
on the surfacesof the two spheresandinducedbackonto the original polyhedra. The algorithmin [19] works
very well for several classe®f polyhedra.lt remainedopenin thatpapermwhetherthereexistsanalgorithmthat
is applicableto ary zero—genugolyhedraor evento wider classe®f polyhedra.The major contrikution of the
currentpaperis devising a novel polyhedrorrealizationalgorithmthatworksfor ary zero—genugpolyhedron.



“In ating” apolyhedroninto acornvex polyhedrorratherthaninto asurfaceof asphereéhasafew adwantages.
First, it is generabndworksfor ary zero—genupolyhedrorratherthanfor speci c classesSecond;in ating” a
polyhedroninto a spheremight resultwith a non-cowex polyhedron.Corvexity, however, is a desiredproperty
Third, sincesphericalrcsneednot beintersectedintegerarithmeticcanbe used,andthealgorithmcanbecome
becomemorerobust. Finally, if aspherds required,it canbe easilyobtainedrom a cornvex polyhedra.

We saythatathree—dimensiongdolyhedron, , is realizedby anothetthree—dimensionadolyhedron, | if

is corvex, andthetwo polyhedrahave isomorphicvertex—neighborhoodraphs.In otherwords,thereexistsa
one-to-oneorrespondendeetweerthe vertex setsandthe edgesetsof thetwo polyhedra.

Steinitz[11] provedthata graphis realizablef andonly if it is planarandthree-connectedn otherwords,
ouralgorithmcanbeconsideredsa differentproof of Steinitzs theorenfor the specialcasewherethefacesare
triangular Thisis the mostcommoncasefor realdata.Our proofis constructre, andgivesriseto analgorithm
which s efcient, avoids circulararcs,andis easyto implement. We implementedhe algorithmandachieed
very goodresults.

The realizationalgorithm we proposeconsistsof two phases:simpli cation and re-attachment.During
the simpli cation phase verticesare detachedrom the vertex—neighborhod graphof the polyhedronone by
one, andthe graphis re-triangulated.This stepis repeateduntil a -clique results. The secondphasestarts
by creatinga tetrahedronthe corvex polyhedrorwhich realizesa -clique. The verticesarere-attachedo the
polyhedronjn thereverseorderto their detachmentwhile maintainingthe polyhedrors corvexity. Thevertex—
neighborhoodyraphof eachcorvex polyhedron,createdin the processjs isomorphicto a graphencountered
during the simpli cation stage. Thus, the last polyhedrors vertex—neighborhoodyraphis isomorphicto the
inputvertex—neighborhoodjraph.

In three—dimensionahetamorphosisftertheinput polyhedraarebeingrealized theresultingcorvex poly-
hedraare meiged on the boundaryof one of them. The melged edgesetis later usedfor re ning the original
polyhedra.Theresultof the mutualre nementis the desiredcorrespondencevhichis utilized duringtheinter
polationphaseof the shapdransformatiorprocess.

Theremaindeiof the paperis organizedasfollows. The next sectionpresents high—level descriptiorof the
shaperansformatioralgorithmthat usespolyhedronrealization. Section3 describeghe realizationalgorithm,
andprovesits correctnessSectiond describe$ow thetwo realizedpolyhedracanbe megedinto onestructure.
Section5 demonstratesur results.We concluden section6.

2 The ShapeTransformation Algorithm

In this sectionwe describehegeneraschemef usinga realizationalgorithmfor establishinga correspondence
betweertheverticesof two givenpolyhedra. Our schemdollows the schemealescribedn [19]. However, while
in [19] the polyhedraare“in ated” into sphereswe realizetheminto corvex polyhedra.We begin with a few
de nitions.

De nition 2.1 Polyhedron vertex—neighborhoodgraph, or the 1-skeletonof the polyhedron is a graph

whee isthesetof verticesof the polyhedon, andthere existsan edge thatconnectgwo vertices

and iff there existsan edge betweerthetwo verticesin the polyhedon.
De nition 2.2 Graph re nement: is are nementof thegraph if andanedge
is replacedby a path in  sud that , andthe

vertex pathsreplacingtheedgesare mutuallydisjoint.

De nition 2.3 Polyhedron re nement: A polyhedon is a re nementof a polyhedon ,if and are
congruentandthe vertex—neighborbod graphof is a graphre nementof the verte<—neighborhod graph of



De nition 2.4 Polyhedron realization: A polyhedon is saidto realizea polyhedon , if is convex
andthevertex—neighborhod graphsof and areisomorphic.

We aregivena pair of zero—genugpolyhedra, and . Thealgorithmfor nding acorrespondendeetween
and consistof vephasesandproceedsasfollows.

1. Createacorvex polyhedron, , whosevertex—neighborhod graphis isomorphicto 's,usingthereal-
izationalgorithmdescribedn thenext section.

2. Createacorvex polyhedron, ,whichrealizes , in asimilarway:.

3. Re ne thevertex—neighborhoodjraphsof and in orderto producea joint vertex—neighborhod

graph. A few mege algorithmswere proposedn the past. In [1], two triangulationsof corresponding
planarpolygonsaremeiged. Thisis alsodonein [16] whentwo harmonicmapsarebeingmeiged.in [19],
thefacesof polyhedrawhoseverticesresideon the spherearemeiged. Our algorithm,whichis described
in Sectiond, meigesthe boundarie®f corvex polyhedra.

Themainideaof thealgorithmin to projectthe verticesandthe edgesof ontothe boundaryof
Theprojectededgesf arethenintersectedvith theedgesf . Thesearetheedgesof there ned
polyhedronof . After the facesof there ned polyhedronarefound, its vertices,edgesandfacesare
projectedonto , to form its re ned polyhedron.

4. Inducethe memgedvertex—neighborhoo graphfoundin (3) onto , to form a polyhedron, . The poly-
hedron isare nementof |, sinceits vertex—neighborhod graphis isomorphicto themeigedone,and
thusare nementof 'svertex—neighborhoodjraph,andit is congruento

5. Repeathepreviousphasefor , creatinganew polyhedron, , whichis are nementof

At the end of this process and arere nementsof and respectiely. Moreover, their vertex—
neighborhoodjraphsareisomorphic.Therefore, and canbeusedfor establishingicorrespondendeetween
and
Thenext sectionslaborateon eachof theabore phase®f thealgorithm. Section3 focuseontherealization
algorithm(stepgq1)—(2)). Sectiond describeshe meging proces®f two givenvertex—neighborhoodraphsand
explainshow the meigedgraphcanbe inducedbackonto the original polyhedrato producetheir re nements

(steps(3)—(5)).

3 The Polyhedron Realization Algorithm

Givenazero—genugolyhedron, , we presentanalgorithmfor constructinga zero—genusorvex polyhedron,
, thatrealizes . We assumehatthe input polyhedronhastriangularfaces.If not, we triangulatethefaces
in lineartime. Thealgorithmconsistof two phasessimpli cation andre-attachment.

1. Simpli cation — Simplify the vertex—neighborhod graphby removing a low—degreevertex from it and
re-triangulatingheresultinggraph.This operationis repeatedintil a —cliquegraph,representingtetra-
hedron,results. During this phasea hierarchyof planargraphs, ,is
constructedsuchthat  has verticesfor

2. Re-attachment— Giventheabove graphhierarchyproceedottomup,andconstrucecorvex polyhedron,

, foreachgraph , sothat and areisomorphicfor . Thisprocedurerst constructs
atetrahedron, , sothat . Supposehata corvex polyhedron, , is constructedsuch
that ) is thenused,jointly with , to constructa convex polyhedron, , suchthat



Oncetheconvex polyhedron is constructedour goalis achieved:

Notethatthe simpli cation phasesomevhatresembleshe way the Dobkin— klrkpatrlckhlerarchy[S] [9] is
constructedHowever, while in our algorithma singlevertex is removed at eachstep,in the Dobkin—kirkpatrick
hierarchyan independensetof verticesis remared. A major differencebetweenthe algorithmsis in the re-
attachmenphase. In the Dobkin—kirkpatrickhierarchythe polyhedronis known to be corvex, andthusthe
verticesneednot bere-positionedln our case re-positionings a major considerationWe elaborateon eachof
thetwo phasedelow.

3.1 Phasel: Simpli®cation

Givenatriangulargraph, , representingpolyhedronwe describén this sectionanalgorithmfor constructing
atriangulargraph, , with onevertex less.To doit, we repeathefollowing two steps.

1. Findavert, , of degree3, 4, or 5, andremove it from thegraph.

2. Re-triangulateheresultingface.

Thisprocedures graphicallydescribedn Figurel. It isrepeatedintila —cliqueresults.Theproofof correctness
of thesimpli cation phasedistinguishebetweerthreecasesaccordingo thedegreeof thevertex removed. If a
vertex of degreethreeis removed, it is sufcient to “close” thehole createdwvith aface.Sincethegraphcontains
atlestfour vertices,it cannothave multiple edges.In casethe vertex is of degreefour we shav in Lemma3.2
thatone of thetwo diagonalsof the hole createdcanbe added. Finally, in casethe verte is of degree ve we
shav in Lemma3.3thatthe  gonhole createdcanbe triangulatedby addingtwo diagonalssmanatingrom
onevertex. We summarizen Theorem3.4.

Degree 3 4 5

Original
graph

Re-triangulated
graph

Figurel: Simpli cation

Lemma 3.1 A planartriangular graphmustcontainat leastonevertex of degreesmallerthansix.

Lemma 3.2 If avertex , of dggreefour, is remwedfroma planartriangular graph, , then(1) Theneighbos
of in  cannotbeall inter-connectedin thenew graph),and(2) A diagonalcanbeadded betweerntwoof 's
neighbos, sothatthegraphremainsplanar

Proof: Supposeon the contrapositie, thatthe four verticesform a clique, contradicting(1). Togethemwith
the ve verticesusedto form a clique beforetheremoval of . Sincea ve—\ertex clique cannotbe planar it
contradictour assumptionhatwe startedrom a planargraph.

Letusdenotehefour neighborof as and ,sothat and areneighbors Sincewe
startedfrom atriangulatedgraph,and wasconnectedo all four verticestheedges - , - , - , -
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exist. Sincethey arenotall connectedo eachother onediagonalin the quadrilateraboesnot existin thegraph.
It is obviousthatthe missingdiagonalcanbe addedsothatplanarityis notviolated.

Lemma3.3 If avertex , of degree ve, is remaredfroma planartriangular graph, , then(1) Thee exist at
mostthreediagonalsbetweertheneighbosof in  and(2) Twodiagonals,which shae a commorverte, can
beaddedbetween 's neighbos sothatthegraphremainsplanar

Proof: Weshav rst thattherecanexist at mostthreediagonalsconnectinghe ve verticesafterwe remove
thevertex . Supposen the contrapositie thatthereareat leastfour diagonals.In this case at mostone pair
of vertices, and , arenotconnectedy adiagonalin the resultingpentagon Considerfour vertices,among
whichonly oneis or . They areall inte~connectedy diagonaldn theresultingpentagonIn the original
graphthesefour verticestogethemwith , formeda —clique.This contradictgplanarity

Having eliminatedthe possibility of four or ve diagonalswe assumehat therearethreediagonals,and
shaw thatthereexists a vertex throughwhich noneof the diagonalgpass.Supposen the contrapositie thatthe
diagonalscover all the vertices. Theremustexist a vertex throughwhich two diagonalspass,otherwisethree
diagonalsvould cover six vertices.Withoutlossof generalityassumét is , andits diagonal-neighlre are
and . SeeFigure2. By ourassumptionthethird diagonalmustconnectheremainingtwo vertices and

Ve —7\V3

Figure2: A pentagonalacewith threediagonalsoveringall thevertices.

We now considerthe original graph,beforethe detachmentWe partitionthe verticesinto two groups,
and . Eachmemberof A is connectedo eachmemberof B, andeachmemberof B
is connectedo eachmemberof A. Thus,the original graphcontainsa fully-connectecipartitegraphknown as
, andthereforeplanarityis contradicted.
If thereexist only oneor two diagonalsthey cannotcover all ve vertices,anda vertex throughwhich two
new diagonalscan pass.exists. It is not hardto shav thatthe two missingdiagonalscanbe addedin a planar
fashion.

Theorem 3.4 Givenatriangular planargraph , whosenumberof verticesis at leastfour, avertex of deggree
three four, or ve canbefoundand remaed,andtheresultinggraph canbere-triangulatedsothat the graph
remaingplanar

Proof: By Lemma3.1,thereexistsatleastonevertex of degreesmallerthansix. Sincethe graphis triangulay
the degree cannotbe two. Thus,thereexists at leastone vertex of degreethree,four, or ve, which canbe
detachedIf thedetachedrertex is of degreethree theholeleft is atriangle,sothatit is sufcient to closeit with
aface.Obviously, thegraphis still planar Sincethereareatleastfour vertices thefaceintersectothertriangles
alonganedge avertex or anemptyset. Otherwisg(thevertex is of degreefour or ve), by Lemmas3.2and3.3,
diagonalsanbe addedsothatthe graphremainsplanar Theresultinggraphis alsotriangular To seethis, we
distinguishbetweerthe differentcases If avertex of degreethreeis detachedthe formerneighborsof form

5



atriangle.If avertex of degreefour is detacheda quadrilaterals formed,andby Lemma3.2 a diagonalcanbe
addedo form two triangles.Finally, if avertex of degree veis detacheda pentagoris formed,andby Lemma
3.3two adjacentiagonalanbeaddedo form threetriangles.

Lemma 3.5 Thesimpli cation procedue canberepeatedintil there are four verticedeft. In this casethegraph
is necessarilthe  skeletonof a tetrahedon.

Figures3 — 4 illustratethe simpli cation phaseby providing a few snapshot®f an epcotbeingsimpli ed,
startingfrom a50-vertex epcot(to theleft) andendingwith atetrahedrorfto theright). Notethateventhoughthe
algorithmworks on planargraphs andnot on the three—dimensionatructuresfor clarity, the snapshotshavn
below illustratethethree—dimensionatructuref theintermediateobjects.

AL : N : :
l}o{ ah

N SRS N 7 '
:\{‘;;\g%/’a‘ \ 7 i . & :

Figure3: Epcotsimpli cation —wire-frame

Figure4: Epcotsimpli cation - facetedshading

3.2 Phase2: Re-Attachment

We aregiven a hierarchyof vertex—neighborhoodjraphs, , Which s the outputof
thesimpli cation phase . Thegoalis to constructa sequencef convex polyhedra, , suchthat
isisomorphicto .
There-attachmenphaseproceeddottomup. A convex polyhedron, ,for ,is rst constructedSince
isa -clique,it canbe realizedby a tetrahedron.Supposedhata corvex polyhedron, , hasbeenalready
constructedor the vertex—neighborhod graph . We shaw next how  canbe used,alongwith , to
constructa corvex polyhedron , whosevertex—neighborhoodjraphis isomorphicto : . At

theendof thisprocess, istherealized .
The major consideratioris how to addthe vertex , which wasdetachedluring the simpli cation phaseto

, in orderto form . We distinguishbetweerthreecasesaccordingo thedegreeof .

In case is of degreethree,duringthe simpli cation processts coneof faceswasreplacedoy a triangular
face, . Thus in  needdo bereplacedy a coneof threefacesin , asshavn in Figure5. Denote
thethreeneighboringfacesof in , , and

In case isof degreefour, By Lemma3.2, wascreatedby remaving fromthegraph andaddinga
diagonal thusforming two new faces and , asillustratedin Figure6. Therefore, and need
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Figure5: Attachmenbf of degreethreeto

to bereplacedvy the coneof four faces.Denotethefour neighboringfacesof and in-, 5, ,

o ‘
V$

Figure6: Attachmenbf of degreefourto

and

In case isof deggree ve,By Lemma3.3, wascreatedoy remwving from thegraph andadding

two adjacentliagonalsthusformingthreenew faces : and , asillustratedin Figure7. Therefore,
: and needto bereplacedby theconeof vefaces.Denotethe ve neighboringfacesof thenew

facesn , , , , and

@) (b)
Figure7: Attachmenf of dggree veto

By the induction hypothesisa cornvex polyhedron  whosevertex—neighborhoodyraphis hasbeen
in orderto form . Let bethesetof verticesof andlet

created.We needto shav how to add to
be , where is the degreeof the removed vertex (i.e., the facescreatedduring the
containgall thefacesof  not

simpli cation stage) We needto addapoint suchthatthecorvex hull of
(i.e.,aconewith ape ).

in andall thefacesformedby andtheedgewf theboundaryof
We saythata point is above (resp. below) aface if thatpointis in the half—spaceof the supporting



planeof thatdoesnot (resp. does)containthe polyhedron.In orderto nd apoint thatsatis esthe aboe
requirements, needgo be above all thefacesin  andbelawv all the facesadjacento . In this caseby to
beneath—h@ndconvex hull algorithmalgorithm[22], shouldbeaddedo theconvex hull, andthetriangulation
facesshouldbedetachedndreplacedy the new faces.

It remaingo nd sucha . We rst describehealgorithmfor positioning , andnext prove with a seriesof
lemmasthe correctnessf the positioningalgorithm. The caseof of degreesthreeor four arerelatively easy
andareprovedin Lemmas3.6—-3.7.Thecasewhere is of degree veis moreinvolvedandis provedin Lemmas
3.8-3.9.

To nd ,we rst de nearay alongwhich islocatedasdescribedelon. Theray isde nedbyits base

, andits direction .To nd and , wefollow the proceduréelow.

1. Determine and
Therearethreepossiblecases:

(a) if isof degreethree,asin Figure5, then
the centerof massof theface
thenormalof

(b) if isof degreefour, asin Figure6, then
themidpointof theedgesharedy and :
theaverageof ‘snormaland ‘snormal.

(c) if isofdegree ve,asin Figure7,then
thevertex throughwhichthetwo triangulationedgesass.

theintersectiorpoint of the planeson which and reside.
themidpointof the sggment
theaverageof the normalsof and

2. Determine :
Let bearaywhosebases andwhosedirectionis

3. Transform the polyhedron if needed:
If isofdegree veand isbelon then
Apply the appropriateprojective transformatiorasdescribeelow.
Recalculate asdescribedhbore.

Sofarwe describedhe creationof . We now explainhow is locatedalong . Considerthe neighboring
facesof 's coneof faces, , Where is the degreeof . Consideralsothe planeson
which thesefacesreside. Calculatethe intersectionpoints betweentheseplanesandthe line that de nes

. Findthe factors . Let

if or
otherwise

(1)

Position at . Remore thefaces , andconstruct new facesbetween and
its neighborsasillustratedin Figures5—7. This completeghe constructiorof

Lemma 3.6 In case is of degreethree it is positionedcorrectly Thatis, is above andbelow |, for



Proof: Since ispositve, isaboe . Itislefttoshav that isbelow theneighborof . Wedistinguish

betweenhe facesaccordingto thesignof . If is positve, isaboe if andonly if f

is negatve, isabove if andonly if . Ourchoiceof prevents frombeingaboe . Inthe

rst casethisis because , andin thesecondcasethisis because and donothavethesamesign.If s
, all the pointsontheray areonthesamesideof . Since intersectdhe polyhedronthepointsof it are

olviouslybelov . Thereforetheonly faceabore which is . Sinceby our constructiorit is removed, the

resulting iS corvex.

Lemma3.7 In case is of degreefour, it is positionedcorrectly

Proof: We needto shaw that is abore and ,andthatitisbelov , , and . Since isthe
sumof thetwo normalsof and , it is clearlyin acuteanglesto both. For this reasonary pointon is
above bothfacesandthusfor thesefacesevery choiceof a positve is acceptableMoreover, since doesnot
have boththe samesignas anda larger absolutevalue,thensimilarly to the caseof degreethree, is belov

. Thecaseof is alsosimilar.
In case isof degree ve,therearetwo possibilities.If we arelucky, isabove . Inthiscase, canbe
usedto construct  , aswasdonein the caseof degreefour. Otherwise we needto transformthe polyhedron

prior to the positioningof . We discussherequiredprojective transformatiorbelow.
Lemma 3.8 In case isofdegree ve and isabove , ispositionedcorrectly

Proof: Theproofis similarto the previous case.Along with theassumptiorthat  is above , we getthe
requiredresult.

The projective transformation: Therearetwo possiblecon gurations,as shavn in Figure8. Figure 8(a)
illustratesan “open” con gurationin which the sumof dihedralanglesbetween , and : is
largerthan . In Figure8(b), illustratinga “closed” con guration,this sumis lessthan

(a) open (b) closed

Figure8: Possiblecon gurations

Recallthatwe assumehat is below . We describebelov the transformatiorfor the casewherethe
con gurationis “closed”. The caseof an“open” con gurationis similar.

To de ne thetransformationwe nd aplane, (thegrey planein Figure8), which intersects only in
the facesadjacentto . Sucha planecanbe easilyfound. The intersectionf the planewith facesof the
polyhedrorareseggmentson , denotedas (correspondingo respectiely). We rst
de ne aplanartransformatioron this plane, andthenextendtherequiredtransformatiorio threedimensions.

9



After nding , we apply anafne transformation suchthat: (1) transforms  to the plane

. (2 transforms tothe axis,to partof the sgment . (3) transforms
tothe axis,to partof the segment . (4) transformghe intersectiorof thelineson
which reside(denotechs ), to theorigin. Thesituationon (i.e.,on ) isillustratedin
Figure9(a).

projective
transformation

ATi(S3)

@

Figure9: Theprojective transformation

To completethede nition of theaf ne transformationit is left to specifythereciprocalimageof the axis.

To do it, we de ne a new plane,a sepaating plang that (1) separates , the intersectionof the lines on

which and reside from the polyhedronand(2) is parallelto . Sucha planecanbe easilyfound. Once

it is found,we cande ne thereciprocaimageof the -axisto bealine ontheseparatinglanewhichis noton
. Fromnow on, we assumehattheaf ne transformatiorhasalreadybeenapplied.

Figure9(c) illustratestheintuition behindthe projective transformatiorwe areseeking It should“open”the

faces and . Andin two dimensiongon ), it should“open” thesegments and :
In otherwords,the purposeof the projective transformatioris to transform and suchthatthe
point of intersectiorof their linesis transformedo the otherside of (andin threedimensionsto the

othersideof ). Ourintentionis to "open”the con gurationandto transform to resideabore
In two dimensionstwo planartransformationsrede ned asillustratedin Figure9. The rst is a planarpro-

jective transformatior{Figure9(b)),andtheseconds aplanarre ection aroundtheline (Figure9(c)).
The planarprojective transformatioris de ned by where is atwo—dimensionaVvector and

is smallenoughto separatehe origin from . Toillustratethatthis transformatiorperformstherequired
opening,notethat: (1) Theline is unchangedy thetransformation(2) The segment
is transformedo . (3) Theopensggment is transformedo . The
extensionto threedimensionds obtainedby wherethe equation representshe
separatinglane.

Lemma 3.9 Theabove projectivetransformation, , transforms , the point of intersectionof thethreeplanes
onwhich thefaces reside andthus , fromonesideof theplaneof totheotherside

Proof: It canbe easilyshavn thatwhen is appliedto the corvex polyhedron , a convex polyhedron
results,if the polyhedronresideson onesideof the planede ned by the denominatoof the projectie transfor
mation. This requirements satis ed by our choiceof the separatinglane. The resultingpolyhedronalsohas
anisomorphicvertex graph,becausehe verticesof the transformedcorvex hull areimagesof the verticesof
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the original cornvex hull. Moreover, thetransformation preseresboththe boundaryof  (whichis is trans-

formedto the boundaryof ), andtheintersectiorpointsbetweerplanes.It remainsto be shavn thatthis
intersection, , residesabore
Let  betheline of intersectiorof thetwo faces and . Thethreepoints ,and resideon
thissamdine, . Now we examine moreclosely iscontinuouon , exceptfor theintersectiorof
with theseparatinglane.Thisintersectioris asinglepoint,sincethepointson  wereestablishedo beon
bothsidesof theseparatingplane—  onthesamesideasthe polyhedron, ontheotherside. Moreover,
and resideonthesamesideof theseparatinglane(sincewe couldchoose sothat isfartheravay
from on ).
is continuouson the whole side of the separatingplanewhich contains and . We concludethat
cannotbebetween and , sincethe sggmentbetween and istransformedontinu-
ously Thus and areonthesamesideof relative to
is transformedby  from one side to the other side of , andthus of , becausdghe
intersectiorof and  beforethe projective transformatioris at the origin, andafterapplying at
Since and weretransformedo the samesideof relativeto , they werealsotransformedo
thesamesideof , thuscorrectingthe positionof

Theorem 3.10 Givena corvex polyhedon , afterre-attahing asdescribedabove theresultingpolyhedon
IS cornvex.

Proof: By ourconstructiontherearethreepossiblecases: of degreethree four, or ve.If isof degreethree,
by Lemma3.6,theresultingpolyhedroris corvex. If  is of degreefour, by Lemma3.7,theresultingpolyhedron
is corvex. If isof degree ve,therearetwo caseslf isabove , by Lemma3.8, theresultingpolyhedron
is cornvex. Otherwisewe applythe projectie transformatiorasde ned abose. By Lemma3.9, after applying
this transformationthe caseis reducedo the previous case andthusa corvex polyhedroncanbe constructed.

Theorem 3.11 Therealizationalgorithmdescribedaboverunsin time whee isthenumberofvertices
in the polyhedon.

4 Merging Vertex NeighborhoodGraphs

Giventwo corvex polyhedra and , our goalis to constructtwo corvex polyhedra and , suchthat:
(1) Thevertex—neighborhoodjraphsof and areisomorphicto eachother (2) is are nementof . (3
is are nementof . Thealgorithmworksasfollows.

1. Initialize and

Let and
Move thecenteroof massof and intotheorigin.

2. Updatethe vertex setof
For eachvertex  of

Shootaray from theorigin through .
If theray doesnotintersect in averte, addtheintersectiorto thevertex setof

3. Createthe edgesetof and updateits vertex set:
For eachedge of
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Createheplane thatpasseshrough andthroughtheorigin

Theintersectiorof and is atwo—dimensionatorvex polygon. Sortthe verticesaccordingto
theirorderin the polygon.

Thepolygonconsistf two polygonalarcsbetweerthe verticesthat correspondo the endpointsof
. Representheedge in by theshorterarc.

Traversethe polygonalarc, addingits verticesandits edgesto the setsof verticesand edgesof
respectiely.

Replacesveryedgeof  whichis split this way by its parts.
4. Createthe facesetof (giventheverticesandtheedgedoundabove).

5. Updatethe vertex setof
For eachvertex  of

Shootaray from theorigin through .
If theray doesnotintersect in averte, addtheintersectiorto thevertex setof

6. Createthe edgesetof
For eachedge of

Createanedgebetweerthetwo verticesin , which correspondo theverticesof .
7. Createthe facesetof

8. Determinethe location of the verticesof one polyhedron on the surfaceof the other:
This mappingis doneusingbarycentriccoordinates.

5 Implementation and Results

The algorithmis implementedn C andrunson SGI workstations. Thoughthe complity of the realization
processs , withoutthe projectie transformationthe compleity is . Theprojectie transformation
is seldomnecessaryAs aresult,thealgorithmis very ef cient andit runsvery fast.

Figures10— 11 shawv a coupleof resultsof therealizationalgorithm. In Figure10 an epcotandits realized
epcotarebeingpresentedIn Figure11 a deformedcubeandits realizedpolyhedronis shavn. The cubewas
createdy “pushing”onefaceinside,sothatit is -awayfromits oppositdace.Thisfacecannotremainplanarso
we allow it to “bend”, andwe re-triangulateéheresultingpolyhedron.Thedeformed-cubexample thoughsmall
in size,illustratesour realizationalgorithmvery well. The cubedoesnotbelongto ary of the classesupported
by previousalgorithms.It is non-corex, notstarshapednotanobjectof revolution, andnotanextrudedobject.

Figurel2illustratestheresultsof the meige algorithm. In Figure12(a)the vertex—neighborhod graphsof a
houseandanicosahedromremeigedonthe surfaceof theicosahedronln Figure12(b)two deformedcubesare
meigedonthe surfaceof oneof them. The pair of cubeshave oppositefacespushedn.

Figuresl3-17presenafew of morphsequencesreatedy utilizing therealizationalgorithm.Figuresl3-14
shav thetransformatiorbetweenra pair of deformedcubeswith oppositefacespushedn. Duringinterpolation,
thedeformedaceis pushedut, while theoppositeoneis pushedn. We usebothwire—frameandfacetedhading
in orderto illustratethe above process.Figuresl5 — 16 transforma houseinto anicosahedron While Figure
15 displaysa few snapshotfrom the morphsequencén a smoothshading Figure16 shavs somesnapshotin
afacetedshading.Note how the stairsandthe roof disappeain the icosahedros surface. Finally, Figure17
transformghehouseinto a bottle. Noneof theobjectsis starshaped.
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(a) An epcot (b) A realizedepcot

Figure10: Realizatiorof anepcot

(a) A deformedcube (b) A realizeddeformedcube

Figurell: Realizatiorof a deformedcube

6 Conclusion

This paperpresentsa new algorithmfor realizinga three—dimensionaero—genugolyhedron. Our algorithm
is general,ef cient, and easyto implement. We demonstratediow the algorithm can be usedfor nding a
correspondendeetweertwo three—dimensiongdolyhedrafor metamorphosis.

Therearea few directionsfor future research.Oneinterestingdirectionengagef©iumaninterention. The
currentalgorithminvolves almostno usercontrol. While an automatictechniqueis desirablein mary appli-
cations,at certaintimes, it is bene cial to provide ner controls. Second anintriguing problemis to nd an
algorithmfor”in ating” nonzero—genugolyhedra.Finally, a challengingproblemis to nd amorphalgorithm
betweemolyhedrahatcanguaranteghatself-intersectiomoesnot occurduringinterpolation.
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Figure12: Merging thevertex—neighborhod graphs




Figurel4: Shapdransformatiorbetweerthe deformedcubes- facetedshading
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Figurel5: Shapdransformatiorbetweera houseandanicosahedron smoothshading
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Figure16: Shapdransformatiorbetweera houseandanicosahedror-facetedshading
17



Figurel7: Shapdransformatiorbetweera houseanda bottle
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