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Abstract

Polyhedronrealizationis thetransformationof apolyhedroninto aconvex polyhedronwith anisomorphic
vertex neighborhoodgraph.We presentin this papera novel algorithmfor polyhedronrealization,which is
general,practical,ef�cient, andworks for any zero–genuspolyhedron.We show how thealgorithmcanbe
usedfor �nding acorrespondencefor shapetransformation.After thetwo givenpolyhedraarebeingrealized,
it is easyto merge their vertex–neighborhoodgraphsinto a commongraph. This graphis then induced
backonto the original polyhedra.The commonvertex–neighborhood graphallows the interpolationof the
correspondingvertices.
Keywords: Shapetransformation,metamorphosis,correspondence,polyhedronrealization.

1 Intr oduction

Metamorphosisis thegradualevolution of a sourceobject,throughintermediateobjects,into a targetobject. It
hasnumerousapplications,includingscienti�c visualizationandanimationsequencesin the�lm andadvertising
industries.Much of the work donein the areafocusedon two–dimensionalmetamorphosis(e.g.,[2], [4], [6],
[10], [12], [24], [25], [28]). Three–dimensionalmorphingsequencesareharderto compute,comparedto their
two–dimensionalcounterparts.They have,however, many advantagesover thetwo–dimensionalsequences.For
instance,changesin theviewing positiondonot requirea repeatedcomputationof theentiresequence.

Several approachesto three–dimensionalmetamorphosishave beenexplored. Hong et al. [14] basetheir
methodon matchingthefaceswhosecentroidsareclosest.BethelandUselton [3] adddegenerateverticesand
facesuntil a commonvertex–neighborhoodgraphis achieved. ChenandParent[5] extenda transformationfor
piecewise linear two–dimensionalcontoursto threedimensions.In their method,morphingis donebetween
polyhedrawhicharerepresentedby setsof three–dimensionalplanarcontours.Kaul andRossignac[17] usethe
Minkowski sumof the modelsto obtaina smoothtransition. Parent[21] establishescorrespondenceby recur-
sively subdividing thesurfacesuntil an identicaltopologyis achieved. Kentet al. [18] [19] createa correspon-
dencebetweenzero–genuspolyhedra,by mappingthemontoa sphereandmerging their vertex–neighborhood
graphs. Kanai et al. [16] utilize a similar algorithmby using the harmonicmapsof the polyhedra. Several
voxel–basedmethodswerealsoexplored([7], [13], [15], [20], [23]).

Morphingathree–dimensionalpolyhedronintoanotherisusuallydonein twosteps:�nding acorrespondence
betweenthe polyhedraandinterpolatingthecorrespondingvertices. In this paperwe focuson theproblemof
�nding a correspondence.We follow theapproachintroducedin [19], wheretwo zero–genuspolyhedraare�rst
“in�ated” likeballoonsuntil they becomespherical.Theone-to-onecorrespondenceis thenfoundbetweenpoints
on thesurfacesof the two spheresandinducedbackonto theoriginal polyhedra.Thealgorithmin [19] works
very well for severalclassesof polyhedra.It remainedopenin thatpaperwhetherthereexistsanalgorithmthat
is applicableto any zero–genuspolyhedra,or evento wider classesof polyhedra.Themajorcontribution of the
currentpaperis devisinganovel polyhedronrealizationalgorithmthatworksfor any zero–genuspolyhedron.

1



“In�ating” apolyhedroninto aconvex polyhedronratherthaninto asurfaceof aspherehasafew advantages.
First,it is generalandworksfor any zero–genuspolyhedronratherthanfor speci�c classes.Second,“in�ating” a
polyhedroninto a spheremight resultwith a non-convex polyhedron.Convexity, however, is a desiredproperty.
Third, sincesphericalarcsneednotbeintersected,integerarithmeticcanbeused,andthealgorithmcanbecome
becomemorerobust.Finally, if asphereis required,it canbeeasilyobtainedfrom a convex polyhedra.

Wesaythata three–dimensionalpolyhedron,
�

, is realizedby anotherthree–dimensionalpolyhedron,
���

, if
� �

is convex, andthetwo polyhedrahave isomorphicvertex–neighborhoodgraphs.In otherwords,thereexistsa
one-to-onecorrespondencebetweenthevertex setsandtheedgesetsof thetwo polyhedra.

Steinitz[11] provedthata graphis realizableif andonly if it is planarandthree-connected.In otherwords,
ouralgorithmcanbeconsideredasadifferentproofof Steinitz's theoremfor thespecialcasewherethefacesare
triangular. This is themostcommoncasefor realdata.Our proof is constructive, andgivesriseto analgorithm
which is ef�cient, avoidscirculararcs,andis easyto implement.We implementedthealgorithmandachieved
verygoodresults.

The realizationalgorithm we proposeconsistsof two phases:simpli�cation and re-attachment.During
the simpli�cation phase,verticesaredetachedfrom the vertex–neighborhood graphof the polyhedrononeby
one,and the graphis re-triangulated.This stepis repeateduntil a � -clique results. The secondphasestarts
by creatinga tetrahedron,theconvex polyhedronwhich realizesa � -clique. Theverticesarere-attachedto the
polyhedron,in thereverseorderto theirdetachment,while maintainingthepolyhedron's convexity. Thevertex–
neighborhoodgraphof eachconvex polyhedron,createdin the process,is isomorphicto a graphencountered
during the simpli�cation stage. Thus, the last polyhedron's vertex–neighborhoodgraphis isomorphicto the
inputvertex–neighborhoodgraph.

In three–dimensionalmetamorphosis,aftertheinputpolyhedraarebeingrealized,theresultingconvex poly-
hedraaremergedon the boundaryof oneof them. The mergededgesetis later usedfor re�ning the original
polyhedra.Theresultof themutualre�nementis thedesiredcorrespondence,which is utilizedduringtheinter-
polationphaseof theshapetransformationprocess.

Theremainderof thepaperis organizedasfollows. Thenext sectionpresentsahigh–level descriptionof the
shapetransformationalgorithmthatusespolyhedronrealization.Section3 describesthe realizationalgorithm,
andprovesits correctness.Section4 describeshow thetwo realizedpolyhedracanbemergedinto onestructure.
Section5 demonstratesour results.Weconcludein section6.

2 The ShapeTransformation Algorithm

In thissectionwedescribethegeneralschemeof usingarealizationalgorithmfor establishingacorrespondence
betweentheverticesof two givenpolyhedra.Ourschemefollows theschemedescribedin [19]. However, while
in [19] thepolyhedraare“in�ated” into spheres,we realizetheminto convex polyhedra.We begin with a few
de�nitions.

De�nition 2.1 Polyhedron vertex–neighborhoodgraph, or the1–skeletonof the polyhedron is a graph ���

�	��

���

where
�

is thesetof verticesof thepolyhedron,andthereexistsanedge ���

�

thatconnectstwovertices
��� and ���

�

�

iff there existsanedge betweenthetwoverticesin thepolyhedron.

De�nition 2.2 Graph re�nement: ����

�

�

��


�

���

is a re�nementof thegraph ���

�	��

���

if
���

�

�

andanedge
�

�
�




�
�

�

�

�

is replacedby a path
�

�
�


 �"!#�#
$�%�&!$
 �('$�#
*)*)*)+
$�%�-,/.0!�


�
�

�

in �

�

such that 1

�

�


 �

�

�
�

�324�

, and the
vertex pathsreplacingtheedgesare mutuallydisjoint.

De�nition 2.3 Polyhedron re�nement: A polyhedron �

�

is a re�nementof a polyhedron
�

, if �

�

and
�

are
congruent,andthevertex–neighborhood graphof �

�

is a graphre�nementof thevertex–neighborhood graphof
�

.
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De�nition 2.4 Polyhedron realization: A polyhedron
��� ���

is said to realizea polyhedron
�

, if
��� ���

is convex
andthevertex–neighborhood graphsof

� � ���

and
�

are isomorphic.

Wearegivenapairof zero–genuspolyhedra,
�

and � . Thealgorithmfor �nding acorrespondencebetween
�

and � consistsof � vephases,andproceedsasfollows.

1. Createa convex polyhedron,
�

� ���

, whosevertex–neighborhood graphis isomorphicto
�

's,usingthereal-
izationalgorithmdescribedin thenext section.

2. Createaconvex polyhedron,�

� ���

, which realizes� , in asimilarway.

3. Re�ne thevertex–neighborhoodgraphsof
�

� ���

and �

� ���

in orderto producea joint vertex–neighborhood
graph. A few merge algorithmswereproposedin the past. In [1], two triangulationsof corresponding
planarpolygonsaremerged.This is alsodonein [16] whentwo harmonicmapsarebeingmerged.In [19],
thefacesof polyhedrawhoseverticesresideon thespherearemerged.Our algorithm,which is described
in Section4, mergestheboundariesof convex polyhedra.

Themainideaof thealgorithmin to projecttheverticesandtheedgesof �

� ���

ontotheboundaryof
��� ���

.
Theprojectededgesof �

� ���

arethenintersectedwith theedgesof
� � ���

. Thesearetheedgesof there�ned
polyhedronof

��� ���

. After thefacesof there�ned polyhedronarefound,its vertices,edges,andfacesare
projectedonto �

� ���

, to form its re�ned polyhedron.

4. Inducethemergedvertex–neighborhood graphfound in (3) onto
�

, to form a polyhedron, �

�

. Thepoly-
hedron �

�

is a re�nementof
�

, sinceits vertex–neighborhood graphis isomorphicto themergedone,and
thusa re�nementof

�

's vertex–neighborhoodgraph,andit is congruentto
�

.

5. Repeatthepreviousphasefor � , creatinganew polyhedron, �� , which is a re�nementof � .

At the end of this process �

�

and �
� are re�nementsof

�

and � respectively. Moreover, their vertex–
neighborhoodgraphsareisomorphic.Therefore, �

�

and �� canbeusedfor establishingacorrespondencebetween
�

and � .
Thenext sectionselaborateoneachof theabovephasesof thealgorithm.Section3 focusesontherealization

algorithm(steps(1)–(2)).Section4 describesthemergingprocessof two givenvertex–neighborhoodgraphs,and
explainshow the mergedgraphcanbe inducedbackonto the original polyhedra,to producetheir re�nements
(steps(3)–(5)).

3 The Polyhedron RealizationAlgorithm

Givena zero–genuspolyhedron,
�

, we presentanalgorithmfor constructinga zero–genusconvex polyhedron,
�

� ���

, thatrealizes
�

. We assumethatthe input polyhedronhastriangularfaces.If not, we triangulatethefaces
in lineartime. Thealgorithmconsistsof two phases:simpli�cation andre-attachment.

1. Simpli�cation – Simplify thevertex–neighborhood graphby removing a low–degreevertex from it and
re-triangulatingtheresultinggraph.Thisoperationis repeateduntil a � –cliquegraph,representinga tetra-
hedron,results.During this phase,a hierarchyof planargraphs,�

� ���

� �

�

�

�#


�

� �

.0!

�


*) ) ) 


�	� ��
�� , is
constructed,suchthat �

� has
 verticesfor ����
����

�

� .

2. Re-attachment– Giventheabovegraphhierarchy, proceedbottomup,andconstructaconvex polyhedron,
�

� , for eachgraph�

� , sothat �

�

�

�

�

and �

� areisomorphic,for ����
����

�

� . Thisprocedure�rst constructs
a tetrahedron,

�

� , sothat �

�

�

�

���

�

��� ��
�� . Supposethata convex polyhedron,
�

� , is constructed,such
that �

�

�

�

�
�

�

�

� .
�

� is thenused,jointly with �

���

!

, to constructa convex polyhedron,
�

���

!

, suchthat
�

�

�

���

! �
�

�

�

���

!

, ����
����

�

� .

3



Oncetheconvex polyhedron
��� ���

is constructed,ourgoalis achieved: �

�

��� ���

� �

�

�

� ���

���

�

�

�

.
Notethat thesimpli�cation phasesomewhat resemblestheway theDobkin–kirkpatrickhierarchy[8] [9] is

constructed.However, while in our algorithma singlevertex is removedat eachstep,in theDobkin–kirkpatrick
hierarchyan independentsetof verticesis removed. A major differencebetweenthe algorithmsis in the re-
attachmentphase. In the Dobkin–kirkpatrickhierarchythe polyhedronis known to be convex, and thus the
verticesneednot bere-positioned.In our case,re-positioningis a majorconsideration.Weelaborateon eachof
thetwo phasesbelow.

3.1 Phase1: Simpli®cation

Givenatriangulargraph,�

� , representingapolyhedron,wedescribein thissectionanalgorithmfor constructing
a triangulargraph,�

�

.0!

, with onevertex less.To do it, we repeatthefollowing two steps.

1. Findavertex, � , of degree3, 4, or 5, andremove it from thegraph.

2. Re-triangulatetheresultingface.

Thisprocedureisgraphicallydescribedin Figure1. It is repeateduntil a � –cliqueresults.Theproofof correctness
of thesimpli�cation phasedistinguishesbetweenthreecasesaccordingto thedegreeof thevertex removed. If a
vertex of degreethreeis removed,it is suf�cient to “close” theholecreatedwith a face.Sincethegraphcontains
at lest four vertices,it cannothave multiple edges.In casethevertex is of degreefour we show in Lemma3.2
thatoneof the two diagonalsof theholecreatedcanbeadded.Finally, in casethevertex is of degree� ve we
show in Lemma3.3 that the �

2

gon holecreatedcanbe triangulatedby addingtwo diagonalsemanatingfrom
onevertex. Wesummarizein Theorem3.4.

vv v
Original 
 graph

Re-triangulated 
     graph

Degree            3                     4                      5

Figure1: Simpli�cation

Lemma 3.1 A planar triangular graphmustcontainat leastonevertex of degreesmallerthansix.

Lemma 3.2 If a vertex � , of degreefour, is removedfroma planar triangular graph, �

� , then(1) Theneighbors
of � in �

� cannotbeall inter-connected(in thenew graph),and(2) A diagonalcanbeadded,betweentwoof � 's
neighbors, sothat thegraphremainsplanar.

Proof: Suppose,on thecontrapositive, thatthefour verticesform a clique,contradicting(1). Togetherwith � ,
the � ve verticesusedto form a cliquebeforethe removal of � . Sincea � ve–vertex cliquecannotbe planar, it
contradictsourassumptionthatwestartedfrom aplanargraph.

Let usdenotethefour neighborsof � as �

!



�

'



���




and �

� , sothat �

,

and ���

,

�

!����
	��

�

areneighbors.Sincewe
startedfrom a triangulatedgraph,and � wasconnectedto all four vertices,theedges�

!

- �

'

, �

'

- �
� , �

� - �

� , �

� - �

!
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exist. Sincethey arenotall connectedto eachother, onediagonalin thequadrilateraldoesnotexist in thegraph.
It is obviousthatthemissingdiagonalcanbeaddedsothatplanarityis notviolated. �

Lemma 3.3 If a vertex � , of degree�ve, is removedfroma planar triangular graph, �

� , then(1) There exist at
mostthreediagonalsbetweentheneighbors of � in �

� and(2) Twodiagonals,which sharea commonvertex, can
beaddedbetween� 's neighbors sothat thegraphremainsplanar.

Proof: We show �rst that therecanexist at mostthreediagonalsconnectingthe � ve verticesafterwe remove
thevertex � . Supposeon thecontrapositive that thereareat leastfour diagonals.In this case,at mostonepair
of vertices,��� and ��� , arenot connectedby a diagonalin theresultingpentagon.Considerfour vertices,among
which only oneis ��� or � � . They areall inter–connectedby diagonalsin theresultingpentagon.In theoriginal
graph,thesefour vertices,togetherwith � , formeda � –clique.Thiscontradictsplanarity.

Having eliminatedthe possibility of four or � ve diagonals,we assumethat therearethreediagonals,and
show thatthereexistsa vertex throughwhichnoneof thediagonalspass.Supposeon thecontrapositive thatthe
diagonalscover all the vertices. Theremustexist a vertex throughwhich two diagonalspass,otherwisethree
diagonalswouldcover six vertices.Without lossof generality, assumeit is ��� , andits diagonal–neighbors are �

'

and ��� . SeeFigure2. By ourassumption,thethird diagonalmustconnecttheremainingtwo vertices�

!

and �

� .

v

v 1

v 2

v 3v 4

v 5

Figure2: A pentagonalfacewith threediagonalscoveringall thevertices.

We now considertheoriginal graph,beforethedetachment.We partitiontheverticesinto two groups,�3�

�

�

!



���




�
�	� and 
 �

�

�




�

'



�

�

� . Eachmemberof A is connectedto eachmemberof B, andeachmemberof B
is connectedto eachmemberof A. Thus,theoriginalgraphcontainsa fully-connectedbipartitegraphknown as




��� � , andthereforeplanarityis contradicted.
If thereexist only oneor two diagonals,they cannotcover all � ve vertices,anda vertex throughwhich two

new diagonalscanpass,exists. It is not hardto show that the two missingdiagonalscanbeaddedin a planar
fashion. �

Theorem 3.4 Givena triangular planargraph �

� , whosenumberof verticesis at leastfour, a vertex � of degree
three, four, or �ve canbe foundandremoved,andtheresultinggraphcanbere-triangulatedsothat thegraph
remainsplanar.

Proof: By Lemma3.1,thereexistsat leastonevertex of degreesmallerthansix. Sincethegraphis triangular,
the degreecannotbe two. Thus, thereexists at leastonevertex of degreethree,four, or � ve, which canbe
detached.If thedetachedvertex is of degreethree,theholeleft is a triangle,sothatit is suf�cient to closeit with
a face.Obviously, thegraphis still planar. Sincethereareat leastfour vertices,thefaceintersectsothertriangles
alonganedge,avertex or anemptyset.Otherwise(thevertex is of degreefour or � ve),by Lemmas3.2and3.3,
diagonalscanbeaddedsothat thegraphremainsplanar. Theresultinggraphis alsotriangular. To seethis, we
distinguishbetweenthedifferentcases.If a vertex of degreethreeis detached,the formerneighborsof � form
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a triangle.If a vertex of degreefour is detached,a quadrilateralis formed,andby Lemma3.2a diagonalcanbe
addedto form two triangles.Finally, if a vertex of degree� ve is detached,a pentagonis formed,andby Lemma
3.3two adjacentdiagonalscanbeaddedto form threetriangles. �

Lemma 3.5 Thesimpli�cation procedure canberepeateduntil therearefour verticesleft. In thiscasethegraph
is necessarilythe �

2

skeletonof a tetrahedron.

Figures3 – 4 illustratethesimpli�cation phaseby providing a few snapshotsof anepcotbeingsimpli�ed,
startingfrom a50-vertex epcot(to theleft) andendingwith atetrahedron(to theright). Notethateventhoughthe
algorithmworkson planargraphs,andnot on thethree–dimensionalstructures,for clarity, thesnapshotsshown
below illustratethethree–dimensionalstructuresof theintermediateobjects.

Figure3: Epcotsimpli�cation – wire-frame

Figure4: Epcotsimpli�cation - facetedshading

3.2 Phase2: Re-Attachment

We aregivena hierarchyof vertex–neighborhoodgraphs,�

� ���

� �

�

�

�#


�

� ���

.0!


*) ) ) 


�	� , which is theoutputof
thesimpli�cation phase.Thegoalis to constructa sequenceof convex polyhedra,

�
� ���




�
� ���

.0!


*) ) ) 


�

� , suchthat
�

�

�

�

�

is isomorphicto �

� , ����
����

�

� .
There-attachmentphaseproceedsbottomup. A convex polyhedron,

�

� , for �	� , is �rst constructed.Since
�	� is a � -clique, it canbe realizedby a tetrahedron.Supposethata convex polyhedron,

�

� , hasbeenalready
constructedfor the vertex–neighborhood graph �

� . We show next how
�

� canbe used,alongwith �

���

!

, to
constructaconvex polyhedron

�

���

!

, whosevertex–neighborhoodgraphis isomorphicto �

���

!

, � � 
�� �

�

� . At
theendof thisprocess,

�

� ���

is therealized
�

.
Themajorconsiderationis how to addthevertex � , which wasdetachedduringthesimpli�cation phase,to

�

� , in orderto form
�

���

!

. Wedistinguishbetweenthreecasesaccordingto thedegreeof � .
In case� is of degreethree,duringthesimpli�cation processits coneof faceswasreplacedby a triangular

face,�

!

�

�

�

. Thus �

!

�

�

�

in
�

� needsto bereplacedby a coneof threefacesin
�

���

!

, asshown in Figure5. Denote
thethreeneighboringfacesof �

!

�

�

�

in
�

� , �

!

, �

'

and �

� .
In case� is of degreefour, By Lemma3.2, �

� wascreatedby removing � from thegraph �

���

!

andaddinga
diagonal,thusforming two new faces�

!

�

�

�

and �

'

�

�

�

, asillustratedin Figure6. Therefore,�

!

�

�

�

and �

'

�

�

�

need
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� (b)
�

���

!

Figure5: Attachmentof � of degreethreeto
�

�

to bereplacedby theconeof four faces.Denotethefour neighboringfacesof �

!

�

�

�

and �

'

�

�

�

in �

� , �

!

, �

'

, �

� ,
and � � .

F

F

F

1

3

4

F

F

F

1

3

4

F2

F1(i)

F2(i)

F1(i+1)

F2(i+1)

F3(i+1)

F4(i+1)F
2 vB

(a)
�

� (b)
�

���

!

Figure6: Attachmentof � of degreefour to
�

�

In case� is of degree� ve, By Lemma3.3, �

� wascreatedby removing � from thegraph �

���

!

andadding
two adjacentdiagonals,thusforming threenew faces�

!

�

�

�

, �

'

�

�

�

and �

�

�

�

�

, asillustratedin Figure7. Therefore,
�

!

�

�

�

, �

'

�

�

�

and �

�

�

�

�

needto bereplacedby theconeof � ve faces.Denotethe� ve neighboringfacesof thenew
facesin �

� , �

!

, �

'

, �

� , � � and �

� .

F1

F2

F F4
F4 F5

F3

F2

F1

F1

F1

F2 F2

F3
F3

F4

5

(i+1) (i+1)

(i+1)

(i)

(i)

(i)
(i+1)

(i+1)

F
F 3

5

v

v1 v1

(a)
�

� (b)
�

���

!

Figure7: Attachmentof � of degree� ve to
�

�

By the induction hypothesis,a convex polyhedron
�

� whosevertex–neighborhoodgraphis �

� hasbeen
created.We needto show how to add � to

�

� in orderto form
�

���

!

. Let
�

� be thesetof verticesof
�

� andlet
�

� be
�

�

�

�

�

�

� � ��� ���

2��

� , where � is the degreeof the removed vertex (i.e., the facescreatedduring the
simpli�cation stage).Weneedto addapoint � suchthattheconvex hull of

�

���
� containsall thefacesof

�

� not
in

�

andall thefacesformedby � andtheedgesof theboundaryof
�

(i.e.,aconewith apex � ).
We saythat a point � is above (resp. below) a face � if that point is in the half–spaceof the supporting
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planeof � thatdoesnot (resp.does)containthepolyhedron.In orderto �nd a point � thatsatis�estheabove
requirements,� needsto beabove all the facesin

�

andbelow all the facesadjacentto
�

. In this case,by to
beneath–beyondconvex hull algorithmalgorithm[22], � shouldbeaddedto theconvex hull, andthetriangulation
facesshouldbedetachedandreplacedby thenew faces.

It remainsto �nd sucha � . We �rst describethealgorithmfor positioning� , andnext prove with a seriesof
lemmasthecorrectnessof thepositioningalgorithm.Thecasesof � of degreesthreeor four arerelatively easy,
andareprovedin Lemmas3.6–3.7.Thecasewhere� is of degree� ve is moreinvolvedandis provedin Lemmas
3.8–3.9.

To �nd � , we�rst de�ne aray � alongwhich � is located,asdescribedbelow. Theray � is de�nedby its base

 , andits direction

�

. To �nd 
 and � , we follow theprocedurebelow.

1. Determine 
 and
�

:
Therearethreepossiblecases:

(a) if � is of degreethree,asin Figure5, then

�� thecenterof massof theface �

!

�

�

�

.
�

� thenormalof �

!

�

�

�

.

(b) if � is of degreefour, asin Figure6, then

�� themidpointof theedgesharedby �

!

�

�

�

and �

'

�

�

�

.
�

� theaverageof �

!

�

�

�

's normaland �

'

�

�

�

'snormal.

(c) if � is of degree� ve,asin Figure7, then
�

!

� thevertex throughwhich thetwo triangulationedgespass.
���

� theintersectionpointof theplanesonwhich �

!

�

�

�




�

'

and �

�

�

�

�

reside.

�� themidpointof thesegment�

!�2

���

.
�

� theaverageof thenormalsof �

!

�

�

�

and �

�

�

�

�

.

2. Determine � :
Let � bea raywhosebaseis 
 andwhosedirectionis

�

.

3. Transform the polyhedron if needed:
If � is of degree� veand 
 is below �

' �




�

then
Apply theappropriateprojective transformationasdescribedbelow.
Recalculate� asdescribedabove.

So far we describedthecreationof � . We now explain how � is locatedalong � . Considertheneighboring
facesof � 's coneof faces,

�

�

�

� � � � � �

� , where � is the degreeof � . Consideralso the planeson
which thesefacesreside. Calculatethe intersectionpoints betweentheseplanesand the line that � de�nes

�

�

�

�

�����
	

�

�

�

�

����





	

�

�

�

�

� ��� ��� �

� . Find the � factors
���

�

�

�

�

� 
��

�

�

�




��� ��� �

� . Let

�

�

�

� if 1 �


��

�

��� or
�

�

���

�

)

���������

���

�

�

�

�! 

�

� otherwise
(1)

Position� at 
"�

�

�

. Remove thefaces
�

�

�

�

�

�

� � � � � �

2 �

� , andconstruct� new facesbetween� and
its neighbors,asillustratedin Figures5–7.Thiscompletestheconstructionof

�

���

!

.

Lemma 3.6 In case� is of degreethree, it is positionedcorrectly. That is, � is above �

!

�

�

�

andbelow �

� , for
�

� � � � ���$#

� .
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Proof: Since
�

ispositive, � isabove �

!

�

�

�

. It is left to show that � is below theneighborsof �

!

�

�

�

. Wedistinguish
betweenthe facesaccordingto thesignof

�

� . If
�

� is positive, � is above �

� if andonly if
�

 

�

�

�

 

�

�

. If
�

�

is negative, � is above �

� if andonly if
�

�

�

�

�

� �

�

. Our choiceof
�

prevents � from beingabove �

� . In the
�rst casethis is because

�

�

�

� , andin thesecondcasethis is because
�

and
�

� donot have thesamesign. If
�

� is
� , all thepointson theray � areon thesamesideof �

� . Since � intersectsthepolyhedron,thepointsof it are
obviouslybelow �

� . Thereforetheonly faceabove which � is �

!

�

�

�

. Sinceby ourconstructionit is removed,the
resulting

�

���

!

is convex. �

Lemma 3.7 In case� is of degreefour, it is positionedcorrectly.

Proof: We needto show that � is above �

!

�

�

�

and �

'

�

�

�

, andthat it is below �

!

, �

'

, �

� and � � . Since
�

is the
sumof thetwo normalsof �

!

�

�

�

and �

'

�

�

�

, it is clearlyin acuteanglesto both. For this reason,any point on � is
above bothfaces,andthusfor thesefacesevery choiceof a positive

�

is acceptable.Moreover, since
�

doesnot
have boththesamesignas

�

� anda largerabsolutevalue,thensimilarly to thecaseof degreethree, � is below
�

�

!�


�

' 


�

�

� �

� . Thecaseof
�

�

��� is alsosimilar. �

In case� is of degree� ve,therearetwo possibilities.If wearelucky, 
 is above �

'

�

�

�

. In thiscase,
 canbe
usedto construct

�

���

!

, aswasdonein thecaseof degreefour. Otherwise,we needto transformthepolyhedron
�

� prior to thepositioningof 
 . Wediscusstherequiredprojective transformationbelow.

Lemma 3.8 In case� is of degree�ve and 
 is above �

'

�

, �

, � is positionedcorrectly.

Proof: Theproof is similar to thepreviouscase.Along with theassumptionthat 
 is above �

'

�

, �

, we getthe
requiredresult. �

The projective transformation: Thereare two possiblecon�gurations,asshown in Figure8. Figure8(a)
illustratesan “open” con�guration in which the sumof dihedralanglesbetween�

!

�

�

�

, �

'

�

�

�

and �

'

�

�

�

, �

�

�

�

�

is
largerthan �

�

��� . In Figure8(b), illustratinga “closed”con�guration,thissumis lessthan �

�

��� .

V1

V5

V4V3

V2

F1(i)

F2(i)

F3(i)

V1

V5

V4V3

V2

F

F2(i)

F

S1

S2

S3 S1

S3S2W
W

3(i)

1(i)

(a)open (b) closed

Figure8: Possiblecon�gurations

Recallthatwe assumethat 
 is below �

'

�

�

�

. We describebelow the transformationfor thecasewherethe
con�gurationis “closed”. Thecaseof an“open” con�gurationis similar.

To de�ne the transformation,we �nd a plane, � (thegrey planein Figure8), which intersects
�

� only in
the facesadjacentto �

!

. Sucha planecanbe easily found. The intersectionsof the planewith facesof the
polyhedronaresegmentson � , denotedas �

!



�

'



�

� (correspondingto �

!

�

�

�




�

'

�

�

�




�

�

�

�

�

respectively). We �rst
de�ne aplanartransformationon thisplane,andthenextendtherequiredtransformationto threedimensions.
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After �nding � , we apply an af�ne transformation����� suchthat: (1) ����� transforms� to the plane
�

� � . (2) ����� transforms�

!

to the � axis, to part of the segment
� �

�




�




�

�#
$�

�




�




�

� �

. (3) ����� transforms
�

� to the � axis,to partof thesegment
� �

�




�




�

�#
$�

�




�




�

� �

. (4) ����� transformstheintersectionof thelineson
which �

!*


�

� reside(denotedas
���
	

�

���

), to theorigin. Thesituationon �����

�

�

�

(i.e.,on
�

� � ) is illustratedin
Figure9(a).

y

x

(1,0)

(0,1)

y

x

(1,0)

(0,1)

y

x

(1,0)

(0,1)

x+y=1

x+y=1

x+y=1

projective
transformation reflection

x+y=d 

Aff(S2)

A
ff

(S
1)

Aff(S3)

(a) (b) (c)

Figure9: Theprojective transformation

To completethede�nition of theaf�ne transformation,it is left to specifythereciprocalimageof the
�

axis.
To do it, we de�ne a new plane,a separating plane, that (1) separates

�
�
	

�

�
�

, the intersectionof the lines on
which �

!

and �

� reside,from thepolyhedronand(2) is parallelto �

'

. Sucha planecanbeeasilyfound. Once
it is found,we cande�ne thereciprocalimageof the

�

-axisto bea line on theseparatingplanewhich is not on
� . Fromnow on,weassumethattheaf�ne transformationhasalreadybeenapplied.

Figure9(c) illustratestheintuition behindtheprojective transformationweareseeking.It should“open” the
faces�

!

�

�

�

and �

�

�

�

�

. And in two dimensions(on
�

� � ), it should“open” thesegments�����

�

�

!
�

and �����

�

�

�

�

.
In otherwords,thepurposeof theprojective transformationis to transform�����

�

�

!#�

and �����

�

�

�

�

suchthatthe
point of intersectionof their lines is transformedto theothersideof �����

�

�

'*�

(andin threedimensions,to the
othersideof �

'

�

�

�

). Our intentionis to `open”thecon�gurationandto transform
 to resideabove �

'

�

�

�

.
In two dimensions,two planartransformationsarede�ned asillustratedin Figure9. The�rst is aplanarpro-

jective transformation(Figure9(b)),andthesecondis aplanarre�ection aroundtheline ����� � � (Figure9(c)).
Theplanarprojective transformationis de�ned by �

�	� �

� �

�

! .����

���

�

���

.�� where
�

is a two–dimensionalvector, and
�

is smallenoughto separatetheorigin from
�

�

�

� . To illustratethatthis transformationperformstherequired
opening,notethat: (1) Theline � ��� � � is unchangedby thetransformation.(2) Thesegment

� �

�




�

�#
$�

�




�

� �

is transformedto
� �

�




�

�#
$�

�




�

� �

. (3) Theopensegment
� �

�




�

�#
$�

�




�

� �

is transformedto
� �

�




�

�#
$�

�




�

� �

. The
extensionto threedimensionsis obtainedby �

�	� �

� �

�

! .�� �

���

�

���

.�� wherethe equation� ��� �

�

representsthe
separatingplane.

Lemma 3.9 Theaboveprojectivetransformation,� , transforms
� �

, thepoint of intersectionof thethreeplanes
onwhich thefaces�

!

�

�

�




�

'



�

�

�

�

�

reside, andthus 
 , fromonesideof theplaneof �

'

�

�

�

to theotherside.

Proof: It canbe easilyshown thatwhen � is appliedto the convex polyhedron
�

� , a convex polyhedron
results,if thepolyhedronresideson onesideof theplanede�ned by thedenominatorof theprojective transfor-
mation. This requirementis satis�ed by our choiceof theseparatingplane. Theresultingpolyhedronalsohas
an isomorphicvertex graph,becausethe verticesof the transformedconvex hull areimagesof the verticesof
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theoriginal convex hull. Moreover, the transformation� preservesboth theboundaryof
�

� (which is is trans-
formedto theboundaryof �

�

�

�

�

), andthe intersectionpointsbetweenplanes.It remainsto beshown that this
intersection,�

�

� �

�

, residesabove �

�

�

'

�

�

�

�

.
Let


��

betheline of intersectionof thetwo faces�

!

�

�

�

and �

�

�

�

�

. Thethreepoints�

!

,
��� 	

�

���

, and
���

resideon
thissameline,


��

. Now weexamine�

��
����

moreclosely. � is continuouson

��

, exceptfor theintersectionof

��

with theseparatingplane.This intersectionis asinglepoint,sincethepointson

��

wereestablishedto beon
bothsidesof theseparatingplane— �

!

on thesamesideasthepolyhedron,
���
	

�

���

on theotherside.Moreover,
� � 	

�

���

and
� �

resideon thesamesideof theseparatingplane(sincewecouldchoose� sothat
� �

is fartheraway
from

���
	

�

���

on

��

).
� is continuouson the wholesideof theseparatingplanewhich contains

��� 	

�

� �

and
���

. We concludethat
�

�

�

! �

cannotbebetween�

�

���
	

�

���

�

and �

�

���

�

, sincethesegmentbetween
��� 	

�

���

and
���

is transformedcontinu-
ously. Thus �

�

���
	

�

���

�

and �

�

���

�

areon thesamesideof �

��
�� �

relative to �

�

�

! �

.
� � 	

�

���

is transformedby � from one side to the other sideof �

�

�

' �

, and thus of �

�

�

'

�

,��

�

, becausethe
intersectionof �

!

and �

� beforetheprojective transformationis at theorigin, andafterapplying � at
�

�




�




�

�

.
Since

� �

and
� �
	

�

���

weretransformedto thesamesideof �

��
 � �

relative to �

�

�

! �

, they werealsotransformedto
thesamesideof �

�

�

'

�

,��

�

, thuscorrectingthepositionof
� �

. �

Theorem 3.10 Givena convex polyhedron
�

� , after re-attaching � asdescribedabove, theresultingpolyhedron
�

���

!

is convex.

Proof: By ourconstruction,therearethreepossiblecases:� of degreethree,four, or � ve. If � is of degreethree,
by Lemma3.6,theresultingpolyhedronis convex. If � is of degreefour, by Lemma3.7,theresultingpolyhedron
is convex. If � is of degree� ve,therearetwo cases.If 
 is above �

'

�

,��

, by Lemma3.8,theresultingpolyhedron
is convex. Otherwise,we apply theprojective transformationasde�ned above. By Lemma3.9, afterapplying
this transformation,thecaseis reducedto thepreviouscase,andthusa convex polyhedroncanbeconstructed.

�

Theorem 3.11 Therealizationalgorithmdescribedaboverunsin
�

�

�

'

�

time, where
�

is thenumberofvertices
in thepolyhedron.

4 Merging Vertex NeighborhoodGraphs

Giventwo convex polyhedra
�

� ���

and �

� ���

, our goal is to constructtwo convex polyhedra �

�

and �� , suchthat:
(1) Thevertex–neighborhoodgraphsof �

�

and �
� areisomorphicto eachother. (2) �

�

is a re�nementof
�

� ���

. (3)
�� is a re�nementof �

� ���

. Thealgorithmworksasfollows.

1. Initialize �

�

and �� :

� Let �

��� �
� ���

and �
�

�

�

� ���

.
� Move thecentersof massof �

�

and �� into theorigin.

2. Update the vertex setof �

�

:
For eachvertex � of ��

� Shoota ray from theorigin through� .
� If theraydoesnot intersect �

�

in avertex, addtheintersectionto thevertex setof �

�

.

3. Createthe edgesetof �

�

and update its vertex set:
For eachedge� of �

�
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� Createtheplane
� �

thatpassesthrough� andthroughtheorigin
�

.
� The intersectionof

� �

and �

�

is a two–dimensionalconvex polygon. Sort theverticesaccordingto
theirorderin thepolygon.

� Thepolygonconsistsof two polygonalarcsbetweentheverticesthatcorrespondto theendpointsof
� . Representtheedge� in

�

�

by theshorterarc.
� Traversethe polygonalarc, addingits verticesandits edgesto the setsof verticesandedgesof �

�

respectively.
� Replaceeveryedgeof �

�

which is split thiswayby its parts.

4. Createthe facesetof �

�

(giventheverticesandtheedgesfoundabove).

5. Update the vertex setof �� :
For eachvertex � of �

�

:

� Shoota ray from theorigin through� .
� If theraydoesnot intersect �� in avertex, addtheintersectionto thevertex setof �� .

6. Createthe edgesetof �� :
For eachedge� of �

�

� Createanedgebetweenthetwo verticesin �� , whichcorrespondto theverticesof � .

7. Createthe facesetof �� .

8. Determinethe location of the verticesof onepolyhedron on the surfaceof the other:
Thismappingis doneusingbarycentriccoordinates.

5 Implementation and Results

The algorithmis implementedin C andrunson SGI workstations.Thoughthe complexity of the realization
processis

�

�

�

'

�

, without theprojective transformation,thecomplexity is
�

�

�

�

. Theprojective transformation
is seldomnecessary. As a result,thealgorithmis veryef�cient andit runsvery fast.

Figures10 – 11 show a coupleof resultsof therealizationalgorithm. In Figure10 anepcotandits realized
epcotarebeingpresented.In Figure11 a deformedcubeandits realizedpolyhedronis shown. Thecubewas
createdby “pushing”onefaceinside,sothatit is � -awayfrom itsoppositeface.Thisfacecannotremainplanar, so
weallow it to “bend”,andwere-triangulatetheresultingpolyhedron.Thedeformed-cubeexample,thoughsmall
in size,illustratesour realizationalgorithmvery well. Thecubedoesnot belongto any of theclassessupported
by previousalgorithms.It is non-convex, notstar-shaped,notanobjectof revolution,andnotanextrudedobject.

Figure12 illustratestheresultsof themergealgorithm.In Figure12(a)thevertex–neighborhood graphsof a
houseandanicosahedronaremergedon thesurfaceof theicosahedron.In Figure12(b)two deformedcubesare
mergedon thesurfaceof oneof them.Thepairof cubeshave oppositefacespushedin.

Figures13–17presentafew of morphsequencescreatedby utilizing therealizationalgorithm.Figures13–14
show thetransformationbetweena pair of deformedcubeswith oppositefacespushedin. During interpolation,
thedeformedfaceis pushedout,while theoppositeoneis pushedin. Weusebothwire–frameandfacetedshading
in orderto illustratetheabove process.Figures15 – 16 transforma houseinto an icosahedron.While Figure
15 displaysa few snapshotsfrom themorphsequencein a smoothshading,Figure16 shows somesnapshotsin
a facetedshading.Notehow the stairsandthe roof disappearin the icosahedron's surface. Finally, Figure17
transformsthehouseinto abottle.Noneof theobjectsis star-shaped.
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(a)An epcot (b) A realizedepcot

Figure10: Realizationof anepcot            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

(a)A deformedcube (b) A realizeddeformedcube

Figure11: Realizationof adeformedcube

6 Conclusion

This paperpresentsa new algorithmfor realizinga three–dimensionalzero–genuspolyhedron.Our algorithm
is general,ef�cient, and easyto implement. We demonstratedhow the algorithmcan be usedfor �nding a
correspondencebetweentwo three–dimensionalpolyhedrafor metamorphosis.

Therearea few directionsfor future research.Oneinterestingdirectionengageshumanintervention. The
currentalgorithminvolves almostno usercontrol. While an automatictechniqueis desirablein many appli-
cations,at certaintimes,it is bene�cial to provide �ner controls. Second,an intriguing problemis to �nd an
algorithmfor”in�ating” nonzero–genuspolyhedra.Finally, a challengingproblemis to �nd a morphalgorithm
betweenpolyhedrathatcanguaranteethatself–intersectiondoesnotoccurduringinterpolation.
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(a)A houseandanicosahedron (b) Two deformedcubes

Figure12: Merging thevertex–neighborhood graphs

Figure13: Shapetransformationbetweenthedeformedcubes– wire–frame
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Figure14: Shapetransformationbetweenthedeformedcubes– facetedshading
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Figure15: Shapetransformationbetweenahouseandanicosahedron- smoothshading
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Figure16: Shapetransformationbetweenahouseandanicosahedron– facetedshading
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Figure17: Shapetransformationbetweena houseandabottle
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