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ABSTRACT

This research thesis is dedicated to analysis of the polling system
with exhaustive service discipline by means of the theory of large devi-
ations. The discussed polling system has numerous applications, par-
ticularly in the field of digital communications.

We consider a model which expresses the polling system as a jump
Markov process. While free Markov processes on Euclidean spaces
have been extensively studied, this model presents a new challenge as
it demonstrates an abrupt change in behavior every time one of the
served queues becomes exhausted.

In order to deal with such discontinuities, we introduce a new topo-
logical space as the state space for the random process of cliens arrival
and service, where discontinuities in behavior of the process are located
on the boundaries. We apply the results which exist for the free pro-
cesses, while taking special care of boundary areas, to deduce similar
results for the considered model.

As a first step, we deduce the most probable path of the random
process, and show that the probability to deviate from it in a significant
manner decays exponentially, as we increase the scaling coefficient of
the system.

Furthermore, we establish the notion of the rate function on the
introduced topology, as a composition of rate functions for the free
processes. An interesting outcome of our discussion is that in some
cases the rate function doesn’t have the usual structure of integral of
a local rate function over time, but rather exhibits some "predefined
strategy” of choice between free rate functions.

Finally, we establish the Large Deviations Principle for the discussed
model, or namely, set upper and lower bounds on the order of expo-
nential decay for probability of sets on the model state space.

The achieved results provide a base for further research of polling
systems with exhaustive service. For example, one can now rather
easily address the frequently posed questions about the probability of
escape from the stable state, the dynamics of an escape path, and more.
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1. PREFACE

“... The Ayalon River, which runs along the highway, overflowed as
its water level rose to seven meters. The highway had to be closed for
a day, hundreds of cars were stranded... ”

Ha’aretz, 26 Oct. 2000

While such news do not surprise anyone anymore, we still ask our-
selves, how did it come that the country’s major highway, which was
planned to flood only once in twenty years, did so right on the year of
its opening, and on the two years following it.

Was it an excessive reliance on the Almighty? Was the global warm-
ing responsible for such a treacherous conduct of the local weather?
Right now these questions have no definite answer, but they bring us
to the point: the theory of Large Deviations enters where the law of
averages fails.

The general notion of large deviations describes in some sense prob-
abilities of very unlikely events in a given setting. Usually it provides
means to determine asymptotic order of probability of some rare events
on an exponential scale. Research concerning very small probabilities
is perhaps as old as the theory of probability itself, but the foundations
of the modern abstract theory of Large Deviations were largely laid by
Varadhan [Var66]. The theory was greatly expanded in the 80’s, and
found numerous applications (e.g. digital communications and rare
event simulations [Buc90], thermodynamics [ElI85]).

The application of large deviations to queues can be done by nu-
merous methods. One of them, the “sample path” approach, involves
representation of the queue length as a jump Markov process, and it is
extensively covered by Shwartz and Weiss [SW95]. Another approach,
which uses weak convergence, is presented by Dupuis and Ellis [DE97].
A recently published book by Ganesh et al. [GOWO04] offers the “con-
tinuous mapping” approach, which utilizes simple models to propagate
large deviations results onto more complex settings by means of contin-
uous mappings on some topology. A review by Weiss [Wei95] provides
more sources on various approaches to large deviations.

In this paper we establish the Large Deviations Principle for the
polling system with two queues and an exhaustive service model. Our
approach heavily relies on the sample path technique laid out in [SW95].
While the said book covers a wide range of settings, it still can’t be
applied directly to our model. The problematic point in our case is the
presence of moments when the server abruptly changes its behavior,
and such discontinuities are not resolved in the scope of the existing
theory.

1.1. Overview. The considered system consists of a server with two
queues. Both queues are continuously filled by arriving clients, but the

server can serve only one queue at any time. The exhaustive service
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model, which is the object of our research, simply states that the server
serves each queue until it is empty, and only after that passes to serve
the other queue. Accordingly, when the other queue is empty, the
server passes back to the first queue, and so on.

The arrival of clients to each queue constitutes a Poisson process
with some constant rate (not necessarily the same for both queues).
The service of each queue, when it occurs, is also a Poisson process,
and has a rate of its own. In general, Poisson processes give us a very
good approximation of real-world random processes. e.g. in telecom-
munications or even customer service in a retail store.

As usual for large deviations, we don’t focus on a specific random
process, but rather study the asymptotic behavior of an infinite family
of similar processes. In order to be able to speak about asymptotics, we
perform a scaling of our arrival-service process on a time-space scale.
For this purpose we represent our polling system as a two-dimensional
random walk, where the number of clients waiting in each queue at any
given moment constitutes the location of the walk on the appropriate
dimension at that moment (see formal definition in Section 2.1). In this
setting each arrival or service event is represented by a step of length
1 of the random walk in some direction. The scaling of this random
walk is obtained by making jumps which are n times faster, but also n
times shorter.

A common sense hints us that such scaling would bring the random
walk to some sort of deterministic limiting behavior, just like randomly
moving water molecules all go very deterministically to the kitchen
sink. Indeed, we are able to show that our random walk converges in
probability to some deterministic path, as the scaling coefficient n goes
to infinity. This result is a sort of a law of large numbers, and it is
known as “Kurtz Theorem”.

In our case, we show that there is some deterministic “average” path,
and the scaled random walk tends very strongly to stay near that path.
More specifically, the probability of the scaled random walk to escape
from some fixed small neighborhood of the average path vanishes ex-
ponentially with respect to the scaling coefficient.

The last sentence gives the reader a first taste of the idea of large
deviations. Note that we considered the escape of some random walk
from its average state, or namely a “large deviation” from the average.
The theory states that such an escape is a very rare event, and its
incidence decreases on an exponential scale, as we refine the steps of
the motion. Nevertheless, this statement about escaping the vicinity
of the most probable path is still a very coarse one. The multitude of
possible escape paths can be further divided into areas, and a question
may arise, whether an escape from the average state along some specific
path « is more likely to happen than an escape along some other path

3.



In order to answer this question we define an “escape cost” for each
deterministic path. This cost is intended to reflect the relative chance
of the random walk to stay near that path. In this context, the average
path would undoubtedly have the lowest cost, as the probability of the
random walk to stay near it is incomparably larger than anything else.
The cost as a function of paths is called the “rate function”. One of
the main objectives in the course of study of any model from large
deviations’ point of view, is to define the rate function for this model
and to prove that this definition accurately reflects the situation.

Once the rate function is obtained for the given model, it becomes
a powerful tool to further study of the properties of that model. For
example, one may consider two points A and B and ask, what was
the most probable path of the random motion which started in A and
arrived to B after some period of time. The answer to this question is
that among all paths which connect A to B, the cheapest path would
be the most probable one.

The statement which relates rate functions to probabilities is called
“the Large Deviations Principle”. This principle doesn’t operate with
single paths, but rather with open and closed sets of such paths. The
cost of a set of paths is defined as the infimum of costs of all single
paths comprising the set. The Principle of Large Deviations consists
of two parts:

1. The probability of a sample random walk to belong to some open
set dominates on the exponential scale the cost of that set. This
is the so-called “lower bound” part of the principle.

2. The probability of a sample random walk to lie in some closed set
is dominated on the exponential scale by the cost of that set. This
statement constitutes the “upper bound”.

The results we obtained for the polling system with exhaustive ser-
vice, are presented in this paper in the following order:

In Chapter 2 we formally introduce the model of the exhaustive
service. We also describe the geometry of the random motion and
define the topology which governs the notions of open and closed sets
of paths.

In Chapter 3 we find out how the average path of the random motion
looks like, and prove that the scaled random motion stays near it with
sufficiently large probability.

In Chapter 4 we present a deeper insight into the structure of the
random walk, and define the rate function of our model. Furthermore,
we state several useful properties of the rate function.

In Chapters 5 and 6 we state and prove the upper bound and the
lower bound, which together establish the Large Deviations Principle
for our model.

7



1.2. The basics. Numerous books provide the basis for the large devi-
ations, e.g. [Var84]. We bring here some simple overview of the theory,
based on the presentation in [DZ93, Ch. 1]. The latter also includes a
concise review of the history of large deviations.

In the most general setting we consider a topological space 2 with a
family of probability measures {u.} on it. We wish to characterize the
behavior of the probability (') for some measurable set I' C Q, as €
tends to zero. Such characterization is usually obtained in the form of

the Large Deviations Principle (LDP).

Definition 1 ([DZ93]). A lower-semicontinuous mapping I : Q —
[0,00] is called a “rate function”.

Definition 2 ([DZ93]). The family of measures {u.} satisfies the Lar-
ge Deviations Principle with some rate function I, if for any measurable

'caO

. S

(1a) hrﬁglonfelog pe(I) > xlélFfo I(z),

(1b) lim sup elog p.(T") < — inf I(z),
e—=0 z€el

where T° and T denote the interior and the closure of T' respectively.

Whenever the righthand sides of (1la), (1b) coincide, the function
I designates the rate of convergence of . (I') on an exponential scale,
and (1) can be loosely restated as

fre(T') =~ e_%lrv

where It = infyere I(z) = inf g I(x).

In a typical problem in the field of large deviations, one has to find
an appropriate function I which would satisfy LDP for the given family
{pc}. A simpler problem may ask to determine the points in  which
“attract” the measure p., i.e. x € Q such that

lgrgelog pe(B;) =0

for any open neighborhood B, of z. One can see that such an attraction
loosely tells that p.(B,) vanishes at a subexponential rate, or perhaps
doesn’t vanish at all, and in this sense the measure tends to accumulate
near .

Let us provide a couple of examples, which demonstrate some appli-
cations of the large deviations.

The first example deals with one of the simplest settings in the large
deviations theory, and it can be found in any introductory text in this

field (see e.g. [Var84, Sec. 3]).

Example 1. Consider a sequence {X,,n € N} of i.i.d. random vari-
ables with finite mean, and let

8



We regard the distributions of the scaled variables S, /n as a family
of measures on the probability space. The LDP for this family is known
as Cramér’s Theorem, and it states that

1 . .
liminf—logIF’<S— € r) > inf I(z),
n

n—oo N xel°
lim SupllogP(& er) < —infI(),
n—oo 1 n zel
where the rate function I(z) is calculated as follows:
M(0) = R Vo € R
I(x) = sup (91} ~log M(a)), Vz € R.

Example 2. Simple birth-death process [SW95, Sec. 4.2].

Imagine a population of species which multiply and die according
to some law. In this example we wish to define birth and death as
two independent Poisson processes with constant rates. That means,
at any given moment, a member of population would be born or die
after some random exponentially distributed time. This model allows
negative population.

We can associate the size of population with a random process z(t)
on the integer set, with each birth or death event corresponding to a
jump in either positive or negative direction. Formally speaking, z(t)
is a process with generator

Lf(a) = Mfla+1) = f(@) + p(fla=1) = f(a)), a€R,

where A and p are the rates of the birth and death Poisson processes
respectively.
Now let us define the family of scaled processes {z,(t)} by taking

z,(t) = %x(nt), n € N.
A scaled process x,, is basically the same jump process as x, but with
jumps n times shorter, occurring at rates n times faster.

Assume for the sake of simplicity that the initial population is zero
species (a very realistic assumption indeed), and the birth rate A is
larger than the death rate p. As the time passes, the population size
would then exhibit a drift to the right. Moreover, in any unit of time
there would be on average A births and p deaths, amounting to popu-
lation increase of A — p per unit.

This mean behavior is formally described by Kurtz theorem, which
appears in a more generalized form in [SW95, Th. 5.3]. For our case
the theorem states that the average path for the birth-death process is
the linear function

Too(1) =9(A — n)t,



and the probability of z, to escape from the e-neighborhood of z., by
some fixed time T satisfies

2) P(sup lenlt) = aeclt)] > ) < €120,

where C is some positive constant, and Cy(e) ~ O(e?).

Note the exponential decrease of the right-hand side of (2) with
respect to n.

The rate function, or namely the cost, is defined for any path r :
[0,7] — R by the means of the local rate function I_q of the birth-
death process:

lh-a(y) = ?,2]%3(91" — A" = 1) —p(e™ = 1))

00 otherwise

J

I (r) {fOT lb—a (r’(s))ds, if r is absolutely continuous
o\") =

(see [SW95, (5.2)-(5.5)]). One can check that [(A — g) = 0, and thus
I§ (2o,) = 0. This stresses once again that following the average path
bears zero cost.

The basic birth-death process presented above is subject to various
generalizations. The most immediate one allows for multidimensional
process, where at any moment a jump can occur in one of many di-
rections, not necessarily axial. A further generalization talks about a
multidimensional random process Z(t) in terms of its generator

k
3) LIE) = Y MBI +8) - @),
i=1
where €; is any multidimensional vector, and log A;(Z) is a bounded
and Lipschitz continuous function.

The latter generalization is extensively discussed in Chapter 5 of
[SW95], and it stands as the basis for this entire paper. In particular,
for the family of scaled processes Z,(t) the rate function is presented
and the Large Deviations Principle is shown.

Our careful readers have undoubtedly noticed that all the above
examples bear some similarities in their spirit. Indeed, all of them
feature some sort of time-space scaling. This sort of scaling is necessary
in order to bring things into right proportion. For instance, take X,
from Example 1 to have strictly positive support. You will immediately
obtain that the support of 5, shifts to infinity, making any attempt to
apply LDP directly to S, meaningless.

Remark. While all the examples also involve a Markovian dependence
of some kind, this is not necessarily the case. Large deviations treat-
ments do exist for more general stationary processes, and they are

discussed in [GV93] and others.
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Let us now examine Example 2 a bit closer. It describes a sort of
birth-death process, where some quantity (namely, a size of population)
increases or decreases according to given rules. This model involves a
discrete state set Z and a continuous time scale. Note that instead of
considering ever-increasing time intervals, we achieve by scaling that
the time of evolution T' remains the same, but births and deaths occur
at increasing rates and affect decreasing “units of life”.

Now let us become a little more realistic. As a first step away from
the model described in Example 2, we disallow negative populations.
In order to achieve that, we just need to alter the rules, such that
no death is allowed for a population of zero size. But the resulting
scenario is still quite fantastic, since we allow a birth to happily occur,
even when there are no species to give it. For this reason we introduce
the server-queue model.

Example 3. M/M/1 [SW95, Ch. 11].

Consider a server which operates on a queue. Clients arrive and join
the queue at some rate, and server serves the queue at some other rate,
as long as the queue is not empty. When the queue is empty, the server
naturally stands idle.

Observe, that if the arrival rate A is larger that the service rate p,
then as the time passes, there would be more and more clients in the
queue, and eventually the size of the queue will tend to infinity. On
the other hand, if y is larger than A, then the number of clients will
decrease from the initial state, and once the queue is exhausted, it will
tend to stay nearly empty. The latter case demonstrates a so-called
stable queue, with empty state being the steady state.

The M/M/1 queue is formally defined as a jump Markov process (1)
on Z% with jump directions

e1 = +1, with rate )\(x) =

0
ez = —1, with rate pu(z) = {Ig’ i i 07

This definition can be alternatively expressed in the terms of gener-
ator

Lf(a) = Ma)(f(a+1) = f(a)) + p(a)(f(a = 1) = f(a)), a€R.

Note that log pi(a) is neither bounded nor Lipschitz continuous func-
tion, so the model M/M/1 can’t be regarded as a specific case of (3).
Discontinuities of jump rates as functions of queue size commonly
appear in queue theory models, mainly as a result of server start-
ing/finishing serving a particular queue or queue exhaustion. Their
presence is what makes a particular model non-trivial.

Nevertheless, M/M/1 has been extensively studied, and all the reg-

ular questions were answered. Many of them can be addressed using
11



the terms of the simple birth-death process (Example 2), due to the
apparent relation between the two models. In particular, the local rate
function [ for M/M/1 can be defined in the terms of the local rate
function [,,_q for the birth-death process (see [SW95, (11.6)]) as

lb—a(y), forz>0o0rz=0andy >0
[(z,y) =<0, forz=0and y =10
0o, forz <OQorz=0and y <0

The rate function [ is defined as

otherwise.

I (r) {fOT l(r(s), T'(S))ds, if r is absolutely continuous,
o\T) =
00

Y

The described model is one of the simplest models studied in the
scope of large deviations applied to the queue theory. In what follows
we shall briefly describe some of the many models based on this simple
approach, and mention achieved results, whenever such results exist.

A typical model in the queue theory involves numerous servers and
queues, and a flow of arriving clients. These interact between them-
selves with various modes of behavior. For example, a server may be
defined to give preference to some “VIP” queue by serving it with first
priority, regardless of whether there are clients in other queues. On the
other hand, clients may always choose the shortest queue upon their
arrival. Another complication which is quite common in the real world,
is the need to reconfigure the server every time it changes the queue
being serviced, causing an idle time on each such change.

1.3. The polling system. Polling systems have been extensively stu-
died over past thirty years, and many their aspects were explored to
great extent. A wide range of practical applications prompted authors
to address issues such as stability, escape problems, comparisons be-
tween various policies, and more. Among examples of polling systems
in engineering applications there are papers by Borst, Boxma and Levy
on local network control [BBL95], by J. Misi¢ and V. Misi¢ on Blue-
tooth technology [MMO03], and many others.

Among the multitude of polling disciplines, commonly considered
are the exhausted and the gated policies in various forms. The in-
terest in these two policies is reasonable, as they represent two basic
approaches: the exhaustive service policy instructs the server to pro-
cess a certain queue until it i1s empty, and the gated policy considers
only those customers, who were present in a certain queue at the mo-
ment the server switched to it. The two mentioned basic policies are
compared together and with other models in numerous surveys, using
various criteria. Levy, Sidi and Boxma [[.SB90] conclude that the ex-

haustive discipline is most efficient with respect to the total amount of
12



unfinished work found in the system at any time. Another recent pa-
per by Bischof [Bis01] compares policies applied to the model of single
queue and non-negative setup and vacation times. According to it, the
gated policy may sometimes have an advantage over the exhaustive one
in terms of mean waiting time, for some choice of input parameters.

As one of leading candidates for the position of ”the best policy”,
the exhaustive policy received some special attention from researchers.
An aspect which is crucial to the applicability of a certain model is its
stability. Several papers are devoted to the question of stability of the
polling system with exhaustive service discipline. Coffman, Puhalskii
and Reiman demonstrate in [CPR95] the asymptotic behavior of the
total unfinished work, and address the waiting times in limit under
some sort of scaling. Foss and Last [FLI6| establish a simple criterion
for stability of a multiple-queue system with zero switch-over times. In
this paper we present in a rather heuristic manner a stability condition
(14¢) which is surprisingly similar to the one by Foss and Last.

Unlike the above fields, the area of large deviations, as they apply to
the exhaustive policy, received rather little attention. Numerous results
on related areas consider the limited polling, where the server moves to
a new queue after serving some predefined number of customers. As an
example one can mention Delcoigne and de La Fortelle [DALF00], who
study Markovian routing among queues and the extreme limit of just
one customer per session. The model employed by these two authors
bears some similarity to ours, but its transition policy is probabilistic
in nature and is applied uniformly after each service event. Another
paper by Massoulié [Mas99] addresses a family of models with constant
service times.

In this paper we present the analysis of the exhaustive service model
by the methods of large deviations. As we noted earlier, there exist
numerous treatments of Markov random walks using large deviations.
Yet, none of them can be easily applied to polling systems. There are
two main reasons for that. First, the change in server state, when it
leaves one queue and goes to another, creates a highly abrupt process,
which cannot be generally addressed by methods developed for contin-
uous changes in service rates. Second, at any moment the behavior of
the system is dictated not only by the length of each queue, but also
by the location of the server. This creates a complex topology on the
event set, in the sense that one cannot easily say whether two states of
the system are close or far from each other.

The main achievement of this paper is that is demonstrates how
to overcome both these obstacles and to obtain the large deviations
bounds for the exhaustive policy, and outlines the methods which may
perhaps help in study of polling systems with other governing policies.

13



2. INTRODUCTION

We consider a polling system consisting of two queues served by a
single server, with exhaustive service. Each queue is filled by a Poisson
process, with arrival rates Ay for the first queue and A; for the second.
The server serves each queue until it is emptied, and then passes im-
mediately (i.e. without setup delay) to serve another one. The service
times are i.i.d. exponential with service rates g for the first queue and
g1 for the second queue.

2.1. Geometry of the model. Our first major task is to define a set
of states and a topology that would properly represent our system. As
the system consists of two queues, each holding some number of clients
at any given moment, one might naturally think of a two-dimensional
plane R? as a possible state set. Of course, we note that the number
of clients in each queue is always non-negative, so the aforementioned
plane can as well be reduced just to its first quadrant, namely (R*)%

Furthermore, we observe that merely giving the state of both queues
doesn’t convey all possible information about the state of the system.
The missing element is the information about the queue which is being
served right now. By adding this information to the stack, we arrive at
a need to employ a set of a kind (RT)* x {0,1} to fully describe each
possible state of the polling system.

FEach state of the system can be represented therefore by a triple of
numbers (z,y,s) € RT x RT x Z,, where z and y denote the level of
each queue, and s denotes the queue being served (either 0 or 1).

Finally, we observe that the transitional states of the system, namely
the states with at least one empty queue, in fact do not allow us to
specify explicitly the queue being served. Indeed, at any such state one
queue has just been exhausted, and the other is about to start being
served. Thus, we can understand at the intuitive level that there is a
need to establish an equivalence between states (z,0,0) and (z,0,1) or
between (0,y,0) and (0,y,1) for any z,y. We therefore consider the
set D of equivalence classes on RT x Rt x Zj:

{(z,y,9)}, Vz,y € RT\{0},s € Zy;
(4) D=<¢ {(2,0,0),(z,0,1)}, Vze R
{(ana())?(oaya])}’ Vy € R*

From now on we will permit a slight abuse of notation: a triple
(z,y,s) would be identified with its equivalence class, and a pair (z,y)
would be identified with the equivalence class {(z,y,0), (z,y,1)} when

either of x,y is zero.
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The above definition effectively constructs D as a stack of two panes
which we shall denote as follows:

DO = {($7y70)7 T,y € R+}?
(5) _ +
Dl —{(mai‘hl)a :U,yER }

For the sake of convenience, we shall also denote their common
boundary as

(6) oD = {(2,y), =,y €R* and =0 or y =0},

Note that each of Dy, Dy by itself is merely a positive quadrant in the
Euclidean plane R% Thus when two members of D belong to the same
pane, they can be treated just as ordinary vectors, disregarding the
third component. In this manner the addition and the multiplication
by a constant can be readily defined for any (x1,y1,s), (22, y2,s) € D

(Ihyhs) + (I%y?vs) = ('xl + L2, + y275)7
C- ('rlayla5> = (C'rl’cyl"s>'

Sometimes we shall attempt to add an element in D and a vector in
RZ2 In this case the result would inherit its third component from the
element of D

(z1,91,8) + (22,y2) = (21 + 2, 41 + Y2, 9).

Remark. For two elements in D which belong to different panes, the
notion of addition is meaningless. Therefore, and expression of the sort

(-Tlayla[)) + (l'?ay?a 1)

with neither of the elements belonging to the boundary 9D, should
never be employed.

In order to define a metric on the state set D (which in turn will
induce a topology), we need to understand how the system gets from
one state to another. The obvious situation involves two states which
reside on the same pane. In this case, we can naturally induce on them
the Euclidean metric |- | on the plane R

For two states which reside on a different panes, a more delicate
treatment is required. We see, that in order to arrive from one state
to another, one needs to change the queue being served, and this can
only happen on the boundary. Therefore, we are tempted to define
the distance between two such states as the length of some path that
touches dID somewhere in-between. One may notice, that in order to
get from some state in Dy to another state in Dy, the system must pass
through the y-axis, while in order to get back, it must pass through the
z-axis. But since the distance is a symmetric function, there is no way
we can incorporate this information in the topology. Thus, we define
the distance between two such states just as the shortest path between

them which touches the boundary 9D.
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Definition 3. d is the distance on D defined as follows:
d((xoa Yo, 0)) ('rla Y, 0)) = d(('roa Yo, 1)) ('rla Y1, 1))

(7a) = |($0,yo) - ($17y1)|7
d((70,90,0), (x1, 91, 1)) = d (20, Y0, 1), (21, 1,0))
| min{[(zo, y0) = (2, 0)] + [(2,0) = (1, 91)1},
)y = ”““{ min] (0. y0) = (0,)| + (0, ) = (1, 90)]} }

= min{(eo,0) = @] +1d — (e1, 1)1}

i.€. the shortest path from one point to another over the two-fold surface
Rt x Rt x Zg, glued at the azes.

Remark. The minima in (7b) are indeed attained, as shown later in
Proposition 25.

The distance d obviously satisfies the axioms of positivity, symmetry
and identity of indiscernibles. The triangle inequality for d is estab-
lished below in Proposition 1. Thus the space (D, d) is a metric space.

Proposition 1. The distance d defined in (7) satisfies the triangle in-
equality.

Proof. Let A, B,C' € D. We need to show that
d(A, B) +d(B,C) > d(A,C).

Note that the relative placement of A, B, C' can belong to one of the
following four cases:

[. A, B, C belong to the same pane.
IT. A and B belong to the same pane, and C belongs to the other
one.
ITI. A and C belong to the same pane, and B belongs to the other
one.
IV. B and C belong to the same pane, and A belongs to the other

one. This case is similar to II.

In the event of either point belonging to the boundary, we can include
it arbitrarily in any pane.

Before we proceed, let us recall that if two points X and Y belong
to the same pane, they satisfy

d(X,Y) = [ XV

and if two points X and Y belong to different panes, then by Proposi-
tion 25 there exists 7 € dID such that

d(X,Y) = |XZ|+ |2V,

Now we shall address the three cases I-111 separately.
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I. In this case the distance d coincides with the Euclidean distance
on the pane which accomodates A, B, (', and the triangle inequality
obviously holds.

I1. As we noted earlier, there exists D € 9D such that

d(B,C) = |BD| + |DC|.
Therefore,
d(A,B)+d(B,C) = |AB|+ |BD| + |DC| > |AD| + | DC],
and by the definition of d(A, C)
|AD| +|DC| > d(A,C).

ITI. Since B belongs to the pane different from the pane of A and C,
there exist D, £ € 0D such that

d(A,B)=|AD| + |DB|,
d(B,C)=|BE|+ |EC]|.
Therefore,
d(A,B)+d(B,C)=|AD|+ |DB|+ |BE|+ |[EC| > |AC| = d(A, C).
O

2.2. The random process. Consider the set
X ={(z,y,8) €D, =x,yecZt}

Our polling system can be represented by a jump Markov process
Z(t) with the state space X. It would be difficult to define Z(¢) as
a “mixing” of Poisson processes of arrival and service, as the service
of each queue is interrupted every time the client pool of that queue
is exhausted. Therefore we prefer to characterize the process by its
total event rate at any state and the probability of jump in a certain
direction.

Let @ € X' be some state of Z(t). Consider first the case of the non-
empty first queue being served, namely @ = (a,, a,,0) with a, > 0. At
this state the process Z(1) is a “local” sum of the two arrival processes
with directions (1,0) and (0,1) and rates Ay and A; respectively, and
the service process of the first queue with direction (—1,0) and rate
po- We can therefore define the generator L of Z(t) as

Lf(@) =Xof(@+(1,0,0)) + M f(d@ +(0,1,0))
+ Hof((_f‘l' (_13030)> - ()‘0 + )‘1 + /’I’0>f(a>?
a= (afa:aa’ya())a az > 0.

(8a)

Furthemore, if the second queue is being served, i.e. the state d is

chosen to have a;, = 1 and a, > 0, the processes in effect are the two
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arrival processes again, and the service process of the second queue
with direction (0, —1) and rate p;. Accordingly,

Lf(a)=Xof(@+ (1,0,1)) + M f(@+(0,1,1))
+uf(@+(0,-1,1)) = (Ao + A1 + 1) f(@),

d=(ag,ay,1), a, > 0.

(8b)

The last possibility is that of @ = (0,0), namely when both queues
are empty. In this case none of them can possibly be served, and

(8c) Lf(@)=dof(@+(1,0)) + A f(@+(0,1)) = (Ao + M) /f(a),
i = (0,0).

2.3. The free motions. In the previous section we described the ran-
dom process Z(t), and noted that it changes its behavior aburptly each
time it touches the boundary dID. This prompts us to introduce the
notion of the free motion to describe the behavior of Z(t) during each
service session, i.e. between two consecutive changes of served queue.
The free motion with constant rates is well-explored and will greatly
assist us in the development of the theory.

Consider the free process ((t) which describes the model with only
the first queue being served forever with the rate ug, while clients arrive
to both the first and the second queue with rates A\g and A, respectively.
We allow each queue to hold any number of clients, even negative.

The process ((t) can be defined in the terms of its generator

Lef(@) =Xof(a+(1,0)) + M f(@+(0,1))
+ pof(d@+ (=1,0)) = (do + A1 + po) f(),
acR*x{0,1}.

We return now to Z(t) and observe that, given the same initial con-
ditions and s = 0, Z(¢) would behave just like (() as long as the first
queue is not empty. This observation can be formalized using the no-
tion of coupling as explained below.

Recall that both 2z and ( can be represented as counting processes
for i.i.d. exponentially distributed random variables. Therefore we
can couple z and ¢ by considering a probability space with countable
number of i.i.d. exponentially distributed waiting times, and by repre-
senting both Z and (¢ as deterministic functions of these times.

Furthermore, given some set of paths, all whose members are con-
fined to the first pane without the boundary, the distribution of z" and
¢ 1s deterministic conditioned on that set, with respect to the waiting
times, and hence probabilities to stay in the same set of paths coincide.

Strictly speaking, let @ € Dy \ 0D be the initial state, and let A(t) C
Dy \ 0D, t € [0,T] be some measurable time-dependent subset of the
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first pane without the boundary. Then
(9a) Pa(Vte[0,T] Z(t) € A(t)) =Py(Vt € [0,T] ((t) € A(1)).

In a similar fashion we can analyze the behavior of Z(¢) on the second
pane Dy, by coupling it to the free motion £(¢) defined by its generator

L‘Ef(‘_i) :/\of(a + (L 0)) + /\1f(5 + (0, 1))
+paf(@+(0,=1)) = (Ao + M + ) f (),
acR*x{0,1}.

The result similar to (9a) would now take the form
(9b)  Py(Vte[0,T] Z(t) € A(t)) =Pa(Vt € [0,T] £(t) € A(1)).
for any @ € Dy \ 0D and A(t) CDy \ 9D, ¢t € [0,T].
Remark 4. While the coupling is a very general concept by itself, we
intend to apply it only in the way shown above. Therefore, whenever
the readers encounter in this paper a derivation based on “coupling”,

they should realize that it stands for the very specific coupling described
above together with the result (9).

2.4. The scaled process. Once we obtained the strict definition of
the random process Z(¢) in terms of its generator L, we can further
consider the family of scaled processes {Z,(¢)}, as described in Section
4.3 of [SW95].

We know that the generator L, for z,(¢) can be defined according to
[SW95, (4.13)] as

(10)
n (Aof(a + (%, 0)) + A f(a@ + (0, %))

Fpof (@4 (=1, 0)) = (o A+ o) f(d)

for d@ = (az,ay,0), a, > 0;

n</\0f(c_i+ (%,0)) + A f(a@ + (0, %))
b+ (-0 = D+ A+ ) D)),
for @ = (az,a,,1), ay, > 0;

n(Aof((z + (%, 0)) + )\lf(a: + (07 %))

- o 2@

for @ = (0,0),
and will yield the scaled process



For smooth functions f the limit of L, f(d@) as n tends to oo, exists
at all points of D except the origin, and it is equal to (see [SW95, p.
76]):

af af .

) (AO_MO)%‘I')‘Ia_y; a = (az‘yayvo)v a; > 0;

(11) Lo f(a) =
)\ﬁ—l-()\— )ﬁ i=( 1) >0
Oa$ 1 M1 aya 4 = (Ug,ydy, 1), Ay .

Now we are tempted to employ the theory developed in [SW95,
Cor. 4.15] and to declare that the most probable path Z(t) can be
constructed as the solution of some differential equation derived from
(11), and that it is a deterministic process. Indeed, by that corollary,
the process Z. () should satisfy

(12&)
Ao (1,0,0) + Ay - (0,1,0) 4 o - (—1,0,0),
d if Zo(t) € (0,00) x [0,00) x {0};

%EOO(t) B Ao (1,0,1) 4+ Ay - (0,1,1) 4 g - (0,—1,1),
if Zo(t) € [0,00) x (0,00) x {1}.

Unfortunately, this attempt lacks the required rigorosity, as the ex-
pression (11) doesn’t quite define a differential operator on R? Yet
we may take the liberty to neglect this objection and notice that (11)
does define a generator which is locally a differential operator on R?
for all non-boundary points of D, and therefore most of the theory can
be applied to obtain at least the intuition for how Z.(¢) does really
behave.

The components of (12a) describe the behavior of each piece of Z,
by a separate differential equation. The continuity of Z, is achieved
by setting the initial value at each time interval to be equal to the final
value of its predecessor.

Note that (12a) implies that Z, is generally piecewise linear. Jump-
ing a bit forward, we also observe that ., may tend to zero (see Figure
1), so it consists of a countable number of ever-shrinking linear pieces,
whose total length is bounded. In Section 3.1 we will provide the so-
called “stability conditions”, which ensure such behavior.

In the course of the proof of Theorem 3, we will show that once
Z, arrives near zero, it tends to stay there, under the same “stability
conditions”.

Passing to the limit n — oo, we obtain that if Z,(49) = (0,0) then
Vi >ty Zoo(t) = (0,0), i.e.

(12h) %500 = (0,0), if Z(t) = (0,0).
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x

FiGUuRE 1. The most probable path.

To complete the treatment of scaled processes, we also introduce the
scaled processes (,, and &, generated by

Lo (@) = n(Qof @+ (1.0)) + M F(@+ (0. 1)

oS 0+ (1, 0) = O+ s+ ) (@) ).
Lea (@) = n (W (@ + (1,0 + M+ (0,7)
b+ (=10) = o+ )@ ).

i € R*x {0,1},
respectively.
By [SW95, (5.7)], the limit processes (s, and , satisfy the differen-
tial equations
d
(13a) 776e0(1) = (Ao = 10)(L,0) + A: (0, 1),

%500@) = Xo(1,0) + (M — 11)(0,1).

and therefore define some motion with constant velocity across R2.

(13b)

Of course, one must provide some initial conditions in order to deter-
mine (,, and £, uniquely. In what follows, we shall denote the solution
of (13a) with an initial condition (,,(0) = 7, as (% . The notation £Z
shall be employed as well.

The discussion of coupling of z° with either ( or £ remains of course
valid for the scaled processes. The coupling equalities (9) can then be
restated in an identical form, with 2, ( and £ replaced by 2, (, and &,
respectively.
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3. MOST PROBABLE BEHAVIOR

3.1. Stability. As we come to study the stability of the differential
equation (12), it could be useful to give first the empirical view of
the model in order to understand its expected behavior on a long-time
scale.

We understand intuitively, that in a well-designed model the capacity
of the server should be sufficient to empty both queues over time, and
to maintain them in nearly empty state.

The most basic requirement from the system (expressed in terms of
its arrival/service rates Ao, A1, po, p1) is for the server to be able to
handle each queue separately. That said, for each queue its service rate
must exceed its arrival rate. Clearly, this condition is essential in order
to ensure at all that the server is able to exhaust one given non-empty
queue before it passes to serve the other one. This requirement yields
the conditions

(14a) fo > Ao,

Furthermore, in order to understand the mutual dynamics of the
server and both queues, we consider the situation where there is a
large number N of clients in the first queue, and the second one is
empty. The server starts serving the first queue, and it takes roughly
M]j time to exhaust it, as the server faces simultaneous arrivals at
rate \g, as it works Wlﬂ’l the rate pg. Meanwhile, the second queue
N/\1

was populated by " clients. Now the server comes to serve the

N
(ho=20)(H1—A1)

this time the first queue acquired again % clients, and we

face once again the situation when the second queue is empty, and the
first contains some large number of clients. We observe that a 