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TheDataStreamModel
[HRR98,AMS96,FKSV99]

•Inputarrivesinaone-waystreaminarbitraryorder

•Algorithmsareallowedtoberandomizedandapproximate

•Mainmeasureofcomplexity:space

•Generalization:`-passdatastreamalgorithms
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Motivation

•Networking

-ProcessingstreamsofIPpackets

•Database

-One-passalgorithmsforlargedatabaserelations

•WebInformationRetrieval

-Webcrawling

-Processingsearchenginequerylogs
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AlgorithmicResultsinDataStreams

•Frequencystatistics
[FM83,AMS96,GT01,BKS02,BJKST02,CCF02,KPS02]

•Distancesandnorms[FKSV99,FS00,I00]

•Histograms[GMP97,MVW00,GKS01,GGIKMS02]

•Quantiles[MRL98,MRL99,GK01]

•Clustering[GMMO00]

•Inversioncounting[AJKS02]

•Trianglecounting[BKS02]
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Example1:FrequencyMoments

Fk(a1,...,an)=
m∑

j=1

f
k
j

where,a1,...,an∈[m],andfj=|{i∈[n]|ai=j}|

•F0=#ofdistinctdataitems

•F1=n

•Fk,k≥2=measureofk-wisecollisionprobability

Theorem[Alon,Matias,Szegedy’96]

•F0,F1,F2canbeapproximatedinlogarithmicspace
•Fk,fork>5,needspolynomialspace

Theorem1[Thispaper]

Fk,foranyk>2,requirespolynomialspace
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Example2:LpDistance

Lp(~a,~b)def
=||~a−~b||p

wheretheentriesof~a,~b∈[m]
n

aregiveninarbitraryorder

Theorem

•Lp,forany0<p≤2,canbeapproximatedinpoly-logarithmic
space[Feigenbaumetal.’99,Fong,Strauss’00,Indyk’00]

•AnyonepassalgorithmforLp,forp>2,requirespolynomial
space[Saks,Sun’02]

Theorem2[Thispaper]

Lp,forp>2,requirespolynomialspace,evenforacon-
stantnumberofpassesovertheinput.
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CommunicationComplexity
[Yao’79]

Rδ(f)=Randomizedcommunicationcomplexityoffwitherrorδ
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Multi-PartyCommunicationComplexity
(“numberinthehand”)
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ApplicationsofCommunicationComplexity

•Circuitdepth[Karchmer,Wigderson’88,Razborov’90,Raz,Wigderson’90]

•Time-spacetradeoffs
[Chandra,Furst,Lipton’83,Alon,Maass’86,Babai,Nisan,Szegedy’89]

•VLSItheory[Lengauer’90]

•Decisiontreecomplexity[Nisan’93]

•Datastructurecomplexity[Miltersen’95,Miltersenetal.’95]

•Pseudorandomgeneratorsforlogspace
[Babai,Nisan,Szegedy’89,Impagliazzo,Nisan,Wigderson’94]

•Computationaleconomics
[Nisan,Segal’01,Deng,Papadimitriou,Safra’02]

•Datastreamspacecomplexity
[Alon,Matias,Szegedy’96,Sask,Sun’02]
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One-WayCommunicationComplexity

Easyreduction:
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Example1:Set-Disjointness

Set-disjointness
Input:S,T⊆[n],DISJn,2(S,T)=1iffS∩T6=∅.

Multi-partyset-disjointness
Input:S1,...,St⊆[n]areeitherpairwisedisjointormutually
intersecting,DISJn,t(S1,...,St)=1iff

⋂

iSi6=∅.
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Example1:Set-Disjointness(cont.)

Theorem
Rδ(DISJn,2)=Ω(n)[Kalyanasundaram,Schnitger’87,Razborov’90]

Rδ(DISJn,t)=Ω(n/t
4
)[Alon,Matias,Szegedy’96]

Rsim
δ(DISJn,t)=Θ(n/t)[B,Jayram,Kumar,Sivakumar’02]

Theorem3[Thispaper]

•Rδ(DISJn,t)=Ω(n/t
2
)

•R
1-way
δ(DISJn,t)=Ω(n/t

1+ε
),foranyε>0

UsingthereductionfromDISJn,n
1/ktoFk[AMS96]:

Corollary
Fkrequiresn

1−2/k
spaceinthedatastreammodel
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Example2:L∞PromiseProblem

~a,~baretwovectorsin[m]
n

satisfyingoneofthefollowing:

•L∞(~a,~b)≤1(YESinstance)

•L∞(~a,~b)≥m(NOinstance)

Theorem[Saks,Sun’02]

R
1-way
δ(L∞)=Θ(n/m

2
)

Theorem4[Thispaper]

Rδ(L∞)=Ω(n/m
2
)

Corollary
EstimatingLptowithinn

ε
requiresn

1−4ε−2/p
spaceinthedata

streammodel,evenforaconstantnumberofpassesovertheinput.
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OutlineoftheLowerBoundTechnique

1.Generalizationofinformationcomplexity

2.Adirectsumtheoremforinformationcomplexity

3.Statisticallowerboundsoninformationcomplexityof“primitive”
functions
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TheDirectSumQuestion

Example

DISJn,2(~x,~y)
def
=

n∨

i=1

(xi∧yi)

where~x,~y∈{0,1}
n

arethecharacteristicvectorsofthetwosets

IsaprotocolforDISJn,2the“sum”ofnprotocolsforAND?

•Cannotusecommunicationlength
•Useinformationtheory
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EntropyandMutualInformation

•H(X)–theamountof“uncertainty”inX

•H(X|Y)–theamountofuncertaintyleftinXafterknowingY

•I(X;Y)
def
=H(X)−H(X|Y)=H(Y)−H(Y|X)

Proposition[Subadditivityofentropy]
H(X,Y)≤H(X)+H(Y).EqualityiffX,Yareindependent.
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InformationComplexity
[Chakrabarti,Shi,Wirth,Yao’01,Ablayev’93,Saks,Sun’02]

(X,Y)∼µ–adistributionoverinputsoff

Definition[InformationComplexity]

ICµ,δ(f)
def
=min

Π:error(Π)≤δ
I(X,Y;Π(X,Y))

“Amountofinformationaprotocolthatcomputesfhastoreveal
aboutitsinputs”

PropositionForeveryµ,ICµ,δ(f)≤Rδ(f)
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ConditionalInformationComplexity

µisproductifX,Yareindependent.

•Fordirectsum,weneedµtobeproduct.
•Tocreatehardinstancesforsomeproblems(e.g.,

set-disjointness),weneedµtobenon-product.

Expressµasconvexcombinationofproductdistributions
∑

dλdµd

•LetDbearandomvariablesuchthatPr[D=d]=λd

•Conditionedon{D=d},X,Yareindependent

Definition[ConditionalInformationComplexity]

ICµ,δ(f|D)
def
=min

Π:error(Π)≤δ
I(X,Y;Π(X,Y)|D)

PropositionForeveryµ,D,ICµ,δ(f|D)≤ICµ,δ(f)
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InputDistributionforSet-Disjointness

(X,Y)∼ν:adistributionon{0,1}definedasfollows:

•D∈R{A,B}

•IfD=A,letX∈R{0,1}andY=0

•IfD=B,letX=0andY∈R{0,1}

µ
def
=ν

n

•µisnon-product

•Conditionedon~D=D
n
,µisproduct

•µisconcentratedon0’sofDISJn,2
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DirectSumforInformationComplexity

TheoremICµ,δ(DISJn,2|~D)≥n·ICν,δ(AND|D)

Proof.LetΠbeaprotocolforDISJn,2.

Let(~X,~Y)∼µ.

1.Decompositionstep:

I
(

~X,~Y;Π(~X,~Y)|~D
)

≥
∑

j

I
(

Xj,Yj;Π(~X,~Y)|~D
)

2.Reductionstep:

I
(

Xj,Yj;Π(~X,~Y)|~D
)

≥ICν,δ(AND|D)
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ProofofDecompositionStep

I
(

~X,~Y;Π(~X,~Y)|~D
)

=H
(

~X,~Y|~D
)

−H
(

~X,~Y|Π(~X,~Y),~D
)

≥
∑

jH
(

Xj,Yj|~D
)

−
∑

jH
(

Xj,Yj|Π(~X,~Y),~D
)

(byindependenceof{Xj,Yj},
andsubadditivityofentropy)

=
∑

jI
(

Xj,Yj;Π(~X,~Y)|~D
)
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ProofofReductionStep

I
(

Xj,Yj;Π(~X,~Y)|~D
)

≥ICν,δ(AND|D)

1.ExpandI
(

Xj,Yj;Π(~X,~Y)|~D
)

overall~D−j=~d−j:
∑

~d−jPr
(

~D−j=~d−j

)

·I
(

Xj,Yj;Π(~X,~Y)|Dj,~D−j=~d−j

)

2.CreateaprotocolforcomputingAND(a,b)

��

!

" " ""

X1X2 Y1Y2a

000

bXnYn
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LowerBoundonICν,δ(AND|D)

Recallthedistributionν:

•D∈R{A,B}

•IfD=A,letX∈R{0,1}andY=0

•IfD=B,letX=0andY∈R{0,1}

SupposePisaprotocolforAND.Then,

I(X,Y;P(X,Y)|D)

=
1
2·[I(X;P(X,Y)|D=A)+I(Y;P(X,Y)|D=B)]

=
1
2·[I(U;P(U,0))+I(U;P(0,U))](U∈R{0,1})
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Jensen-ShannonDivergence

•Q0,Q1:twodistributions

•U∈R{0,1}

•DefineJS(Q0,Q1)
def
=I(U;QU)

I(X,Y;P(X,Y)|D)

=
1
2·[I(U;P(U,0))+I(U;P(0,U))]

=
1
2·[JS(P(0,0),P(1,0))+JS(P(0,0),P(0,1))]

?
≥

1
2·JS(P(1,0),P(0,1))
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APointtoPonder

IfPcomputesAND,whyshouldP(0,1)befarfromP(1,0)?

•ANDis0onbothoftheseinputs

•Thelargedistanceisontheotherdiagonal!

0

1

01
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RectanglePropertyofCommunicationComplexity

LetΠbeadeterministicprotocol.

Fixatranscriptτ

Π
−1

(τ)={(x,y):Π(x,y)=τ}.

Then,Π
−1

(τ)acombinatorialrectangle:

���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ����������

���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ���������� ����������

A

B
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AProbabilisticAnalog

LetΠbearandomizedprotocol.

Fixatranscriptτ

Then,thereexistfunctionspτ:X→[0,1]andqτ:Y→[0,1]such
that

Pr[Π(x,y)=τ]=pτ(x)·qτ(y),∀x,y
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HellingerDistance

LetPandQbetwoprobabilitydistributions

h
2
(P,Q)=1−

∑

α

√

P(α)Q(α)

•JS(P,Q)≥h
2
(P,Q)

•h(·,·)isametric

I(X,Y;P(X,Y)|D)

=
1
2·[JS(P(0,0),P(0,1))+JS(P(0,0),P(1,0))]

≥
1
2·[h

2
(P(0,0),P(0,1))+h

2
(P(0,0),P(1,0))]

≥
1
4·h

2
(P(0,1),P(1,0))
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ACut&PasteLemma

x

x’

yy’

1−h
2
(P(x,y),P(x

′
,y

′
))

=
∑

τ

√

Pr(P(x,y)=τ)·Pr(P(x′,y′)=τ)

=
∑

τ

√

pτ(x)·qτ(y)·pτ(x′)·qτ(y′)

=
∑

τ

√

Pr(P(x,y′)=τ)·Pr(P(x′,y)=τ)

=1−h
2
(P(x,y

′
),P(x

′
,y))
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SummaryofProof

I(X,Y;P(X,Y)|D)

≥
1
4h

2
(P(0,1),P(1,0))

=
1
4h

2
(P(0,0),P(1,1))(Cut&paste)

≥
1
4(1−2

√
δ)(CorrectnessofP)

Therefore:

Rδ(DISJn,2)≥ICµ,δ(DISJn,2|~D)≥n·ICν(AND|D)

≥n·
1

4
(1−2

√
δ)
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t-PartySet-Disjointness

•Samedirectsumargument

•Needalowerboundfort-bitAND.

Ω(1/t
2
)boundforgeneralcommunication:

•ν:pickD∈R[t]andthenset~X∈R{eD,~0}

•trepeatedapplicationsoftriangleinequality+cut&paste.

Ω(1/t
1+ε

)boundforone-waycommunication:

•ExploitstheMarkovianstructureofone-wayprotocols.

•UsesgeneralizationsoftheHellingerdistance–Rényi
divergences
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L∞PromiseProblem

•Samedirectsumargument

•Needalowerboundforthedifferenceproblem:fora,b∈[m],
decidewhether|a−b|≤1or|a−b|≥m.

Ω(1/m
2
)lowerbound:0

1

01m

m

APythagoreanlemma:

h
2
(P(0,0),P(m,m))≥

1

2
[h

2
(P(0,0),P(0,m))+h

2
(P(m,0),P(m,m))]
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Conclusions

Apowerfullowerboundmethodologyincommunicationcomplexity

Methodgivesstrongresultsevenforpromiseproblems

•particularlyusefulfordatastreamlowerbounds

Severalnovelideasintroduced:

•Conditionalinformationcomplexity

•Reductiontoprovinglowerboundsfor“simple”functions

•Crispconnectionsbetweenstatisticaldistancemeasuresand
communicationcomplexity
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SubsequentWork

•Distributionalcommunicationcomplexitylowerbounds
[Jayram’02]

•GeneralizationtoAND-ORtreesofdepth3
[Jayram,Kumar,Sivakumar’02]

•Ω(n/t
3/2

)boundfort-partyset-disjointness[Khot’02].
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ThankYou!
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