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Abstract

Imagesharpeningin thepresenceof noiseis formulatedasa non-convex variationalproblem.The

energy functional incorporatesa gradient-dependentpotential,a convex fidelity criterion and a high

order convex regularizing term. Thefirst term attains local minimaat zero and somehigh gradient

magnitude, thusforminga triple well-shapedpotential(in theone-dimensionalcase).Theenergymin-

imizationflow resultsin sharpeningof the dominantedges,while mostnoisyfluctuationsare filtered

out.

Keywords: image filtering, imageenhancement,image sharpening, nonlineardiffusion,hyper-

diffusion,variational imageprocessing.

I . INTRODUCTION

Weaddresstheissueof sharpeningimagesdegradedbyblur-typeoperationsandcontaminated

by additive noise. Theapproachis basedon anevolutionarysharpeningprocess,which in our

caseis derivedfrom anenergy minimizationflow of amulti well-shapedenergy densityfunction.

Somewhatsimilar typeof flows wereexaminedin theanalysisof formationof microstructures

in crystals[2], [11].

Let usfirst review therelationbetweennonlineardiffusionprocessesandenergy minimization

flows. We definea potentialfunction (energy density)
���������	��


and a correspondingenergy

functional � ���
������������������ ��
����	�
(1)

Minimization of this functional,usinga gradientdescentmethod,leadsto a nonlineardiffusion

process: �����
div
�! ��"����
#
$�

div
�"%&��������� ��
'����
�(

(2)

where
 $��)*


is theflux functiongivenby ��+����
 ��,%-�!).
'���/��01�324����������
'���5(
(3)

and
%-�!).


is the diffusion coefficient. The initial condition is
��� �76�89�:�;8

, where
�;8

is in image

processingapplicationstheinput image.NotethatNeumannboundaryconditionsareassumed.

(For moredetailssee[10], [37], [33] andthereferencestherein.)

Typicalmonotonically-increasingdenoisingpotentialsattaintheirminimumatzero.Thistype

of potentialscanbeclassifiedaseitherconvex potentials(e.g. lineardiffusion,Charbonnieret
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Fig. 1. Potentials<>=7?!@ plottedasa function of the gradientmagnitude? of someclassicalprocesses:(a) Linear forward

diffusion ( <>=7?!@�ACBD ? D ), (b) TV ( <>=7?!@�AE? ), (c) Charbonnieret al. ( <>=7?!@�AGF H�IKJLH D ? DNM H D , H�APO ), (d) Perona-Malik

( <>=7?!@�A BD H DRQTS'U =VO�J�='WX @ D @ , H$A9O ), (e) Linearinverse(backward)diffusion( <>=7?!@�A M BD ? D ).
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Fig. 2. Diffusioncoefficients Y'=7?!@ plottedasa functionof thegradientmagnitude? of theabove processes:(a) Linearforward

diffusion( Y#=7?!@ZA9O ), (b) TV ( Y#=7?!@ZA BW ), (c) Charbonnieretal. ( Y'=7?�@ZA BF B\[ WV]"^ X ] , H$A9O ), (d) Perona-Malik( Y#=7?!@ZA BB\[ W ] ^ X ] ,H$A9O ), (e) Linearinverse(backward)diffusion( Y#=7?!@ZA M O ).
al. [7], Beltramidiffusion [31]), or nonconvex potentials(e.g. Perona-Malik[24]). Processes

derived from convex potentialsare well-posed,and their evolution approachesthe minimum

global energy (zerogradientmagnitudeeverywhere,that is a constantfunction). Nonconvex

potentialsretain sturdieredge-preservingproperties,but their flux is not monotonicand the

theoryof properenergy minimizationis muchmorecomplex in this case.Höllig [13] showed

the existenceof an infinite numberof solutionsof a one-dimensionaldiffusion processwith

nonmonotonicflux (non-convex potential).Yuo et al. [37] analyzedtwo-dimensionalnonlinear

diffusionandprovedthatprocessesbasedon anonmonotonicflux, with thecondition

 ����������&_ `\aKb#
$��cK(
(4)
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canhave aninfinite numberof stationarypointsof theenergy functional(andthereforeareill-

posed).Both studieswererestrictedto thecaseof positivediffusioncoefficients.Fortunately, it

wasdiscoveredthatregularizingtheprocessby convolving thegradientwith a Gaussian[5], or

evenby simplediscretization[35], causestheevolutionaryprocessto convergeontoa constant

trivial steadystateuniquesolution. The only apparentinstabilitiesare the staircasingeffects

[35], [33].

A different,andpowerful, approachhasbecomeknown asthetotal variation(TV) [28]. This

approach,basedon a de norm, is a specialcasein the context of our classificationin that it is

a non-strictly convex potential. To avoid numericalproblemsat low gradients,a small con-

stantis usuallyaddedin the calculationof the gradientmagnitude(i.e
�������

is substitutedbyf ������� �hgji'�
), turningtheprocessinto aconvex one.

(SeeFigs.1,2for examplesof potentialof someclassicalprocessesandof thecorresponding

diffusioncoefficients.)

In casesof monotonicallyincreasingpotentials,thediffusioncoefficientsarepositive. Thus

theminimum-maximumprincipal is satisfied(theminimumandmaximumof
�N�4k'


arebounded

by the initial condition
�;8

, for all
kmlnc

in any dimension)andno real sharpeningcanoccur.

Note that this is not thecasefor numericalschemesof systemswith co-dimension
lpo

[8]. A

classicalill-posedsharpeningdiffusionprocessis thelinearbackward(inverse)diffusion,where

the diffusion coefficient
%q�r%�sutwvxkzy{c

and, consequently, the potential is strictly concave.

This processattainsits minimum energy at infinite gradientmagnitudes,causinganexplosion

of thesignalandseverenoiseamplification.We proposea nonconvex non-monotonicpotential

that overcomesmostof the inversediffusion instabilities,andyet is still powerful enoughto

sharpen,andincreasecontrastof, importantfeatures.Weaddresssomeissuesof regularization,

andillustrateby numericalexamplesin oneandtwo dimensionshow this processis beingim-

plemented.This extendsour previousstudy[12], wherewe proposeda forward-and-backward

(FAB) diffusion processthat shifts betweendenoisingandsharpening,accordingto the local

gradientfeature.In [29] theauthorspresentedanotherstudyinvolving nonconvex potentialus-

ing multiple wells. Their work is fundamentallydifferent from ours in that their potentialis

basedon thesignalandnoton its gradient,andits purposeis imageclassification.In [17] some

interestingboundson thenorm of thesolutionto a gradientdependentinverse-diffusionprob-
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lem in onedimensionaregiven.Thediffusioncoefficient, though,is negativefor smallgradient

magnitudesandthesolution,tends,therefore,to createmicrostructures.

I I . THE DOUBLE WELL POTENTIAL

Well-shapedpotentialshavebeeninvestigatedrecentlyin materialscienceandstructuralme-

chanics[11], [2], [19]. In thissectionwereview someof themathematicalandnumericalaspects

thatarerelevantto our case.

A mathematicalmodel for the formationof microstructuresin certainalloys waspresented

by Ball andJames[2]. The theory is basedon an energy minimizationprocessof a double-

well potential.Thegradient-dependentpotentialattainsits minimumvalueatsymmetry-related

deformationgradients[11], [2], [19]. In the one-dimensionalcase,a typical exampleof such

potentialis �}|!~�����u
$���4����L��� ��
��R�
(5)

Althoughit wasnot referredto asadiffusionprocess,andtheoutcomeof thisenergy minimiza-

tion flow doesnot resembleclassicaldiffusion,it canclearlybeviewedasanonlineardiffusion

process,with thefollowing diffusioncoefficient:

%�|�~���� ���K��
$�C�5�4� �� ��� � 
��
(6)

Plotsof thepotentialandof thecorrespondingdiffusioncoefficient aredepictedin Fig. 3. This

is indeeda FAB-type process–forsmall gradients
� �����>y �

it is a backward diffusionprocess,

andfor largegradients
� ������l �

it is aforwardone.This leadsto thesharpeningof low gradients

andthesmoothingof largegradientswherebothapproachamagnitudeof
�

(
���}��� �

).

As thepotentialis non-convex, andalongsomeof its segmentsdecreasing(creatinganinverse

diffusionflow), this processhasstimulateda growing numberof studiesdealingwith both the

theoreticalandnumericaldifficulties that it entails. (Seefor example[2], [4], [14], [19], [20],

[22]).

Threemainmethodsfor numericalsolutionsof suchproblemswereproposed[14]:� Convexification of the potential,whereinthe original potentialis replacedby its convex

hull. In this casethereexists a minimizer and it canbe easilyobtained,but at a costof

changingsomeof theprocesscharacteristics.
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Fig. 3. A double-wellpotential(left) andthecorrespondingdiffusioncoefficient (right). H$A9O .
� Reformulationof theproblemusingYoungmeasures(a mathematicaltool in thecalculus

of variations,applyingagradient-generatedfamily of probabilitymeasures)[9], [23], [27].� Direct minimizationof the energy functional. In this type of methods,the processmay

convergetowardsafixedpointof a localminimum,becauseof thenonconvex natureof the

problem.In someapplications,though,suchminimaarealsoof interest.

The natureof the double-wellandother relatedproblemsis quite similar to the formalism

of our problem,andnumericaltechniquesin imageprocessingcanmostlikely benefitfrom the

researchconductedin the (mathematicallyandcomputationally)relatedfield. Yet, we should

emphasizethefollowing differencesfrom theproblemthatwehaveat hand:� Thepotentialdoesnothavea”relaxed” region,wheregradientsarebeingsmoothed.Specif-

ically, constantfunctionsareunstable.� The basicsolutionof the crystallinemicrostructureintendsto have oscillations,which is

not desirablein ourcase.� Theboundaryconditionsaredifferent(Dirichlet versusNeumannin our case).� Themotivationis different:We areinterestedin theevolution of theinput image,whereas

analysisof the double-wellmodel focuseson the final minimal energy statewith weak

relationsto any primaryinitial evolutionarystate.
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I I I . ENERGY WELLS IN IMAGE PROCESSING

A. Themodel

Weassumethefollowing generalmodelof our degradedimage
�;8

:

��8����m���
 g t�(
(7)

where
�;8

is theoriginal image,
�

is asmoothing(blurring) transformation,notnecessarilylinear

or shift invariantand
t

is somenoise,uncorrelatedwith thesignal(notnecessarilywhite,but not

of impulsivenature).We assumethatlargegradients(i.e. edges)of
�

arestill relatively largein���4�K

. After somesortof smoothing(ordiscretization)of

�;8
(e.g. ���8��C��8;�u�-���C�����
��u�&� g t��u�-�

)

we assumethat thegradientmagnitudeof the noiseis lessthanan upperbound
�

with a very

highprobability(e.g.Prob
������t9���-�5�Zy � 
$��o

).

Our objective is to sharpenimportantedgesof theimage.That is, edgeswith a relative large

gradientmagnitudein a neighborhoodandwith sufficient support.An imperative requirement

is that noiseshouldnot be amplifiedin the process(andpreferablyeven reduced).The noise

amplificationbyproductis amajordrawbackof many classicalsharpeningprocesses.

B. TheEnergyFunctional

Wechooseto minimizethefollowing energy functional:� ���
�� � ���+������������
 g��5� �4��
 g��&� �������#����
#
'�1�	�
(8)

�
is apotentialgeneratingaselectivesharpeningflow. Its form is discussedin detailsbelow.

�
is aconvex fidelity criterionrelatedto theinput imagechanges

� �4�K
$�, ¡��� � � �;8-��
��
(9)

We choosehere
 ¡�+v¢
£� e� v � but otherchoicesarepossible(e.g. [21]). Notethatwe assumeno

a-prioriknowledgeof theblurringprocessandavoid thereforetheintroductionof ablur operator

in thefidelity term. For casesof linearandtranslationinvariantblur a blind deconvolution may

bea viableoption (see[6], [15]).
�

is a higherorderregularizingterm. It is a functionof the

Laplacianandis discussedlater.
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C. TheTriple Well Potential

Webegin by discussingtheshapeof thepotential
�

derivedfrom ourobjectives.Theblurring

processsmearsedges,thusgradientsof largemagnitudedecrease.Wewould like to reversethis

processand increasemediumgradientsback to their original state. Thereforehigh gradients

shouldretain a lower energy state(”cost lessenergy”) and the energy minimization process

would thusberewardedonedgesharpening.

However, two restrictionsmustbemade:a saturationof thesharpeningshouldbedefinedso

very high gradientswould not continueto besharpenedandcausetheexplosionof thesignal.

As we do not want to fall in thecategory of the ill-posedproblemsof condition(4), very large

gradientsshouldbeevensmoothedslowly, to reducestaircasing.

Secondly, low gradientsshouldnot beenhancedin orderto avoid asmuchaspossiblenoise

amplification.Specifically, thezerogradientshouldnotcontributeany energy (beof zeropoten-

tial).

Fromthis discussionit follows thatapotentialintendedfor sharpeningshouldbeconstructed

of threebasicattractors(low energy states)in onedimension:Two for highgradients(of positive

andnegativevalues)andonefor thezerogradient.In two dimensionsthepotentialis rotationally

symmetric.This leadsto a triple well-shapedpotential.

Formallywesetthefollowing requirements:�"¤�
¥���"c�
$�,c�"¦�
 ��� � v¢
$�����+v¢
�( §wv�"%�
 ���+v¢
©¨ªcK( §wv�"��
¥«£c�y¬¤y®¦3y®¯ °�� 2 �"v²±��¤³(�¦�
#
�y®c�"´¢
 � 2 �"v3_ ¯®
µl�cK�
(10)

Wesuggestthefollowing formulafor thepotential:

���"vu
$�·¶ ��¸¹ g � �¹ v � ��� �¹ �»º 0 � �¼¾½À¿1Á �!o g � v� ¼ 
���
�( (11)

where
� ¹ ( � ¼ areparametersdeterminingthe lower-gradientsforward diffusion region andthe

higher-gradientsbackward diffusionregion,respectively (
� ¹ y � ¼ ), and º is aweightparameter.

In orderto fulfill (10.c)aproperboundon º shouldbeset.
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Fig. 4. A triple well potential(left) andthecorrespondingone-dimensionaldiffusion coefficient (right). H�Â©AÄÃ�Å Æ , H�Ç	AEO ,È A�Æ�Å Æ X+ÉX"Ê .
Thecorrespondingdiffusioncoefficient is%�ËÄ�"v¢
$� of o g �"vuÌ � ¹ 
 � � ºo g �+v¢Ì � ¼ 
 � � (12)

Thepotentialis ’designed’suchthat theresultantdiffusioncoefficient is assimpleaspossible;

After all, we usethediffusioncoefficient to computetheflow in thenumericalimplementation.

(SeeFig. 4 for plotsof
�

and
%�Ë

.) Other, moresophisticatedformulas,with moreparameters

controllingtheshapeof thepotential,canbeused.In [12] weproposedadifferentformulafor a

forward-backwarddiffusioncoefficient. However, in thatstudytheprocesswasnot formulated

asa variationalproblem. As a consequencesomeof the stabilizingelementsintroducedhere

wherenot includedin theearlierstudy, namely, therestrictionto positivepotentials,thepositive

diffusivity at very largegradientsandtheadditionof higherorderregularization.

D. HigherOrderRegularization

We wish to have the ’smoothest’possibleenergy minimizer in order to reduceoscillations

betweenthe threelow energy states. (The reasoningis similar to what is given in casesof

viscositysolutions). For this purposewe add the following high orderconvex regularization

termto thetotal energy densityfunction:� ����� � �	��
$� o0 ��� � ��� � � (13)

This addsa linearfourth orderterm
� � ¸ �

to thegradientdescentflow, where
� ¸

is thebihar-

monicoperator (or bi-Laplacian). In theone-dimensionalcase,
� ¸ �E�Í���������

, whereasin two
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dimensions
� ¸ ���,��������� g 0&������Î'Î g ��Î�Î�Î'Î

. Thefourth orderlinearequation

���w� � � ¸ �5( ��� �76�8©�,��8
(14)

is often referredto asa hyper-diffusionflow (alsosuper-diffusion). The fundamentalsolution

of (14) in thefrequency domainof ( Ï ) is
´&Ð�Ñ I � , implying that it is a strongly-low-passfiltering

flow thatrapidlydiminisheshigh frequency oscillations.(SeeFig.5for plotsof thefundamental

solution,andFigs.6,7 for examplesof hyper-diffusionin oneandtwo dimensions.)A nonlinear

hyper-diffusion termwasaddedin [32] to thestandardPerona-Malikequation[24], to rapidly

remove the noise. Note, though,that hyper-diffusion doesnot obey the minimum-maximum

principle (thespatialfundamentalsolutionis not strictly positive andresemblesmorethe ideal

lowpasssinc function (Fig. 5)). Thus, its implementationfor denoisingpurposesshouldbe

executedwith care.
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Fig. 5. Fundamentalsolutionof thehyper-diffusion(line) vs. diffusion(dots),plottedin thespatialdomain(left) andfrequency

domains(right). Whereasthediffusionkernelis a Gaussianin bothdomains,thehyper-diffusionhasasharperfrequency cutoff

andis not strictly positive in thespatialdomain.

TheCahn-Hilliard[3] andKuramoto-Sivashinsky [16], [30] equationshaveahyper-diffusion

term,thatis stabilizinginversediffusionprocesses(alongwith afirst ordernonlinearity).These

equationswereusedto modelevolutionof phasefieldsin alloy mixtures[3], oscillatorychemical

reactions[16] andfrontsof premixedflames[30], amongothernaturalphenomena[26], [36].

It wasshown in [36] thata nonlinearforward-backward diffusionprocesswith higherorder

regularization(of hyper-diffusionanda viscousrelaxationterm)yields a uniquesolution. Al-

thoughtheequationsaredifferent(e.g. thenonlineardiffusioncoefficient in [36] is a function

of the signal itself (
%Ò�Ó%&���


) andnot of its gradient),we assumethat similar resultscanbe
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Fig. 6. Comparisonof hyper-diffusion (left) andlinear diffusion (right) processingof noiseanda stepedge,given at times

0, 0.1, 1, 10 (from top to bottom, respectively). Hyper-diffusion diminisheshigh frequency noisemore rapidly, while low

frequenciesdecayslower. Also, hyper-diffusion doesnot obey the minimum-maximumprinciple (mostapparentin the step

processing).

obtainedin our case.

E. EnergyMinimizationFlow

Weusethefollowing dissipatingenergy process:���w�
div
�"%�ËÔ��������� � 
#����
 gj� �4�;8 � ��
 � � � ¸ �5(��� �76�8©�,�;8R(5Õ1Ö-�	� �x×xØ � �CcK(¡Õ �Ö �	� �x×xØ � ��cK( (15)

where
t

is a unit vector, outwardnormalto theboundary
Õ¡Ù

. Thesecondboundarycondition

is statedin thiscasefor thefourthorderPDEto bewell defined(in additionto thestandardfirst

orderNeumannBC).

IV. EXAMPLES

A onedimensionalsignalresemblinga blurredline (two closestepedgesof oppositesigns),

with additive noise,wasprocessed(Fig. 8). This exampledemonstratesa noiseremoving pro-

cesssharpensedges.Whereasthe two edgesaresharpened,thenoisewassmoothedout. This

processcanhandlemultiple typesof blurs,bothisotropicandanisotropic,simultaneously(Fig.

9). This is in contrastto deconvolution techniquesthat assumeeither an a priori known or

an unknown (blind deconvolution) stationary(generallylinear) blurring kernel. In Fig. 10 a

blurredflower imageis processed.Hereanextendedversionof theprocessesis implemented,

wherethe parameterscontrolling the shapeof the well are spatially varying, that is, we use
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Fig. 7. Hyper-diffusionprocessingof thecameramanimage,givenat normalizedtimes0 (top-left),0.1 (top-right),1 (bottom-

left), 10.

� ¹ �4�	(ÛÚK
�( � ¼ �4�	(ÛÚK
 . This is donein orderto have wider sharpeningrange,whereenhancementis

accomplishedby inducingdifferentthresholdsin differentlocations.We employ anautomatic

heuristicmechanismto determinetheseparameterswithout having any prior information. We

define Ü �4�	(ÛÚK
©���&� W �/�����;8¢�Ý�	(ÛÚ�
R� , which measurestheaveragegradientmagnitudein a neigh-

borhood. The potentialparametersare in turn adjustedaccordingto Ü �Ý�	(ÛÚ�
 . The following

valueswereassigned:
� ¹ �Ý�	(ÛÚK
$��cK�ßÞ Ü �4�	(ÛÚK
 , � ¼ �4�	(ÛÚK
$��Þ Ü �Ý�	(ÛÚ�
 , à5á ��Þ

.

Thoughedgesaresharper, therearestill somestaircasingeffectsand the edgesarenot so

smooth.A straightforward improvementcouldbe the implementationof tensordiffusivity, in-

steadof a scalarone(asin Weickert’s coherenceenhancingdiffusion[34]), wherethesharpen-

ing triple-well potentialis usedacrosstheedge,andsomesmoothingpotentialis usedalongthe

edge.
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Fig. 8. Line edgewith additive white Gaussiannoiseof standarddeviation âxã$A/Ã�Å�O (SNR=7dB).

Thenumericalimplementationconsistsof two iterativestages:ateachtimestep,thenonlinear

FAB diffusion,with a fidelity term,is calculatedby a standard3x3 template.Thesecondstage

implementsthe linear hyper-diffusion,by convolution with a 5x5 kernel(the minimal support

requiredin the caseof a fourth orderequation). For the triple-well potentialwe used,in all

examples,º ��0��ß0 � ¹ Ì � ¼ .
V. DISCUSSION AND CONCLUSIONS

This studyhasbeenconcernedwith the taskof enhancementof important(steep)edges,by

increasingtheir gradients,in orderto reverseblurring effects. Suchan ill-posedtaskhasto be

accomplishedwithout noiseamplificationto avoid signal’explosion’. This led to the formula-

tion of anovel approachof signalandimagesharpeningprocessesaccordingto a framework of

calculusof variations.This led usto proposea gradient-dependentenergy functionalbasedon

a triple-well potential. Thepresentstudyextendsour FAB diffusion-typeprocessfor sharpen-

ing of edgeswhile denoisingfluctuationsandnoise[12], in that it formulatesit asa variational

problem.Thevariationalapproachpermitsincorporationof additionaltermsinto thefunctional,

to accountfor the importanceof additionalimageattributes. It alsofacilitatesthe processof

regularization.

To accomplishthedesiredtask,two additionaltermswereaddedto thegeneralenergy func-

tional: a standardfidelity term and the squaremagnitudeof the Laplacian,servingasa high

orderregularizingterm. Theenergy minimizationassociatedwith theresultantfunctionalleads

to a hyper-diffusion flow; a fourth order processthat exhibits stronglow-passfiltering, and
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a

d

b

c

Fig. 9. Processingof a non-stationarilyblurredstepimage,contaminatedby additive noise. Top left: Degradationfunction,

highlighting regionsof differenttypesof degradations:(a) IsotropicGaussianblur ( â�AÄÆ ), (b) Anisotropicexponentialblur,äÛå1æ çÛæ [ æ è'æ ^"é , (c) 5x5 uniform averagingblur, (d) Jagginess.Regionsoverlappedby a few filters wereprocessedby all of them.

Topright - degradedimage,with addedGaussianwhitenoiseof std â ã A/Ã�Å Ã'ê anduniformwhitenoisein theband ë M Ã�Å Ã#ì�íÃ�Å Ã#ì!î
(SNR=15dB).Bottom- processedimage.Processparameters:H�Â	A/Ã�Å ÃÛÆ , H�ÇKA�Ã�Å ì , ïðA/Ã�Å Ã�O , ñ�A/Ã�Å�O . Imageis 50x80pixels,

with originalgray-level valuesof 0.25(box) and0.75(background).

attenuateshigh frequency oscillationsthat arecharacteristicof inversediffusion. The hyper-

diffusionprocesseliminatestheeffect of enhancementof isolatedpoints,otherwisesharpened

by the triple-well potential. Moreover, edgesbecomemore coherent. As the weight of this

smoothingterm increases,the sharpeningaffectsbecomelessapparent.Additional effectsof

hyper-diffusion on the generalprocessare yet to be further analyzedandunderstood.Also,

undercurrentinvestigationare issuesrelatedto stability propertiesandwell-posednessof the

equations.

Theproposedapproachof triple-well potentialscanbegeneralizedto dealwith color images,

usingthe Beltrami framework [31]. It canbe further generalizedandextendedfor processing

andenhancementof additionalimagefeatures.
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