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Abstract

Image sharpeningn the presencef noiseis formulatedasa non-coivex variational problem.The
enegy functionalincorporatesa gradient-dependermtotential,a corvex fidelity criterion and a high
order corvex regularizing term. Thefirst term attainslocal minimaat zeio and somehigh gradient
magnitude thusforminga triple well-shapedotential(in the one-dimensionatase).Theenegy min-
imizationflow resultsin sharpeningof the dominantedges, while mostnoisy fluctuationsare filtered

out.

Keywords: image filtering, image enhancementmage sharpeningnonlineardiffusion,hyper

diffusion,variational image processing

|. INTRODUCTION

We addressheissueof sharpeningmagesdegradedoy blur-typeoperationandcontaminated
by additive noise. The approachs basedon an evolutionarysharpeningprocesswhich in our
casds derivedfrom anenegy minimizationflow of amulti well-shapednegy densityfunction.
Somaevhatsimilar type of flows wereexaminedin the analysisof formationof microstructures
in crystals[2], [11].

Letusfirstreview therelationbetweemonlineardiffusionprocesseandenegy minimization
flows. We definea potentialfunction (enegy density) ¥ (|VI|) anda correspondingenegy

functional
E(I):/\IJ(|VI|2)dx. (1)
Q
Minimization of this functional,usinga gradientdescenmethod Jeadsto a nonlineardiffusion
process:

I, = div(J(VI)) = div(c(|VI]?)VI), )

whereJ(-) is theflux functiongivenby
J(VI) = ¢(-)VI = 20'(|VI|)VI, 3)

andc(-) is the diffusion coeficient. The initial conditionis |-y = I, wherel, is in image

processin@pplicationgheinputimage.NotethatNeumanrboundaryconditionsareassumed.

(For moredetailssee[10], [37], [33] andthereferencesherein.)
Typicalmonotonically-increasingenoisingpotentialsattaintheirminimumatzero. Thistype

of potentialscanbe classifiedaseithercorvex potentials(e.qg. linear diffusion, Charbonnieet
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Fig. 1. Potentials¥(s) plottedasa function of the gradientmagnitudes of someclassicalprocesses(a) Linear forward
diffusion (¥(s) = 1s”), (b) TV (¥(s) = s), (c) Charbonniertal. (¥(s) = vVk* +k>s> — k”, k = 1), (d) Perona-Malik
(¥(s) = 1k log(1 + (£)?), k = 1), (€) Linearinverse(backvard) diffusion (¥ (s) = —1s?).
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Fig. 2. Diffusioncoeficientsc(s) plottedasa functionof thegradientmagnitudes of theabove processes(a) Linearforward

diffusion(c(s) = 1), (0) TV (c(s) = 1), (c) Charbonnieetal. (c(s) = \/ﬁ k = 1), (d) Perona-Malikc(s) = méﬁg
k = 1), (e) Linearinverse(backward)diffusion (c(s) = —1).

al. [7], Beltramidiffusion[31]), or noncotvex potentials(e.g. Perona-Malik[24]). Processes
derived from cornvex potentialsare well-posed,and their evolution approacheshe minimum
global enegy (zero gradientmagnitudeeverywhere thatis a constantfunction). Noncorvex
potentialsretain sturdier edge-preservingroperties,but their flux is not monotonicand the
theoryof properenegy minimizationis muchmore comple in this case.Hollig [13] shoved
the existenceof an infinite numberof solutionsof a one-dimensionatliffusion processwith
nonmonotonidlux (non-comwex potential).Yuo etal. [37] analyzedwo-dimensionahonlinear

diffusionandprovedthatprocessebasedn a nonmonotonidlux, with the condition

J(|VI| — inf) = 0, (4)
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canhave aninfinite numberof stationarypointsof the enegy functional(andthereforeareill-
posed).Both studieswererestrictedo the caseof positive diffusioncoeficients. Fortunately it
wasdiscoveredthatregularizingthe procesdy corvolving the gradientwith a Gaussian5], or
evenby simplediscretization35], causeshe evolutionaryprocesgo corverge ontoa constant
trivial steadystateuniquesolution. The only apparentnstabilitiesare the staircasingeffects
[35], [33].

A different,andpowerful, approachhasbecomeknown asthetotal variation(TV) [28]. This
approachpasedon a/; norm,is a specialcasein the contet of our classificationin thatit is
a non-strictly corvex potential. To avoid numericalproblemsat low gradients,a small con-
stantis usually addedin the calculationof the gradientmagnitude(i.e |VI| is substitutedby
VIVI|?2 + €), turningthe processnto a corvex one.

(SeeFigs. 1,2for examplesof potentialof someclassicabrocesseandof the corresponding
diffusioncoeficients.)

In casenf monotonicallyincreasingpotentials the diffusion coeficientsare positive. Thus
the minimum-maximunprincipalis satisfied(the minimumandmaximumof /(t) arebounded
by the initial condition I, for all ¢ > 0 in arny dimension)and no real sharpeningcan occur
Note thatthis is not the casefor numericalscheme®f systemswith co-dimensior> 1 [8]. A
classicalll-posedsharpeningliffusionprocesss thelinearbackward(inverse)diffusion,where
the diffusion coeficient ¢ = const < 0 and, consequentlythe potentialis strictly concae.
This processattainsits minimum enegy at infinite gradientmagnitudescausingan explosion
of the signalandseverenoiseamplification.We proposea honcowex non-monotonigotential
that overcomesamost of the inversediffusion instabilities,andyet is still powerful enoughto
sharpenandincreasecontrastof, importantfeatures We addressomeissuesof regularization,
andillustrateby numericalexamplesin oneandtwo dimensionshow this processs beingim-
plemented.This extendsour previous study[12], wherewe proposed forward-and-backard
(FAB) diffusion procesghat shifts betweendenoisingand sharpeningaccordingto the local
gradientfeature.In [29] the authorspresentednotherstudyinvolving noncowex potentialus-
ing multiple wells. Their work is fundamentallydifferentfrom oursin that their potentialis
basedon thesignalandnotonits gradient,andits purposes imageclassificationln [17] some

interestingboundson the norm of the solutionto a gradientdependeninverse-difusion prob-

April 30,2003 DRAFT



JOURMNAL OF MATHEMATICAL IMAGING AND VISION, VOL. XX, NO.Y, MONTH 2003 5

lemin onedimensionaregiven. Thediffusioncoeficient,though,is negative for smallgradient

magnitudesndthe solution,tends thereforefo createmicrostructures.

[I. THE DOUBLE WELL POTENTIAL

Well-shapedhotentialshave beeninvestigatedecentlyin materialscienceandstructuralme-
chanicq11], [2], [19]. In thissectiorwe review someof themathematicaindnumericalaspects
thatarerelevantto our case.

A mathematicamodelfor the formationof microstructuresn certainalloys was presented
by Ball andJameqd2]. The theoryis basedon an enegy minimization processof a double-
well potential. The gradient-dependepiotentialattainsits minimumvalueat symmetry-related
deformationgradientg11], [2], [19]. In the one-dimensionatase,a typical exampleof such
potentialis

Wau (1) = (12 — K2)2. (5)

Althoughit wasnotreferredto asadiffusionprocessandthe outcomeof this enegy minimiza-
tion flow doesnot resembleclassicaldiffusion,it canclearly beviewedasa nonlineardiffusion

processwith thefollowing diffusioncoeficient:
caw (1)) = 4(I7 - k7). (6)

Plotsof the potentialandof the correspondingliffusioncoeficient aredepictedn Fig. 3. This
is indeeda FAB-type process—fosmall gradients| I,| < k it is a backward diffusion process,
andfor largegradientd,| > k it isaforwardone. Thisleadsto thesharpeningf low gradients
andthe smoothingof large gradientsvherebothapproacha magnitudeof £ (I, = +k).

Asthepotentialis non-cowex, andalongsomeof its segmentdecreasingcreatinganinverse
diffusionflow), this processhasstimulateda growing numberof studiesdealingwith boththe
theoreticalandnumericaldifficulties that it entails. (Seefor example[2], [4], [14], [19], [20],
[22]).

Threemainmethodgor numericalsolutionsof suchproblemswereproposed14]:

« Corvexification of the potential, whereinthe original potentialis replacedby its corvex

hull. In this casethereexists a minimizer andit can be easily obtained,but at a costof

changingsomeof the procescharacteristics.
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Fig. 3. A double-wellpotential(left) andthe correspondingliffusioncoeficient (right). £ = 1.

« Reformulationof the problemusing Youngmeasurega mathematicatool in the calculus
of variationsapplyinga gradient-generatef@mily of probabilitymeasureg]9], [23], [27].

« Direct minimization of the enegy functional. In this type of methods,the processmay
convergetowardsa fixed point of alocal minimum, becausef the noncowex natureof the
problem.In someapplicationsthough,suchminimaarealsoof interest.

The natureof the double-welland otherrelatedproblemsis quite similar to the formalism
of our problem,andnumericaltechniquesn imageprocessinganmostlik ely benefitfrom the
researclconductedn the (mathematicallyand computationally)elatedfield. Yet, we should
emphasizéhefollowing differencesrom the problemthatwe have athand:

« Thepotentialdoesnothavea’relaxed” region,wheregradientsarebeingsmoothedSpecif-

ically, constanfunctionsareunstable.

« The basicsolutionof the crystallinemicrostructurentendsto have oscillations,which is

notdesirabldn ourcase.

« Theboundaryconditionsaredifferent(Dirichlet versusNeumanrin our case).

« Themotivationis different: We areinterestedn the evolution of theinputimage,whereas

analysisof the double-wellmodel focuseson the final minimal enegy statewith weak

relationsto ary primaryinitial evolutionarystate.
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[1l. ENERGY WELLS IN IMAGE PROCESSING
A. Themodel

We assumehefollowing generaimodelof our degradedmagel,:
Iy = B(I) +n, (7)

wherel, is theoriginalimage,B is asmoothing(blurring) transformationnotnecessarilyinear
or shiftinvariantandn is somenoise,uncorrelateavith thesignal(notnecessarilyvhite, but not
of impulsive nature).We assumehatlarge gradientdi.e. edges)f I arestill relatively largein
B(I). After somesortof smoothing(or discretizationpf I, (€.9. Iy = Ipxg, = B(I)*g,+ng,)
we assumdhatthe gradientmagnitudeof the noiseis lessthanan upperboundk with a very
high probability (e.g.Prol(|Vn x g,| < k) =~ 1).

Our objectve is to sharpenmportantedgesof theimage. Thatis, edgeswith arelative large
gradientmagnitudein a neighborhoodandwith sufficient support. An imperatve requirement
is that noiseshouldnot be amplifiedin the procesgand preferablyeven reduced). The noise

amplificationbyproductis a majordravbackof mary classicakharpeningrocesses.

B. TheEnegy Functional

We chooseo minimizethefollowing enegy functional:
B(I) = / (W(IVI) + AF(I) + eR(|V2I]))da. (®)
Q

W is apotentialgeneratinga selectve sharpenindlow. Its form is discussedh detailsbelow. F’

is a corvex fidelity criterionrelatedto theinputimagechanges
F(I) = p(|I — Lo]). (9)

We chooseherep(s) = %32 but otherchoicesarepossible(e.g. [21]). Notethatwe assumano
a-prioriknowledgeof theblurring processaandavoid thereforeheintroductionof ablur operator
in thefidelity term. For casef linearandtranslationinvariantblur a blind decomwolution may
be a viable option (see[6], [15]). R is a higherorderregularizingterm. It is a function of the

Laplacianandis discussedater.
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C. TheTriple Well Potential

We beagin by discussingheshapeof thepotentiallV dervedfrom ourobjectves. Theblurring
processmearsedgesthusgradientof large magnitudedecreaseWe would lik e to reversethis
processandincreasemediumgradientsbackto their original state. Thereforehigh gradients
shouldretain a lower enepgy state(’cost lessenegy”) andthe enegy minimization process
would thusberewardedon edgesharpening.

However, two restrictionsmustbe made:a saturatiorof the sharpeninghouldbe definedso
very high gradientswould not continueto be sharpenednd causethe explosionof the signal.
As we do notwantto fall in the category of theill-posedproblemsof condition(4), very large
gradientsshouldbe evensmoothedslowly, to reducestaircasing.

Secondlylow gradientsshouldnot be enhancedn orderto avoid asmuchaspossiblenoise
amplification.Specifically thezerogradientshouldnot contribute any enegy (be of zeropoten-
tial).

Fromthis discussiont followsthata potentialintendedfor sharpeninghouldbe constructed
of threebasicattractorglow enegy statesjn onedimension:Two for highgradientgof positive
andnggativevalues)andonefor thezerogradient.In two dimensionghepotentialis rotationally
symmetric.This leadsto atriple well-shapedotential.

Formally we setthefollowing requirements:
a) W(0)=

(
(b) W(-s)=W(s), Vs

() W(s)>0, Vs (10)
(

(

o

d d0<a<b<oo:W'(se(a,b)) <0
e) W'(s—o0)>0.

We suggesthefollowing formulafor the potential:

W(s) = /K4 + k2s? — k% — gk,? log(1 + (kib)?), (11)

whereky, k, are parametersieterminingthe lowergradientsforward diffusion region andthe
highergradientdbakward diffusionregion,respectiely (k; < k), anda is aweightparameter

In orderto fulfill (10.c)aproperboundon « shouldbeset.
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0.005

Fig. 4. A triple well potential(left) andthe correspondingne-dimensionafliffusion coeficient (right). kf = 0.2, ky = 1,

_ kg

Thecorrespondingliffusioncoeficientis

1 o
V17 (/)7 1+ (s/kp)?>

The potentialis '"designed’suchthatthe resultantdiffusion coeficient is assimpleaspossible;

cw(s) =

(12)

After all, we usethediffusion coeficientto computetheflow in the numericalimplementation.
(SeeFig. 4 for plotsof W andcy,.) Other moresophisticatedormulas,with moreparameters
controllingthe shapeof the potential,canbeused.In [12] we proposeda differentformulafor a
forward-backvard diffusion coeficient. However, in thatstudythe processvasnot formulated
asa variationalproblem. As a consequenceomeof the stabilizing elementantroducedhere
wherenotincludedin theearlierstudy namely therestrictionto positive potentialsthe positive

diffusivity atvery large gradientsandthe additionof higherorderregularization.

D. Higher Order Regularization

We wish to have the 'smoothest’possibleenegy minimizerin orderto reduceoscillations
betweenthe threelow enegy states. (The reasoningis similar to whatis givenin casesof
viscosity solutions). For this purposewe add the following high order corvex regularization

termto thetotal enegy densityfunction:
1
R(IV?I)) = SIV2II*. (13)

This addsa linearfourth orderterm —V*I to the gradientdescenflow, whereV* is the bihar-

monicopemator (or bi-Laplacian). In the one-dimensionatase,V*I = I,,.., whereasn two
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dimensionsV*I = I ;5 + 2L,4yy + Iyy,,. Thefourth orderlinearequation
L ==V, Ilio=1Iy (14)

is oftenreferredto asa hyperdiffusionflow (alsosuperdiffusion). The fundamentakolution
of (14) in thefrequeng domainof (w) is e “"*, implying thatit is a strongly-lav-passfiltering

flow thatrapidly diminisheshigh frequeng oscillations.(SeeFig.5for plotsof thefundamental
solution,andFigs. 6, 7 for exampleof hyperdiffusionin oneandtwo dimensions.)A nonlinear
hypetrdiffusiontermwasaddedin [32] to the standardPerona-Malikequation[24], to rapidly
remove the noise. Note, though, that hyperdiffusion doesnot obey the minimum-maximum
principle (the spatialfundamentabolutionis not strictly positve andresemblesnoretheideal

lowpasssinc function (Fig. 5)). Thus,its implementationfor denoisingpurposesshouldbe

executedwith care.

h(x)

] 10 20 30 0 0.05 01 015 02 0.25 03 035 04 045 05
X w

Fig.5. Fundamentadolutionof thehyperdiffusion(line) vs. diffusion(dots),plottedin thespatialdomain(left) andfrequeng
domaing(right). Whereaghediffusionkernelis a Gaussiarn bothdomainsthe hyperdiffusionhasa sharperfrequeng cutof

andis not strictly positive in the spatialdomain.

The Cahn-Hilliard[3] andKuramoto-Srashinsk [16], [30] equationshave a hyperdiffusion
term,thatis stabilizinginversediffusionprocesseglongwith afirst ordernonlinearity). These
eguationsvereusedo modelevolutionof phasdieldsin alloy mixtures[3], oscillatorychemical
reactiong16] andfrontsof premixedflameg[30], amongothernaturalphenomen§26], [36].

It wasshown in [36] thata nonlinearforward-backvard diffusion processwith higherorder
regularization(of hyperdiffusion anda viscousrelaxationterm) yields a uniquesolution. Al-
thoughthe equationsaredifferent(e.g. the nonlineardiffusion coeficientin [36] is a function

of the signalitself (¢ = ¢(I)) andnot of its gradient),we assumethat similar resultscan be
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Fig. 6. Comparisorof hypekdiffusion (left) andlinear diffusion (right) processingf noiseanda stepedge,given at times
0, 0.1, 1, 10 (from top to bottom, respectiely). Hyperdiffusion diminisheshigh frequeng noise more rapidly, while low
frequenciegdecayslower. Also, hypetrdiffusion doesnot obey the minimum-maximumprinciple (mostapparenin the step
processing).

obtainedn our case.

E. Enegy MinimizationFlow

We usethefollowing dissipatingenegy process:

I = div(ew (|VI)VI) + Ao — 1) — eV,

(15)
I|t:0 = IO; anI|z€8§2 = 07 8727,I|z€8§2 = 07

wheren is a unit vector outward normalto the boundaryo$2. The secondboundarycondition
is statedn this casefor thefourth orderPDEto bewell defined(in additionto the standardirst

orderNeumanrBC).

IV. EXAMPLES

A onedimensionakignalresemblinga blurredline (two closestepedgesof oppositesigns),
with additive noise,wasprocessedFig. 8). This exampledemonstratea noiseremoving pro-
cesssharpengdges.Whereaghe two edgesaresharpenedihe noisewassmoothecdbut. This
procescanhandlemultiple typesof blurs, bothisotropicandanisotropic simultaneouslyFig.
9). Thisis in contrastto decowolution techniqueghat assumeeitheran a priori known or
an unknown (blind decowolution) stationary(generallylinear) blurring kernel. In Fig. 10 a
blurredflower imageis processedHerean extendedversionof the processess implemented,

wherethe parametergontrolling the shapeof the well are spatially varying, that is, we use
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Fig. 7. Hyperdiffusionprocessingf the cameramaimage,givenat normalizedimesO0 (top-left), 0.1 (top-right), 1 (bottom-
left), 10.

k¢(x,y), ks(z,y). Thisis donein orderto have wider sharpeningange whereenhancemeris

accomplishedy inducingdifferentthresholdsn differentlocations. We emplgy anautomatic
heuristicmechanisnto determinetheseparametersvithout having ary prior information. We

defineT(z,y) = g,, * |VIy(z,y)|, which measureshe averagegradientmagnituden a neigh-
borhood. The potentialparametersre in turn adjustedaccordingto 7'(x,y). The following

valueswereassignedk(z,y) = 0.57(z,y), ko(z,y) = 5T (x,y), 05 = 5.

Thoughedgesare sharper thereare still somestaircasingeffects and the edgesare not so
smooth. A straightforvard improvementcould be the implementatiorof tensordiffusivity, in-
steadof a scalarone(asin Weickert's conerencenhancingliffusion[34]), wherethe sharpen-
ing triple-well potentialis usedacrosghe edge andsomesmoothingpotentialis usedalongthe

edge.
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Fig. 8. Line edgewith additive white Gaussiamoiseof standardleviation o, = 0.1 (SNR=7dB).

Thenumericaimplementatiorconsistf two iterative stagesateachtime step thenonlinear
FAB diffusion,with afidelity term,is calculatedby a standard3x3 template.The secondstage
implementsthe linear hypetdiffusion, by convolution with a 5x5 kernel (the minimal support
requiredin the caseof a fourth orderequation). For the triple-well potentialwe used,in all

exampleso = 2.2k / k.

V. DISCUSSION AND CONCLUSIONS

This studyhasbeenconcernedvith the taskof enhancemerf important(steep)edges by
increasingheir gradientsjn orderto reverseblurring effects. Suchanill-posedtaskhasto be
accomplishedvithout noiseamplificationto avoid signal’explosion’. This led to the formula-
tion of anovel approactof signalandimagesharpeningrocesseaccordingto aframewvork of
calculusof variations. This led usto proposea gradient-dependemnepgy functionalbasedon
atriple-well potential. The presentstudy extendsour FAB diffusion-typeprocesdor sharpen-
ing of edgeswhile denoisingfluctuationsandnoise[12], in thatit formulatesit asa variational
problem.Thevariationalapproactpermitsincorporationof additionaltermsinto thefunctional,
to accountfor the importanceof additionalimageattributes. It alsofacilitatesthe processof
regularization.

To accomplishthe desiredtask,two additionaltermswereaddedto the generalenegy func-
tional: a standardidelity term andthe squaremagnitudeof the Laplacian,servingasa high
orderregularizingterm. The enegy minimizationassociateavith theresultanfunctionalleads

to a hyperdiffusion flow; a fourth order processthat exhibits stronglow-passfiltering, and
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Fig. 9. Processingf a non-stationarilyblurredstepimage,contaminatedy additive noise. Top left: Degradationfunction,
highlighting regionsof differenttypesof degradations:(a) IsotropicGaussiarblur (¢ = 2), (b) Anisotropicexponentialblur,
e~ 1=1+1v1/5 (c) 5x5 uniform averagingblur, (d) JagginessRegionsoverlappedby a few filters wereprocessedby all of them.
Topright - degradedmage with addedGaussianvhite noiseof stde,, = 0.03 anduniformwhite noisein theband[—0.05, 0.05]
(SNR=15dB) Bottom- processeimage.Procesparametersky = 0.02, k, = 0.5, A = 0.01, ¢ = 0.1. Imageis 50x80pixels,
with original gray-level valuesof 0.25(box) and0.75 (background).

attenuatesigh frequeng oscillationsthat are characteristiof inversediffusion. The hyper
diffusion processliminatesthe effect of enhancementf isolatedpoints, otherwisesharpened
by the triple-well potential. Moreover, edgesbecomemore coherent. As the weight of this
smoothingterm increasesthe sharpeningaffects becomelessapparent. Additional effects of
hypetdiffusion on the generalprocessare yet to be further analyzedand understood. Also,
undercurrentinvestigationare issuesrelatedto stability propertiesandwell-posednessf the
equations.

Theproposedapproactof triple-well potentialscanbe generalizedo dealwith colorimages,
usingthe Beltramiframeawork [31]. It canbe further generalizecand extendedfor processing

andenhancementf additionalimagefeatures.
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