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the combined position—frequency space entails an in-
crease in the dimensionality, the efficient projection of an
image onto a small cluster of expansion coefficients
presents also an interesting approach to data reduction
and compression in cases in which a lossy image recon-
struction with good (subjective) quality is permitted (11,
8, 5, 6]. Several techniques are suitable for signal repre-
sentation in the combined space. Of these, the Wigner-
Ville distribution {21] and the ambiguity function [20],
two of the more widely used representations in the com-
bined space, are based on bilinear transformations. As
such they present a problem when several objects are
distributed, and have to be separated, over the visual
field. Wavelet-type transforms [22, 23] and the Gaborian
pyramid as such [[1], have more recently been applied in
image analysis and representation. The Zak transform
(ZT), adopted in the context of the present study, is a
linear transformation [20]. It maps a two-dimensional
data set (i.e., an image) onto a fundamental four-dimen-
sional cube and provides, as such, position—frequency
information. The ZT is central to the theory and applica-
tion of the Gabor representation [12, 13]. It highlights
interesting and powerful characteristics inherent in the
Gabor expansion. It also permits the accomplishment of
finite representation in the combined space, and lends
itself to efficient means of computational implementation
(5, 6, 13].

The finite Zak transform (FZT) is first defined, and its
fundamental propertics are presented. The direct relation
of the FZT to the Cooley—Tukey FFT algorithm is then
established. The FZT is implemented in computation of
the Gabor expansion coefficients, illustrating the stability
and computational efficiency of the algorithm which is
directly derived from the fundamental relationship that
exists between the ZT and the FFT.

2. THE FINITE ZAK TRANSFORM OF IMAGES

Digital image processing is in practice applicable to
finite two-dimensional data sets. For the sake of simplic-
ity, we assume that the data are defined over the integer
pairs (n,, n,) € Z X Z and subject to the following period-
icity conditions. Given a positive integer N, a function
flne, ), ne,ny, € Z,iscalled N X N-periodic if it satisfies

flne + Nyny + N) = flne, ny), (e, m) €EZXZ (1)
An N x N-periodic function fis determined by its values

flng, ny), (2)
and will be called N X N-image data. Denote $%(Z/N x
Z/N) the Hilbert space of all N X N-periodic and square
summable functions with inner product of such functions
being defined by

(nJ.’s n)') E Z X Z!
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N-1 N-1

(frg)= 2 2 flne, m)g*(ne, m),

&)
f, g € LHZ/N X ZIN).

For image data sets satisfying the periodicity condition
(1), we define the FZT as follows:

DEeFINITION 1. For any divisor L of N, the FZT
(@O J o), is s p, o EZ, of an image f€ FHZIN X
ZIN) is defined by

L-1 L-1

@), i p. o) = gﬂ E fi + Mr, j + Mp)

)
p_r) ( U_P) L.
cXp (Zm 7 exp |\ 2me 7/’ N=L M
It follows directly from (4) that % fis N X N-periodic
in each pair of variables.
To highlight additional features of the ZT, we present
the following theorem: '

THEOREM 1. For fE LHZIN x ZIN),N=L - M, the
ZT has the following readily discernible periodicity
guallities:

- exp (~2m 2) exp (-2m )@Y i p ), O
@i jim+ Lo+ D = @G Gip o)
i, jEZ.
Proof.

(ELf)i+ M, j+ M;p,0)

fG+ M+ Mr, j+ M+ Mp)
g‘_[_?_
?)

fGi + Mr, j + Mp)

r=0 p={

exp (21:-:, Lr;—ﬂ) exp (Zm. U—(E-L——]))

P2} @) g pu )

w
>
o
P
o
3y
o=
~I3
R
o
¥
=
P e
[\ ]
3
o

= exp (-Zm

The second quality follows directly from the L-periodic-
ity of exp(mi(ra/L)) as a function ofc., ®




Thus, #; f{, j; p, o) is completely determined by its

R,
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L—1 L-1

fG.D=L2Y 3 FG, jip,a) LjEZ (12)
p=0 o=0

values on a four-dimensional cube of size (M X M) X
(L x L),

The ZT is actually a two-dimensional Fourier trans-
form (FT) of size L. x L of the values

f(iﬂ’jﬂ)sf(i0+M’j0+M)a" . )
fo + (L - M, jo + (L — DM}, (7)

for each point (iy, jo) € M X M. Thus, the computation of
the ZT %, f in this way entails M? two-dimensional FTs
of a smaller size L % L.

The data set f(i, j), 0 = i, j < M, can be recovered
from its ZT by the formula

L-1 L-1

L2 Y @), i p, o),
p=0 o=0 (8)

0=ij<M,

SG, ) =

Thus, by using (5) and (8) an image data set can be fully
recovered.

For each 0 = i, j < N we can view the representation
(4) as a Fourier series in £%Z/L x Z/L). The Fourier
coefficients are given by the image data set (7). The inver-
sion formula depends on the values of the FZT of the
image. By Fourier inversion of (4) we have

JG+ Mr, j + Mp)

L-1 L-1 +
=123 S @A i p. o) exp (—2m 2P,
p=0 a=0 L
0= j<M0=rp<L. 9

Any part of the image can be reconstructed by
weighted summation of the ZT. The qualities (5) and (6)
of the ZT which constitute Theorem 1 completely charac-
terize the space of FZT corresponding to L.

The following theorem states conditions required of a
function F(i, j; p, o) to be a ZT.

THEOREM 2. Suppose F(i, j;p,a), i, j,p, 0 EZ, isa
complex valued function satisfying

FG+ M, j+ M;p, o)

%) FG, ji p, o). (10)

+
= exp (r2m p 7

FG,j;p+ Lo+ L)y=FGjip o) i,jpo€LZ

(11)

for some positive integers L and M. Then, the function

isin * (ZIN x ZIN), N=L - M, and

F(I: J’ £ U) = (%Lf)(ls .]5 £ Cl'), is j! pso-ez (13)

Proof. Condition (10) implies that F is N-periodic in
the variables { and j, i.e.,

Fi+ N,j+ N;p,a)
=Fi+L-1DOM+M, j+(L-1DM+ M;p, o)

L Z") FG + (L — DM,

= exp (—Z'm.

J+ @ - 1DM;p,0)

exp (~2m @) F + (L — DM,

#

j+ @ —-2)M;p, o)

Lip+
D) 1, j; p, @)

exp ( —2m

F, j; p, o)

Thus, f(i, j) is N x N-periodic.

Since F and %, f satisfy conditions (10) and (11), we
need to prove (13) for 0 =i, j < M, 0 = p, o0 < L.
Inserting (12) into the definition of the FZT,

XL, J; p, o)

L-1 L-1 ¥ por
ZZf(z+MrJ+Mp)exp(zm ”Lp)

Fi+rM, j+ pM; vy, §)

nM\
uMl

rp + po’)

exp (2m 7

we have, for.O =Lj<M0=p,0<L,by(10)

L-11-1
LY > FG j;y, 8)

(Sfo)(i’ j; P U) =

y=0 §=0
L-1 L-1
plo — 8)) ( rip — v))
2:,] g{) exp (Zm 7 exp | 2me 17
= F(, j; p, o),

since




L-1 =
r(p - 7)) {1’ pP=7
L! ex (211':,—— =
2 P L 0, otherwise,

and

L-1 —
_ plo = ) {1’ o =3
L1 ex (Zm.— =
2 P L 0, otherwise. ®

=0

Denote by £2(% ;) the Hilbert space of all complex val-
ued functions F(i, J; p, o), i, j, p, ¢ € Z, satisfying
conditions (10) and (11) with inner product defined by

M-1 M-1L-1L-1

> 5 5 3 Fl, i p. 0)G*G, Ji p, o)

i=0¢ j=0 p=0 o

—

(F, G) =
(14)
The following theorem follows directly from the defini-

tions.

THEOREM 3. The mapping L™'?%; is an isometry
from EAZIN X ZIN) onto L% ). If f € AZIN X ZIN)
and F = % f, then

AP = L2 Ze AP = L2 FIP. m (15)

CoroLLARY 1. Let f, g be two image data sets and
% f, g their ZTs, respectively; then

(E.f, Er8) = ([, 8). (16}
3. THE FZT AND COOLEY-TUKEY FFT

The FZT is the main building block of the Cooley—
Tukey FFT algorithm [19]. To substantiate this observa-
tion we first prove the following fundamental result.

THEOREM 4. If f € LUZIN X ZINYyand F is its N X
N-point FT, then

exp (~2m &)@, ), j; ~p, ~0)

=M YEuF)p, o; i, j).

(17

Proof. Consider the image as f(i + Mr, j + Mp), i,

ji=0,1,. .. , M—-1,r,p=0,1,. .. ,L—1 Itstwo-
dimensional FT, F(p + Ly, o + L8), p,c=0,1,. ..
L-—1,v48=0,1,...,M—1, can be written as

F(p + Ly, o + L§)

M | + i +
= > > exp (—Zm o NO-J) exp (—Zm ')I!_MBJ)

i=0 j=0

LS
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L-1 L-1 '+ op

+ Mrj+ (<2m £ 22)
P fa r,j + Mp) exp | —2m 73 (18)
M-1 M-1 - -
= 3 3 @, s —p, —0) exp (~2m 2290)
i=0 j=0

| +

exp (-2m 257%).

The proof is completed by taking the ZT of both sides of
(18). =

Theorem 4 shows that the ZT of an image contains
spatial-frequency information. Loosely speaking, for-
mula (17) asserts that up to the phase factor
exp(—2mi(pi + oj)/N)), the ZT ¥, f produces the ZT
%y F. The absolute value of the image and its FT are
identical, neglecting permutation. The Cooley—Tukey
FFT algorithm can be formulated in terms of the ZT,
formula (17). The FT F can be computed by the following
sequence of steps: .

1. Compute (Z; )i, j;0,00L0=ij<M0=p, o<
L, and take a mirror image in the frequency domain.

2. Multiply by a phase factor exp(—2miu(pi + aj)/
NY). This step requires N X N multiplications as 0 =< i,
J<M,0=p, o< L. The result is the ZT of the FT of the
original image.

3. Compute the inverse ZT %, by (9) with L and M
interchanged. This step requires L? two-dimensional
DFTs of size M X M.

In other words, Theorem 4 states that the ZT is a par-
tial result of the FFT algorithm.

4, GABORIAN WAVELETS

4.1. Basis $AZIN X Z/N)

Letg € $AZ/IN x Z/N) and define for m, n, k, I € ZIN
the function g,.u € $AZ/N x Z/N) by the formula

. . . ik + j
gkt (5 J) = gl + m, j + n) exp(—Zml N J’), (19)

i, j € ZIN.

We call the functions {g..u(i, j)}, m, n, k, 1 € ZIN, the
Gaborian wavelets [15], or simply wavelets, and g the
generator of the wavelets. For fixed g, we will use the
FZT to study properties of the wavelets corresponding
to g.

THEOREM S. ForN=L -M,m,n, k, 1€ ZIN,and a
given generator g,
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@1, Ji pr ) = exp (~2m E o) @, )

20
G+mj+np—ko—-10
Proof. The left-hand side of (20) is
(%Lgmnfd)(is .]9 |25 0-)
L1 L-1
= Zmit(§ + rM, j + pM) exp (Zm M)
r=0 p=0 L
L-1 L-1I

I
i M
i M

gi+m+rM, j+ n+ pM)

rp + pcr)

N

(
( (1 + M+ (j + pM)l)
exp (-2

1k + Jl)

L-1L-1
> gl +m+ M, j+n+ pM)
=0 p=0

exp (Zm i‘el_\,—mﬂ exp (Zm W)

+ ji
) @e)

ik
= exp (—211':.1
X{E+m,j+np—kao-1D,
proving the theorem. ®

A special interesting case is obtained when m = m'M,
=n'M,andk=kFL,1=1L.

CoROLLARY 2. ForO=m',n' <L, 0=k, V! <M,
(Ergmm i), I3 py o) = &g, j; p, o)
ri 21)
~2m (72 +22)) exp(-2m (51 +53)). ¢
xexp( Zm(L+L exp 2mM+M

Proof. According to Theorem 5, the left-hand side of
(21) is

KL+ i ‘
exp (—27n IkLNJ'I-é) #Lg)

G+mM,j+n'M;p— kL, o-~1L),

which by Theorem 1 is

ik' + I
MJ ) F.2)

+mM,j+nM.p—KkL o-1IL)

= exp (;Zﬂt (i"iﬁ + HTU))

exp (—Zm

o

exp (—2m ik

EY e
=) @006, i p, o,

proving the corollary. ®

We now proceed to determine the necessary and suffi-
cient conditions for the Gaborian wavelet (19) to be the
basis of LXZ/N X Z/N).

THEOREM 6. The set
{gm’M,n'M,k'L.I'L : 0 = mls n’ < L; 0 = k’s IJ < M} (22)

constitutes a basis of L{ZIN X ZIN) if and only if %, 2
does not vanish.

Proof. Supposeforall0=m',n' <L, Q=k',I' <M,

(f, gmmwmirrr) = 0.

By Theorem 3 and the previous corollary

(FLf, % gmmamirrer) =0,

which can be rewritten as

M—1 M-I L—1 L-
2 Z §:3 2 ELSN, J; p, ONEL G, Js p, @)

X exp (—Zm (..”%E + nL_o-)) exp (—Zm, ik’ﬁ_;ﬂ’) = 0.

The summation is a four-dimensional (M X L) x (M x L)
FT. It therefore follows that the products

(gzl.f)(l’ ji P» U')(%fg)(l, js P, 0-) = 0
0=i,j<M0=p oc<L.

According to Theorem 1 this holds for all i, j, p, o € Z.

If ¥ g never vanishes, Z; fis identically zero. Conse-
quently, fis identically zero and the wavelets (22) span
LYZIN x ZIN). By dimension they form a basis of
LA(ZIN x ZIN).

Conversely, if #; g vanishes somewhere, then a non-
trivial f can be found such that all products (¥, ), J, p,
a)(%; 2)i, j, p, o) = 0. Reversing the steps of the preced-
ing argument, fis a nontrivial function not contained in
the linear span of the wavelets of (22), implying, in turn,
that this wavelet set is not a spanning set, completing the
proof of the theorem. =




4.2. Inner Products

An inner product of an image and a template is an
important operation in image processing, pattern recogni-
tion, and target detection. It is of special interest to de-
rive a fast algorithm for computation of the inner product
of an image and the wavelet basis [7, 9, 10]. Consider the
product function

&L Jsp NELG i p, o) L jpoo €Z (23)
It is easy to see that (23) is M-periodic according to Theo-

1 rem 1 in the variables i, j and L-periodic in the variables
p, T '
! From Corollaries 1 and 2

| f, gn)
B

M—1

HMI

E @), J; o OHEL 2, 3 Py @)

=]
[

E4

Il
ﬁM.

=

2 @), Ji p. NEERD, Ji £, )

l
-
.

1
=

ik’ + j!’)

X exp | +2m (_”lLf_’ + nLU)) exp (+2m %

(24)

where I = {m'M, n'M, k'L, I'L}. The result presented by
(24) expresses the product (23) as the inverse four-dimen-
sional (M x L) x (M X L} FT of the array
S, glosk r<Mpomm weL- (25)
The product (23) can be interpreted as Fourier coeffi-
cients of the inner product of an image and a template.
Thus, the algorithm for computing the inner product of
the image and a Gaborian wavelet can be stated as the
following sequence of steps:

1. Compute the ZT #; g of the wavelet g and store it.
2. Compute the ZT of the image data set %, f.
3. Take an inverse discrete FT of the product

(f, en

M—1 M-1 L~1 L—
=2 _Z 2 E @LH, j; p, ONEL O J3 p, @)
i=0 j=0 p=0 o=0

! ' ik 4+ g
X exp | +2m (.'_nL_p + nTo-)) exp (+21n ik Mﬂ )

(26)

Thé array (25), where each of its elements is obtained
by (26), defines the Fourier coefficients of the expansion
of the product function (23).
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4.3. Wavelet Bases for Refined Grids

The idea is to refine the grid, and corresponding resolu-
tion of the expansion, by overlaying a set of shifted grids.
The scheme is accordingly defined as follows:

Take

m=m"+mM, 0=m"<M0O=m <L,
0=p"<M0O0=n <L,
0=k <L0=kK<M,
0=0I"<L 0=l <M.

n=n"+n'M,
k=K + kM,
I=V+IMm

27

Direct computation shows that

Ernua (i, J)
= g(z + mu + m’M,j + n:r + H'M)
k" + K'L) + j(l"L))
N
= guaer(f + m'M, j + n'M)
(k' + jl’)L')
N

X exp (—Zm

ml‘k" + H'l".)

exp‘(+2m 2

X exp (—Zm

. . mlk" + nll"
= (gm"n”k"f")l(ls J) €Xp (+21”' _'_"L—) (28)
Replacing g by g~ .~ in the preceding discussion, and
applving Corollary 2, we have the following.

THEOREM 7. Form,n, p, @ € ZIN, defined according
to the scheme of 27),

. gmnkl')(ia Ji oy a)

( mlk" + nil"
=exp (2me I

) (%1 Gom'nt 1 e M M LLIL
X (i, J5 p, O)

m!kﬂ' + n!l" . .
= exp (Zm —L—) (i gmmr)i, Ji o, )

(m'p +n'c k' + jl’)

X exp (—Zm —L—) exp (—Zm 7]

(29)
The product function
(%Lf)(is j; 2, O-)(gzz gm"n"k".f")(i’ j; P O-) (30)

is M X M periodic in the variables i, jand L X L-periodic
in the variables p, o. Its Fourier series expansion is
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L— 1 M—1 M-1

L—- M
Z > XA (8mm k't M, M 'L 1 L)

n'=0 n'=0 K'=0 I'=0

: ' w + g GD
X exp (+2m (___(nip + 1—0-)) exp (+2m BEZF MJ )

It follows that for fixed 0 = m", n" < MOoskI"<L,
the set of wavelets
{8mtmst mriwstprricrysr, 0 = m', n' < L,

32)
0=k, <M

constitutes a basis of LX(Z/N X Z/N) if and only if
(%L 8w~ w47 ) never vanishes. In light of Theorem 5, this
is equivalent to the requirement that % L g never vanishes,

It is always the case that for nontrivial g, the set of
wavelets

{8t : 0= m, n, k, | < N} (33)
spans L2(Z/N X Z/N).
5. FINITE GABOR EXPANSION OF IMAGES
In the present study we assume that the image f(, /)
contains N X N pixels and is square integrable. Let
8mna (i, j) be a family of Gaborian wavelets of the type
defined earlier (19). Represent the image and the wave-
lets as four-dimensional arrays of smaller dimension. For
N=M-1,

rns=0,1,...,L-1
and 4, 7j=0,1,... M-1,
we denote
.f(i, rid8) = f(i + rM, j + sM),
and

Brnia(E, 15 Jy 8) = Gruuii + M, j + sL).

The FZT is then represented as

L-1 L1
L1, J; p, o) = Eo 2 f+ 1M, j + sM)
r=0 s=0
' _ p+ so
X exp ( 2 I ),

O0=ij=M-1, O0=p,o=L -1.

A finite Gabor expansion of an image is a linear combina-
tion of wavelets:

cm,n.k,fgmnkf(i’ ¥ js S)- (34)

fa, =2 >

The coefficients ¢ psy, 0 < m, n, k, I < N, are called
Gabor coefficients of the expansion. Since the set of Ga-
borian wavelets is not linearly independent, fadmits sev-
eral Gabor e¢xpansions. In contrast, the inner product (f,
Emnit), 0 = m, n, k, I < N, provides a unique measure of
the contribution of g,,.4 to the representation of f.

To compute the Gabor coefficients select a factoriza-
tion N = L - M which determines the complementary
resolutions along the frequency and spatial axes, respec-
tively. Take

m=mM, n=n'M, k=KL, 1=IL.

Then, provided %; g never vanishes, according to The-
orem 6, every f € L*(Z/N X Z/N) can be represented
uniquely in the form

*

fl, r; j, )

L

M
> Cormmmarir Emmmmier,rr (s 13 Js 8.
=0

(35)

™~

N

>

M-
k=0

-1
0 n'=0

Il

m

The coefficients ¢,a,wpsprrr, 0 =m', n' <L, 0.5 i
< M, are called the Gabor coefficients of the image f
corresponding to the wavelet g,.a warir.iz -

Applying the FZT to both sides of (35), we have ac-
cording to Theorem 5

L—-1 L—-1 M-1 M-1
x > > D CoMuwMiLIL
m'=0 n'=0 &'=0 I'=0

‘b . 1 Ki | L
o (<2 (852 + 55)) e - ().

(36)

The Gabor coefficients

Cm’M,n'M.k'LJ'L; 0 = mr, n < L5 0 = krs [, < Ms (37)

of the image f, corresponding to the basis g pmwz.rr(Q,
rj,0,0=m,n <L 0=Kk,I'<M,canbecomputed
by the inverse (M x L) X (M x L) four-dimensional FT of
the quotient function

LN, J; p, 0)

0=ij<MO0=p o<L (38)

£L8)C, j5 p, 7)’
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We proceed to show that the Gabor coefficients are
related to the inner product of the image and the Gabor-
ian wavelet. From (36) we have

@, LG, i pr XD, J3 p, o) = |28, i p, o)

L-1 L—-1 M-1 M-
X > D CwMwMKLIL
n'=0 #'=0 k'=0 =0
’ L k.' : lr h
X exp (-Zm ((n;lp + nLor)) exp (—Zm (—]WI + ﬂ—j))

(39

The left-hand side of (39), according to (24), is also equal
to

@), Jy ps INEL )G, §5 s O)

L—1 L-1 M-1 M-1 J '-
= (m'p  Ho
= 'nz::o ,.'Z:o P on (f, g1) exp (+2m ( T T L ))

x exp (+2m (E22)). (40)
Since

L1 L-1 M- ]

@0l i o= 3 5 % > (e @)

m'=0 n'=0 kK'=0 I'=0

« exp (12 (222 22)) xp (12 (£,
41
combining (39}, (40), and (41) we can write
{f, g1) = cr** (g, &1, (42)

where ** denotes the four-dimensional convolution.

6. COMPUTATION OF GABOR COEFFICIENTS WITH
ARBITRARY SPECIFIED RESOLUTION

Consider the “‘coarse”” basis of L2(Z/N x Z/N)

O=m,n <L O0=k,l <ML
(43)

{BM M L ILs

For any fixed m”, n” in the range 0 = m" < M, 0=n"<L,
the “‘shifted’’ bases of L2(Z/N X Z/N) are

. !
{8m"tm M, MK KL L 0=m',n <L,

(44)
0=k,l <M}

We next define Gabor coefficients with respect to the
shifted basis. Fix any m", n”, k", I" in the range 0 = m",

n' < M,0 = k", I" < L. Then any image f € LXZ/N X
Z/N)} can be uniquely expanded into

[l
1

1 M=1 M-1
E 2 Con"+m'M,n"+n'M E"+K' LI+ IL
0 k=0 F'=0

L
fl, 130, 9= 2 2

X Zursm g inrrn (s 5 7, 8). (45)

Take the ZT of both sides of (45). Applying Theorem 7,
we can write

EL, ji ps 0) = Erga wier)s J5 0, 0)

L
X
vy

1

f~

52,

0 a"=0

M

-1
Co"+m'M,n"+a' M k" + KL I"+I'L
I'=0

I

mfk" + nl’lﬂ) ( mfp + nla,) (46)
————Jexp | 2w ————

X exp (2m 7

k' + jl’)‘

X exp (—Z'm, 7]

The inverse (M X L} X (M x L) four-dimensional FT of
the quotient function

EﬂLf(is .]: 2, U)
Fr gmeneierrs Ji 0, )’

0<ij<MO0=p o<l
@7)

computes the Gabor coefficients of f relative to the
shifted basis

Em "+’ M "' M k"KL P HL
O=m,n <L Osk,I' <M.

We now derive a formula relating the shifted basis to
the coarse basis. The Gabor expansion of the shifted ba-
sis with respect to the coarse basis can be written as

Em"+m'M, 0"+’ M, k"+k'LI"+I'L (1; r j’ S)

L-1 L-1 M—1 M-1
= 2 2 E d}LM,vM,KL,AL X gp.M,vM,xL,;\L(i’ ¥ js .S'),
p=0 v=0 x=0 A=0
(48)

where {d,m.«20 ) are the expansion coefficients. Tak-
ing the ZT of both sides and applying Theorem 7, we
have

¥ gm"+m'M,r:"+n'M,k"+k'L,f"+I'L(i= Jips o)

L-1L-1 M—1 M—1

= ggLg(!’ Ja [l O-) X Z 2 E 2 dMM,vM.KL,)\L

p=0 v=0 x=0 r=0

pp + VO') (_ iK + jA
R exp | —2me M

x exp (—2m ). @)
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The inverse (M x L) X (M X L) four-dimensional FT of
the quotient function

¥ Gt mM ML el Ji p, o)

0=ij<MO0=p,0<L,

computes the Gabor coefficients of an image frelative to
the coarse basis

gpM,vM,KL,th 0 = M, P < Ls 0= K, A< M.

By applying Theorem 7 to {50) we can rewrite it as

m’k" + H’I") (gzl.gm",n",k",!")(i’ .]’ P, G')
exp (lm 7 % 20> J; pr O)

r ’

mp+n 0') (__ ik' + jI (51}
5 ) ¢cxp 2me Y )

O0=i,j<M0=p, o<,

X exp (-Zm

The quotient function (51) can be rewritten as

L + 1
exp (2m ") HG, s p, )
r + r 'kf + 'll
X exp (—2m ___mpL L J) exXp (—Zm w T MJ ),

O0=<i,j<MO0=p,o<L, (532
where
_ &y gw ), J3 p, )

HO 200 = @ i 9 o)
0= j<MO0=p,oc<L. (53

L

Denote the (M X L) x (M x L) four-dimensional Fourier
transform of H by H. Straightforward computation
shows that the FT of (53) is

mlklf + nllll')
L

X HE —w, U —v,m =k, n' — N,

Ay = €Xp | 2m
o ( (54)

proving the next result,

THEOREM 8. For0=m" < M,0=n"<L,

gm"+m'M‘n”+n’M.k"+k'L.l'"+I'L (l, r, j; S)
m'k" + nrlﬂ)

= exp (Zm 7

K —u, ' —v,m —x,n — )

L1 L—1 M-t M-
x 2 E 2 2
£=0 »=0 x=0 A=0
X guM.VM,KL,AL(i! r; jv S)! (55)

where H is given in (33) and depends on m", n”, k", I".

This theorem relates the shifted basis to a coarse basis
and affords the refinement of a given grid for the purpose
of obtaining any desirable increasing in resolution. Re-
lated problems of $/N are dealt with elsewhere [4]. The
following corollary is an immediate consequence of The-
orem 8:

COROLLARY 3. ForO=m", n" <M, 0=<k"I"<L,
(f gm"+m'M,n"+n’M,k"+k’L,l"+l’L)

_ ex (2 mlk" + nll”)
p {2m —L

X (f, gpM,VM,KL,AL)s . {(56)
where H is given in (53).

kK —p, ' —v,m —xk,n" =X

||M\

We now relate the Gabor coeffictents to those relating
the shifted basis to the coarse basis. From (36) and (46)
we get

%20, j; p, o) HQEEG
F s et J3 1 ) <355 emmern

X exp (—Zm ((rr;:p + n;-)) exp (_2 (‘;JJ Z))

L-1

_55%%. g
= "+ Mot MK L L
m]k" + JI") (_ mfp + nl'o_)
X exp (Zm 17 exp | —2m — 7
ikt + Gl
X exp (—277:. UiV 3 MJ )
COROLLARY 4.
Con"+ uM n"+vM, k" + kL 1"+ AL
ku + [l’f R (58)
= exp (—Zm “—LV—) H™' ** cpupupar L s
where
Hvl ') s P = L ¥
@ s p, o) (Ergm i )i,y J3 p, @) (59)

0=ij<M0=p,0o<L,
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Note that in both (57) and (58), the series have the form
of a four-dimensional cyclic convolution. The presented
formulae enable the computation of the Gabor expansion
coefficients with progressively increased resolution.

7. IMPLEMENTATION AND CONCLUSION

It was previously argued that images [11] and a variety
of one-dimensional signals [13] are nonstationary, and
that Gabor-type expansion is in some sense an optimal
technique for the representation of such signals. The FZT
is in particular suitable for computation of the Gabor ¢x-
pansion coefficients [13]. Since the ZT (and FZT) is infor-
mation preserving, the image can be fully recovered from
its ZT. The only condition required of a Gabor-type (win-
dowed) wavelet function, for its implementation in a de-
composition and representation of an image by means of
a stable computation of the FZT, is that the ZT of the
function not vanish over the fundamental four-dimen-
sional cube. This condition is satisfied by many Gabor-
type wavelet functions which can be synthesized for, and
are of interest in, image representation. In the case of a
Gaussian, which is of special interest because of its
smoothness and optimal quality of position-frequency
localization [11, 5], the ZT contains a zero plane. The
existence of such a zero plane, which is a direct conse-
quence of the “‘Zero Theorem’” [13], is in fact the reason
for the instability encountered in the implementation of
the Gabor scheme using the biorthogonal functions [11].
Using the Gabor elementary function {Gaussian win-
dow), or any other function which has a continuous ZT
and therefore does not satisfy the above stated condition,
one can manipulate the function so as to shift the zero of
its ZT outside of the fundamental four-dimensional cube.
Such a regularization approach was adopted by Aus-
lander et al. in their application of the one-dimensional
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discrete FZT to time—frequency analysis of nonsta-
tionary signals [13]. An alternative approach is to in-
crease the resolution by overlaying grids as presented in
this paper, and to shift the axis of symmetry by a sub-
pixel. The absolute minimum value of the ZT of the
Gaussian then becomes a function of the subpixel dis-
tance by which the Gaussian has been shifted. It has been
shown that there is an optimum value of shift which max-
imizes the minimum value of the ZT of the shifted Gaus-
sian {13, 24].

The example depicted in Fig. 1 illustrates computa-
tional results obtained by implementation of the FZT
technique, applied in Gabor decomposition and recon-
struction from a partial set of Gabor coefficients using
stabilization by subpixel shifting of the Gaussian. The
sequence (from left to right) of the top row of images
corresponds to 600, 1000, 3000, and 9000 coefficients.
For comparison, the results of reconstruction from the
same number of coefficients using the biorthogonal func-
tions are shown (bottom row) [11]. This comparison dem-
onstrates that in order to obtain results of a perceptually
similar quality, the number of components (coefficients)
required with the FZT is about 1/10 of that required while
using the biorthogonal technique.

Another important application of the proposed tech-
nique is in processing of images with progressive resolu-
tion. Theorem 8 indicates how the grid can be iteratively
refined by the shifting algorithm for the purpose of pro-
gressively increased resolution. The filter defined by (58)
can be constructed (realized) as a programmable filter
and updated at each step of the iteration by the corre-
sponding parameters. Further, the proposed approach of-
fers new insight into the important issue of subsampling
without aliasing.

Thus, the FZT offers a powerful technique for image
representation and analysis in the combined position—

FIG. 1. Gabor decomposition and reconstruction from a partial set of coefficients. Top row: using Zak transform. Bottom row: using
biorthogonal dual (gamma) functions. The sequence from left to right corresponds to 600, 1000, 3000, and 9000 coefficients.
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frequency space. Being a DFT-based technique, it also
lends itself to interesting VI.SI architectural designs
which may afford on-line real-time implementations.
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