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Orthogonalization of Circular
Stationary Vector Sequences and Its
Application to the Gabor Decomposition

Nikolay Polyak, William A. Pearlman, Senior Member, IEEE, and Yehoshua Y. Zeevi

Abstract—Certain vector sequences in Hermitian or in Hilbert
spaces, can be orthogonalized by a Fourier transform. In the
finite-dimensional case, the discrete Fourier transform (DFT)
accomplishes the orthogonalization. The property of a vector
sequence which allows the orthogonalization of the sequence by
the DFT, called circular stationarity (CS), is discussed in this
paper. Applying the DFT to a given CS vector sequence results
in an orthogonal vector sequence, which has the same span as
the original one. In order to obtain coefficients of the decom-
position of a vector upon a particular nonorthogonal CS vector
sequence, the decomposition is first found upon the equivalent
DFT-orthogonalized one and then the required coefficients are
found through the DFT. It is shown that the sequence of discrete
Gabor basis functions with periodic kernel and with a certain
inner product on the space of N-periodic discrete functions,
satisfies the CS condition. The theory of decomposition upon CS
vector sequences is then applied to the Gabor basis functions to
produce a fast algorithm for calculation of the Gabor coefficients.

I. INTRODUCTION

N this paper, we present and utilize extensively properties

of a class of vector sequences called circular stationary
(CS). The definition and properties of CS vector sequences
have correspondences in the theory of wide-sense stationary
(WSS) random processes. Both the WSS process and the
CS vector sequence are sequences in a Hilbert or Hermitian
space and possess the characteristic of translation invariance.
Therefore, many theorems from the theory of WSS processes
can be directly applied to the CS vector sequences. In the
finite-dimensional case, theorems pertaining to the CS se-
quences find equivalents in the theory of circulant matrices.
The translation of relevant theorems into the language of
vector Hermitian or Hilbert space allows the derivation of
significant new properties. In the attempt to simplify certain
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proofs and ascertain whether or not a vector set is stationary,
we present a group theoretical approach to. stationarity. We
then apply the approach to the Gabor decomposition and derive
a new fast algorithm for its computation.

The paper is organized as follows: In Section II, the main
theory of circular stationary sequences is expressed as vector
language, orthogonalization and decomposition of these vector
sequences are considered, and some examples are given. In
Section III, some applications of the orthogonalization and
decomposition theorems are shown. In Section IV, a group
theoretical approach to the problem of circular stationarity is
developed. In Section V, it is shown how to find a vector
set that is biorthogonal to a given circular stationary vector
set, even in the case of undersampling. The theory of orthog-
onalization and decomposition of stationary (not necessarily
circular stationary) vector sequences is presented in Section
VL In Section VII, the decomposition theorems, the group
theoretical approach, and biorthogonal .basis determination
are extended to multidimensional vector sequences and, in
particular, to the discrete Gabor functions. In this section, a
fast algorithm for decomposition on the Gabor basis is derived.
The resulting formulas are expressed in Section VIII in terms
of the Zak transform, and comparisons are made between our
method and the ones developed in [10]-{12].

II. THEORY AND DEFINITIONS

Definition 1: Given a Hilbert or a Hermitian linear space H,
the continuous (discrete) 1-D vector sequence x(t) (x[n]) is a
mapping of continuous (discrete) variable ¢ (n) into the space.
The function that yields inner products between any two of
such vectors R (t1,t2) =< x(t1),%x(t2) > (R[n1,mn2] =<
x[n1],x[ng] >) is called the autocorrelation function of the
vector sequence. :

For simplicity, we describe the discrete parameter case
explicitly with analogous application to the continuous case
understood.

Definition 2: The homogeneous (stationary) vector se-
quence is the vector sequence whose autocorrelation depends
only on the difference between the second and the first

arguments:
R[TL],nz] = R[nl - n2,0].

In this case, we call a single argument function R[n] = R[n,0]
the autocorrelation function of the sequence.
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Examples of stationary vector sequences are described be-
low.

Example 1—Wide Sense Stationary Stochastic Process

Any wide sense stationary stochastic process z{n] with inner
product given by < z[ni], 2[ng] >= E{z[n1]Z[ns]}, where E
denotes the expectation and Z the conjugate of z, is a stationary
vector sequence.

Example 2—Time Shifts

Consider a sequence g, (t) = g(t—nAt) in L, space, where
L, is a Hilbert space of all square integrable functions with
inner product between any two functions g(t) and h(t) in the
space given by the following formula:

<gh>= / gt

and g(t) is a function in L£,. From the definition and the
substitution below, g,(f) is a stationary vector sequence.
Indeed

Rg[nh n2] =< Gn,r9n, >

o0
= / 9(t — n1 At)g(t — noAt)dt

— 00

-/ " gt — (m - n2)) DGt

—00

= Rg[nl d ’nz,O]

Example 3—Frequency Shifts

Consider a sequence g,,(t) = g(t)e’™in L, space. Again,
the sequence is stationary, as follows:

Rg['ﬂ],‘ﬁ;g] =< 9ny; Gn, >

. — / g(t)ej"‘mg‘](t)e‘jnzmdt

- /_00 g(t)(t)ej("‘““Z)”tﬁ(t)dt.

= Ry[ny ~ ng,0]

Consider now a periodic vector sequence: ...,x[N —
1], %[0}, x[1],---,x[N — 1],... and the N unique vectors
in this sequence x[0},x[1],---,x[N — 1].

Definition 3: The sequence of N vectors x[0],x[1],
-+ ,x[N — 1] is called a CS sequence with period N,
if when continued periodically in both directions, it will
produce a stationary sequence. Note that this condition can be
reformulated in the following way: For n; and ng, where n;
and ny are any integers greater than or equal to zero and less
than N, the following is true:

R.[n1,n2] = R;[(n1 — n2) mod N, 0] 1)

where (n; — ns) mod N is the remainder after division of
ny — Ny by N.
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Note that the definition of CS sequences does not coincide
with that of cyclostationarity. Actually, the CS sequences are
precisely those that are periodic stationary and stationary at
the same time.

Let us consider examples of CS vector sequences.

Example 4—Two Equal Norm Vectors with Real Inner
Product. (Two Equal Norm Vectors on the Real Plane)

Let there be two vectors x[0] and x[1] in an Hermi-
tian space M of the same norm (||x[0]||®> = [|x[1]||> =
< x[1],x[1] >= a), such that their inner product is real:
< x[0],x[1] >= b. Extending periodically this vector se-
quence in both directions results in an infinite periodic vector
sequence ..., x[0}],x[1], x[0], x[1], .. ., which is stationary. In-
deed, since < x[0],x[1] > is real and < x[0],x[l] >=<
x[1],x[0] >= b, it is found that

_Ja if ng —mnyiseven
Ralm,nz] = {b if nq —ny is odd

Since the autocorrelation function depends only on the differ-
ence of its arguments, the extended sequence is stationary and
the first sequence is circular stationary.

Example 5—Equally Spaced Three Vectors on a Real Plane

Consider a real plane with an Hermitian structure added by
introducing multiplication by j = \/—1. However, all of the
inner products of the vectors of the plane will remain real. Take
a vector sequence on that plane x[0],x[1], x[2] consisting of
three vectors of the same norm, such that angle(x[0], x[1]) =
angle(x[1],x[2]) = angle(x[2),x[0])) = 2F, as shown in
Fig. 2, where the function angle is an ordinary angle taking
values from 0 to 27 and is measured from the first argument
vector to the second in the counterclockwise direction. The
extended periodic sequence is stationary and the original
sequence is CS.

Example 6—Time Shifts of a Periodic Function

Consider the same situation as in the Example 1, only
assume that the function g(¢) is periodic with period NAt.
Now, there are only N unique functions in the sequence
gn(t) = g(t — nAt) for n = 0,1,---, N — 1. Since g(t) does
not belong to Ly, the space is taken now to be P[0, NAt] of
N At periodic functions and square integrable on the interval
[0, NAt].! For any two functions g(t) and h(t) in P[0, NAt],
foNAtg(t)ﬁ(t)dt is defined to be their inner product. The
periodically extended sequence is stationary (the proof of the
fact is very similar to that of the Example 1) so that the
functional sequence g,(t) is CS.

Example 7°—Frequency Shifts (Modulation)
of a Discrete Function

Consider a space D, of discrete, square summable func-
tions. For any two functions g[k] and k{k] in the space, define

IThis actually means that the function is square integrable on any finite
interval. :

2Examples 6-and 7 are actually dual since the Fourier transform of a discrete
function is periodic, and time shifts correspond to modulation in the frequency
domain.
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Yo . glklh[k] to be their inner product. The sequence
gnlk] = g[k]e™F¥ in the space is periodic since g,+n[k] =

g[k]e?nFNIFFE = g[k]einFFkei2mk = g k], and the extended
sequence is stationary:

Rini,nal = Y gn,[klgn, k]
k=—0c0 -
= Y gkl Fglkleme ¥
k=—00
= Z glk]ed (1) R kglk]
k=—o0
= R[n1 — ng,O].

Therefore, the functional sequence g,[k], where n =
0,1,---,N —1, is CS.

The orthogonalization theorem for CS vector sequences
can now be stated. This theorem has an analog not only
in the theory of stochastic processes, but also in the theory
of the circulant matrices, where it assumes the form of the
diagonalization theorem for circulant matrices (see [5]).

Theorem 1 (Orthogonalization of CS Vector Sequences):
Given a CS vector sequence x[0],x[1],---,x[N — 1] in Her-
mitian (Hilbert) space H, we can obtain an orthogonal vector
sequence y[0],y[1],---,y[N — 1] that spans the same linear
space as the sequence X, by applying to the original sequence
the DFT of order N:

N-1
ylk] = 3 x[ijem9 %%, @

=0
The nymber of nonzero vectors in the sequence
y[0],¥[1},---, ¥[N — 1] equals the maximal number
of linearly independent vectors among the sequence
x[0], x[1], - - -, x[N —1]. The sequence x[0},x[1], - -, x[N —1]

can be recovered from y[0],y[1],---, ¥[N
to it the inverse discrete Fourier transform:

1 N-1
=5 O ylRe ¥
N k=0

— 1] by applying

&)}

First, we sketch the proof and then give the proof itself. To
prove that the DFT (as in (2)) really orthogonalizes the basis,
we can just take the vector product of two different vectors out
of sequence y[0], ¥[1], -+, y[N—1] and use the CS condition
to prove that it equals,zero. The proofs of the two other
statements of the theorex#l are also simple and straightforward.
The inversion formula is proved by substituting into it the
expression for y{i] given by (2). From here, we obtain the
proof of the fact that the two sets of vectors are equivalent and
therefore the number of nonzero vectors among the orthogonal
sequence y|i] should equal the dimension of the span of the
sequence x[i]. It is important to notice that the vectors yfi]
are not necessarily of the unit norm and not even necessanly
of the same norm.
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Proof: To prove that the vectors y (k] obtained according
to (2) are mutually orthogonal, consider the inner product

<ylk,¥[l] > =< Z X[Z]C—JW'k Z x[n]e"iw'"l

n=0
N-1N-1
s 2x s27
= Z Z e I FikeI Tl < x[i], x[n] >
i=0 n=0
N-1N-1
P
=3 > MR i) @
=0 n=0

and utilize the CS property. The expression above is the sum .
i ¥ (=) R_Ti n] over pairs (i,n); therefore, each of them
is employed once and only once. The terms of the summation
are rearranged in the following manner. Consider line segment
[0, N] reformed intc a circle by putting together its ends: N
and 0. Now, fix an integer p equal to the circular difference
(i —n) mod N, and set up the requirement that when i cycles
through values from 0 to N — 1, n takes values lying p
samples away from ¢, counterclockwise on the circle. For each
i =12-.-,N -1, with p fixed in turn from 0 to N — 1
each of the pairs (%, n) is traversed only once. Because of the
CS property, R.[¢,n] depends only on the circular difference
between ¢ and n.

If we fix p, we can rewrite the above expression as

N-IN-1 :
egw-(nl-—((n +p)modN)k)RI[1:’ 'fb]
p=0 n=0 :
NoIN-1
f F (= ((ntp)mod k) p 1y )
=0 n=0
N-1
— R.[p Z 5 (nl=((n+p)mod N)k) (5)
=0
Now, for a given p, consider S, = 271:::01

3 B (nl—((n+p)mod N)k) We note that

3 5F (nl—((n+p)mod N)k) . i3 (nl~((n+p)mod N)k)mod N
= i F(nl—(n+p)k)modN -

= ¢l F(n(l=k)~pk)mod N

=l 25 (n(l—k))mod N —(pk)mod N

= ¢~ i % (Pk)modN j3F (n(i~k))mod N

©)

and observe that

N-1
—a2r
S,=¢ 7% (pk)mod N Z el

n=0

%"-(n(l—k))mod}\’.

However, if | — k # 0, then Y1 e/ F (r(=k))modN _ ¢
Sy, =0, and < y[k],y[l] >= 0. Therefore, the vectors y[k]
are mutually orthogonal.
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The straightforward calculation below proves that x[g] is the
inverse DFT of the y[k] sequence:

1 = 2 1 . P
NZ ylkle ¥H = X[n]e ™3 Fonkei ki
k=0

N-1

Because Y n ' e~/ ¥ ("= equals 0 for any n — i # 0 and
equals N for n = i, the expression gives x[i].

Every vector of the sequence y[k] can be obtained as a
linear combination of the vectors x[i]. The opposite is also
true: Every vector of the sequence x[i] can be obtained as
a linear combination of the vectors y[k] Therefore, the two
sequences must have the same span. Suppose that vectors x([g]
span a space of dimension D < N. Therefore, there should be
D linearly independent vectors among them, which constitute
a basis of the span and .N — D vectors linearly dependent upon
them. The same should be true about y[k] sequence, but since
this sequence is orthogonal, the linearly dependent vectors will
be zero, and D vectors will be nonzero. Therefore, the y(k]
sequence has exactly N — D zero vectors. O

Another way to prove this theorem is the following: One can
notice that the autocorrelation of the circular stationary vector
set is a circulant matrix and then use the circulant matrices
diagonalization theorem (see [5]).

Suppose now that we have a vector r and want to find
coefficients c, ci,-+-,cn—1 such that |lr — S8 o cex[k]||2
is minimal. The vector

N-1
o= 3 cixl]
k=0

is then the projection of r on the span of vectors
x[0], x[l] -, x[N — 1]. Slnce the orthogonal sequence
{yli]}5" is equivalent to {x[k]}r ' and the transformations
to and from one to the other are known, we can find the
decomposition of the vector r on the basis {y[i]}~,' and
then obtain the coefficients cg, ¢1,---,cny—1 using the above
transformations. More precisely, we have. the following
theorem.

Theorem 2 (Decomposition of CS Vector Sequences): With
notations as above, the coefficients cg,cy,---,cn—1 are ob-
tained according to the following formula:

)

N-1 1 .
Cp = o < r,y[i] > eI Tk, 8)

i=o it VI
In other words, to obtain the coefficients of vector decomposi-
tion on the CS vector basis {x[:]} ', one can decompose the
vector on the orthogonal basis {y[i]}/_;" and take the DFT
of the coefficients.

1781

Proof: The projection of vector r on an orthogonal set

{y[il}N5" is found to be
N-1 1
Tpr = Z NolE < r,y[i] > yli]- )
i=0,|[y[i]l|#0
Now, substituting for y|[¢], the expression given by (2) yields
N-1 N1 e
o = T < Yl > X ke R
i=0, Il [1]10 k=0
- 1 N
- x[k] Z e < r,y[i] > eI FE
k=0 i=0,([y[i]|{#0
(10
The inner summation in (10) is the coefficient c. O

Note that after substituting into (8) the expression for the
y; given by (2), the coefficients ¢; of the decomposition
can be expressed through inner products < r,x[i] > of
the decomposed vector r and the vectors x; of the original
sequence:
i%Fik

1 ‘2m
—_yvN-1 N-1 —j&rl -
Ck_El:o’”y[t]”#——ny[l]llz <I‘,Zl:0 x[l]e N">e

=V SNo <, x[l] > e N F ik,

an
The procedure for finding coefficients c; based on (11) is,
however, longer than that based on (8) because there are two
FFT’s involved instead of one. In the Gabor decomposition
case treated later, the difference between the two procedures is
even greater due to the structure of {x[i]}N 5! and {y[i]} 5 .
Notice that the above theorem is applicable in the cases of
undersampling as well, when the vector r does not belong
to the span of {x[i]}5! and oversampling when the vectors
{x[s)}5! are linearly dependent.

20 Ntz (Tl ny[ (1

III. EXAMPLES OF APPLICATION OF
ORTHOGONALIZATION AND DECOMPOSITION THEOREMS

Example 1—Two Equal Norm Vectors with Real Inner
Product (Two Equal Norm Vectors on a Real Plane)

Consider the vector sequence given in Example 4 of the
previous section. The vectors x[0] and x[1] are orthogonalized
by DFT:

y10] = x[0)e™ 00 4 x[1]e=F 10 = x{o] + x{1]

¥l = x0le 7O 4 x{1]e~i ¥ 10 = x{o] - x[1].

If x[0] and x[1] have the same norm and a real inner product,
vectors y[0] and y[1] are orthogonal, as illustrated in Fig. 1.
Given a vector z, its projection on the span(x[0], x[1]) is

Zpr = CoX[0] + c1x(1]
where

co= < zy[0] > +7——— < 2z,y[1] >

1
[ly[o]I? Iy [1]l|2

c1 = <z,y[0]> Z,y[1]>

L .
Iy [o]i)? Iy (ali®




1782

y2 = Xy — X2
1 yi=X1+X2

X2

Fig. 1. Two vectors of equal length, x; and x2 on a real plane and their
orthogonalization. Note that y; and y2 are orthogonal to one another.

X2,

X1

X3

Fig. 2. Three equally spaced vectors X1, X2, and X3 on a real plane.

Example 2—Three Equally Spaced Vectors on a Real Plane

Consider the situation as in Example 5 of the previous
section. This example is of interest because in this case the
dimensionality of the space D is less than the number of
vectors N in the sequence. D = 2, and N = 3, so that
N — D = 1. We find that

y[0] = x[0] + x[1] + x[2] = 0

and the other two vectors y[1] and y([2] are nonzero. This
example illustrates the fact that the number of nonzero vectors
among the sequence yk] equals the dimensionality of the space
spanned by ({x[i]}}

-

Example 3—Time Shifts of a Periodic Function

1=0 )

Consider the functional sequence g; in Example 6 of the
previous section. By applying the orthogonalization theorem,
we obtain an orthogonal functional sequence hy,

N-1 N-1
hi(t) =D gi(t)e I F* = 3~ g(t — iat)e I F* (12)
=0 =0

for k= 0,1--- N — 1. Now, taking [|h:][? = f;¥** [hs(t)|2dt,
we can use the decomposition theorem and (8) to obtain the
coefficients of decomposition of an arbitrary N At-periodic
function f(t) € P»{0; NAt] (notation as in previous Example
6) on the sequence g,(t):
N-1 1 sNAL - an
NPV o) ARG

h
k=0, |hs(8)] 10
13

Example 4—Frequency Shifts of a Discrete Function

Given the conditions of Example 7 of the previous section,
by the use of the orthogonalization theorem, a set of orthagonal
functions h,[k] can be found in D,, which is the space of
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discrete, square summable functions, by taking the DFT of
the original set

N1 o N-1 .
halk] =) gilkle™7Fim = 3~ glkle ¥ike—s%in
i=0 i=0
N-1
= g[k] Z eI Filk—n)
=0
= Nglk] > 68[k - n+IN] (14)
l=—00
where n = 0,1---N — 1 and §[k] is a discrete impulse

function, which equals 1 at zero and O everywhere else.
Analogous to (8), the coefficients of the decomposition of
some function- f[k] on the sequence g;[k] are

N-1
“= 3 ]nz( Z Flklhn[R])e™3 Fin
—Ollh»IkH#O "
w0l o 1= L0112
5> fln = Nljgln — Nie™/ % (1s)
and ||hn[K]|[* = N2 352 _ lgln — NUI).

IV. GROUP THEORY APPROACH TO CS

Proofs of the theorems regarding CS can be simplified by
adopting a somewhat different viewpoint.

Definition 4: Given a Hermitian (Hilbert) space #, a linear
transformation P of the space onto itself is called a linear
isometry, if it preserves the norm, i.e., for every a € H,
||Pal| = |Jall.

We shall need the following property of a linear isometry:
With the conditions as above, for any two vectors a,b € H,
we have

< Pa,Pb >=<ab>. (16)

To prove this, notice that ||P(a + b)||> = |la + b]||?, ie.,
||Pal|?> + 2Re < Pa,Pb > +||Pb|]> = ||a||> + 2Re <
a,b > +|[b||?, or, since ||Pal|” = ||a||* and [|Pb||? = ||b|?,
we have Re < Pa,Pb >= Re < a,b >. By considering
the difference ||a — b||?, we prove that Im < Pa, Pb >=
Im < a,b >. Noticing that P~ is also a linear isometry, by
applying recursively (16), we obtain

< P"a,P"b >=<a,b > an

for any integer n.

Definition 5: Given a linear isometry P, P™ is also a linear
isometry for any integer . Denoting the identity transforma-
tion (which is also a linear) isometry by I, one can see that
the set ..., P71, I, P,P2,..., P",... constitutes an Abelian
(commutative) group with respect to multiplication. We shall
call P a basis of the group and say that the group is established
by P since all of the nonzero elements of the group are orders
of P. If PV = I, and there is no positive N; < N such that



POLYAK e al.: ORTHOGONALIZATION OF CIRCULAR STATIONARY VECTOR SEQUENCES

PNt = ], the group established by P is called an N-cyclic
group.

Theorem 3: A set {x[i]}N5' is CS iff there is a linear
isometry P, which is a basis of an N-cyclic group, such that
x[i mod N] = P*x[0] for any integer i.

Proof: Suppose there is such an isometry P. Then, we
have R[ni,na] =< x[ni),x[ns] >=< P™x[0], P"2x[0] >
Now, using (17), we obtain

< Px[0], P2x[0] > =< P~"2(P™x[0]), P~"2 P™x[0] >
=< PM—m2x[0], x[0] >
= R[’n1 — N2, 0]

and the sequence is CS.

To prove the converse, assume that {x[i]}}¥;! is CS.
Suppose it spans a subspace S € H. Applying DFT to the
set {x[z]},_0 ,we obtain an orthogonal sequence of vectors
{y[i]} 5" that may contain zero vectors. Consider now the
linear transformation Ps of the subspace S onto itself, such
that

Ps(y[k]) = & ¥y [k]. (18)
The transformation is an isometry of S since for every vector
a = 2N a;ylil, where a; is assumed to be zero if yl[i is
zero, we have

N-1 -
[|Psalf? =< Ps(>_ ai}'[i])7ps(z ary[k]) >

=0
N-1 N-1
=< 3" aiPsy[il), ) axPsylk]) >
1-0 k=0
=< Z eI Fiazyli)), Z eI Frapylk]) >
1=0
N-1
= aid; < ylil,ylil >= llal®. (19)
=0

Pg establishes a cyclic group since Pg’ = I. In addition, we
have

2

-1

Psx[i] = Ps(y[k])e? ¥*

zZ|~
2 >
i
— O

ylkle ¥iciE

1]
2| -
i
- O

2=

y[k]e? FrGE+D)

Eo

= x[(¢ + 1) mod N}. (20)

If St is a complement of S in #, then we can write
H = S+-@S. If I, is the identity operator on S1, then
the operator P = Is. @ Ps is a linear isometry of H,
and Px[i] = x[(¢ + 1) mod N], and therefore, P"x[0] =
x[(n) mod N]. a

The linear isometry P associated with a CS set {x[i]}}¥ !
is called the linear isometry of the set.
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In addition, from the proof, one can see that the linear
isometry P of a CS set {x[i]} ¥ ;! will transform the elements
of the set {y[i]} Y5}, which is obtained by applying the DFT
to {x[i]}:=' 1, according to the following formula:

P(ylk]) = e/ FFylk).

V. BIORTHOGONAL BASIS AND PROOF OF THE OPTIMALITY
OF THE SET OF THE COEFFICIENTS IN CASE OF OVERSAMPLING

D

Suppose that there exists a finite set of vectors {x[i]} g’
that spans a subspace S of some Hilbert or Hermjtian space
H. Suppose that there exists a set {X[i]} 5, such that for
every i x[i] € S, and for every r € H, the following holds:

N-1
rpr =y < 1,%[i] > x[i] @2
=0
where r,, is the projection of r on S. Then, the set {X][i] Nt
is called a biorthogonal vector set of the original vector set
{x[5]}¥5". Note that it need not be unique.
Rearranging (8)
N-1

1 o s
*= R < vl > R
i=olyTli#o Y
N-1 A
—er, Y Mg @3)
' o I ENP
i=0,|ly[é]l/£0
and one can see that the set {[k]}¥5', which is given by
N-1 .
- yli] j2Eik
= 24
= 2 e e
i=0,{[y(4]{|#0
is a biorthogonal set of the CS set {x[z]} 5. Indeed, every

X[k} is in the span of the set {y[z]}N and therefore, in
the span of the original set {x[i]}7'. In addition, using
(10), one can see that (22) also holds and the coefficients
of the decomposition of an arbitrary vector r € ’H on the set
{x[i]}}5" are given by

c; =< r,X[i] > . 2%
Theorem 4: With notations as above, g1ven that P is the lin-
ear 1sometry of the CS vector set {x[i]} /", the biorthogonal
set {x[k]}1;! is also CS with the same linear isometry P.
Proof- As was shown, P acts on the set {y[i]}N5!

=0
according to (21), and therefore
N-1

>

i=0,||y[i]l|#0
N-1

P(x[k]) = P(

i=0,|ly[d]}|#0
N-1 )
_ }’[Z] oI Fik i i

Ty e

. U
i=0,||yli]|I#0 IIyale

= x[(k + ]_) mod N]

i=0,|ly[i]||#0
N-1
J2Zi(k+1)

(26)
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Note that finding the cdefficients of the decomposition either
through the biorthogonal set or through the Fourier transform
is equivalent and also works in the cases of undersampling
and oversampling.

Suppose that there is a Hilbert or Hermitian space H and a
CS set of vectors {x[i]};-" in it. Suppose that this set spans
a subspace S of M and that the dim(S) < N, i.e., vectors
{x[i]};5" are linearly dependent. Then, given a vector r,
one can see that the set of the coefficients {c,}fv_o1 of the

decomposition of the vector on the set {x[i]}?*5!, such that
N-1
rpr = z cix|i] Q@7
: =0

will not be unique. However, we can prove the following the-
orem concerning the optimality of the representation obtained
through (8) or (25).

Theorem 5: Under the above conditions, (8) and (25) pro-
vide the optimal set of coefficients, i.e., the set with minimal
sum of the squares of their norms:

N-1
3 Jleil|? = min.
=0

Proof: Since (8) adduces (25), it is sufficient to prove
the fact only for coefficients obtained by means of (8).
Consider

(28)

N-1
d; =
i=0,}|y{i]||#0

<ryli]>.

1
Iy (]I}

Then, using (9), one can write

N-1
. tr= Y, diyli]

29
=0, |ly[i]l|#0
or taking d; = 0 for such ¢ that ||y[¢]|| = 0, one can rewrite
the above equation as
‘ N-1
= 3 diyli]. (30)

i=0

Since y[7] is an orthogonal basis and d;’s are zero for ||y[¢]|| =
0, these d; coefficients are optimal in the mean square sense
for the basis {y[s]} 5! (the sum of their squares is minimal).
Indeed, the only other possibility for choosing the d; coeffi-
cients, so that (30) would still yield a projection, would be
to choose nonzero coefficients for such 3’s that ||y[i]|| = 0,
which could only increase the norm. Because of (8), one can
see that the ¢;. coefficients are the DFT of the d; coefficients.
Suppose that another set ¢; has a smaller sum of the squares
than the c;’s, and the formula analogous to (7) still holds with
¢y, instead of ck. Then, the corresponding coefficients d; of
the decomposition on the {y[i]}}*; basis would be obtained
through the inverse DFT of the ¢. Since the inverse DFT
preserves the norms up to a scalar, the sum of the square
norms of the d; would be less then the sum of d;’s, which is
a contradiction. |
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VI. COMPARISON WITH STATIONARY SEQUENCES

Consideration of the orthogonalization and decomposition
technique for the CS vector sequences was actually prompted
by the existence of a theorem stating that any stationary vector
sequence can be orthogonalized by the Fourier transform,
which in turn is related to the fact that the Fourier transform
of a wide sense stationary (WSS) random process is a white
(uncorrelated) process.

Theorem 6—Orthogonalization of Stationary Stochastic Se-
quences: The Fourier transform of a continuous (discrete)
WSS random process z(t) (z[n]) is a white noise process
y{w), where w assumes values from —oo to oo (from —7 to 7
in the discrete case), with power equal to the power spectral
density (psd) of the process z(t) (z[n]). The psd is the Fourier
transform of the autocorrelation function of the process. (For
proof see [1].) ‘

From here, we obtain the following theorem regarding any
stationary vector sequence:

Theorem 7—Stationary Vector Sequences Orthogonalization
Theorem: The Fourier transform of a continuous (discrete)
stationary vector sequence x(t) (x[n]) is an orthogonal vector
sequence

y(w) = / ~ x(t)e I«tdt 31
or (for the discrete case)
y(w) = E x[n]e~dn (32)

where w assumes values from —oo to oo (from —7 to 7 in
the discrete case), with the square of its norm equal to the psd
of the vector sequence x(t) (x[n]):

lly@)II* = 8z (w).

The psd is the Fourier transform of the autocorrelation function
of the vector sequence

(33)

Sp(w) = / R, (t)e™7*dt (34)
oo _
or in the discrete case
Sa(w) = Z Rg[n]e™3vm, (35)

n=-—oo

We can also derive a decomposition theorem for stationary
vector sequences, which we state here only for the discrete
case.

Theorem 8—Decomposition of Stationary Vector Sequences:
Given a stationary vector sequence x[n] in a Hilbert space H
and a vector r whose projection r,,. on span{x[n]} ___ isto
be decomposed on the sequence x[n], the coefficients ¢, of the
decomposition are found by projecting r first on the orthogonal
sequence y(w) and then taking the Fourier transform, the result
of which is

3

n _,,ny( 1 36).

5 <1,y(w) > e dw.
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The integration in (36) is performed only over regions of
the interval [—m, 7], where ||y(w)|| # 0. It is important to
notice that in this case, vectors y may not be in the space H,
but they must be linear functions on H. The proper definition
of the norm, which is utilized in our examples, is a subject by
itself and will not be treated here.

Example 1—Time Shift Sequence

Consider a functional sequence g,(t) = g(t — nAt) as in
Example 1 of Section II. The Fourier transform of the sequence
is

oo

Z g(t — nAt)e™3m.

n=—oo

he (t) = 37

When attempting to decompose a function f(t) on the basis
gn(t), it is desirable to decompose it first upon the sequence
h(t) and then take the Fourier transform.

Example 2—Frequency Shift Sequence

Consider the sequence of frequency shifts of a function as
in Example 3 of Section II. Orthogonalization of the sequence

gn(t) = g(t)e’™ ¥ is accomplished by application of the
Fourier transform to yield
oo
ho() = D gB)e™ e 42 g(t) o2 o, /)
= 2mg(t) Z 8(QU — w — 2mn)
n=—o00
2m = w 2m
= ﬁg(t) Z ot—g - ﬁn)
n=-—oco
2T = w 2m w 27
= ﬁn:—oog(ﬁ +gnt-g-qn 68

where §(t) denotes the Dirac function. One may verify that

hu(®)][2 = 22"'-°°‘~"( R0

The coefficients of the decomposmon of any function f(t)
on the basis g,(t) may therefore be obtained through the
following formula:
. /“ P YL o G+ g+ FD
n — .
o A2 lg(g + )P

(39

e dw.

(40)

VII. MULTIDIMENSIONAL VECTOR SEQUENCES

A. Definitions

The theory presented above can easily be generalized to
consideration of multi-dimensional vector sequences.

Definition 6:. The continuous (discrete) R-dimensional vec-
tor field x(t1,%2,- -+ ,tg) (X[n1,n2,--,ng|) is a mapping of
the continuous (discrete) R-dimensional space (t1,%2,---,tR)
(n1,nse,---,ng) into a Hilbert or Hermitian space. The func-
tion Ry (t1,t2,-,tR; 81,82, --,8R) =< x (1,12, -, tR),
X(Sl, 82, ,SR) > (Rm[nh N2, MR M1, Mo, - amR] =
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< x[ni,n2,---,ng),xX[m1,ma,---,mg] >) is called the
autocorrelation function of the vector sequence.

In the rest of this section, we shall restrict our attention to
discrete multi-dimensional vector sequences.

Definition 7: The homogeneous_(stationary) multidimen-
sional vector sequence is the vector sequence whose autocor-
relation function depends only on the difference between the
corresponding elements of the first and the second arguments:

) mR]

,nR—mR;O,O,--~,O].

R[nl, ng, -+
= R[n1

yMR; M1, TN, -

— M1, Ny — M2, **

Definition 8: The multidimensional set of Ny Xx Np X --- X
Ng vectors {x[ni,ng,: nR]}g]"_ ,Z;L;LOR .mp=0 I8 called a

CS sequence, with period NV; in the ith dimension, if its peri-
odic extension in each of the dimensions generates a stationary

sequence. By penodlc extension of an N3 X Na X - - - X Npg se-
N, N
quence, {x[ny,ne," nR]}m"_O%LO’R =0 is meant to be

a sequence {pP[n1,n2,  *, MR nros oo mpm—oo,np=—co Of
infinite extent in each of the dimensions, with the property that
plni+ai1 N1, n2+az2Ns, -+ - ,nr+arNg] = x[n1,n2,- -+, nR]
for any integers a1, az,--,ar, Where, for 0 < n; < N,
1 =1,2,--- R.

The orthogonalization and decomposition theorems can be
applied to multidimensional stationary and CS vector se-
quences by substitution of multidimensional Fourier trans-
forms for one dimensional ones. In addition, the biorthogonal
basis can be obtained in exactly the same way by means of
multidimensional Fourier transforms.

B. Group Theory Approach to Multidimensional
Circular Stationarity

The properties of multidimensional circular stationary se-
quences can be readily expressed through group theory. For
this purpose, we begin with a basic theorem from Abelian
group theory.

Theorem 9: Given a finite Abelian (commutative) group
G, we can always find a set of elements of the group
{Py, Py,---, Pr}, such that the groups established by the
elements of the set are cyclic, with the length of the cycle
corresponding to P; equal to N;, and every element A of
G can be represented as Py Py'®, where aj,az,---,ag are
integers. The set {P;, P, --- Pr} is called the basis set of the
group. The number R is called the dimension of the group.
The basis and the dimension of the group may not be unique.

We state the most pertinent theorem of this subsection.

Theorem 10: An  R-dimensional set {x[ni,no,-:-,
ng) ,’;’;f‘.{q; 'Ig‘* a—o 18 CS iff there exists a finite Abelian

(commutative) group G of linear isometries of a Hermitian
(Hilbert) space onto itself, with basis {Py, Py, -, Pr}, with
the length of the cycle corresponding to F; being equal to
N;, such that

x[n1 mod Nq,n2 mod Na,---,ng mod Ng]

= P Py .. PR"x[0,0,---,0]. 41)
We call {Py,P,,---,Pr} the set of isometries of the CS
sequence {X[ny,7n2," -, nR] 1"\’1"_13’,;2';1(\,]" .nr=0- The proof of
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the theorem is very similar to that of the analogous theorem
for 1-D CS sequences. The theory for the multidimensional
case is very similar to that for the 1-D one.
The following theorem is helpful for further considerations:
Theorem 11: The set biorthogonal to a multidimensional
CS set is also multidimensional CS and has the same set of
isometries.

C. Orthogonalization and Decomposition of a
Sequence of Discrete Gabor Functions

Here, we apply results obtained in previous sections to the
discrete Gabor decomposition of functions (signals). Gabor
decomposition is the representation of a function f(t) € L,
by a linear combination of time (or position) and frequency
shifts of another function, which is called the kernel of the
transform, i.e., the problem is to find a function

fe o)

f(t) = z Cn,mg(t — nAt)ei“om™

n,m=—oc

42)

where f is the best approximation of the function f (t) in the
mean-squared sense. Here, At and wy are time and frequency
shifts. The Gabor expansion was first introduced in [2] and
has been applied to signal and image decomposition (see [3],
(13}, and [14]). Gabor decomposition of discrete signals was
considered in [8].

Here, we consider the Gabor decomposition for discrete
periodic signals. The same problem was also considered in
[10]-[12].

Consider a linear space F, of discrete L-periodic functions
(functions with period L). One can introduce inner product on

- this space in the following way: For two functions f,g € Fp,
take

L-1

<fig>=)_ fli+iolgli +io]

=0

43)

where g denotes the complex conjugate of g, and ¢y, which is
the starting point of the summation, is some integer. One can
see that the inner product defined as above does not depend on
9. The functions from Fj, can be obtained in the following
two ways: Either one can take a discrete square integrable
function f and consider the sum of its L-shifts:

Y. f(k—Ln)

n=—oo

44

or one can let such a function assume any values for £k =
10,20 + 1,79 + L — 1 and extend it periodically for all L.

Assuming N and M are some divisors of L, let us define
two unitary operators on F, of time shift and frequency shift
Tr and Ey for f € Fp, in the following way:

Ty(f)[k] = flk - L/M] (45)

and

En(f)[K] = e¥* f[k]. (46)
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Definition 9: The periodic M x N Gabor set for the space
F1 is the set of functions {g,, },Af_olmN !

—0 such that
gnmlk] = (EN)™(Tar)"(9)[k] = e¥*™glk — nL/M]. 47)

The function g € ¥, is called the kernel of the transform.
The strong point of the methods for the Gabor decomposi-
tion presented in this paper is that all of them (including the
method considered below) work in case of undersampling (the
Gabor functional set {g, ’m}n—D mN_O does not span the whole
space F) and in the case of oversamplmg (the functional set
is linearly dependent) since all of the methods are based on
the method described in the decomposition of the CS vector
sequences theorem or the biorthogonal functions approach.
One can check that (Ty)™ = (En)N = I, where I is
the identity operator on the space We will show that the two
operators commute 1f M= w5+ Where p is an integer:

TuEN(f)[k] = eW““L/M)f[k - L/M]
= =D flk — Np = e¥* f[k — Np]

= EnTu(f) [k] (48)
The conditions of Theorem 10 are hence satisfied, and the
Gabor set {gn,m}:'!:olmN o' is 2-D circular stationary when
M = 3. Therefore, it can be orthogonalized by the 2-D
Fourier transform.
Let us find the orthogonalization:

M-1N-1

hoslkl = 3" S~ glk — Npnlei ¥mke=idinse-sfme
n=0 m=0
M-1 N-1
= Z g[k — Npn]e~7#ne Z e Fmik=1)
n=0 m=0
M-
=N Y gk~ Npnle~i¥nsN Z —t-NJ]
n=0 l=—00
oo M-1 .
=N S 3" glt+ Ni— Npnle # ¥ 5k — t - NI
l=—00 n=0
“49)

where s and ¢ are integers; 0 < s < M,and 0 <t < N.

Now, using the analog of (8), with the sequence h, :[k] in
place of y;, f[k] instead of r, and g,, k] instead of x;, we can
find the coefficients ¢, », of the decomposition of an arbitrary
function f[k] € Fy on the Gabor basis g, . [k]:

Cnm = '_};"‘1_2 < f» hs,t > B—j%sne_‘i%im
8,85 |.c |70 [V ll
Mp 1 M-1
; E ( Z
8,83 o120 “h" el i=

-glt+ Nl — Npi]e_’%”)f[t + Nl))e i¥one=i%im,
(50

Notice that ||k, ||? and A, 4[k] can be calculated offline and
stored in memory beforehand.

Once the coefficients of the Gabor decomposition have been
obtained, we can apply the fact that the h,.[k] functions
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are nonzero only on —1{‘—, samples of one period and zero on

the rest. This offers a method of fast signal reconstruction
from the Gabor coefficients. From (50), it is seen that the set
”h Mo < f, hs ¢ > can be obtained from the set of the Gabor
coefficients Cn,m by taking the inverse Fourier transform:

1
[1ha el

2z

< fohsy >= NMch el Fromei Ftm

n,m

(51

Since the functions h, ;[k] form an orthogonal set of functions,

we can write

1

fpr[k] = z |lhs t”2
8,t;([hs,ef[#£0

< fohse > hoilk]  (52)

where f,.[k] is the projection of the signal on the span of the
Gabor functions span({gn, m}n—O m=o)- From (51) and (52),
we obtain

Tkl = NM 3 ( ch,mefﬁs"ef‘v”'")hs,t[kk

st n,m

(53)

D. The Biorthogonality Approach

Using tools developed in Section IV, one can find a ba-
S5 {Gn,m }nommo. that is biorthogonal 10 {gn,m } oo -

Using (24), which is modified for the 2-D case, we have
M-1,N-1

>

5=0,t=0,| |k ¢||5£0

3 t[k] j3Esn j Iitnm

gn,m[k] = B st”2

(5%

Observing that the original and biorthogonal sequences have
the same set of linear isometries, we find
M-1,N~1

hstk;
3 (K]

2
5=0,6=0,| | ha,.||£0 I[P el

All the other functions of the biorthogonal set can be
obtamed by applymg linear isometries of the original set
{gn m} =0, m=0 ! shifted along time and frequency axes, i.e.

Gn,m K]

The biorthogonal function method also works in the cases of
oversampling and undersampling.

The biorthogonal functions decomposition overall is slower
than the method described in the previous section (h-functions
method) and the one of the next section (the Zak transform
method) when using serial computation by one processor,
but it is faster when using parallel computation. Once the
biorthogonal functions are computed and stored in memory,
the process of taking the inner products with them can be
parallelized and does not require Fourier transforms, as do
other methods considered in this paper.

goolk] = (55)

= jo,olk — Npnjel 3™k, (56)

VIII. RESTATEMENT BY ZAK TRANSFORM
AND COMPARISONS OF METHODS

The Zak transform was successfully used by Janssen as
a tool for the exploration of continuous-time signal Gabor
decomposition [9]. Auslander ef al. [10] and Zeevi and Gertner
[11] developed an algorithm for calculation of coefficients of
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the Gabor decomposition based on the discrete Zak transform.
Gertner and Zeevi [12] and Zeevi and Gertner [11] modified
this algorithm for the decomposition of images.

Definition 10: Let g[k] be zero outside the interval [0, L—1]
or L-periodic, where L = NM. The discrete N x M Zak
transform of the function g[k] is

N-1
n m . —7&Fin
2(9)(537) = 2 glm+ iMle=? ¥,
=0

0<n<N,O<m<M. ;7N

Our method can be expressed in terms of the Zak transform.
Starting from expression (49) for h, ;[k], rewriting the inner
sum, and using representation [ = pg + r, where r is the
remainder after division of [ by p, yields

M-1 .
ZQ[t + Nl - Np’n]e‘fﬁ”"s
n=0
M-1 .
Z glt+ Npg+ Nr — Npnle™ 7™
A;_ -2
= 3 glt+ Nr+Np(q - e~/ %"
n=0 .
M-1
= > glt+ Nr+ Np(qg—n)]
n=0
. 35 (a—n)s —i%Fas

M-1

= i Z glt + N7 + Npi))ed 5 s
i=0

s t+ Nr
2955 — )

M’ Np
Substituting the above expression into (49) after some alge-
braic manipulations yields

= e i¥Fes g

(58)

s t+ Nr
s t kﬂ N :E:: 23 !7)( ]‘4' 1\717

r=0

)

. Z eI B8k —t — Ngp — Nr].

g=—00

(59

Using (59), we can find < f,h,, > for any L-periodic
function f[k]:

L-1 -

< frhap > =Y flklhss[k)
k=(1;—1p—1

=N Y Y 2o )

k=0 r=]

- e ¥ [k —t — Ngp — Nrlf([K]

g=—00

p—1
=N Z(g)

r=0

s t+ Nr

M’ Np)

. Z /%9 f[t + Nr + Ngp)
q=0




1788

3 t+Nr)
M’ Np

2o )

= NZZ(f)(

r=0

(60)

and
p—1
ol =< haerhar >= MN? Y1 Z(0)(~ 57
r=0

8 t+Nr

)i

(61)
Substitution of (60) and (61) into (50) yields

2

8,6:3 P72 | Z(g)(— £ )P0
1

MN Zr—O |Z g)

-[sz( )

8 t+Nr
20)~3p "Ny

The coefficients of the decomposition are expressed according
to (62) in terms of the Zak transforms of the decomposed
function f and the kernel of the Gabor basis. Let us consider
a special case when p = 1 and, correspondingly, MN = L
(the .number of samples in the signal equals the number of
basis functions). The orthogonal functions are

Cpnym =

_+N_")|z
M’ Np

] —j-znf’-sne—j-zﬁ-tm'

(62)

. = ax
hes[k] = NZ(g)(—%, %) q;w e i ¥ 9§k —t—Ng] (63)
with
’ ’ t
© el = MNYZQ) (-5 ) 68

Note that in the case p = 1, a zero in the Zak domain means
that the corresponding h, : is zero, and

<Lt >= 2D 30 2O 30 ) 69

We obtain then the following formula for the coefficients:

Cnym =
8,t1Z(g)(~ £, % )|#0

Z(f)(—ﬂ_/f’ N) —j%’-sne—j%}tm_

MNZ(g)

Up to some notational differences, the above formula is the
same as the one of the Auslander et al. method (for the case
when there are nq zeros in the Zak domain). Our method offers,
however, the following advantages:

The discrete symmetric functions always have a zero in
the middle of the Zak plane [12], [17]. To circumvent this
problem, Gertner and Zeevi [12], and Khaled et al. [17] have
translated the Gaussian by a subpixel distance. They showed
that for maximum stability, the Gaussian has to be shifted
by half a pixel. Further, they took the inner products of the
functions from the Gabor set and the decomposed function

(66)

M’N
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in the time domain, which prevented them from using the
extra advantages of the FFT. By comparison, our method uses
the h functions. These functions are nonzero only every Nth
sample, and therefore, taking the inner product with them is
faster. The corresponding Zak transform approach would be
even faster since it would require just one inner product in the
Zak transform domain instead of N x M in case of the time
domain or the h functions domain. In addition, because they
operate in the time domain, their approach required two FFT’s
(as in (11)) as opposed to one FFT as in our case.

Moreover, when p > 1, our method. (which is no longer
equivalent to the discrete Zak transform method) gives the
projection of the signal on the span of the Gabor set (the
best mean-squared approximation for this basis), whereas the
discrete finite Zak transform method yields an approximation
that is not a projection and, hence, is not as close as ours.

Our algorithm using biorthogonal functions complements
the one developed by Wexler and Raz [8]. They considered
only the oversampling and critical sampling cases, whereas we
developed an algorithm using biorthogonal functions for the
case of undersampling as well. Further, using the approach
developed by us one does not encounter the problem of
inverting possibly noninvertible matrices in order to obtain the
biorthogonal basis. Through our method, we are able to obtain
the basis that yields the Gabor coefficients producing the
best approximation of the decomposed function. In this way,
one can use the method for the Gabor bases with symmetric
elementary functions.

For large enough periods, in case of the sequential process-
ing, the Zak transform approach is definitely the best among
the A functions and the biorthogonal functions since it requires
only one inner product (in the Zak domain), one Zak transform
of the signal, and one FFT, provided that the Zak transform
of the kernel and the divisors for (62) have been precomputed
and stored in memory. In the case of parallel processing, the
biorthogonal functions approach would have an advantage as
shown in Section VII-D. ‘

IX. CONCLUSION

In this paper, we utilized the theory of CS vector sequences
and applied it to the Gabor decomposition of signals in the
case of undersampling. Zibulski and Zeevi in [15] and [16]
considered the oversampling case of the Gabor decomposition
when the number of functions in the set is greater then the
number of samples in the signal. Our approach can also be
applied to that problem, although in the oversampling case,
the Gabor set is not CS. The approach considered herein leads
to results that are more general in their applicability than those
of Zibulski and Zeevi since there is no requirement that the
Gabor basis must constitute a frame.

The theory can be easily extended and applied to the Gabor
decomposition of images, in which case, the Gabor functions
are 2-D and the corresponding FFT is 4-D. Various other
fast decomposition algorithms can be developed, by which we
can decompose a signal (image) on time (space) or frequency
shifts of any kernel function. The decomposition of a signal
on time shifts of a kernel corresponds to N = 1, whereas
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the decomposition of a signal on frequency shifts of a kernel
corresponds to M = 1 in our Gabor decomposition algorithm.
The same approach can be applied to the development of
multiresolution algorithms. Such decomposition algorithms
may be quite useful in image and signal processing and
compression since they have the characteristic of separating
coefficients bearing little information from those bearing a
lot of information. Moreover, the decomposition schemes can
emulate, to some degree, the functions of the human eye and
ear and, consequently, find applications in image and speech
processing.
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