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ABSTRACT

The widely used denoising algorithms based on nonlinear
diffusion, such as Perona-Malik and total variation denois-
ing, modify images toward piecewise constant functions.
Though edge sharpness and location is well preserved, im-
portant information, encoded in image features like textures
or small details, is often lost in the process. We suggest
a simple way to better preserve textures, small details, or
global information. Thisis done by adding a spatially vary-
ing fidelity term that controls the amount of denoising in
any region of the image. This form is very simple, can be
used for a variety of tasks in PDE-based image processing
and computer vision, and is stable and meaningful from a
mathematical point of view.

1. INTRODUCTION

Nonlinear diffusion processes have been widely used over
the past decade for image denoising with edge preservation.
Perona and Malik [6] proposed a nonlinear diffusion equa-
tionin the form of:

Iy =V - (c(IVI)VI), Ili=o=1Io, ¢>0 (1)
with Neumann boundary-conditions, ¢ being a decreasing
function of the gradient.

The total variation (TV) model of Rudin-Osher-Fatemi
[5] was derived from the energy functional

Erv = [(VII+ 570 - D)dsdy, (@

where minimizing this energy by a steepest descent method

This research has been supported in part by the Ollendorf Minerva
Center, the Fund for the Promotion of Research at the Technion, Israel
Academy of Science, Tel-Aviv University fund, the Adams Center and the
Israeli Ministry of Science. YYZ is presently supported also by the Med-
ical imaging Group of the Department of BME, Columbia University, and
by the ONR MURI Program NOOOM -01-1-0625.

Nir Sochen

Department of Applied Mathematics,
University of Tel-Aviv
Ramat-Aviv, Tel-Aviv 69978, |srael

e-mail: sochen@math.tau.ac.il

resultsin
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where A € IR. Thisisaspecia case of Eq. (1) with¢(s) =
1/s and an additional data fidelity term.

Though the performance of these, and other PDE-based
methods, have shown impressive results, recently the limi-
tations of such processes beganto raise attention[1, 2]. The
implicit assumption that underlies the formulation of these
flows/equations is the approximation of images by piece-
wise constant functions (in the BV space). In some sense
they produce an approximation of the input image as the
so-called " cartoon model”, thus, naturally disposing of the
oscillatory noise and preserving edges (in some cases even
enhancing them, see [6]).

A good cartoon model captures much of the image im-
portant information. Yet, it has several obvious drawbacks:
textures are excluded, significant small details may be left
out, and even large-scale features, that are thin or are not
characterized by strong edges, are often being disregarded.

We show below that by arelatively simple modification
of the algorithm/eguation we can get a denoising algorithm
that better preserves the information of the image.

2. THE CARTOON PYRAMID MODEL

The cartoon has been defined and investigated in the early
80's and was further elaborated by Mumford and is being
used since as the basic underlying model for many image
denoising methods (see [4] and the references therein). In
the continuous model, the cartoon has a curve I" of discon-
tinuities, but everywhere else it is assumed to have a small
oranull gradient |VI| [4].

The TV and other nonlinear diffusion processes are es-
pecially good in extracting the cartoon part of the image.
We use them, therefore, as a simple pyramid (scale-space)
of cartoon sketches at different scales. Sincethe TV is a



simple, single parameter (A\) process, we choose it, in this
paper, as a representative of nonlinear diffusion processes.
Let us define a Cartoon of scale s, using the TV process, as
follows:

Cs = Irv|=1 (4

where I7y is the steady state of (3). Let us define the
residue between two scales as:

Rym =Cp—Cp (n<m). (5)
We shall refer to the Non-Cartoon part of scale s as the
residue from level zero:

NC, = Ro, = Co — Cs. (6)

A few basic properties of the Cartoon and Residue parts,
thus defined, are listed below:

1. CO == IO

(The cartoon of scale 0 isthe input image).
2. Cx = [ Io(x,y)dxdy

(The cartoon of scale oo isthe mean of the input image).
3. fQ R, mdzdy =0

(The mean of any residue is zero).
4. Cs = [ Rpniandn + Coo

=30 Rt + O

(A cartoon image can be built from residues

of larger scales).

The TV process dissipates energy. We remark that the
term [, (Io—1 )2dxdy is, actually, the power of theresidue.

In order to model a natural image in a simple way, yet
capture its significant characteristics, we model the image
as a cartoon of a single scale with its matching residue. We
term the scale so chosen, to represent the cartoon part of
theimage, the representative cartoon scale s,.. There can be
severa approachesto finding a representative scale, and, in
general, an image can have several such scales. We suggest
to find the representative scale by examining the stability of
the gradients along scales. As a cartoon consists of mainly
smooth parts, divided by edges, a stable scale range[s 1, s2]
is one in which the total edge length (number and size of
objects) changes very slowly. As the definition of an edge
is not always clear, we resort to finding the smooth regions
defined as having a gradient of less then 1% of the dynamic
range of the input image. The total area (length in 1D) of
smooth regions is |[N,| = [, x(Ns)dxdy where x(A) is
the indicator function of the set A, and we define the set
of smooth points as Ny = {(z,y) : |VI(z,y)| < Ts}.
Here Ty = (maxq(lp) — ming(fp))/100. The set of non-
smooth pointsis V,,s = {2 — N. The smoothnessarea | V|
is generally increasing in scale (| V.| decreasing), though
monotonicity of the area, and embedding of the sets, is not
guaranteed. For monotone Lyapunov functionals that can

indicate stability of scales see [11]. We choose the scale s,
as one of the meta-stable states of | V| (Figs. 1,2).

Our model consists of three components:. Iy = Io +
Inc + I, where 1,5y = Ic + Inc is the original im-
age, I isthe Cartoon approximation, I ¢ isthe remainder
Non-Cartoon part, and I, is an additive noise. Note that we
left the definition of " non-cartoon” part vague. It, typically,
consists of texture, small-scale details, thin lines etc. The
only assumption we make is that it has zero mean. Under
this decomposition the residue of the noisy imageis

In=I—I=Iyc+1,. 7

Note that we distinguish between the " true” non-oscillatory
part and its approximation by the TV process by the tilde
upperscript.

il

Fig. 1. Top row: Origina signal I, (I€ft), non-smoothness
| V5| as afunction of evolution time (right), middle row: Signal
(Ieft) and residue (right) of first stable scale, bottom row: Signal
(Ieft) and residue (right) of second stable scale.

i

Fig. 2. Top: Noisy signa I, (left), non-smoothness | N, | as a
function of evolution time (right), bottom: signal (left) and residue
(right) of stable scale.

2.1. General power-based denoising

In the general case, we do not have any significant prior
knowledge on the image that can help in the denoising pro-
cess. Our only assumption is that the noise is of constant



power with no correlation to the signal (like additive white
Gaussian or uniform noise).

Let us first define a few objects needed in the sequel:
The power P(-) of the signal is considered here without its
DC component (mean value) and is smply the signal’s vari-
ance. P(I) = var(I). We denote P = P(Ig), P, =
P(1,), Porig = P(Iorig), Po = P(lp). Theloca power is
defined as:

1 .
P-(eo.0) = /Q (L (2,y) — E[L))*wg yo (2, y)didy,

where wy, 4, (z,y) = w(|z — zol,|y — yol) is normalized
(Joy Wao,yo (2, y)dzdy = 1) and radially symmetric smooth-
ing window. From the definition of the local spectrum it
followsthat [, P.(z,y)dxzdy = P..

We begin our algorithm by finding a scale s and fixing
Ao = 1/sp subject to the noise congtraint P = P,,. We
take the respective cartoon scale C',, and residueR 4, of
the noisy input image I,. If the original image is a cartoon
(Inc = 0) then Cs, ~ I (asnoise does not contribute, in
principle, to the cartoon part). The residue R ,, is mainly
noise, except near edges, where denoising is weaker. The
local power of the residue, therefore, should be similar ev-
erywhere (nearly spatially constant, like the noise power).

In the general case of natural images, however, animage
has also a non-cartoon part. In such a case C',, resembles
mainly the cartoon part (with some noise), where small de-
tails and texture of finer scales are severely degraded. Our
aim is to preserve as much of the lost non-cartoon part as
possible. This would ultimately mean a compromise be-
tween preserving some of the oscillatory part of the signal
at the expanse of keeping some of the noise. Werely on a
typical characteristics of natural images - textures and small
details arelocal features. The power, therefore, of I ¢ usu-
ally changes considerably in different areas of the image.
We can model the residue of the noisy image as consisting
mostly of the sum In¢ + I,,. In that case we have a new
(much harder) denoising problem: Trying to separate I ¢
from I,,. We suggest to do it according to the local power
of the residue. As the noise is uncorrelated with the sig-
nal, we can approximate the total power of the residue as
Py¢ + P, the sum of powers of the non-cartoon part and
the noise, respectively. Therefore abasic detector of I x¢ is

PR(lE,y)
P,

g(z,y) = 8
The detector gets the value 1 in places of mainly noise and
a larger value were the power is higher. Using a spatially
varying fidelity term, we can impose different degrees of
fidelity to the original data, at different locations. Since we
would like to denoise less in places of texture and small
details, and allow more denoising in cartoon-type regions,

we suggest the following fidelity term

PR(may)
P,

)\(-'L',y) = )‘09(m7y) = )‘0 (9)

Recalling the Wiener filter formulation G'(w) = ﬁ%,

in the frequency domain, we see that Eq. (9) has simi-
lar properties. Filtering is reduced as the signal’s power is
stronger than the noise power (in our case it is done spa-
tially and the preserved signa is I ¢, where Pr(z,y) =~
PNO(-'L';]J) + Pn)

Our agorithm, now, is the solution of the flow equation

VI
L=V (W) PA@y-D) o)

2.2. Denoising with prior information

When some more knowledge on the original signal is avail-
able, the performance of denoising with a spatially varying
fidelity term can be substantially ameliorated. The methods
here are application-dependent and more heuristic in nature.
For lack of space, we will just mention afew possibleideas.
To preserve specific features in the denoising process, such
aslong line, known type of texturesetc. one can pre-process
with the corresponding feature detector (Hough transform,
texture detector). The value of \(z,y) dependslocally then
on the feature detector response. Cases of spatially vary-
ing noise also fit the model. For example, in low-quality
JPEG images, the boundaries between 8x8 pixel-blocks are
often more noisy, thereforefidelity to the original datathere
should be decreased.

3. EXAMPLES

InFig. 3we show denoisingin 1D of asmall scale sinewave
on top of one side of a step. The sinewave is better kept
when the fidelity is spatialy varying.

In Fig. 4 (2D case) we show denoising of a part of
the Boats image (with strong noise), in comparison to two
recently suggested global methods. In nonlinear diffusion
evolutions, a dual problem of finding the right \ is finding
the right stopping time ¢ = 7" when the signal is evolved
without a fidelity term (A = 0). we therefore compare our
method to two advanced stopping criteria of Weickert [10]
and Mrazek [3]. T Table 1 show the performanceof thethree
methods on various images. Our method gives clearly bet-
ter results. For al image experiments we used a Gaussian
Window wg, 4, (¢, y) witho = 3.

10ne can also see our process as evolving the signal without a fidelity
term and stopping the process at different times in each location.



Fig. 3. From left: Original signal, noisy signa (SNR=15.1),
denoised signal using scalar A = 0.02 (SNR=20.2) and spatially
varying A(z,y) = 0.02g(z, y) (SNR=23.4). More information on
the sinewave is preserved by our method.

Image SNRy | Opt | WK | Mr | Ours
Cameraman 158 | 19.2 | 189 | 15.7 | 204
Lena 135 |18.0 | 17.7 | 179 | 186
Boats 156 | 20.0 | 19.6 | 19.8 | 205
Barbara 147 |16.6 | 159 | 115 | 181

Table 1. Denoising results of afew classical images. From left,
SNR of the noisy image (SN Ry), optimal scalar (Opt), Weickert
(WKk), Mrazek (Mr) and our method. All experiments were done
on images degraded by additive white Gaussian noise (¢, = 10).

SNR

t

Fig. 4. From top (l&ft to right): noisy image, processed images
by Weickert, Mrazek, Our scheme. Bottom left: SNR graph as
a function of the number of iterations (A = 0). Also depicted are
several important values: Dashed bottom - value of noisy input im-
age SNR=7.2 dB. Dashed top - value of our scheme’'s SNR=12.1
dB. The circles on the graph mark the stopping time and conse-
quent SNR of the various algorithms: 'O’ - Optimal (SNR=11.7
dB), "W’ - Weickert (SNR=11.4 dB), 'M’ - Mrazek (SNR=11.1
dB). Bottom right: A(z, y).

4. CONCLUSION

A simple model for images containing cartoon and non-
cartoon part was presented. Regular TV is used to extract

the cartoon approximation. In order to preserve texture and
small scale details, that appear localy in the image, a spa-
tialy varying fidelity term is introduced. We presented a
simple mechanism based on the local power (variance) of
theresidueto determinethe value of thefidelity termineach
region. A-priory knowledge on the details to be preserved
can enhance this method. Spatially varying fidelity term
can be used in almost any other nonlinear diffusion method,
other than TV.

We have shown that this scheme can filter noise better
than modern stopping-time based mechanisms. Its perfor-
mance is many times above the optimal possible scalar pa-
rameter (¢ or A) filtering, in the SNR sense (and also visu-
aly). Further improvement may be gained in distinguish-
ing between texture and noise by using more elaborated
schemes other than the power criterion (such as transform-
ing the residue to the Gabor/wavelet space). Work accord-
ing to these ideas will be published elsawhere.
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