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1. INTRODUCTION

The purpose of this note is to discuss and partially extend the following
results on the existence of quasimeromorphic mappings:

Theorem 1.1 ([Sa06al). Let G be a Kleinian group with torsion acting upon
H" n > 3. If the elliptic elements of G have uniformly bounded orders,
then there exists a non constant G-automorphic quasimeromorphic mapping

fH”—)]l/@

Recall that a Kleinian group is a discontinuous (hence discrete) group of
orientation-preserving isometries of hyperbolic n-space H", and that elliptic
transformations are defined as follows:

Definition 1.2. An orientation-preserving isometry f:H" — H", f # Id is
called elliptic iff f has a fixed point in H".

If G is a discrete Mobius group and if f € G, f # Id is an elliptic
transformation, then there exists m > 2 such that f™ = Id. The smallest
m satisfying this condition is called the order of f, and it is denoted by
ord(f). The fized point set (or axis of f) of an elliptic transformation,
ie. Fix(f) = {z € H"|f(x) = x} is a k-dimensional hyperbolic plane,
0<k<n-—2. An axis A is called degenerate iff dim A = 0.

The existence result above, together with an earlier non-existence result
of Srebro ([Sr98]) gives a complete characterization of those Kleinian groups
which admit G-automorphic quasimeromorphic mappings. Namely:

Theorem 1.3 ([Sa06a]). Let G be a Kleinian group acting on H"™. Then G
admits non-constant automorphic gm-mappings iff:
(1) n=2;
or
(2) n > 3, and the orders of the elliptic elements of G having non-
degenerate fixed sets are uniformly bounded.
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Definition 1.4. Let M"™, N" be oriented, Riemannian n-manifolds.
(1) f:M™— N™is called quasiregular (qr) iff
(a) f is locally Lipschitz (and thus differentiable a.e.);
and
(b) 0 < |f'(x)|™ < KJf(z), for any z € M™;
where f’(z) denotes the formal derivative of f at x, |f/(z)| = supllf’(x)h\,

h| =
and where Jy(z) = det f'(z); "
(2) quasimeromorphic (gm) iff f : D — R7, Rn = R™J{oo} is quasi-
regular, where the condition of quasiregularity at f~'(occ) is checked
by conjugation with auxiliary Mébius transformations.

The smallest number K that satisfies condition (b) above is called the outer
dilatation of f.

Theorem 1.5 ([Sa05]). Let M™ be a connected, oriented n-dimensional
manifold (n > 2), without boundary or having a finite number of compact
boundary components. Then, in the followmg/c\ases, there exists a mon-
constant quasimeromorphic mapping f : M™ — R”:

(1) M™is of classC", 1 <r <oo, n>2;

(2) M™ is a PL manifold and n < 4;

(3) M™ is a topological manifold and n < 3.

By Selberg’s Lemma ([Se60]), any finitely generated Mobius group con-
tains a torsion-free subgroup of finite index. In particular, the orders of
the elliptic elements of a finitely generated Kleinian group are uniformly
bounded. Therefore, we obtain the following corollary:

Corollary 1.6. Let G be a finitely generated Kleinian group acting upon H™.
Then there exists a non-constant G-automorphic gm-mapping f : H* — R™.

The basic method of proof, both for Theorem 1.1 and of Theorem 1.5,
is to produce a chess-board fat triangulation of H" /G, respectively of M™,
and to apply the well-known Alezander method (see [Al120], [Sa06a], [Sa05]).
In both cases, we employ an existence result of fat triangulations on open,
C* Riemannian manifolds, due to Peltonen ([Pe92]) (for details, see [Sa06al,
[Sa05]). Here, fat triangulations are defined as follows:

Definition 1.7. A k-simplex 7 C R"™ (or H"); 2 < k < n is f-fat if there
exists f > 0 such that the ratio r/R > f; where r, R denote the radius of
the inscribed sphere, respectively the radius of the circumscribed sphere of
7. A triangulation of a submanifold of R™ (or H") 7 = {0, }ic1 is f-fat if
all its simplices are f-fat. A triangulation 7 = {o;}er is fat if there exists
f > 0 such that all its simplices o; are f-fat.

Remark 1.8. Fat triangulations are precisely those for which the individual
simplices considered in the Alexander method may each be mapped onto a
standard n-simplex, by a L-bilipschitz map, followed by a homotety, with a
fixed L.
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2. OPEN PROBLEMS

We bring below a list of some questions (and a few partial answers) that
arise naturally in conjunction with the results above and their proofs:

Question 1. What is the largest class of manifolds that admit quasimero-
morphic mappings?

Indeed, one can ask the following slightly more general

Question 2. What is the largest class of geometric objects that admit gm-
mapings?

Of course, in this generic context, one has first to provide a proper, gener-
alized definition of gr-mappings. While diverse generalizations of the notion
of quasiregularity have been considered, perhaps the best (and simplest)
generalization is the one based upon the linear dilatation:

Definition 2.1. Let (X, d), (Y, p) be metric spaces, and let f : X — Y be
a continuous function. f is called quasiregular iff there exists K such that,
forall z € X
H(f.2) = limsup sup{p(f(x), f(y)) |d(z,y) =1}
r—0 inf{p(f (@), f(y))|d(z,y) =r}
H(f,x) is called the linear dilatation of f (at x).

< Ko< o0.

Moreover, one can sharpen Question 2 above, in a natural sense, by ex-
tending the class of groups that admit gm-automorphic mappings:

Question 3. (M. Kapovich) Do quasiconformal groups admit gm-automorphic
mappings?

Recall that quasiconformal groups are defined as follows:

Definition 2.2. A discrete group G of homeomorphisms of B" (or @)
is called quasiconformal iff there exists 1 < K < oo such that g is K-
quasiconformal , for any g € G.

Another question arises from the Alexander method employed:

Question 4. Let fy : M™ — S™ be the gqm-mapping constructed using the
Alexander method. What is the minimal branched gm-mapping fo : M" —
S™, such that K(fo) = K(fa)?

A related (yet stronger) problem is formulated in

Question 5. (Martio) Given a manifold M™, does there exist a gm-mapping
fmin : M™ — S™ attaining the minimal dilatation?

This conducts us immediately to the following problem:
Problem 1. (Martio) Compute K (fmin).

Yet another question stems from Theorem 1.5:
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Problem 2. (Martio) Let M™ be a manifold with boundary, as in Theo-
rem 1.5, and let fipt pn : int M™ — S™ be the gqm-mapping given by Pelto-
nen’s result.

(i) Can fint pn be extended to a gqm-mapping f: fam s M™ — S™?

Moreover, if such an extension f exists,

(ii) What is the relationship between ﬂaMn and the gm-mapping fonm
constructed in Theorem 1.5. (In particular how do K(ﬂaMn) and K (fapm)
relate?)

We have only some partial answers to Question 1 (and the questions
related to it). First let us note that the proof of Theorem 1.5 extends to
include the case of Lipschtz manifolds, thus we have:

Answer 1. Any Lipschitz manifold admits gm-mappings.
Remark 2.3. This fact was already conjectured by Cairns ([Ca61]).

The fat triangulation for a manifold with boundary is obtained by “mash-
ing” the triangulation of dM™ and of int M"™ into a new fat triangulation
(see [Sa06b]). Since the boundary of any (P L) manifold is collared and since
the fatness of the mashing of two fat triangulations depends solely upon the
initial fatness and upon the dimension (see [CMS84], Lemma 6.3), we have
the following generalization:

Answer 2. Let M™ be a (smooth) manifold with boundary, such that the
boundary components admit fat triangulations of fatness > g . Then there
exist a global fat triangulation of M™ (hence M™ admits gm-mappings).

However, since the lower bound ¢g for the fatness of the simplices of
int M™ assured by Peltonen’s result is achieved via the specific construction
of [Pe92], the following question arises naturally:

Question 6. Does g represent the best lower bound?

The answer to the question above seems to be negative, since Peltonen’s
construction depends upon the Nash isometric embedding technique of M"
into RY, for some N large enough.

More important, the mesh of the triangulation we construct (thence the
branching of the resulting ¢gm-mapping) is a function of the curvature radii,
therefore an extrinsic constraint, hence again strongly dependent upon the
embedding in higher dimensional Euclidean space. This fact immediately
generates the following question:

Question 7. Does the Nash embedding technique impose any restrictions
upon the curvature radii?

The answer to this question is (at least partially) positive, since, in the
Nash embedding method, the curvature of the embedding is controlled.
Moreover, in the smoothing part of the Nash technique, a star finite partition
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of the embedding, obtained using curvature radii of an intermediate embed-
ding, is considered (see [Na56], [An02]). Therefore, we should reformulate
Question 7 above in the sharper form below:

Question 8. What are the restrictions imposed upon the curvature radii by
the Nash embedding technique?

However, curvature-based considerations are applicable only if the man-
ifold is smooth enough (i.e. at least of class C*>* for non-embedded man-
ifolds). For C! and, even more so, for PL manifolds, where the classical
notion of curvature is not defined, one has therefore to consider either gen-
eralized principal curvatures ([Za05]) or even more general, metric curva-
tures ([SAZ06]). (For another approach to the problem of partitioning a PL
manifold into Dirichlet (Voronoi) cells see [ILTCO1].)

For smooth surfaces embedded in R3, partially intrinsic conditions for
the existence of fat triangulation with mesh bounded from below are readily
obtained, e.g. in the case of surfaces with pinched Gauss and mean curva-
ture (see [SAZ06], Corollary 4.4). Of course, one would like to find such
curvatures conditions (perhaps coupled with fitting topological constraints)
in any dimension. However, in dimension greater or equal to three, even the
problem of deciding which curvature (sectional, Ricci, scalar) is the relevant
one, represents a problem that we defer for further study.

Also, we can give at least a partial answer to Question 2:

Answer 3. Any 3-dimensional orientable geometric orbifold with tame sin-
gular locus and with isotropy groups of bounded orders admits gm-mappings.
This holds, in particular, for Seifert fibred orbifolds, that possess natural,
canonical geometric neighbourhoods (see [BoS82]).

Indeed, any such orbifold @ is given by a I-complex (in e.g. S?) with
certain labellings (see [Th90]). Thus we can apply for the proof of Theo-
rem 1.1, the technique developed in [Sa05], [Sa06b]: Construct a geometric
fat triangulation 77 of N*, where N* is a certain closed neighbourhood of
the singular set X of @, and mesh 7; with the triangulation of S\ N*,
given by Peltonen’s technique, into a new fat triangulation.

We conclude with the following problem related to the method of proof
of Theorem 1.1 in the 3-dimensional case:

Problem 3. Compute collars for elliptic axes in higher-dimensional discrete
groups, by using the extensions of Jorgensen’s inequality.

Hint: Use results of Friedland and Hersonsky ([FH93]); Martin ([Ma&9]);
Waterman ([Wa93].

APPENDIX

We address here the related problem of the existence of quasiconformal
immersions of hyperbolic manifolds in S", namely the following negative
result of Martio and Srebro ([MS99], [Sr91]) that:
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Proposition 2.4. ([MS99]) Let M™, n > 3 be a hyperbolic manifold. Then,
if M™ has arbitrarily short geodesics, it can not be immersed quasiconfor-
mally in S™.

This theorem does not hold in dimension n = 2 (see [Sr98], p. 115).
Therefore, one is naturally conducted to formulate the following problem:

Problem 4 (Srebro, [Sr91]). Let M™ ,n > 3 be a hyperbolic manifold such
that there exists a low bound Ay for the lengths of closed geodesics in M™.
Can M™ be immersed quasiconformally in S™?

We show that the answer to this problem is a positive one: Indeed,
since M", as a hyperbolic manifold, is a space form of constant scalar
curvature K = —1, the injectivity radius i(M™) = inf,cpm Inj(x), where
i(x) = sup{r|exps|pn(s,) is a difftomorphism}, is given by i(M™) = Ao
(see [Be03]). (Here exp, denotes the exponential map.) The desired re-
sult follows now easily from the properties of the exponential map (see, e.g.
[CE)).

Since M™ = H" /G, where G is a discontinuous group ([Th90]), and since
the only elements in G with translation length l(g) = inf,cmr dhyp (2, g(z)) >
0, are the loxodromics, we can formulate a sharper version of a theorem of

Martio and Srebro ([MS99], [Sr91]):

Theorem 2.5. Let G be a Kleinian group acting on H*,n > 3 and let
f:H* = R” be a G-automorphic gm-map. Then f is locally injective iff G
is purely loxodromic and I(G) = infyeql(g) > 0.

(Here dj,), denotes the hyperbolic metric on H".)

Acknowledgment. The author wishes to thank Professors Misha Kapovich,
Olli Martio and Leonid Potyagailo for the highly stimulating and edifying
discussions held during and before the Conference. In particular, the author
would like to express his gratitude to Professor Kapovich for bringing to his
attention Corollary 1.6.

REFERENCES

[Al120] Alexander, J.W. Note on Riemmann spaces, Bull. Amer. Math. Soc. 26, 1920,
370-372.

[An02] Andrews, B. Notes on the isometric embedding problem and the Nash-Moser im-
plicit function theorem, Proceedings of CMA, Vol. 40, 2002, 157-208.

[Be03] Berger, M. A Panoramic View of Riemannian Geometry, Springer-Verlag, Berlin,
2003.

[BoS82] Bonahon, F. and Siebenmann, L.C. The classification of Seifert fibred 3-orbifolds,
in: Low-dimensional topology (Chelwood Gate, 1982), 19-85, London Math. Soc. Lec-
ture Note 95, Cambridge University Press, 1985.

[Ca61] Cairns, S. S. A simple triangulation method for smooth manifolds, Bull. Amer.
Math. Soc. 67, 1961, 380-390.

[Ch70] Cheeger, J. Finiteness theorems for Riemannian manifolds, Ann. J. Math. 92(1),
1970, 61-74.



REMARKS ON THE EXISTENCE OF QUASIMEROMORPHIC MAPPINGS 7

[CE] Cheeger, J. and Ebin, D. G. Comparison Theorems in Riemannian Geometry, Nort-
Holland Mathematical Library 9, Nort-Holland, Amsterdam, 1975.

[CMS84] Cheeger, J., Miiller, W., and Schrader, R. On the Curvature of Piecewise Flat
Spaces, Comm. Math. Phys., 92, 1984, 405-454.

[FH93| Friedland, S. and Hersonsky, S. Jorgensen’s inequality for discrete groups in
normed algebras, Duke Mathematical Journal 69(3), 1993, 593-614.

[ILTCO1] Indermitte, C., Liebling, Th. M., Troyanov, M. and Clémencon, H., Voronoi
diagrams on piecewise flat surfaces and an application to biological growth, Theoretical
Computer Science 263, 2001, 263-274.

[Ka00] Kapovich, M. Hyperbolic Manifolds and Discrete Groups: Lectures on Thurston’s
Hyperbolization, Progress in Mathematics, Birkhauser, Boston, 2000.

[Ma89] Martin, G. J. On discrete Mébius groups in all dimensions: A generalization of
Jorgensen’s inequality, Acta Math. 163, 1989, 253-289.

[MS99] Martio, M. and Srebro, U. Locally injective automorphic mappings in R", Math.
Scand. 85 (1), 1999, 46-70.

[Na56] Nash, J. The embedding problem for Riemannian manifolds, Ann. of Math. (2) 63,
1956, 20-63.

[Pe92] Peltonen, K. On the ezistence of quasiregular mappings, Ann. Acad. Sci. Fenn.,
Series I Math., Dissertationes, 1992.

[Sa05] Saucan, E. Note on a theorem of Munkres, Mediterr. j. math., 2(2), 2005, 215 -
229.

[Sa06a] Saucan, E. The ezistence of quasimeromorphic mappings, Ann. Acad. Sci. Fenn.,
SeriesI A, Math. 31, Vol. 31, 2006, 131-142.

[Sa06b] Saucan, E. The Existence of Quasimeromorphic Mappings in Dimension 3, Con-
formal Geometry and Dynamics, 10, 2006, 21-40.

[SAZ06] Saucan, E, Appleboim, E. and Zeevi, Y. Y. Sampling and Reconstruction of
Surfaces and Higher Dimensional Manifolds, with Eli Appleboim and Yehoshua Y.
Zeevi, Technion CCIT Report #591, June 2006 (EE PUB #1543 June 2006).

[Se60] Selberg, A. On discontinuous groups in higher-dimensional symmetric spaces, Con-
tributions to function theory, 147-164, Tata Institute, Bombay, 1960.

[Sr91] Srebro, U. Topological proprieties of quasiregular mappings, in Quasiconformal
Space Mappings — A colection of surveys 1960-1990 (M. Vuorinen ed.), LNM 1508,
104-118, Springer-Verlag, Berlin, 1991.

[Sr98] Srebro, U. Non-existence of Automorphic Quasimeromorphic Mappings, Analysis
and topology, World Sci. Publishing, River Edge, NJ, 1998.

[Th90] Thurston, W. The Geometry and Topology of 3-Manifolds, preliminary version,
chap. 1-9, 1990.

[Wa93] Waterman,, P.L. Mobius Transformations in Several Dimensions, Advances in
Mathematics, 101, 1993, 87-113.

[Za05] Zahle, M. Curvature Theory for Singular Sets in Euclidean Spaces, preprint, 2005.

ELECTRICAL ENGINEERING DEPARTMENT AND DEPARTMENT OF MATHEMATICS, TECH-
NION, HAIFA, ISRAEL
E-mail address: semil@ee.technion.ac.il, semil@tx.technion.ac.il



