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Optimized Single-Mode Cavity for
Ceramics Sintering

Arbel D. Tadmor and Levi Sdchter,Senior Member, |IEEE

Abstract—In this paper, we present a novel method of opti- up to higher frequencies, but this solution is probably not
mization of a single-mode cavity used for sintering ceramics. The economically feasible [1], [2].
goal of the optimization is to maximizethe electric energy stored  ap aiternative altogether is to turn to single-mode cavities
in the dielectric and minimize spatial variations of tashis field in . . s
the domain occupied by the material. Results of simulations of Wh?re there '_S much more_ control QYer the field dlstrlbuthn
two configurations are discussed. inside the cavity and there is the additional advantage of being
able to optimize the geometry of the cavity to fit the parameters
of the sample. Single-mode cavities have been proven as
adequate for sintering in [6]. Other authors, e.g., Jacleton

N RECENT years, there has been an increasing interestin [7], have developed a microwave absorption model for a

using microwave power for ceramics sintering. Microwaveylindrical sample filling the entire axis of a cylindrical cavity
radiation has several inherent advantages over “conventionakd compared power absorption for the lovigvl;,,,, modes.
heating such as power transfer efficiency, reduced sinterirkander [8] and Manringt al. [9] have developed numerical
times [1], [2], lower temperature requirements, and improvesbdes for solving the fields in single-mode-type resonators and
material characteristics [2], [3]. This type of processing akxplored the effects of these fields on the sintering process. It
lows precise and controlled heating, and offers processifgis been widely accepted that uniform and efficient heating
possibilities not available before [4]. Conventional sinteringre both crucial for successful sintering and it is the goal of
relies on thermal diffusion of heat from the surface of thfhis paper to present a Systematic procedure for 0pt|m|z|ng
sample to its center [5], therefore, relatively steep temperatyf performance of a single-mode cavity with regards to these
gradients can develop and they can lead to the crackingt@lo criteria. However, before we go into the details of the
the sample [2]. Microwave heating, on the other hand, iptimization process, the following three questions need to
a volume process; therefore, with proper insulation andp@ addressed: 1) Are the parameters of the problem stable
Smooth enough e|eCtI’iC f|e|d, Uniform heating can be aChieV%ough to render Such an Optimization procedure possib|e? 2)
Although the proposed method seems simple, implementatig/hat is the meaning of optimization in the context of ceramics
of such a microwave system is not trivial. Today, most of thﬁntering? and 3) Is there an optimum geometry?
research in this field relies on multimode cavities primarily The answer to the first question is relatively simple. With
because a multipurpose furnace is required for processiRgard to the geometry, we typically know or control the range
samples of various geometries and dielectric coefficients. ngparameters, therefore, we do not consider the geometry as
disadvantage of multimode cavities is that due to constructigediﬁicuny_ The parameter that complicates the situation is
interference of the electromagnetic (EM) waves propagatifge dielectric coefficient since, even if we know its value at
inside the cavity hot spots are formed [1]. These hot Spots §m temperature, this value may change quite substantially
responsible for a phenomenon called “thermal runaway,” Hyring the sintering process and what is even worse is that
which a local increase in temperature causes a local incregseqo not know exactly how this value changes as a function
of ohmic losses, which, in turn, causes the temperature §pihe temperature. This is a problem that we do not attempt
rise even more, thereby completing a vicious cycle that cg§ solve in this paper (i.e¢ is assumed to be real), however,
destroy the whole sample. Nonuniform heating is one of g, wish to point out that in many cases the change in the
major limitations of multimode cavities and has been degjfaginary part ofe is substantially larger than the change in
with by applying various sintering techniques (e.g., preheatifg rea| part. As a result, the shift in the resonant frequency
the sample in an indirect manner such as in the “picket fencgd’ue to the change in the real part dfis smaller than the
configuration [3]) and introducing field modification devicegeqyction of the quality factor of the cavity that is controlled
(e.g., the mode stirrer that is supposed to ensure that the tigenarily by the increased losses. Consequently, although the
averaged value of the electric field be uniform throughoWt, rce is no longer at resonance, the performance of the cavity
the sample). Another possible solution offered was 10 gQeynected to be reasonable because the effective bandwidth of
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As for the other two questions, in order to establish a logical S — A
optimization procedure, one has to determine the constraints Air } e
that have to be maximized or minimized. In the framework ff ? I‘E T
of the method presented in this paper, we identify two such Rq ,,,,@ - Rg ,@
major constraints: efficient heating, which imposes the delivery ‘ //% /////////%
of maximum RF power to the sample, and uniform heating, Alr Air J

which restrains the variations of the electric field across the
sample. Deliveringmaximum poweimplies that the electric @ ®
field stored in the sample has to be maximized relative g(?gl.e%:‘tric(%z: Pl_illgox"cavity with a dielectric “disk.” (b) Pillbox cavity with a
the total EM power stored in the cavity. Thus, clearly the yinder
general trend would be to increase the volume of the sample
and, if possible, have it fill the entire volume of the cavitythat the EM field in the cavity is known. With this assumption
However, when the sample fills the entire cavity, we run int mind, we proceed to determine the optimization criteria.
severe problems dield uniformitybecause of the boundary As already indicated, the goal is tnaximizethe amount
conditions imposed by the cavity, which, in turn, translatef energy deposited in the ceramic volume anthimizethe
into significant spatial variations of the EM field. Thus, thépPatial variations of the electric field. In order to quantify
general trend, if only the uniformity was to guide us, wouldhese requirements, the following two functions are defined.
be to choose a sample geometry that is much smaller thHpe first function provides a measure of the heating efficiency
the radiation wavelength in the structure. On grounds 8t the cavity. For its definition, we rely on the fact that the
these two countering trends, we developed the optimizatifgat is proportional to the power dissipated in the sample,
method presented in this paper. Its essence is to determiyftich, by virtue of Ohm's law, is proportional to the amount
two functions that quantify the power delivered to the sampf electric energy stored in the dielectric denotedtHy”. In
and provide a measure of the electric-field variations acrdssn, this energy has to be compared to the total EM energy in
the sample. Based on these two functions, we can construéb@ cavity—denoted by/(*). Therefore, we define thenergy
variety of optimum criteria—two of which are presented. efficiency functioras the ratioEeg = UéD ) /U (T, which is
The method to be presented here is general and cantbede maximized.
formulated for a complex geometry, however, it is more The second function to be defined is #raoothness function
instructive to illustrate the problem for a relatively simpléS). Since it is the electric field that is responsible for heating
geometry. Therefore, we present in this paper the design dhd sample, a smooth electric field will result in a uniform
optimization of a single-mode pillbox cavity. Two specifidieating process. The degree of uniformity of the electric field
cases are considered: in the first, the dielectric fills the entifeis determined by calculating the standard deviation of the
length of the cavity, whereas in the second, it occupies onlyetectric field in the volumel(;) of the dielectric normalized
fraction of this length. This paper is organized as follows. Iip average electric field intensity. The average of an arbitrary
Section 1l, we quantify the criteria of optimization. Section llfunction G(r) is defined as
is a detailed account of the EM analysis, and the optimization 1

process is presented in Section IV. (@)= 7 A dV G(r) @)

thus, A
Il. CRITERIA OF OPTIMIZATION

212y _ [{EN|2

The criteria to be presented in this section are independent of A (£] >ﬁ (£ 2)
the geometry of the cavity or sample. Nevertheless, we believe (1£])
the reader will benefit if we introduce a typical geometry tgnqg, consequently, we may define the smoothness function as
demonstrate the concept using the simplest possible config-
uration that still possesses the main physical features of the S=1-— a (3)
system under consideration. Two cavity configurations were Aumax
explored. The first configuration consists of an axi-symmetnghere A, is the maximum value ofA in the range of
cylindrical cavity of radiusR and width d, loaded with a parameters of interest. The smoothness function is unity when
dielectric cylinder(e) of radiusR, and widthg, as illustrated the field is completely uniform and zero in the case of
in Fig. 1(a). The second configuration is just the limitingnaximum variations. Bearing in mind that uniform distribution
case of the former when = d [see Fig. 1(b)]. Furthermore, of the field is critical for uniform heating, we would like this
to define the problem completely, we shall assume that thenction to be as close to unity as possible, i.e., it should
sample’s dielectric coefficient and width ¢ are given and be maximized. This definition is somewhat arbitrary in the
fixed as are the cavity’'s widthl and resonance frequencysense that it is not unique and perhaps other definitions can
Therefore, the parameters we may vary in order to optimibe considered, however, it has been chosen firstly because
the cavity’s performance are the cavity’s radifisand the standard deviation is a very natural way of quantifying the
sample’s radiusi,. variations in any function, and secondly, the variance of the

The methods for calculation of the resonant frequency asectric field is connected with the square of the electric field
described in Section Ill and, for the moment, we shall assuraad this, in turn, is proportional to the energy; therefore,
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requiring that the variance be as small as possible is actuallinahe following section. We proceed now by presenting two
statement on the spatial distribution of energy in the dielectrialternative methods of solving the EM field.
which, as indicated above, should be as smooth as possible.
B. The Variational Approach
lll. THE EM PROBLEM For the case in which the dielectric material only partially

In order to calculate the two functions introduced above, fills the width of the cavity [see Fig. 1(a)], separation of
is necessary to establish the EM field in the entire volume gériables cannot be directly applied. Among the quasi-analytic
the cavity. We begin with amnalytical solution of the fields approaches, we chose the variational approach. In order to
for the case where the ceramic fills the entire width of theatisfy the boundary conditions at the metallic walls, we

cavity [Fig. 1(b)]. This is followed by aariational calculus consider a solution of the wave equation that has the following
approach for a partially filling sample and we conclude thigrm:

section with a description of theumericalapproach used to o0 P PR

simulate the same configuration. Ar, )= Y as,m']o(if 7’) cos (7 Z) (6)
s=1,m=0

A. Analytic Approach wherep, are the zeros of the zero-order Bessel function of the

The basic configuration [10] is illustrated in Fig. 1(b). It idirst kind [Jo(ps) = 0]. This will be used as a trial function in
assumed that the width) of the cavity is much smaller thanthe Ritz variational method [11]. Our first step is to define the
the wavelength in vacuum. Furthermore, the system is assuni@grange density for the magnetic vector potential
to be azimuthally symmetric, therefore, only tH&8Mgq is 1l =2 1 /w\2 o2
excited, i.e.,d. ~ 0. This mode is determined by the L= §‘V ’ A‘ - 5(;) e(r, 2) A‘ )
component of the magnetic vector potential.). Subject to where it can be readily checked that Lagrange equation of
the symmetry of the system, two components of the EM fielelotion (with this choice of Lagrangian density) is completely
E. and H, can be derived from this component. The solutiogquivalent to the homogeneous wave equation for the mag-

of the magnetic vector potential reads netic vector potential. Rather than following the differential
AJO(S W)) 0<r<Ry approach, herg we adopt the integral one in the sense that we
A() c define the action
) = © VoY R) - vl )oY )
B0 (2 r)¥o (5 £) = ¥o () (T 5)). Z(a) = | dAVL(F, o) (®)
Ris<r<R \%

_ _ (4)  wherea = {«;} denotes the set of unknown coefficients,,,
wheren = /¢, w is the angular frequency in the system, andV denotes the entire volume of the cavity. Since an exact
is the phase velocity of an EM wave in vacuum, afidz), solution of the wave equation implies that this integral has

Yo(z) denote the zero-order Bessel function of the first angh extremum, we determine the approximate solution of the
second kind, respectively. Imposing the boundary conditioRgoblem by requiring that

atr = Ry leads to the following expression for the dispersion aT(cx)

relation: Py 0. (9)

Jo (% Rd)YO(%R) —Yo(%Rd)Jo (%R) B Jo(% an) As T is a quadric fqrm in the va.riablass,.,,,, this expression
7. (% Rd)YO(%R) v (%Rd>JO (ER) = T (ﬂ an) can be formulated in the following matrix form:

c c Un Uiz - Uiy a3t
) Uy Uy -+ Usm az | _ g o

=0<U-aa=0

where J (z), Y1 (z) are the first-order Bessel functions of the

first and second kind. This dispersion relation determines all \Un1 Unrz -+ Unine /- Nouy

the azimuthally symmetri¢d,, ~ 0), radial modesTMo.o). (10)

However, by careful choice of parameters and an adequ@fRere formally

feeding system, the discussion can be confined to the first a8 (oI

mode, i.e.,s = 1. Once the parameters of the system are Ui,j =U; j(R, Rq, w, &) = %(804) (11)
7 T

chosen such that (e.g., at 2.45 GHz) this relation is satisfied _ _ L _ _
the expressions for the smoothness functfoand the energy The dispersion relation in this case is determined from the
efficiency functionE. can be determined analytically. Notecondition that for a nontrivial solutiofw # 0) the determinant

that the boundary conditions impose a relation between tAkthe matrixt must nullify, i.e.,

two amplitudes of (4) 4 and B) and, consequently, the U U - Uwn

two functions are independent of the absolute value of the det(U) = Ut Uz oo Uam | _ (12)
amplitude of the EM field. Furthermore, (5) provides one

constraint, which limits the five degrees of freeddm, R, Uvi Umz - Umwm

Ry, ¢, andd). For example, once is set, ande is chosen,  From this point on, the procedure is identical with the
R can be imposed by (5) for an almost arbitrary choice @nalytic approach and for a set of geometrical parameters
Ry (the range being limited by the single-mode constrainthat satisfy the dispersion relation above, the smoothness
The details of the optimization procedure will be presentddnction S and the energy efficiency functiof.s can be
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determined analytically. As in the previous caseand E.q
are independent of the absolute value of the veator

When dealing with function series, as presented in (6),
the question of how many terms to take naturally arises. An
estimate of the number of Bessel harmonics needed to be taken
in (6) can be derived by considering the step function

D\ 17 0 S r S R2
f(”_{o, Ry <71 < Ry. (13)
In principle, this function may also be represented by an
infinite series of Bessel function. In practice, the number of
terms considered is finite, therefore, the immediate question is
what is the number of terms necessary to bring the error (in
the total “energy”) associated with this representation below,
say, 2%. For example, in order for the error to drop below 2%, < Rq -
for the case whei,/R; = 0.5, at least 20 Bessel harmonics (b)
are required in the sum [12]. Since the potential function is _ _ _
. . . . . Fig. 2. (a) Equipotential curves ol. as calculated by SuperFish, for the

expected to be continuous, this error will provide us with afise where = 4, g = d = 1 cm, R ~ 2.6 cm, andR, ~ 1.3 cm. As can
upper bound of the error in our problem. be seen, the vector potential is independent of:teordinate, is maximum

A similar approach may be employed in order to estimafér = 0, and decreases monotonically until the conductive outer surface. (b)

. . - . . Equipotential curves ofA. for the cases = 4, ¢ = 0.5 cm,d = 1.0 cm,
the error associated with the finite number of cosine harmonigs,."s ' cm, andr, ~ 2 cm. The geometry of the sample dictates that

e —

= 0

0.
A/

—

as in (6). Consider the step function the vector potential is:, as well asr, dependent. Note the discontinuity
1 0<z<g associated with the normal electric field.
) —_ =
Z) = 14
r={y 93759 (1)

that, in principle, may be represented by an infinite series
of cosine harmonics. When a finite number of terms are
considered then fod = g/2, the relative error in the “energy”
(square of the function) drops below 1% only if the number
of terms is larger than 21. Thus, for a typical geometry
Ry/R ~ 0.5 andd/g ~ 0.5, over 400 terms are necessary
for an error smaller than 2%.

Quality

R4/R

) 0'8‘0 G2 0.4 06 08 1.0
C. The Numerical Approach Rq/R

. Another_approach to de,termme the magnetic VeCtor,DOteml%. 3. Smoothness functidrb), energy efficiency functiofE.g ), and the
in the cavity is to numerically solve the wave equation. FQgtal energy efficiency function plotted as a function of the réfity/R) for
this purpose we used the “Poisson-superFish" codes writterthmge different dielectric coefficients & 2, 3, 4); the arrows point toward
Los Alamos National Laboratory. The output file Comaininglcreasin.g values oé: Th(_e adjacent f_rame iIIustrates thg intersection region
. e . . . nlarged; the arrow in this frame points toward increasing values of
the fields specified at the points of intersection on a user
defined grid was used as an input for a Matlab program, which
processed the data and calculated the smoothness function and IV. OPTIMIZATION PROCEDURE
the energy efficiency function. The grid in both directions was )
10~* m, therefore, at 2.45 GHz and fer= 10, the error is A. Analytic Approach
estimated to be less than 2%, and this error scalegeas After defining the dispersion relation and the EM field in
The procedure was tested against the analytical solution fbe cavity, the smoothness functi¢f) and energy efficiency
a dielectric that fills the entire length of the cavity, and a verfunction (E.g) can be established, thus we can examine
good agreement was found. Fig. 2 illustrates two typical fietie variation of these two functions when the parameters
distributions for the two geometries of interest. are changed—subject to the constraint associated with the
The results of the variational method at the limit of fulldispersion relation. Fig. 3 illustrates both the smoothness and
occupancy fits well with the analytic results and SuperFishnergy efficiency function when the rati®,/R is varied for
For the case when the dielectric partially fills the width of théhree different dielectric coefficients = 2, 3, 4); the width
cavity, the agreement of SuperFish with the variational methodl the cavity and the dielectric ig = 1 cm. The intersection
was not satisfactory since we took only approximately 10@gion is enlarged in the upper right-hand-side frame; the
terms (20 radial harmonics and five longitudinal harmonicsyrrows point toward an increasirgLet us examine this plot
For an error of less than 2%, approximately 500 terms aire the following systematic way.
required, in which case, the numerical errors became quitet is evident from this figure that the smoothness function
large. For this reason, we considered only the numeriaécreasesnonotonically from unity, for which the radius of
solution. In the remainder of this paper, we present resutte dielectric approaches null and drops to zero when the
of the analytic and numerical methods. dielectric fills the entire cavity.
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Fig. 4. Quality of the optimization as a function @R, /R).pt calculated

for a dielectric coefficient, which varies from 2 to 8. Fig.

the

The smoothness function does not change dramatically w§
the dielectric coefficient.

The energy efficiency functiomcreasesas a function of A.
R,/R and approaches an asymptotic value that is almost
independent of the dielectric coefficient. For comparison, we
also plot thetotal energy efficiency functiofE.g, which A
is the ratio between the total energy stored in the dielectric
domain (including the magnetic energy and the total ener
in the cavity. As expected, this function approaches unity f(&rr
Ry/R = 1.

For intermediary values®,;/R ~ 0.3; both E.g and TE g
are quite significantlye dependent. This fact can becom es
critical when the system operates away from the optimal range.
of parameters to be defined later.

As indicated, when we introduce#l and E.r, our purpose
is to design a system for which both functions are maximized.®
At this point, we have a variety of possibilities in choosing the
optimum: at the intersection of the two lines, at the location of *
the maximum of the product of the two functions, etc. We shall
begin with the first possibility, which is simpler, and continue
in the following section to explore the second.

With this choice of criterion, we observe that, in the
intersection region, botl and E.x are almost independent of
the dielectric coefficiente) and at the intersectio®,/R ~
0.78. For values ofe, which vary from 2 to 8, the “quality”
factor varies linearly withR;/ R, as illustrated in Fig. 4. Note
that the variation in quality is very small.

It is interesting to point out that for intermediary values
of Rq/R, F.s increases withe since more energy can be

IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 47, NO. 9, SEPTEMBER 1999

TEet

Qualily

Fett

0.4 05
Rd/R

02 0.8 1.0

5. Smoothness functioiS), energy efficiency function( E.s), and
total energy efficiency function plotted as a function of the r&tig' R

r three different dielectric coefficients & 2, 3, 4); arrows point toward
reasing values of.

Numerical Approach

For the case that = d/2 (d is still 1 cm), the optimization
performed using the EM field as calculated with SuperFish.
typical field distribution in such a cavity is illustrated in

. 2. Note the “fringe” effects in the vicinity of the edge

the dielectric; this type of field distribution can be a major

awback when uniform heating is a critical constraint. We

have repeated the same calculation, which provided the results
resented in Fig. 3, for the partially filling sample, and the

ults are illustrated in Fig. 5. As before, the following main
ults are pointed out:

« All three curves are more sensitive to variations.in

The optimization quality i€).2 > Q. > 0.1, compared
to the order of 0.5 in the previous case.

The optimal value of R4/ R is closer to unity(R;/R ~
0.95), compared to 0.78 in the previous case.

¢ A careful inspection of the curves reveals that, contrary to

the case where the dielectric fills the whole width of the
cavity, the energy efficiency functiodecreaseswith in-
creasinge. This behavior is caused by the “mirror effect”
created by exposing the top surface of the dielectric disk
to the fields propagating inside the cavity. Therefore, the
higher the dielectric constant of the material, the better
this “mirror” reflects the waves.

V. DiscussiON AND CONCLUSIONS

stored in the sample, while at the same time, the smoothnes¥he specific system under consideration has six degrees of
function decreases. This change in the smoothness functiggedom: the frequency, the two radii, the width of the cavity
can be intuitively explained by the fact that asbecomes and the sample, and finally, the dielectric coefficient. In the

higher, the discontinuity between the air’s dielectric constaghalysis presented above, it was assumed that four of these pa-
and that of the sample increases, therefore, the distortionrifimeters are given and, in practice, there are only two degrees
the electric field is larger. of freedom, namely, the radius of the caviiyand that of the

Although our main goal in this paper is optimization okampleR,. The ratio between these two quantities is set by the
a cavity, it is important to point out that Fig. 3 provides uglispersion relation, e.g., (5). In order to determine every one of
with important information regarding nonoptimized regimeghe radii, one has to introduce an additional constraint. In the
of operation. previous discussion, the constraint that was suggested was the

Consider, for example, the case wheniform heatingis intersectionpoint of the smoothness function with the energy
crucial. According to Fig. 3, a reasonable choice0ig > efficiency function. As already indicated, the main advantage
Ry/R > 0.1. of this criterion is that, at least for the= d case, the depen-

On the other hand, if fast heating is the primary concerdience on the dielectric coefficient is negligible. However, we
even at the expense of field uniformity, then the constrainisund that it is quite sensitive to the width of the cerarfyg.
become more flexible and the radii ratio can varylas > Another valid criterion is theroductof the two functions,
Rq4/R > 0.5. i.e., ' = E.4 x S. It is evident that this function has a
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0.4 [2]
£=2
£=3
03F e—1 g=d [3]
] 4
0o ) [4]
e
F =3 [5]
0.1 o4 g-dr2
0 | | . 1 [6]
0 02 04 06 08 1.0
Rq/R

[7]
Fig. 6. The product criteriol” = S x E.g as a function of the rati® /R
for three different dielectric coefficients.

maximum since, a2,/ R ~ 0, the energy efficiency function [&l
vanishes, whereas @,/R ~ 1, the smoothness function is o
zero. Since we found that these are positive defined functions,
we expect at least one extremum between these two points.
This maximum is clearly revealed in Fig. 6 where we plot L10]
for the three cases presented in Fig. 3. Note that for dielectria]
coefficients in the range < ¢ < 4, the peak varies slowly
betweenR /R = 0.5 to 0.55. In addition, the same criterion [12]
for g = d/2 peaks for the same range of radii. With this regard,
the product criterior{7") seems advantageous compared to the
intersection criterion.

In conclusion, in this paper, we have presented a method
to optimize a single-mode cavity used for ceramic sintering.
It is instructive to present the method in terms of a simple
pillbox cavity. The advantage of this simple model consis
of the analytic expressions for the EM field. Although a mor
general case was formulated by means of variational calcul
its accuracy was not sufficient for our purposes, therefore, \
resorted to the numerical code SuperFish for evaluation of t
eigenfrequency and the field components in the cavity. Wi
the frequency and the various fields established in the ent—
space of the cavity, we have devised two functions that allow_
us to formulate, in a mathematical way, an optimization crite-
ria. The first function, called the “smoothness functids”),
represents the variation in the electric energy in the dielectric
domain; it is defined in such a way that it has a maximum when
the field is uniform. The second function, called the “energy
efficiency function” E.rr), represents the electric-field energy
stored in the dielectric domain relative to the total EM enerc
stored in the cavity. For best heating, we aim toward maximu
electric field in the dielectric. As expected, the results of tt
optimization are dependent on the criterion that is being ust
For the criterion presented aboyé"), which we regard as
advantageous, the ratio is typicallg,/R ~ 0.5. Another
important conclusion derived is that, for the case where t
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