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Electron beam guiding by a laser Bessel beam
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We investigate the dynamics of electrons counterpropagating along a radially polarized optical Bessel
beam (OBB). (i) It is shown that a significant fraction of the electrons can be transversally trapped by the
OBB even in the case of “unmatched” injection. Moreover, (ii) these transversally trapped particles (TTPs)
can be transported without loss along many thousands of wavelengths. As long as there is full longitudinal
overlap between the electrons and laser pulse, this transport distance is limited only by the length of the
OBB region. (iii) The unique profile of the transverse field components facilitates guiding either
azimuthally symmetric pencil beams or annular beams. Space charge tends to totally suppress the annular
beams, and it reduces the amount of charge trapped on axis for pencil beams. (iv) Assessment of the
emittance of the TTPs alone reveals typical values of 10-50 pm. In fact, our simulations indicate if we trace
the emittance of those particles that are trapped from the input to the output of the OBB, we find that this
emittance is conserved. (v) We developed an analytic model whereby we average over the fast oscillation
associated with the counterpropagating electrons and OBB. The resulting Hamiltonian has a Bessel
potential J2(u), which, when operated in the linear regime near equilibrium, causes rotation of the phase
space. A Kapchinskij-Vladimirskij beam-envelope equation is derived including space-charge and
emittance effects. Relying on conservation of the longitudinal canonical momentum, the energy spread

in the interaction region is determined in terms of the OBB intensity and the electron energy.
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I. INTRODUCTION

Guiding charged particles in vacuum along significant
distances plays a pivotal role in many systems such as
radiation sources, accelerators, and electron microscopes.
Essentially, there are three types of transport systems:
electrostatic systems are used primarily in electron micro-
scopes and magnetostatic elements are used in high-energy
accelerators. In a small, but by no means less important
fraction, radio-frequency quadrupoles are used to both
transport and accelerate either electrons or ions. In the
present study, we demonstrate that a laser Bessel beam can
transport efficiently a counterpropagating electron beam in
vacuum. This may provide a highly useful alternative
means for guiding electrons, especially for situations where
it may be undesirable or impractical to have relatively large
structures, such as magnets or metal components, near the
electron beam. An example might be ultracompact electron
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beam applications where conventional magnetic or electro-
static focusing cannot be used.

The notion of using optical beams to manipulate the
trajectory of electrons is certainly not new. For example,
there are various ways high-energy electrons can be
focused with optical beams that rely on nearby structures
[1,2]. The fields created within two colliding laser pulse can
change the energy of subrelativistic electrons [3]. Optical
micromanipulation of micron-sized particles using Bessel
optical beams has been demonstrated [4]. What distin-
guishes our 8scheme from these other methods are (i) it
occurs in free space with no nearby structures, (ii) it is
designed to guide relativistic electrons, and (iii) it can be
easily scaled to long interaction lengths, e.g., many meters.

Before we investigate the dynamics of the transport by an
extended focus Bessel beam, it is useful to briefly review
the essentials of acceleration of electrons by a focused
beam in vacuum. The first hint regarding electron accel-
eration by a focused laser beam is in the work of Boivin and
Wolf [5], where they investigated the electromagnetic field
(Gaussian beam) in the vicinity of the focal point and found
that a significant longitudinal electric field develops. In
their words, “It seems plausible that such strong longi-
tudinal fields could be used for accelerating charged
particles. However, because of the considerable complexity
of the field in the focal region, the practical feasibility of
such a proposal must await a more detailed study.”

Published by the American Physical Society
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The next important step in our context was the configu-
ration suggested by Steinhauer and Kimura [6]. Its essence
was threefold: (i) a radially polarized laser beam; (ii) an
aligned axicon focus that generates an extended focal region
(Bessel beam); and (iii) the approximate matching of
particle and laser phase velocities as both propagate
in the same direction. They showed that acceleration is
feasible provided the interaction region is terminated
abruptly at both ends. A similar conclusion for a
Gaussian beam was reached by Esarey, Sprangle, and
Krall [7]. A couple of years later, the same group published
another study [8] that is closely related to that presented by
us in this study. It proposes a laser Bessel beam as a
candidate to play a pivotal role in laser-driven accelerators.
Because of the apparent similarity between these two
studies, it is important to emphasize from the very beginning
the differences between these studies and the work presented
in this paper. The primary interest of these two studies was
on creating a longitudinal accelerating force; thus, they both
assumed copropagating electron and laser beams.

Our focus is on counterpropagating beams, where we are
not interested in utilizing the longitudinal force, but rather
we are using the fact that the particles will experience a
rapidly oscillating transverse force. As we will show, this
effective transverse force can guide the electron beam.
Contrary to Ref. [8], which employs the paraxial approxi-
mation, we employ the exact solutions of TMj; in vacuum,
although the finite cross section of the electron beam
(e-beam) implies that only a small number of transverse
Bessel “periods” are used in practice. In other words, we
employ an ideal Bessel beam.

A different approach was adopted by Hora et al. [9].
They considered the feasibility of acceleration of individual
electrons by Hermit-Gaussian laser beams, and it was
shown that the transition from elastic to inelastic scattering
occurs for a laser normalized amplitude a = eEyly/
2zmc? > 0.1 and very small incident angle 0 < 7/4,
where e and m represent the charge and the rest mass,
respectively, of an electron, ¢ is the speed of light in
vacuum, and Ay and E represent the wavelength and the
amplitude, respectively, of the laser. Moreover, later it was
demonstrated in simulations [10] that, for an initial electron
energy of 26 MeV and some stringent initial conditions
(among them a > 100), emerging 1.5 GeV electrons are
feasible. This is in comparison with 32 MeV electrons for
the case of inelastic scattering.

Further support of this result was provided 3 years later
by Wang et al. [11], whereby the characteristics and
essential conditions under which an electron in a vacuum
and a laser beam can undergo a capture and acceleration
scenario (CAS) were shown. They confirmed that, if
a ~ 100, the electron can be captured, primarily longitu-
dinally, and violently accelerated to energies of the order of
1 GeV, corresponding to an effective acceleration gradient
1 TV/m. As in the case of Ref. [2], the net energy gain is

facilitated by the finite extent of the interaction and the
momentary capture of the electron over this extended
length. Implied in this work, as it pertains to this paper,
is that CAS is enabled by the fact that diffraction of the
focused laser beam leads to a significant component of its
spectrum having a phase velocity equal to or slower than c.

To conclude this brief overview, at the high laser
intensities involved, radiation-reaction effects on electron
beams were considered [12]. Provided @ > 1 and the initial
relativistic factor y;,; > 1, the dynamics divides into three
regimes: (i) For relatively low-energy electrons, radiation
damping effects are negligible. (ii) At higher electron
energies, but still 2y;,; < a, the damping alters the final
displacement and the net energy change of the electron.
(iii) For 2y;,; > a, the radiation-reaction induces longi-
tudinal electron trapping. This trapping process is stable
with respect to the spatial properties of the electron beam
and results in a significant energy loss of the electrons. In
our case, we aim to transversally confine the beam with the
lowest possible laser power; therefore, we assume that the
radiation reaction is negligible.

Our idea stems from a previous concept [13] of gen-
erating x-ray radiation similar to channeling radiation in
crystals, but in vacuum, by counterpropagating a beam of
electrons through an optical Bessel beam (OBB). For the
proof of principle analysis, we initially imposed some very
stringent constraints on the model in order to facilitate the
analytic solution. Recently, after we alleviated most of the
constraints, rather than investigating the spontaneous radi-
ation emitted, we decided to examine more closely the
trajectories of the test particles ignoring the spontaneous
radiation. The essence of this investigation is presented
here: We found the OBB is able to transport electrons over
its entire extent (many thousands of laser wavelengths).
The diffraction-free character of Bessel beams [14] means
that Rayleigh range limits no longer apply and the length of
the Bessel beam can be made, in principle, as long as
desired by simply increasing the diameter of the laser beam
being focused by the axicon. We also found that typical
normalized transverse emittances of less than 100 pm were
calculated for the transversally trapped particles (TTPs). In
fact, we found that their emittance is preserved along the
interaction length.

To thoroughly investigate the processes involved, we
developed an analytic model whereby we average over
the fast oscillation associated with the counterpropagating
electron and Bessel laser beam. The resulting Hamiltonian
has a radial Bessel potential J3(u), which, when operated in
the linear regime near equilibrium, causes rotation of the
phase space. This allows us to show the analytic conditions
needed for the emittance to be conserved. A Kapchinskij-
Vladimirskij beam-envelope equation is derived including
space-charge and emittance effects. In the OBB, the beam
radius at equilibrium is reconfigured according to the
intensity of the OBB, electron energy, and space charge.
Relying on conservation of the longitudinal canonical
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momentum, the energy spread in the interaction region is
determined in terms of the OBB intensity and the electron
energy. We show that there is an inherent advantage to
using a counterpropagating electron beam.

II. DESCRIPTION OF ANALYSIS
CONFIGURATION

Let us first generate a clear picture of the configura-
tion we intend to investigate. We conceive a radially
polarized annular “plane wave,” which extends between
R; < r < Ry, and is focused by an axicon lens such that
the Poynting vector crosses the axis at an angle 6, < 7—
see Fig. 1. Before the axicon lens, the radial electric field
in vacuum is denoted by E,,, such that the input power
flowing into the system is approximately given by P;, =
(1/2n9)E? yn(R%, — RZ,) and the net interaction length
is L= (Rext Rin)/ sinfy =~ R /6. It is assumed that
the pulse duration 7, is longer than the time it takes a
relativistic electron to traverse the interaction length
7, >L /c and, further, that the axicon lens is exposed to
a fluence F,, below its damage threshold [15] F = Pj,7,,/
7(R%, — R?,) < Fpux. We should note that if larger inten-

int
sities are desired, then it is possible to form an azimuthally
symmetric OBB without using an axicon by coherently
combining a large number of linearly polarized laser beams
whose polarization directions are arranged in a radial
pattern. Furthermore, it is possible to create any order
Bessel beams using a kinoform phase plate [16] combined
with an axicon as experimentally demonstrated by Fan
et al. [17].

On axis, the longitudinal electric field has an amplitude
Ey=E,ysinf, ~ E, 46, implying that, near the axis and
within the e-beam (0 < r < R,,), the electromagnetic field
components can be derived from the magnetic vector
potential and the scalar electric potential, which together
satisfy the Lorentz gauge:

E
AQOBB) _ _.7%]0 <w0rsm90> sin [wo <I+Z00890>] )
wsin*6, c ¢

E 0
®(OBB) :LO:OJO (@rmn%) sin {wo (I+ECOSQO):| )
@sin“0, c c
(1)

Ao = 2me/w is the laser’s wavelength in vacuum, and wy is
the laser frequency. This is an exact solution of the wave
equation up to radius r < R, beyond which the radial
wave has to satisfy Sommerfeld’s radiation condition

|

T=ct/ly, X =x;/A,

U; = nEJ (y;)sin(y;).

Vi = Yil 4o

Z; = zi/0s
V= EJO(Wi)COS()(i)’

Radially

H Axicon lens
polarized H

1

1

1

Bessel beam

e >

FIG. 1. An axicon lens converts a radially polarized annular
(Rine < 1 < Rey) laser beam to an OBB on axis. The electrons
counterpropagate against the Bessel beam. The laser beam
propagates at an angle 6, relative to the axis; the radial electric
field before the axicon lens is E, , which translates on axis after
the axicon to an amplitude E,, = Ej = E,  sinf,. Not to scale.

[Jo(%2rsinb,) — H @ )(“’0 rsin 6,)]. Throughout this study,
we assume that the partlcles are much closer to the axis,
namely, 7; < rp.x << Rpaxs 7 18 the radial coordinate of the
ith particle. Another aspect that is ignored is associated
with the axicon lens, which has a small central hole in order
to allow the electrons to traverse through the axicon without
scattering. (Since the radially polarized laser beam imping-
ing on the axicon is annular in shape, the central hole in the
axicon will not significantly affect the laser beam.)
Diffraction and Cerenkov radiation due to the passage of
the electrons via this vacuum tunnel are ignored in this
study. As clearly illustrated in Fig. 1, the OBB propagates
in the opposite direction to the particles.

The single-particle trajectory can be determined by
examining the equations of motion ignoring momentarily,
for simplicity sake, space-charge and radiative effects:

d . _
L () = ~(eosty + £) 5,0,
d, . _ -
= (rivi) = —(cos 6y + 2) 7:U;,
d, . 1d | - _
ol = |35+ D)0
dyi d — — ~ 7
PR o {EE(XIZ + ylz)] Ui =2zVi.
dyi :
Ezzﬂ'(l +Zl‘00590), (2)

where the various normalized quantities are defined next:

w; = 2m\/ ¥ + 77 sin 0,

E = eEyly/mc?,  J.(u) =2J,(u)/u.
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The first three equations represent the particles’ momen-
tum dynamics, the fourth the individual’s particle energy
dynamics, and the fifth the phase variation as experienced by
the particle along the wave. In the equations of motion as
formulated in Eq. (2), we omitted the fact that the force terms
are exerted only in the region where the OBB exists,
0 < z; < L; in the numerical simulations that follow, this
effect is accounted for. In Appendix A, we describe in detail
the steps that lead us to this set of equations. Before we
proceed, it is important to point out that while y;,
as well as the longitudinal momentum y;f,; are affected
by the Bessel beam, the phase of the counterpropagating
relativistic electrons is virtually independent of the intensity
of the optical field—see the last expression in Eq. (2),
xi(7) = xi(0) + 27(1 + cos 0y)7 = ;(0) + 4zz. For this rea-
son, we focus our attention on the transverse phase space.

III. CONSTANTS OF MOTION

From the fact that both potentials are azimuthally
symmetric, we deduce that the angular momentum is
conserved. Explicitly, using the two transverse equations
of motion, we get

di(yﬁ/ifi —Xyi3i) =0, (3)
T

which implies that the angular momentum is conserved;
thus, its value at the input sets the angular momentum
throughout the interaction region. Keeping in mind in
cylindrical coordinates ¥; = 7;cos¢; and y; = 7;sin ¢;,
we get by accounting for the z component of the normal-
ized angular momentum, L; = y,(%;y; — y;X;), that the
azimuthal velocity is given by

g =i (4)

Further based on Eq. (4) and the dgﬁnition of the
relativistic factor, y;2 =1 — i — P2¢7 — 72, we conclude
that the latter is explicitly given by

1+ L3772

2:7
;) 0
l—ri—Z,-

Vi (5)
In the simulations that follow, the angular momentum is
taken to be zero (£; = 0), except if specified otherwise.

Another constant of motion is deduced from the other
two equations of motion (for y,Z and ;). In both cases, we
have the term 7; 7;U; on the right-hand side; therefore, after
some straightforward steps, we obtain conservation of the
canonical longitudinal momentum:

df . E . o
= }’,’(Zi-l-COSgO)+ESIH()(,»)J0(271'F,'SII‘1(90) =0. (6)

At the end of the last section, we note that, for rela-
tivistic particles y; > 1, the phase of the particles is not

affected by the intensity of the OBB. The conservation of
canonical longitudinal momentum, as reflected in Eq. (6),
indicates that, for a narrow pencil beam such that
Jo(27mF; sinBy) ~ 1, the energy of the particle can be solved
analytically. In Appendix B, we show that the initial energy
spread AyZ. increases in the interaction region according to
the intensity of the OBB:

eEylg/mc* 1?2
however, as the interaction ends, since the canonical
longitudinal momentum is conserved, the energy spread
will return to its original value, Ay?2..

Let us now return to the main theme of this section,
constants of motion. The four equations of motion postu-
lated in Eq. (2) can be reduced to three if we multiply the
first three with the corresponding momentum, add all three,
and subtract the fourth after being multiplied by y,. The
result

d|1, . 1, . 1, . 1

72 (ri%;)* + 3 (rivi)* + 3 (rizi)* — 5712 =0 (8)
is a manifestation of the fact that the magnitude of the
energy-momentum’s 4-vector is constant. Evidently, we
have the choice of using the fourth equation of motion to
determine y; or ignore the former and define y; based on
Eq. (8). As a result, the three degrees of freedom (three
momenta components) are reduced to one by the two
constants of motion specified above. With that in mind, the
dynamics are determined by the radial motion alone:

d, .. L[? E . :
E(yiri)—TF?:—MJI(ZﬂriSInQO)(COSQO—l—Zi)
x sin(y;). 9)

With the equations of motion simplified, one needs to
specify the important measure of transverse confinement,
namely, the emittance. Assuming that the radial coordinate
is based on Eq. (8), the transverse normalized emittance
may be assessed by adopting the definition originally
suggested by Lapostolle [18]:

€x = 4mlo\/([fi(f)]2>,~<[fi(f)]2>i — (%(0)xi(2)7. (10)

IV. LINEAR REGIME

For establishing the beam stability, we examine the case
of zero longitudinal angular momentum, £; = 0, which
allows electrons to move on axis; otherwise, radially the
acceleration diverges—see Eq. (9). In this case, we observe
for certain values of 7; that the radial force vanishes and the
particles’ dynamics in the radial direction is as if no OBB is
present. For this equilibrium state to happen, the radius 7,
has to satisfy

q
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271'feq,s Sin00 = Pis» (11)

where p; ; are the relevant zeros of the first-order Bessel
function J (p, ;) =0 and s is an integer s = 0, 1, 2... with
its limit determined by the geometric radius of the electron
beam and the angle of the laser OBB, ie., p;o=0,
Pii1 = 3832, P2 = 7016, P13 = 10.173.... Note that
in the longitudinal direction, according to the conserva-
tion of the canonical longitudinal momentum in the z
direction, the electron oscillates. Furthermore, we can
assume that a small transverse oscillation (67, ;) around
the equilibrium does occur, namely, 7; = Feq, + OF ;3
therefore, ignoring the longitudinal oscillation as well as
the energy modulation, y;(z) = y;(0) =y, o, for relativistic
particles (p,;,7;> 1), the radial equation of motion
simplifies to read

d .
Qe + a; sin(yo,; + u) |07 = 0, (12)

where a,; = EJo(p)[dnyiocos’(0y/2)]"! and u=
4rcos®(0y/2)ct/Ay. This is the Mathieu equation that
can have periodic (thus stable) solutions. In Appendix C,
we show that a stable solution is possible for s = 1 if ey ; =
[Jo(p1.0)E][yo4mcos?(6,/2)] 7! < 0.454 or, explicitly,

BE()},O

vo 2 0.175 =22 (13)

mc

For most practical regimes of interest, the right-hand side
of Eq. (12) is much smaller than one; therefore, for
relativistic electrons, this constraint is always satisfied.
This is the first important result of this study, since it
indicates that, within the framework of a linear approxi-
mation, electrons moving in an OBB can follow stable
trajectories which can form a pencil beam (s =0) or
annular beam (s > 0).

V. DYNAMICS WITHOUT SPACE CHARGE

The important result mentioned above and analyzed sub-
ject to a linear approximation is next investigated numeri-
cally relying on the exact set of equations in Eq. (2) and
employing the set of parameters specified in Table I.
Figure 2 shows the transverse phase space when the
space-charge effect is ignored. As reference, we show
the initial (z = 0) phase space represented by red circles in
both frames. Each circle represents a microparticle that
contains many electrons that are “glued together” all along
the interaction length. It is tacitly assumed that, by splitting
the entire beam into N, microparticles, the characteristic
features of the entire ensemble will be preserved. It should
be made crystal clear that, while we focus here on the
transverse dynamics, the latter is solved self-consistently
with the longitudinal dynamics. And in the longitudinal
direction we consider one period of the exerted field,
since at a given location, during the next period of time,

TABLE 1. The default values of the parameters used in the
various simulations.

do = 1.064 [um] E=12x107 Yo =20

E,o =33 [MV/m] L~10[m]  |y,(0)%(0)| <107

S.0= 1474 [MW/cm] F=~1.0 [J/cm?]
0, = 10(x/180) R, ~ 54

i — 704l <107y,
Nomp = 360

the process repeats itself. It is for this reason that we
consider one period of the exerted field that contains Ny,
microparticles [19-20]. As a typical example, we can
conceive a 3-mm-long pulse of 10° electrons, and the
exerted force has a 3 um period; therefore, in one period,
there are 10° electrons. These can be divided into 1000
microparticles, each one containing 1000 electrons.
Throughout all simulations that follow, the relative error,
defined based on Eq. (8), did not exceed 10™°%.

InFig. 2(a), the blue circles show how the transverse phase
space evolved after half a meter. Several facts are evident:

1x10°
£
=}
5
g 5x10°|
o
=
(o]
@
(9}
% 0
f
@
'_
o
2
T -5x10*
£
o
b4
-1x10° L ] ‘
-10 -5 0 5 10
x/ A\
1x10° ‘
£
=]
5
£ 5x10% | 4
o
=
[0}
@
[0}
% ot y
f=
©
'_
kel
2
T -5x10*| ,
13
2 o
QO
-1x10° L © L
-10 -5 0 5 10
X/A

FIG. 2. Phase space in the space-charge-free case. The trapping
of particles in the vicinity of the equilibrium points is evident:
|Xeq| ~O0and |%e| ~ 3.512. The initial beam’s phase space does
not cover the third equilibrium (||~ 6.43) since || <5;
therefore, electrons are not trapped in this state. (a) At
z=LJ2. (b) Atz =1L.
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Already at this stage, part (20%) of the microparticles
(representing the electrons) are trapped [/ (¥q) = 0] on axis
Xeq = 0 forming a “pencil beam.” Another fraction (29%) is
trapped in the vicinity of the second zero of the Bessel
function corresponding to |¥q| ~ 3.512, indicating the gen-
eration of an “annular beam.” (The parameters for this
particular example were chosen to illustrate how itis possible
for both a pencil and an annular beam to be guided simulta-
neously by the OBB. Although actual applications would
typically guide only one type of beam, this particularexample
will be useful in understanding the effects of space charge as
discussedshortly.) A third groupis nottrapped, butrather they
slowly “diffuse” away from the center. Not shown is a fourth
group of electrons that were scattered in the first few
centimeters of the interaction.

In Fig. 2(b), only the trapped electrons (49%) are left,
and this is a representative picture for the last quarter of the
interaction region. Note that there are no trapped micro-
particles in the third equilibrium point |¥,| ~ 6.43. In fact,
only microparticles that are initially in the vicinity of the
equilibrium are trapped. For example, if we reduce (not

1x10°

5x10™

Normalized Transverse Momentum
o

c 1x10% ‘

EE’ z=L o (C)

o -6 O

c . Kk =4.2x10 o
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X o)

g -5x10" | o] .

S FE
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o

-1x10° L L L
-10 5 0 5 10

x/ A

FIG. 3.

shown) the phase space at the input to be |¥;| < 2, then no
particles are trapped in the vicinity of the second equilib-
rium point. This is the second important result of this study,
since it indicates that the OBB supports the generation of
either a pencil or an annular beam for rather large
amplitudes. Thus, the stable trajectories are not limited
to the linear regime.

A third important result is associated with the emittance.
Its value for the pencil beam at the output (z = L) is €, =~
53.2 pm. Tracing backwards to those electrons that made it
to the end of the OBB and calculating their emittance at
z = L/2, we find that the emittance is €, ~ 53.5 pm, which
clearly shows that the emittance of the TTPs is conserved
for at least the second half meter. The slight deviation can
be attributed to the usage of a relatively small number of
microparticles (70) affecting the statistics.

VI. DYNAMICS WITH SPACE CHARGE

For guiding a significant number of monoenergetic
electrons, we need to confine them as much as possible
on the scale of the OBB wavelength with the limit being the

e 1x10° ‘
= z=L/2 (b)
S -5
“E’ K =42x10 o
-4
S s5x10*} o 1
[0}
1
[0}
7
g or I
'_
ko)
[0}
N
g 5x10™ L O ,
2 o}
-1x10° L w L
-10 -5 0 5 10
x/ A
1x10°
£
2 z=L (d)
C
g K =42x10°
S -4
S s5x10tt o 7
8 O
9] 4
>
2
g OF 1
'_
e)
(0]
N
T - A i
g 5x 10
]
b4
-1x10° L L L
-10 -5 0 5 10
X/ A

(@) ks¢ =4.2x 107%, 7z =L/2. (c) ksc = 4.2 x 107°, z = L. Space charge tends to reduce the trapping when comparing

Ky = 4.2 x 1076 with the zero space-charge case k. = 0 as revealed in Fig. 2. (b) ks¢c = 4.2 x 107, z = L/2. (d) kgc = 4.2 x 107>,
z = L. Elevating the charge by one order of magnitude suppresses entirely the annular beam.
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repelling force the electrons exert on each other. When this ~ now is twofold: expand the equations of motion to account
force is greater than or equal to the radial force exerted by  for the space-charge effect and assess the effect of the latter.
the OBB, the electron beam will tend to blow up. Our goal =~ The former is explained in detail in Appendix D, and in
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FIG. 4. Guiding of a pencil beam of electrons by OBB. (a) ksc = 4.2 x 1076, z = L/2, p, nax = 107 () ksc = 4.2 x 1076, z = L,
Pemax = 107%. The low space-charge (k. = 4.2 x 107°) beam is significantly squeezed spatially, but the spread of the transverse
momentum increases by almost one order of magnitude. The initial emittance is 0.1 nm. (e) Phase space at the input is marked with red,
whereas in green are labeled particles at the input that eventually become trapped and make it to the output. A well-defined region
(|%;] < 1) in the phase space is occupied by only those electrons that will become trapped, implying that the emittance of the trapped
electrons is within a good approximation constant. (b),(d),(f) The same parameters as (a),(c),(e) except Xp.x = 1.0, Py max = 4 X 1074
Note that many fewer electrons are trapped, since the selection is more stringent, but the emittance of the trapped particles (0.2 nm) is
significantly lower than that of the entire ensemble at the input (1 nm).
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what follows we discuss the main findings from our
numerical investigation. In the framework of the approxi-
mation specified in Appendix D, space charge can be
represented by a single parameter k. = 2rN,, where
re = 2.8 x 1071 [m] is the classical radius of the electron
and N, represents the number of electrons per unit length
in the direction of motion. In zero order, for stability, we
require that the transverse force exerted by the OBB is
dominant, which is shown in Appendix D to be equivalent
to 7Ey > eN, /4megdgy® and is readily satisfied even at
moderately relativistic energies, e.g., y ~ 20.

The first observation we make is that space-charge
effects tend to suppress the annular beams: Figs. 3(a)
and 3(c) correspond to a small space-charge parameter
Kee =42 x 1070 at z = L/2 and z = L, respectively. We
observe that fewer electrons (36% compared to 49% in the
space-charge-less case in Fig. 2) are trapped and those
trapped have a slightly larger spatial spread. Elevating
the number of electrons by one order of magnitude,
K = 4.2 x 1075, as evident in Figs. 3(b) and 3(d), the
annular beam is absent even in the middle of the interaction
length. For the pencil beam, 11% of the particles are
trapped and are transported over the 1-m-long interaction
region. The emittance at the output (z = L) of the pencil
beam is g, ~45.1 pm; whereas, tracing backwards, the
trapped electrons had an emittance of ¢, ~48.5 pm at
z=L/2. This is for the low space-charge case. For the
high space-charge case, the emittance is a factor of 2.5
lower, ¢,(z=L)~17.4 pm and ¢,(z = L/2) ~21.1 pm.
Although to a lesser extent, in this case, too, the emittance
of the TTPs may be considered essentially constant in the
second half of the interaction region. We should note that
the effects of possible radiation loss have not been included
in this analysis. Furthermore, there may be a self-filtering
process occurring in which low emittance electrons tend to
remain well guided, whereas higher emittance electrons
tend to be lost during transit along the first half of the 1 m
OBB length (10% wavelengths).

Next, we focus our attention to a regime where only
a pencil beam is guided. For this purpose, we limit the
initial spatial spread of the electrons to |;| <2 and
we consider the case of a weak space-charge effect
(ke = 4.2 x 107°); the initial momentum spread is |p, ;| <
1 x 107*. Figures 4(a) and 4(c) show the phase-space
distribution at z = L/2 and z = L, respectively. These
results reveal that, despite space-charge effects, there is
no major change in the transverse phase space along
most of the last half-meter guidance “tunnel” formed by
the OBB [see Figs. 4(a) and 4(c)] and the TTPs are
transported without loss (40% of the initial particles are
trapped). It is interesting to note that the electrons, which
are guided along the second half of the interaction, have an
emittance comparable with their value in the previous cases
[e,(z=L)=~34 pm and ¢,(z = L/2) ~29.2 pm]. While
clearly the phase space is squeezed spatially, along the

TABLE II. Emittance in the various regimes considered. In
brackets is the percentage of the TTPs near the axis.

epml@  ElppeaPm] @ el [pm] @
Ksc z=0 z=1L = L/2
0 355 53.2 (19.4%) 53.5 (19.4%)
42 x107° 355 45.1 (19.2%) 48.5 (19.2%)
42 %1073 355 17.4 (11.1%) 21.1 (11.1%)
42 %1070 14.4 34.4 (39.7%) 29.2 (39.7%)
42 %107 28.5 10 (13.1%) 10 (13.9%)

momentum coordinate its spread is almost one order of
magnitude larger—yet the electrons remain trapped.

In Fig. 4(e), we see the transverse phase space at the
input marked with red, whereas in green we labeled those
particles at the input that eventually became trapped and
made it all the way through to the output. Clearly, there is a
well-defined region (|x;| < 1) in the phase space occupied
by only those electrons that will become trapped. This
brings us to the fourth important result of this study that the
emittance is not reduced, but rather it is conserved; in other
words, the emittance of the trapped electrons at the input is
within a good approximation constant along at least the
second half of the interaction region.

The transverse phase space at the output of Fig. 4(c)
leads us to examine the case when the initial transverse
phase space is squeezed spatially (|x;] < 1) but enlarged
along the transverse momentum |j, ;| <4 x 107 axis—
see Figs. 4(b) and 4(d). In the middle of the interaction
region, there are very few (15%) microparticles that
remained untrapped [Fig. 4(b)], and this number diminishes
at the end of the guiding process [Fig. 4(d)]. In this case, the
emittance of the TTPs at the output is 10 pm. Figure 4(f)
reveals that the relatively large transverse momentum
spread as well as the space-charge effect makes the origin
of the trapped particles more complex compared to the case
in Fig. 4(e), but the emittance remains unchanged (10 pm).
Again, in the framework of our numerical analysis, the
emittance of the trapped particles seems to be conserved. In
Table II, we summarize the normalized emittances in the
various regimes.

VII. ANALYTIC MODEL: SLOWLY
VARYING AMPLITUDE

A deeper insight into the preceding numerical results may
be obtained by developing a Hamiltonian that accounts for
averaging over the fast oscillations associated with the
electron and the wave propagating in opposite directions.
In Appendix E, we show that the Hamiltonian associated with
the radial motion p; = a;J,(C;)sin(y;o +y) + C; =~ C;
with the normalized time variable y = 2z(ct/A))(1 +
cosfy) and the normalized radius p; = 27z(r;/Ag) sin 6,
as well as the normalized coupling coefficient
a; = (eEgdg/mc?)[2my;o(1 + cos 6y)] 7! < 1, reads
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1 /dCN\? 1,
H == +—-a2J3(C)). 14
2<dl//> 4a’J1( 2 (14)

It contains a nonlinear potential V(C;) = ;a?J}(C;) ~
%(%;)CZZ, which for small radii, C; = 2z(r;/Ay) sinfy < 1,
indicates that the transverse motion is stable and oscillates
with a normalized frequency @;27>/? or in non-normalized
units Q; = eEyc/mc?y; o232,

For large radii, there are stable oscillations near any zero
of the potential well J,(p,,) = 0—as already introduced
in the context of Eq. (15). The first zero (p;,—o =0)
represents a pencil beam, whereas all the others (p; -0)
represent annular beams.

VIII. E-BEAM TRANSPORT

We are now in position to examine three aspects of the
e-beam transport by the OBB. First, we determine the
maximum transverse momentum allowed in order to
facilitate trapping. Second, by means of a transport
matrix formulation, it is shown that the transverse emit-
tance is conserved, and, third, we develop the equivalent
Kapchinskij-Vladimirskij [21] equation that determines
the equilibrium radius of the (pencil) beam and the
dynamics of small perturbation around this equilibrium.

A. Maximum transverse momentum

From the perspective of the oscillation’s amplitude, it is
limited to the range between two adjacent maxima,
J1(p1s) =0, of the potential P10 < C < ppyyq; there-
fore, according to the definition of the Hamiltonian
[Eq. (15)] the radial velocity is limited to

dC;\2 1 ac;?
0 < i =2H. —— 2.]2 C;) < .
—(m,/) = 2=l ’)—'dw v
1 .
+S@AIC = 0)] = Py} (1)

implying for the worst case scenario for a pencil beam
[Ci(w = 0) = 0] that the (normalized) radius should not
exceed the location of the largest maximum (p; ;) of the
potential. For example, in the case of a pencil beam, the
Bessel function has a maximum: J3(u) < JZ,, =0.339
(u ~ 1.841); therefore, the limit on the initial radial motion
allowed is |(dC;/dy),,_o| < (1/2)a;|J1(p1.1)| or, explic-
itly, |yB.|,—o < 0.065(eEyly/mc?)(1/sinf,). Keeping in
mind that based on Fig. 1 we may deduce that P;, =
(1/2n9)E? ynR%, and E, o = E,/ sin 6y, thus we get

21 Pi, /1%

_1 <0065 ——=—5—,
|yﬂr|t—0 (mcz/e)z ﬂRgxt

(16)

implying that the upper limit of the transverse momentum
is set by the input energy flux before the axicon lens (e.g.,

F=11J/ecm?).ForA=1um,L =1 m,and R, = 10 cm,
we find |yf,|,_o, < 6 x 1073, which implies that any elec-
trons entering the OBB region with a radial velocity greater
than this value will not be trapped.

B. Emittance conservation

Let us examine the emittance as electrons are oscillating
near one of the zeros of the potential p; : J;(p;,) =0,
s =0,1,2,.... Consider a linearized solution of the form
C; =~ py,+06C;;, and then the trajectory of the electrons
may be described in terms of a transport matrix. In
Appendix F, we show that the transverse emittance

e(y) = dosin2(6,/2)
<\ (BC2 ) (5C2w)) — (5Ciw)oC,(w))? (17)
is conserved along the interaction region

ey = o0) =¢(y =0). (18)

This is the fourth important result characteristic to this
guidance paradigm.

C. Envelope equation

Knowing for a pencil beam that the emittance is
conserved, we can go one step further and develop the
envelope equation for the OBB. Let us consider a particle at
the vacuum-beam interface—its radius is denoted by R,
Ignoring space charge and angular momentum, according
to Eq. (15) the particle’s trajectory is oscillating

dsz + eEO
ds® 232mc?y

>2R,, —0, (19)

where s = ct. For what follows, it is convenient to
define K = eE,/2%>mc*y, which represents the “lattice”
periodicity.

Including the repelling space-charge force developed in
Appendix D and in a similar way we incorporate the
angular momentum term from Eq. (9), we obtain

dZRb 1 €E0 2 2NArl 1 82
S (20 R, - 4y _f 0, (20
ds? +8 (mc277> b ( 7 >Rb R} (20)

where ¢ is the transverse emittance being related to the
angular momentum by & = L4y/7. In this process, we
ignored the energy spread by using, instead of y;, its average
value 7 = (y;); r is the classical radius of the electron.
The equation above represents the Kapchinskij-
Vladimirskij equation for the OBB. As such, it is evident
that the beam’s envelope has an equilibrium value that
depends on the laser intensity, e-beam emittance, and
number of electrons per unit length N,. In fact, it is
convenient to define the “space-charge emittance” &, =
Nare/7 K allowing us to write the equilibrium condition as
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2¢,./K €€,
e/K

R2

beq — (21)

e
which indicates that, if the equilibrium is space-charge

dominated (g, > ¢), the beam radius is independent of
the emittance, whereas, in the opposite case, R oq X E-

1 2
K SSC + £SC
£ K€,

IX. CONCLUSIONS

In conclusion, we considered the trajectories of electrons
counterpropagating along a radially polarized optical
Bessel beam. It was shown that a significant fraction of
the electrons can be transversally trapped by the OBB even
in the case of “unmatched” injection, i.e., an arbitrary phase
with respect to the optical field. Moreover, these trans-
versally trapped particles can be transported without loss
over more than 10° laser wavelengths (1 xm). The distance
is limited only by the length of the OBB as long as there is
full longitudinal overlap between the electrons and laser
pulse. The unique profile [J,(u)] of the transverse field
components supports the propagation of annular beams in
addition to an azimuthally symmetric pencil beam in the
vicinity of the zeros of the Bessel function, namely,
Ji(u) = 0. Qualitatively, space charge tends to suppress
annular beams, and it reduces the amount of charge trapped
on axis.

Assessment of the emittance of the TTPs alone reveals
(see Table II) typical values of 10-50 pm for the parameters
specified in Table I. In fact, our simulations indicate that, if
we trace the emittance of those particles that are eventually

|

d  (0BB) _ Ey
H,=——A; =
Holo = =5, % ~ csind,
0 E cos
E — (OBB) 0 07
" 8r sinf, "'
0 (o O
E,=——A — — @(OBB)
¢ ot ° 0z

= EyJy (ﬁ rsin 90> cos {wo <t + Ecos «90)] .
c c

trapped from input to output, we find, within an error

(o N,;Il,/ ?) associated with a relatively small number of
microparticles (70-40), that this emittance is conserved.

To thoroughly investigate the processes involved, we
developed an analytic model whereby we averaged over the
fast oscillation associated with the counterpropagating
electron and Bessel laser beam. The resulting
Hamiltonian has a Bessel (radial) potential J3(u) which,
when operated in the linear regime and near equilibrium,
causes rotation of the phase space, and using this we
determined the analytic condition (eEyly/mc*7)* =
2(x2)(x?)~! for the emittance to be conserved.

Finally, our choice of counterpropagating electrons is not
arbitrary. In Appendix G, we show that, while the stability
is identical in both cases, namely, the oscillation follows
the same frequency, the transverse confinement (kick) is

(65/2)* weaker in the copropagating case.
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APPENDIX A: EQUATIONS OF MOTION

Fromtheexplicitexpressions of the potentials [Eq. (1)] that
satisfy the Lorentz gauge, we may derive the three nonzero
field components in the cylindrical coordinates system:

Ji (ﬂrsin 90> sin [a)o <t + Ecos 90>] ,
c c

O rsin 60> sin [a)o (t + ad cos 90)] ,
c

(A1)

With these field components, we may write the equation of motion of the ith electron in the Cartesian coordinate system:

d e
(v B.)=——(E.. —
dt (Vzﬁx.z) mc ( X,
d
E (Yiﬂy,i) -
d
E(yiﬁz,i) =
dri _ _
dt mc

Xi— a)o(l+Zi00890>.
C

e
——(E_; + cpuoPiH
mc

cpoP ity ;)

e
e (Ey; + cuoPiHy ),

yi C/"Oﬁy.i[ix,i)7

2 (Cﬁx,iEx,i + Cﬂy,iEyA,i + CﬂzEz)’

(A2)

081301-10



ELECTRON BEAM GUIDING BY A LASER ...

PHYS. REV. ACCEL. BEAMS 23, 081301 (2020)

The last expression determines the phase experienced by the ith particle. Keeping in mind that in cylindri-
cal coordinates E, = E,cos¢ and x = rcos¢, we get E, = (x/r)E,. Similarly, E, = (y/r)E,, H, = —Hsin¢ =

—(y/r)H,, and H, = H, cos ¢ =
d e
Zp.)=——(E. .
S =~ (B,

d e
—_— . . = —— E .
dt (71ﬂy.1) me ( r,i

(x/r)H,. Thus, we have
x<
—noBiH ) 71 ,

y<
—noBi ;) 71 ,

1

1

d e X; v
E (Viﬁz,i) = _c (Ez,i + 1P r_iH¢,i =+ 7]0/},\'.1' r_inb,i)’
d
E}/i: x,i 'Ert+:8\t Er,i+ﬁzEz ’
d
i wo(1+ p;cos6y). (A3)

At this stage, we may substitute the explicit expressions for the field components derived in Eq. (A2), and, defining
w; =“r;sin6, as the argument of the Bessel functions, we find

d E,
E(yiﬂx,i) - = |:mc (00590 +ﬂzt) -ng

d e EO
7 (ribyi) = — [% (cos@y + f.;) sind,

Ji(w;) Sin)a} =,

. Vi
Ji(w;) Sln)(l} T

X

T

i

d e
E(ytﬁz,i) = — |:EOJO(V/i)COSZi - ( X.i r. +ﬂyz ) sin 6, Ji(w;) Sln)(z:|v
d e E(cos 6, .
- —— 27, (y; ) EnJo(w 1,
d[yl me |:< x.i +ﬂyl rl) sin 90 (lllz) SIn y; +ﬁz,l 0 O(V/l) COS)(I:|

—xi = op(1 + B ;cosby).
Defining the normalized quantities as

T = ct/A, X = x; /A0,

U; = zEJ (y;)sin(y;).

Vi = yi/ o,

we finally get

d . . _

e (yiX;) = —(cos Oy + 2;) %, U,

d -

o (riyi) = —(cos 6y + 2;)3,U

d 1d ,_

d_( ):{Ed_ X4y )]U Vi
1

dy; d .

d—};——cos%{id—( 24y )}U zV

dy; -

o= 27(1 4 Z;cos 6y), (AS5)
T

which constitutes the fundamental set of equations intro-
duced in Eq. (2) and used throughout this study.

V= EJO(Wi) cos(y;).

Zi = zi/ %o,

w; =2m\/ X} + ¥ sin 6,

E = eEylg/mc?, J.(u)=2J,(u)/u,

APPENDIX B: CANONICAL LONGITUDINAL
MOMENTUM AND ENERGY SPREAD

The conservation of the longitudinal canonical momen-
tum [Eq. (6)] implies that for relativistic particles, y; (and
xi) can be solved analytically:

Esinfy;(0) + 27(1 + cos Oyt
(e) 4 ESnl0) +2n(1 +cos0y)
272(1 4 cos 6y)
Esin[y;(0)]
2z(1 +cosby)

=7:(0) +

From this last expression, we may conclude that, if the
initial energy and phase are statistically independent, the
average energy is independent of the OBB, i.e., (y;(7)) =
(7:(0)), whereas the second moment is given by

(B1)
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FIG. 5.

Dispersion curves corresponding to solution of Eq. (C2). (a) In red is the first passband and in blue its polynomial

approximation. (b) The second passband is relatively far away from the first one, and it is one order of magnitude narrower. The

eigenvalues are independent of the angle y.

(O = RO+ [ o]

x {1 — cos[2z(1 + cos Oy)7] }. (B2)

Averaging in time over one oscillation period, we

conclude that the initial energy spread Ayizni increases
according to

eEylg/mc* 1?2

Ay = Ap2 4 | B3

4 ini {27:(1 + cos 6y) (B3)

This last result represents the electrons’ energy spread
increase when the beam enters the OBB region. Because of
conservation of longitudinal canonical momentum, once
the e-beam exits the OBB, the electrons’ energy spread
drops back to its original value.

APPENDIX C: MATHIEU’S EQUATION

In this Appendix, we determine the constraints on a that
ensure a periodic (stable) solution to Mathieu’s equation

[% + asin(u + yo) | ¥(u) =0,

(C1)
namely, W(u) = exp(—jku) > 2 ¥, exp(—jnu), where
u=(—n,nx) and |k| <0.5 is the projection on the first
Brillouin zone. The Mathieu equation now has an algebraic form

0

Z [Mn.n/ - a_lan,n/]li!n/ exp(—jnu) = 07

n,nl=—oo

(€2)

with Mn,n/ = 21_1 (k + I’l/)_2 [6n+l,n' exp(_jXO) - 5n71,n’ X
exp(+jx0)], P = (k + n')*¥,,. Equation (C1) is an eigen-
value problem, or, explicitly, a~! represents the eigenvalues of
the matrix M. In the framework of a periodic solution, it can be
shown that the eigenvalues are independent of the initial angle

o, and within a reasonable approximation the first passband
in the first Brillouin zone can be approximated by
a(k) = 4oy, |k — k%, where 0 < a(k) < oy =alk =
0.5) 2~ 0.454. The red curve in Fig. 5(a) shows the numerical
solution for || < 5, whereas in blue we plot the approximation
from the above. After a wide forbidden gap (corresponding to
unconfined trajectories), the second branch a, (k) is one order of
magnitude narrower, i.e., Q. = 3.79, Amin = 3.757. See

Fig. 5(b).

APPENDIX D: SPACE CHARGE

In free space, an azimuthally symmetric pencil beam of
uniform density tends to diverge due to the net repelling
force F*) = re?(N/ 7R2A.)/(2y%€y) within the volume of
the beam. N is the number of electrons in the volume
7RZA., and the beam radius is R,,. Actually, as we show
subsequently, the quantity that matters is the number of
electrons N per unit length A,; thus, we define
Ny =N/A,. In practice, the radial distribution varies in
time, and, therefore, the space-charge force (after averaging
over the longitudinal dimension) is

N1

(sc)
Fr 7t -
(r.1) 2rey Y21

(hlr = ri(O]);-

The earlier expression for the radial force is readily
retrieved if we notice that for a uniform distribution
(2/R2) [ dpph(r — p) = r*/R% if r <R, and 1 other-
wise. Consequently, by analogy to the latter and the fact

(D1)

. e 5 2 [Ry 3
that for a uniform distribution (r*), =% dpp® =
b J0
IR?, we consider the following approximation for the
space-charge term:
2

(hlr—ri(0)]); ~ {ﬂ -

1 r? > 2(r?),
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This is obviously an approximation that becomes exact for
the case of a uniform radial distribution, but it obviously fails
for large deviations. Therefore, we can expect it to describe
properly a pencil-beam-like configuration but be less accu-
rate when an annular beam is involved. In the latter case, at
bestthis model provides us with a general trend. Despite these
limitations, this approach greatly speeds up the numerical
processing time while still providing rough assessments.

Subject to the assumptions above, the transverse space-
charge forces can be readily incorporated in the equations
of motion [Eq. (2)], which then read

d
dr
d
dr

d . 1 d? _ 1 . _
Sy = [ 220 U +—hz |-V,
dr (vizi) <2 d’c) ( = 'Zl) v

1

dyi ldflz _ ] . =
E— —(E dT) (COSH()U,’—I’II'?> —Z,'V,»,

dy; .
i _ 27(1 4 Z; cos 6y),

. . 117,
(vi%;) = — [(COS O +2:)U; — hi_zgj| X,

(rivi) = — [(COS 0o +2:)U; — h;

dr
2
I
= <7
hi =2rqNaq T (D3)
= 1 PF>F
=Rsc i b’

wherein 7 = 2(i%), and ry =2.8x 107" [m] is the
classical radius of the electron. For an assessment of the
value of the space-charge parameter, let us consider first an
example density of 10° electrons confined by a (100 ym)?
cube; thus, 7, ~ 10*' [m~3]. A beam of similar density but
radius R, =5 [um| contains N =~ 0.75 x 10'! [m~']; thus,
Koo =2rgqN~4.2x 1074, For stability, we require that the
transverse force exerted by the OBB is dominant:
(0800472, ) Ul max > Kse¥ 2 => 2 EgAg/ mc? > 2rg N o y72.
For the parameters specified above, this is readily satisfied.

APPENDIX E: EFFECTIVE HAMILTONIAN

Our purpose is to develop an analytic approach to
simplify the equation of motion taking advantage of the
fact that the electron and the laser are counterpropagating;
thus, the absolute phase varies rapidly. We further neglect
the energy variations and consider zero angular momentum
in Eq. (9); thus,

dzp,' .
d—wg ~ —a;J 1 (p;) sin(yi0 +w), (E1)

wherein y = 2z7(1 + cosfy), p; =2aF;sinf,, and
a; = E[27y;5(1 4 cos@y)]~!. The radial location of the

electron has a slowly varying component and a fast
varying one:

pi = A;cos(yio+w) + Bisin(yio +w) + Ci.

pi= d = (A; + B;)cos(yio +y) + (B; — A;) sin(yi0 +y) + C;,
pi = (A, — A; + 2B)) cos(yio+v) + (B; — 24; — B)) sin(y; 0 +w) + C, (E2)

for substituting in Eq. (E2), we present also the first and second derivative of p;:

(A — A+ 2B)) cos(yio +w) + (B — 24; — B;)sin(y;0 + ) + C;
~ —a;Jy[A;cos(yio +y) + B;sin(y; o +w) + Cilsin(y; o + ),

and using the orthogonality of the trigonometric functions we get

.. 1 2n
Cix~ _aiz_/ dyJ,[A; cos(y) + B;sin(y) + Ci] sin(y),
7 .Jo

Ai_Ai+2Biz_aiZ o

2
7 v iascostu) + Bysinty) + Csin2y),

.. . 1 2
Bi — 2Al — Bi ~ —2al~ 2/ dl[/]] [Al COS(I//) + Bi Sln(l[/) —+ Ci]sinz(l//). (E3)
T Jo

In the framework of the slowly varying amplitude approximation, the derivatives of A and B are assumed to be negligible.
Furthermore, we keep in mind that, by defining a; = \/A? + B, 0; = arctan(B;/A;), the argument of the Bessel function

reads C; + a; cos(y — 0;); therefore, we get
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. 1 2r
Ci~—a 2—/ dyJ,[C; + a; cos(y)] sin(y + 0;) =~ —
T Jo

1|d
MG
2 d)( 1=C;

1 [2= 1
A; ~2q; 2—/ dyJ,[C; + a;cos(y)] ESil’l(Zl/I +20;) ~ 0(a?),
Jo

1 27 1
B2y [ dpi (€ + apeosty)] 3 1 cos(aw +26,)] =y (€) + O(a)
T Jo

where we again employed the slowly varying amplitude
approximation; namely, we assume that the amplitudes and
the phase vary slowly compared to trigonometric functions.
Based on the last three expressions, we have A; ~0,
B; ~a;J,(C;), and

d? 1 d

~——

d—yﬂi_4dC

1(C). (ES)

So we need to solve only the latter, since once C; is
known, the radial coordinate is known: p; = o;J,(C;) X
sin(y; o +w) + C;, wherein again the first term is the fast
oscillatory term of the radial location, whereas the second is
its slowly varying counterpart.

Based on this equation of motion, we can deduce the
Hamiltonian associated with the radial motion, as we
ignored the change in the total kinetic energy. For this
purpose, we multiply the equation of motion by dC;/dy:

i 2 () A€

1 /dC; 1
—0=H=- ! — a2 J3(C)),
H 2<dl//> +4al 1( l)

(E6)

wherein H is the normalized Hamiltonian and obviously it
is positively defined, i.e., H > 0.

APPENDIX F: EMITTANCE OF THE
TRANSPORTED BEAM

In this Appendix, we examine the emittance as electrons
are oscillating near one of the zeros of the potential p ,:
Ji(p1s) =0,5 =0,1,2,.... Consider a linearized solution
of the form C; =~ p; ; + 6C;;, and then we may write

d [1/dsC 1
- J(p1)(5C, 1)
dl//|: < dl// ) +4a1 (pl,s)( A,z):|

a1
=0 = |:d 2 +5 az‘]z(pl,s):| 5cs,i =0. (Fl)

Defining the normalized oscillating frequency wf.i =
(1/2)a3J3(p1y) = @27°y;* and keeping in mind that, for
most practical acceleration applications, the energy spread
is of the order ~0.1%, we can assume 7y; ' ~ 1, wherein
7 = (y:)- As aresult, the transport matrix that describes the
trajectory is

(E4)
{50&,-(1//)] | costow) S‘“(Q)L"’) [663,1-(0)}
6Cs,i(l//) —d)ssin(a')sw) COS(C(;SIII) 5C51<0) ’
(F2)

that has a determinant of unity corresponding to a rotation
of the phase space. In the framework of the present
notation, the emittance is given by

e(y) 2(09/2)
x\/(6C3 ) (5C3 () — (6C,(W)SCi(y))*.  (F3)

Consequently, after the transients have decayed, @,y > x,
the emittance is given by

= ﬂoSin_

<W> (6C3)

£ = e(y = 0) = Asin2(6/2)
1

= asin(00/2) @,(6C3,(0)) + 3

[Se]

—(5C3,(0)) |+

op

(F4)

1 u+m
where we define F2(u) = 5 / dxF?(x). The best case
T u—m

scenario de,/da, = 0 is achieved by matching the poten-
tial, represented by @;, to the initial phase space:

# \/ dﬁx/dr)% l>‘t 0<5x; l>r 10 (FS)

Subject to this condition, the emittance is conserved along
the entire interaction length:

=e¢e(y =0). (F6)

APPENDIX G: CO- AND
COUNTERPROPAGATING BEAMS

The goal in Appendix G is to compare the dynamics of
co- and counterpropagating beams. To obtain the equations
that describe the copropagating motion, we switch the
trajectory of the particles in the z direction: z;(¢) — —z;(¢).
Therefore, instead of Eq. (2), the system is described by
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d, . . _

e (vixi) = —(cos Oy — z;)X;wE sin(y;).

T

d, . . _

I (viyi) = —(cos Oy — Z;) yimE sin(y;),

L) = = |2 (@ + 52)|aEsinGr) + Ecos(z)

dg Viki) = Ty LY i i)s
dy; 1d _ .-
Ti_ _cos 0o |=— (&2 + 3?) |nE sin(y;) + Z;E cos(y;),
dr 2dr
dy; .
%: 27(1 —Z;cos by), (G1)

where the various normalizations are identical to those in the counterpropagating case. We focus on the transverse motion and
ultrarelativistic case y6, > 1, and for comparison we present the corresponding equations for the counterpropagating case:

Co - propagating Counter - propagating
d - S\ =
E(anz) = _(COS 0, — zz>xlﬂ-E sm(xi) i(%?@) = —(cos 6, + z;i)a_:iWEsin <Xz)
T
~ 0T Bsin(x,) ~ 277 Esin 2)
ax, _ -
7 —27T(1 ZiCOSQ()) %:271-(1_,_2(:08&0)
-
~ 21 12—}—1902 27r9§ ~ A
2y, 2

It is evident that, for otherwise identical conditions, the confining force is (6,/2)? weaker in the copropagating case. This
is the main reason for our choice of using a counterpropagating OBB.

Next, we focus our attention on the radial stability of the beam for both cases. We show for both cases that the slow
varying component of the radial motion is stable. Subject to the previous assumptions, we may further assume that the
electrons energy is constant; thus,

Copropagating Counter propagating

d’x; 1 Esin ) d*x; 1 Esin _ -

— S~ ———sinuk;, —— ~————sinux;,

du®> 270}y ! du? 8ny (G3)
u = y(0) + n63z, u=~y(0)+ 4nrz.

Note that the normalized time (u) has a different (natural) definition. Clearly, the latter varies much slower in the
copropagating case. In cylindrical coordinates, the motion may be explicitly written as

X; = picos ¢,
. d_ .
X;=——X; = p;cos¢; — ¢;p;sing;,
du
;i = pcosp; —2¢;p;sing; — p;p; sinp; — 45;2/’[ cos ¢, (G4)

and, assuming vanishing angular momentum (which is conserved), we get

Copropagating Counterpropagating

o~ —sinup;, e~
a2y P ar T 8ay

The radial location of the electron has a fast varying component and a slowly varying one:

pi =A;cosu+ B;sinu+ C;, (G6)
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where the three unknown quantities (A, B, and C) are slowly varying functions of u; thus,

pi:du

d . . .
—pP; = (At +Bl) cosu + (Bt —Al) Sinu+ Ci’

ﬁi = (Al — Ai + ZBZ) cosu ‘l‘ (Bl — 2Al — Bl) Sinu + Cl

Substituting in Eq. (G6) and using the orthogonality of fy(u) =1, f.(u) =cosu, and f (u)=sinu for the

copropagating case,

: C;=—>B,,
folu): —A;+2B;=0= A; ~0,
fs(u): _2Ai Bl_

(G7)

Combining the three results and repeating the procedure for the counterpropagating case, we obtain

Co - propagating
A ~0

Bz—l E

Counter - propagating
A ~0
1 F

i i

2 A7y,

2

) _
& . L E

du2 i

U= X(O)+47r7'

8|4y,

Consequently, employing regular time normalization (z = ct/4) for both cases, we conclude that the radial motion of a
narrow pencil beam is stable for both copropagating and counterpropagating beams, i.e.,

&
dr?
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