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A trigger bunch of electrons traveling inside or in the vicinity of a dielectric medium generates a
Cerenkov wake. If the dielectric medium is active, a small fraction of the spectrum of the wake is amplified
and far behind the trigger bunch where the active medium is fully depleted, the amplitude and the phase of
the wake are virtually constant. In this range, a second bunch of electrons trailing behind the trigger bunch
can be accelerated. For optimal operation, the trigger bunch should be density modulated at the resonant
frequency of the medium. However, we demonstrate that even if the bunch is uniform along many
wavelengths we may still take advantage of the saturation characteristics to obtain conditions adequate for
acceleration. Further we demonstrate that for large enough number of electrons it is possible to have a
coherent amplified wake after a saturation length which is determined analytically and tested numerically.
In addition, we show that almost 100% of the stored energy in the active medium can be transferred to the
acceleration of the trailing bunch electrons. The relatively large energy spread due to the beam loading is
well suited to a medical accelerator. When the beam loading is weak, the gradient is virtually constant but
the acceleration efficiency drops to about 2% for typical parameters.
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I. INTRODUCTION

Electron acceleration by radio-frequency linear acceler-
ator (rf linac) is the most developed technique that
facilitates the generation of a small emittance and energy
spread beams of electrons [1–3]. It relies on a single
transverse-magnetic (TM) mode which is excited in a
metallic circular waveguide and is designed to propagate
at the speed of light in vacuum yet it possesses a
longitudinal component of the electric field. Since the
major limitation of rf linacs is breakdown, the maximum
gradient is of the order of tens of MV=m and as a result, a
few km’s long machine is required for accelerating e-beams
to energy of ten’s of GeV. The goal of all the new advanced
acceleration concepts is to reduce significantly this length
by enhancing the gradient while keeping the emittance and
the energy-spread as low as possible.
In the past few decades with the advent of high-intensity

laser [4] and micro-electronics technologies there is an
effort to accelerate electrons to GeV in a table-top structure.
As of today, the record gradients were achieved in the
plasma based schemes [5,6] and dielectric based accelerator
[7]. In the former, an intense laser pulse is injected into a
plasma to generate a wakefield of hundreds GV/ m. The
plasma wake, which trails behind the laser pulse can
accelerate electrons. In fact, the record energy transferred
so far to a bunch of electrons was achieved when the

plasma wake was induced by an intense electron bunch [8].
In dielectric based accelerator, it has been demonstrated
that a bunch of electrons can excite Cerenkov wake of
hundreds MV/m [7].
Another technique of electron acceleration relies on trans-

ferring energy stored from activemedium (AM) to a bunch of
electrons [9,10]. In the first approach of this technique,
spatially modulated electron bunch with periodicity equal
to the resonance wavelength of the AM is injected into
effectively boundless structure. That bunch generates awake-
field which is amplified by the AM. As a result, the amplified
wake directly accelerates the electron bunch. This approach is
effective below the Cerenkov condition and it has been
demonstrated in an experiment performed at Brookhaven
NationalLaboratory-AcceleratorTest Facility [11], inwhich a
density modulated bunch with energy of 45 MeV gained
energy of 200 keV from active CO2 gas mixture.
In the second approach considered here electron bunch is

accelerated by an amplified Cerenkov wake inside a
bounded AM [12]. More specifically, a trigger bunch of
electrons travels inside a cylindrical waveguide filled with
AM generates TM modes of Cerenkov wake. When the
single mode resonance condition is satisfied, only a single
TM mode of Cerenkov wake is amplified until full
depletion of the population inversion density (PID) occurs.
At this point the effective gain is reduced to zero and the
wake reaches saturation. Depending on the AM parameters
the wake can reach at saturation values as high as GV/ m a
few cm’s after the trigger bunch. In the region where
saturation is reached, a trailing train of bunches may be
accelerated by the amplified Cerenkov wake for schematic,
see Fig. 1. It is interesting to note that this paradigm
resembles the two beam accelerator (TBA) with one major
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difference. In the latter, the energy that generates the wake
used to accelerate the trailing bunch is stored in the driving
bunch. In our case, the energy is stored in the AM.
In previous work we have formulated the nonlinear

dynamics of the wake and as an example we considered the
case of modulated trigger bunch [13]. Several important
analytical expressions have been established: single mode
resonance condition, the saturation length, and the satu-
ration value. Our numerical simulations showed that
optimal performance can be achieved for large waveguide
radius filled with initially high PID and trigger bunch that
travels at velocity slightly above the Cerenkov velocity.
Electrons’ distribution is described by a continuous and
deterministic function. In the present study we investigate
the wake dynamics for discrete distribution of electrons.
We investigate the acceleration of a trailing bunch from the
perspective of efficiency, energy spread, amplitude, and
phase stability as well as beam loading.
The article is organized as follows: Sec. II presents the

dynamics equations that describe the Cerenkov wake
amplification in AM TBA with a discrete distribution of
the electrons. In Sec. III we summarize the previously
analytically calculated results from Ref. [13] as well as
additional results from the linear and nonlinear theory
brought in detail in Appendices A–D. Specifically, the
wake amplitude in the linear regime generated by the
trigger train bunch is calculated for passive (Appendix A)
and active (Appendix B) media. A detailed calculation of
the saturation length is given in Appendix C and the
efficiency of the AM TBA with beam loading is given in
Appendix D. In Sec. IV we present simulation results of
wake amplification dynamics for a trigger bunch described
by discrete distribution of electrons. The phase of the wake
and the saturation length are explored numerically for
various number of electrons in the microbunch and number
of microbunches. In Sec. V we study the energy-conversion
efficiency and emittance considering the enhanced wake
and the trailing bunch; the results are compared with our
analytical formulas from Appendixes D and E.

II. FORMULATION OF THE PROBLEM

The dynamics of the wake and the AM inside a
cylindrical metallic waveguide of radius R filled with

AM can be described by three sets of equations [13]:
Maxwell’s equations

∂Ēz;s

∂τ þ iω̄0Ēz;s ¼
k̄s

2
ffiffiffiffi
ϵr

p Ēþ;s þ
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2
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ϵr
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þ 2

εr
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2

εr
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and the equation that describes the PID

∂n̄
∂τ ¼ −

1

4

X
s

½2Ē�
z;sP̄z;s þ 2Ēz;sP̄�

z;s
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Here we assumed that the electrons move with a
velocity βc, we denote τ ¼ TωA, where T ¼ t − z=βc, t,
and z are the time and the spatial coordinates. Also,
ωA ¼ ωp=ð2 ffiffiffiffi

ϵr
p Þ, where ωp ¼ ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0μ2=ϵ0ℏω0

p
is the

“plasma frequency” of the AM. An AM with resonance
frequency ω0 has initial PID of n0, and average dipole
moment of μ ¼ μ12=

ffiffiffi
3

p
, where μ12 is the dipole moment.

Also, the normalized AM resonance bandwidth is
Δω̄ ¼ Δω=ωA. The parameter ℏ is the reduced Planck
constant, ϵ0 is the vacuum permittivity, and ϵr is the
dielectric constant of the medium excluding the population
inversion dynamics. Here, it is assumed that ϵr is frequency
independent. Note that the plasma frequency of the AM is
associated with the small signal gain (with respect to the
amplitude), α, through ωp ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2cΔωα ffiffiffiffi
ϵr

pp
.

The radial wave number of the wake is ks ¼ ps=R,
where ps is defined through J0ðpsÞ ¼ 0 ðs ¼ 1; 2; 3; ::Þ.
The normalized electric field envelopes, Ēz;s and Ēr;s

are normalized with E0 ¼ ½1=J1ðpsÞ�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω0n0=2ϵ0

p
and

the magnetic field envelope H̄s is normalized with
E0=ðμ0cÞ, where μ0 is the vacuum permeability. In
addition, Ē�;s ¼ H̄s=

ffiffiffiffi
ϵr

p � Ēr;s, Δϵ� ¼ 1� 1=β
ffiffiffiffi
ϵr

p
,

FIG. 1. Schematic description of the AM-TBA for accelerating
a trailing train of microbunches that is located at the saturation
region.
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ω̄0 ¼ ω0=ωA, and k̄s ¼ ksc=ωA. The polarization field
envelopes, P̄z;s and P̄r;s, are normalized with
iμn0=

ffiffiffiffi
ϵr

p
J1ðpsÞ and the normalized PID, n̄, is measured

in units of n0.
In this model the normalized bunch current is 2J̄sf=ϵr,

where J̄s ¼ ðI0=πR2Þ½JcðχsÞ=J1ðpsÞ�ð ffiffiffiffi
ϵr

p
=ω0μn0Þ, χs ¼

ksRb, Rb is the electron bunch radius, JcðxÞ≡ 2J1ðxÞ=x,
and f ¼ fðτÞ describes the electron bunch profile in the
longitudinal direction. The current bunch can be described
by modulated current in which the bunch profile, fðτÞ
is a continuous function in the bunch location and
I0 ¼ −eNðtbÞβc=Lb, where NðtbÞ is the number of the
macro-particles that consist of the bunch; Lb is the bunch
length. More specifically, in Ref. [13] the profile is fðτ0 <
τ < τ1Þ ¼ 1 and zero otherwise where τ0 is the injection
time of the bunch, τ1 ¼ τ0 þ L̄b, and L̄b ¼ LbωA=βc is the
normalized bunch length. In this paper, we explore mainly
the case that the current is described by discrete micro-
bunches. In this case the trigger bunch consists of MðtgÞ

microbunches with NðtgÞ electrons in each of them. The
microbunches are separated a distance of one resonance
wavelength. Hence, the profile for discrete electron bunch
is fðτÞ ¼PMðtgÞ

ν¼1

P
NðtgÞ
m¼1 δ½τ − τm − 2π=ω̄0ðν − 1Þ�e−iω̄0τ

and I0 ¼ −eωA.
The set of equations given in Eqs. (1)–(6) conserves

energy,

∂W̄tot

∂τ ¼ 0 ð7Þ

where the normalized total energy is

W̄tot ¼ W̄n þ
X∞
s¼1

½W̄ðEM;loÞ
s þ W̄ðEM;trÞ

s þ W̄ðBÞ
s �; ð8Þ

W̄n ¼ n̄ is the energy stored in the AM, W̄ðEM;loÞ
s ¼

ϵrðjĒz;sj2 þ Ē2
z;sei2ω̄0τ=2þ Ē�2

z;se−i2ω̄0τ=2Þ=4 is the energy
density associated with the longitudinal electric field, and

W̄ðEM;trÞ
s ¼ ϵr½Δϵ−ðjĒþ;sj2 þ Ē2þ;se

i2ω̄0τ=2þ Ē�2þ;se
−i2ω̄0τ=2Þ

þΔϵþðjĒ−;sj2 þ Ē2
−;sei2ω̄0τ=2þ Ē�2

−;se−i2ω̄0τ=2Þ�=8 is the
transverse components counterpart.
Note that ϵc ¼ ΔϵþΔϵ− ¼ 1 − 1=ðβ2ϵrÞ and is associ-

ated with the Cerenkov parameter in Ref. [12] by ϵc ¼ ϵ̄=ϵr.

In addition, W̄ðBÞ
s ¼ J̄s

R
τ
0 dτ

0½f�ðτ0ÞĒz;sðτ0Þ þ fðτ0ÞĒ�
z;sðτ0Þ

þfðτ0ÞĒz;sðτ0Þ þ f�ðτ0ÞĒ�
z;sðτ0Þ�=2 is the energy of the

bunch.
In the framework of this model it was assumed that:

(i) the system is azimuthally symmetric, (ii) collisions of
the electrons with the medium may be ignored, (iii) Ohm
loss of the electromagnetic field can be discarded, and
(iv) the PID is uniform in the radial direction.

III. ANALYTIC ASSESSMENTS

In the framework of this section we recapitulate the most
important analytical results presented in detail in [13] as
well as recently developed results; this summary is limited
to results that are of importance to the present study. In case
of zero gain, a wave which oscillates at the resonance
frequency of the medium and it has a phase velocity equal
to the velocity of the electron, satisfies the following
dispersion relation

�
ω0

ffiffiffiffi
ϵr

p
c

�
2

−
�
ps0

R

�
2

¼
�
ω0

βc

�
2

; ð9Þ

where s ¼ s0 is the resonance mode number. The time
duration needed to the amplified wake to reach saturation is

tsat ¼ td þ tr ¼
1

δω
ln

�
2jEsatj

jEz;s0ðT1Þj
�
þ 20

Δω
; ð10Þ

where

δω ¼ Δω
4

"
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8cα

ffiffiffiffi
ϵr

p
ϵ̄Δω

r #
ð11Þ

is the linear growth rate of the wake and Ez;s0ðT1Þ is the
wake immediately after the trigger bunch. The parameter td
is the first time the PID reaches zero namely full depletion
and the parameter tr is the relaxation time of the PID in the
nonlinear regime of amplification due to the Rabi oscil-
lation (for more details see Ref. [13]). The absolute value of
the saturated wake, jEsatj ¼ jEz;s0ðt ≥ tsatÞj, is found from
energy conservation

ϵ0ϵr
jJ1ðps0ÞEsatj2

2
¼ ℏω0n0

2
; ð12Þ

where it is assumed that E�;s0 ¼ iðks0=
ffiffiffiffi
ϵr

p
ω0Δϵ∓ÞEz;s0 .

One comment is in place here: the smaller the Cerenkov
slippage (ϵ̄ ¼ ϵr − β−2) the larger the growth rate.
The results shown above are independent on whether the

electrons are represented by continuous or discrete distri-
butions. Now, consider a train of MðtgÞ microbunches with
one (resonance) wavelength spacing and the train prop-
agates either in passive or AM. Each microbunch consists
of NðtgÞ electrons that are randomly distributed over a
length Δz < λ0 corresponding to initial phase distribution
(on the resonant mode—s0) 2ψ ¼ ω0Δz=βc; the super
script (tg) indicates that the parameter describes the
trigger bunch.
For a large number of experiments, the averaged wake-

field amplitude and its standard deviation immediately after
the last microbunch were calculated in Appendices A and
B. The results are summarized in Table I.
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The averaged complex amplitude and its standard
deviation are normalized with Es0 ¼ ðeNðtgÞMðtgÞ=
ϵ0ϵrπR2Þ½Jcðχs0Þ=J21ðps0Þ�, which is the wakefield ampli-
tude for a pointlike electron bunch (Δz ¼ 0) in a passive
medium. In addition, the function G is given by

Gðq; u;MðtgÞÞ≡ 1

2

�
1þ 1

1þ 4q

�

× eπuðMðtgÞ−1Þ sinhðπuMðtgÞÞ
MðtgÞ sinhðπuÞ : ð13Þ

For a microbunch consisting of electrons that are distrib-
uted uniformly the function F reads

Fðu;ψÞ≡ sincðψ − iuÞ; ð14Þ

where q ¼ δω=Δω and u ¼ δω=ω0 are the normalized
growth rate with respect to the resonance frequency
and the AM bandwidth, respectively. However, for a
normal distribution with the same variance of the
uniform distribution the function F is replaced with
FðNÞ ¼ exp ½−σ2ð1 − u2Þ=2þ iσu�, where σ ¼ 2ψ=

ffiffiffiffiffi
12

p
.

First note, as expected, that in the limit of zero gain
(δω ¼ 0) the results of the AM converge to those of the
passive medium. For δω > 0 the amplitude of the wake in
the AM is growing exponential as expðδωTÞ in the linear
regime, whereas in the passive medium it remains constant
(confined Cerenkov radiation). As can be seen from Table I
the difference between the averaged wake in passive and
active media is not only in the absolute value but also in the
phase since Fðu;ψÞ is a complex function. In a passive
medium the phase does not depend on the initial spread ψ .
However, in an AM the phase depends on both the growth
rate and the initial spread of the electrons. Another
important difference is that for a uniform beam (initial
spread of 2ψ ¼ 2π) the averaged wake amplitude in a
passive medium is zero, while in an AM is larger than zero.

Specifically, the averaged wake complex amplitude in an
AM is

hEðactÞ
z;s0 ðr ¼ 0; TÞi

Es0

¼ eδωTG
i sinhðπuÞ
πð1 − iuÞ ð15Þ

thus keeping in mind that within a good approximation
1 − iu ≈ 1, the phase of the wake is shifted by π=2.
Subsequently, we discuss the phase shift of the wake for
initially uniformly and normally distributions of electrons
in more detail in Sec. IV.
For e-beam acceleration it is important not only that the

averaged wake amplitude will be large but also to have
small standard deviation in order to minimize the jitter
experienced by the trailing bunch. Thus, we require that the
signal-to-noise ratio, jhEz;s0ðr ¼ 0; TÞij=ΔEz;s0ðr ¼ 0; TÞ,
to be as large as possible. In passive medium (with a
uniform initial distribution of the electrons) this require-
ment is equivalent to

NðtgÞ ≥ NðpasÞ
thr ≡ 1 − sinc2ðψÞ

sinc2ðψÞ ð16Þ

and in AM

NðtgÞ ≥ NðactÞ
thr ≡ 1 − jFðu;ψÞj2

jFðu;ψÞj2 : ð17Þ

With the electric field immediately after the last trigger
microbunch determined, we can proceed to an assessment
of the saturation relying primarily on energy conservation.
The detailed calculation is presented in Appendix C. For
a sufficiently large number of experiments the average
saturation time is

tsat ¼
1

δω
ln

 ffiffiffiffiffiffi
Ua

U0

s !
þ 20

Δω
; ð18Þ

where the initial energy stored per unit length in the AM,
Ua, and the electromagnetic energy per unit length gen-
erated by the trigger bunch immediately after the end of the
bunch, U0, are given in Appendix B.
After establishing the optimal conditions on the param-

eters of the trigger bunch in order to generate a wake
amplitude with minimum standard deviation, we proceed to
calculate the efficiency of our system in the presence of a
trailing train of microbunches. The natural place to accel-
erate the latter is in the saturation region, where the
wakefield reaches its highest value and in the absence of
the accelerated (trailing) bunch, its amplitude is uniform.
The efficiency of our structure is defined by

η ¼ WbL
Wemðt ¼ tsatÞðLþ LsatÞ

≃ Wb
1
2
ℏω0πR2n0

; ð19Þ

TABLE I. Averaged and standard deviation of the wake
complex amplitude in passive and active media. Here, the initial
phase-spread of the electrons at the resonance mode s0 is
2ψ ¼ ω0Δz=βc, where Δz corresponding to initial length of
electrons locations. For the results regarding the passive medium
it was assumed that the electrons are uniformly distributed. For
the AM, the results are the same for both uniform and normal
distributions but with different F function.

Passive (Appendix A) Active (Appendix B)

hEz;s0
ðr¼0;TÞi
Es0

sincðψÞ eδωTGF
ΔEz;s0

ðr¼0;TÞ
jEs0

j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−sinc2ðψÞ

p ffiffiffiffiffiffiffi
NðtgÞ

p
ffiffiffiffiffiffiffiffiffiffi
1−jFj2

p ffiffiffiffiffiffiffi
NðtgÞ

p eδωTG

ΔEz;s0
ðr¼0;TÞ

jhEz;s0
ðr¼0;TÞij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−sinc2ðψÞ

pffiffiffiffiffiffiffi
NðtgÞ

p
jsincðψÞj

ffiffiffiffiffiffiffiffiffiffi
1−jFj2

pffiffiffiffiffiffiffi
NðtgÞ

p
jFj
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where Wb is the energy exchange (per unit length), Lsat ¼
βctsat is the saturation length, and L is the propagating
distance of the accelerating bunch which is assumed to be
larger than the saturation length. In the case of beam
loading in the saturation regime the energy exchange (or
energy gain) is of the form of

Wb ¼ Wb;1NðtlÞð1 − NðtlÞfcolÞ; ð20Þ

whereWb;1 is the energy transfer in case of a single electron
per microbunch, fcol is the collective-effect coefficient;
both quantities are defined in Appendix D; a similar
expression was developed for conventional rf-linacs [14].
For a small number of electrons [NðtlÞ] the wake amplitude
is almost unchanged but the global energy exchange is
weak. If however, the number of accelerated electrons is
elevated, Wb;1ð1 − NðtlÞfcolÞ the effective energy-exchange
may approach zero because of the beam-loading effect thus
again, weak energy exchange. In between, there is an
optimal number of electrons that may be readily shown to
be maximum efficiency NðtlÞ ≃ 1=2fcol.
As demonstrated in Appendix D, almost 100% efficiency

can be achieved for initial small spread of each microbunch,
(ΔzðtlÞ ≪ λ0), and for large number of microbunches
MðtlÞ ≫ 1 however, the high efficiency is accompanied
by large energy spread since the field gradient is not
constant as it will be shown in Sec. VA. When low
efficiencies can be tolerated, we present in Secs. V B
and V C two additional configurations to obtain a high
energy gain with a low energy spread.

IV. WAKE DYNAMICS

In this section we examine the nonlinear dynamics of the
wake that is generated by a bunch of discrete electrons in an
active CO2 gas mixture with the same structure parameters
as in the linear analysis presented in Refs. [12,15] but with a
bunch radius of Rb ¼ 30 μm. We begin with studying the
dynamics of the wake triggered by a single electron.
Subsequently, the number of electrons is increased and they
are randomly distributed with either uniform or normal
distributions over a length of one and a half resonance
wavelengths (2ψ ¼ 3π). Aswill be shown, the phase-spread
of the wake can be significantly reduced for large enough
number of electrons; a feature which is crucial for accel-
erating a second trailing bunch. A similar impact has the
number of electrons in the bunch on the saturation length.

A. Number of electrons in trigger bunch

First let us consider the case of a single electron trigger
bunch. In this case Fig. 2 shows the dynamics of the wake
(black solid curve) and the PID. It reveals that even a single
electron can generate a wake that will reach saturation in a
cm scale length. As a comparison, Fig. 2 shows also the
wake amplification by a modulated trigger bunch (blue

solid curve) unveiling that the wake reaches saturation
within 5 cm behind the bunch, whereas for a single electron
the saturation occurs within 10 cm behind the trigger
electron. In addition, for wake dynamics as the former
the ellipses A and B show the locations of the accelerated
second trailing train bunch that will be considered in the
acceleration regimes section (V).
Though a single electron can generate strong wake

within a length of a few cm’s, in practice the trigger bunch
is composed of large number of electrons (NðtgÞ ≫ 1).
Here, we assume that each injected trigger bunch is
composed of NðtgÞ electrons that are randomly distributed
with either uniform or normal distributions over a length of
one and a half resonance wavelengths (2ψ ¼ 3π and
MðtgÞ ¼ 1), namely a length of 10.6 × 1.5 ¼ 15.9 μm in
our case of CO2 gas mixture.

10
−15

10
−10

10
−5

10
0

0 2 4 6 8 10 12 14
−0.5

0.0

0.5

1.0

B

A

FIG. 2. Wake comparison between the modulated trigger bunch
(blue solid curve) with the single electron trigger bunch (black
solid curve). The green dotted curve shows the location of the
trigger bunch and the dashed curve shows the PID dynamics. The
ellipses A and B show the locations of the accelerated second
trailing train bunch that will be considered in the acceleration
regimes section (V).
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(b)βcT=6.6 [cm]
βcT=12.7 [cm]

FIG. 3. The real part and the imaginary part of the wakefield in
the linear regime (at βcT ¼ 6.6 cm) and in the nonlinear regime
(at βcT ¼ 12.7 cm). The wake is triggered by a bunch consisting
of NðtgÞ ¼ 10 electrons that are spread either (a) normally or (b)
uniformly with standard deviation of one and a half resonance
wavelengths (2ψ ¼ 3π). Also, the number of the circles at βcT ¼
6.6 cm and βcT ¼ 12.7 cm equals to the number of the numeri-
cal simulations, Nexp ¼ 500.
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At saturation, as shown in Fig. 3, the wake amplitude is
well determined and can also be calculated from Eq. (12).
However, the phase of the wake is not well determined due
to the initial random distribution of the electrons.
For example, Fig. 3 shows the real and imaginary parts
of the wake at the locations βcT ¼ 6.6 cm (linear regime)
and βcT ¼ 12.7 cm (saturation regime). Each dot repre-
sents the complex wake amplitude for 10 electrons con-
fined in a one and a half (resonance) wavelengths with
normal distribution [Fig. 3 (a)] and uniform distribution
[Fig. 3 (b)] of initial electrons position. The averaged initial
positions of the electrons is 3.5λ0 corresponding to a phase
of π. Also, for the normal distribution the standard
deviation is σ ¼ 2ψ=

ffiffiffiffiffi
12

p ≃ 0.58π. Since Nexp ¼ 500

experiments were performed this is the number of red
and green circles. In the linear regime (red) the wake real
and imaginary parts values fill a circlelike shape whereas at
saturation (green) the wake amplitude is constant but the
spread of the wake phase is 2π. This phase randomness
makes this regime impractical for accelerating a second
trailing bunch.
However, when the number of electrons in the trigger

bunch is increased, for example, to 100 and the electrons
are uniformly distributed as is illustrated in Fig. 4(b), the
spread of the phase is reduced significantly from 2π to
0.11π, whereas for electrons that are normally distributed
the phase-spread of the wake is still 2π [Fig. 4(a)]. Hence,
in this regime the phase-spread is sensitive to the initial
distribution function. This difference will be discussed in
more detail in the last part of this subsection.
In the linear regime, as the number of electrons is

increased, the wake amplitude is also increased—as indi-
cated by the red circles of Fig. 4(a). For a large number of
electrons the wake can reach the nonlinear regime, where
the PID and the wake experience Rabi oscillations. Locally,
the amplitude may exceed the stable saturation level—as
illustrated in Fig. 4(b).
For 10,000 electrons that are either normally or uniformly

distributed, the phase-spread is significantly smaller than 2π
as shown in Fig. 5. Specifically, for the normal distribution

the phase-spread is 0.0118π with an average phase of π and
for the uniform distribution, the phase-spread is 0.0112π
with a zero average phase. The reason for the different
average phase stems from the different distribution func-
tions. For uniform distribution Fðu;ψÞ≃ −0.22 and for
normal distribution Fðu;ψÞ≃ 0.025, where ψ ¼ 1.5π and
u ¼ 6.14 × 10−4. In addition, the trigger bunch averaged
initial position is 3.5λ0 corresponding to a phase of π. Thus,
the total phase shift of the wake is 0 rad for the uniform
distribution and π rad for the normal distribution—results
that are in agreement with Fig. 5.
The most important result from Figs. 3–5 is that in both

random distributions, by increasing the number of electrons
in the trigger bunch, we may reduce significantly the phase-
spread of the wake. This is crucial for acceleration of a
trailing train of bunches. As indicated, this feature is
revealed only when the number of the electrons is above
a critical value depicted in Fig. 6 for both distributions. In
fact, this critical value is the threshold of electron number
that was defined in Eq. (17). For various initial electron
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FIG. 4. The same as Fig. 3 but with NðtgÞ ¼ 100.
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FIG. 5. The same as Fig. 3 but with NðtgÞ ¼ 104.

0 1 2 3 4 5 6
−5

0

5

10

15

Coherence region
Fig. 5

Fig. 4

Fig. 3

Uniform
Normal

FIG. 6. The threshold of electron number in a microbunch
(shown in a logarithmic scale) as function of the phase-spread of
the electrons for uniform phase distribution (solid black curve)
and for normal phase distribution (blue dashed curve). For the
uniform distribution the phase is spread over the range of ð−ψ ;ψÞ
with standard deviation of 2ψ=

ffiffiffiffiffi
12

p
. For the normal distribution

the phase is spread over the range of ð−∞;∞Þ with the same
standard deviation as the uniform distribution.

Z. TOROKER AND L. SCHÄCHTER Phys. Rev. ST Accel. Beams 18, 071301 (2015)

071301-6



spreads the electron threshold number is depicted in Fig. 6.
Clearly, for initial electron phase-spread smaller than about
π or half resonance wavelength, the electron threshold
number is smaller than one, which means that the spread of
the wake phase is practically zero for any amount of
number of electrons and independent on the distribution
function. Hence, in this region the amplified radiation is
coherent.
In order to maintain the coherence for larger initial

spread of electrons, as their wake is amplified by the AM,
the number of electrons should be increased. For example,
we previously studied the case of 2ψ ¼ 3π for various NðtgÞ

(see Figs. 3–5). In this example the electrons’ threshold
number for the uniform distribution is 20 and 1590 for the
normal distribution. Thus, for NðtgÞ ¼ 10 the spread of the
wake is expected to be 2π. For NðtgÞ ¼ 100 only the spread
of the wake phase is expected to decrease for the uniform
distribution and for 10,000 electrons the phase-spread is
decreased for both distributions. This explains our choice
of parameters in Figs. 3–5.
Our analytical calculations [Eqs. (16) and (17)] may be

counterintuitive when compared to self-amplified sponta-
neous emission (SASE) in lasers where the medium
amplifies a homogeneous wave, namely, the photons’
phase are also randomly distributed over one resonance
wavelength. In other words, the phase-spread is always 2π.
The major reason for the discrepancy is related to the

different character of the homogenous solution of the
wave equation and its nonhomogeneous counterpart.
While photons set a constraint on the frequency of the
radiation (ω), electrons set a constraint on the phase
velocity, βc ¼ ω=kz, where kz is the wave number in the
longitudinal direction. Thus, at the resonant frequency
(ω ¼ ω0) only the longitudinal wave number is complex
for photons, whereas for electrons, both the frequency
and wave number are complex. Explicitly, photons
amplification at resonance is described by EðphÞ ∝
hexpðαzÞ cos½ω0ðt − z

ffiffiffiffi
ϵr

p
=cÞ − ϕi�ii wherein ϕi is the

phase of the photon when born and for electrons
EðelÞ ∝ hexpfδω½t− ðz− ziÞ=v�g cosfω0½t− ðz− ziÞ=v�gii,
where zi (i ¼ 1; 2; 3;…) is the initial position of the
electron. As a result, at the limit of large number of
photons the average field is zero (hEphi ¼ 0) whereas in
case of nonhomogeneous solutions of the wave equation
the average field does not vanish (jhEelij > 0) even if the
number of electrons is very large.
The result revealed in Fig. 5, is one of the important

results of the present study since it indicates that the AM
affects the “relative weight” of electrons at the front
comparing to these at the end of the bunch. This asymmetry
leads to a nonzero electron field contrary to the photons
case which their contribution averages to zero. The impli-
cations on the feasibility of utilizing this regime for
acceleration is crucial since it indicates that we may start

with a uniform distribution yet, the wake immediately after
the bunch is not zero and not less important, the jitter of the
phase can be minimized by increasing the number of
electrons in the bunch.

B. Phase-Spread

A key parameter of the AM-TBA is the phase-spread of
the wakefield. It needs to be as small as possible to enable
the acceleration of the trailing bunch in a constant and well-
established position relative to the trigger bunch. Moreover,
a small phase-spread enables staging of our system,
namely, it makes possible to accelerate in several stages
of active media. We begin with exploring the phase-spread
of the wakefield,ΔΨ, for various number of electrons in the
trigger bunch, NðtgÞ, and various initial phase-spread of the
electrons, ψ , in the trigger bunch.
Figure 7 shows ΔΨ as function of the initial electron

phase-spread, 2ψ , for NðtgÞ ¼ 10 (blue diamonds), NðtgÞ ¼
100 (red diamonds), andNðtgÞ ¼ 1000 (green diamonds); as
in the previous case Nexp ¼ 500 experiments were per-
formed and the phase of the electrons is distributed
normally. For initially small spread of the electron phase
(less than π) the phase-spread of the wake is smaller than
0.1π; hence, the wake is coherent and thus adequate for
electron acceleration. When, the initial spread of the
electrons is increased, larger number of electrons is
required to maintain minimal spread of the wake phase.
For example, in the case of 2ψ=π ¼ 1.5 the phase-spread is
decreased from 0.2π rad to about 0.01π rad when the
number of electrons in the microbunch is increased from
NðtgÞ ¼ 10 to NðtgÞ ¼ 1; 000. Moreover, our numerical
simulation results are also consistent with our analytical
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FIG. 7. The dependence of the phase-spread of the wake (ΔΨ)
on the initial phase distribution of the electrons, 2ψ , for NðtgÞ ¼
10 (blue diamonds), NðtgÞ ¼ 100 (red diamonds), and NðtgÞ ¼
1000 (green diamonds). Here the phase-spread of the wake is
defined as the standard deviation of the wake phase at βcT ¼
12.7 cm for 500 numerical simulations (“experiments”).
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calculations of the electron threshold number that is shown
in Fig. 6.

C. Saturation length

So far we have shown that a sufficiently large number of
electrons in the trigger microbunches can suppress the
phase-spread of the wake. In this subsection we examine
the dependence of the saturation length on the trigger
bunch parameters—see Eq. (18).
Figure 8 shows the saturation length as a function of the

initial electrons’ phase-spread ψ for various trigger bunch
parameters and phase that is either distributed uniformly or
normally. As an example, for a trigger bunch with NðtgÞ ¼
2.8 × 106 and MðtgÞ ¼ 10 the saturation length is of the
order of 5 cm for a short spread of electron phase in both
uniform (green solid curve) and normal (red dashed curve)
distributions of the electrons’ phase. However, when the
electrons are spread over a length that is above a half the
resonance wavelength (2ψ > π), the saturation length is
larger than for the pointlike microbunch and strongly
dependent on the distribution function (whether uniform
or normal). Comparing to the pointlike distribution, the
saturation length is increased since for a larger phase-
spread the wake amplitude is weaker due to a destructive
interference.
Increasing the number of electrons for a short spread

trigger bunch with NðtgÞ ¼ 2.8 × 106 and MðtgÞ ¼ 10 to
NðtgÞ ¼ 2.8 × 107 with MðtgÞ ¼ 100 (black dashed-dotted
and blue dotted curves) reduces the saturation length from
nearly 5 cm to 4 cm. Similarly, as in the former trigger
bunch, for a larger phase-spread, the saturation length is
strongly dependent on the distribution function—whether
uniform (black dashed-dotted curve) or normal (blue
dotted curve).

D. Oscillations

While increasing the number of trigger electron, NðtgÞ,
reduces the saturation length, it also increases dramatically
oscillations—as illustrated by Fig. 9(a) for pointlike micro-
bunches (ψ ¼ 0). For instance, increasing the number of
electrons in a microbunch to NðtgÞ ¼ 2.8 × 107 with num-
ber of microbunches of MðtgÞ ¼ 100 results in a non-
constant wake amplitude at saturation. More specifically,
Fig. 9(a) compares the wake dynamics from NðtgÞ ¼ 2.8 ×
106 and MðtgÞ ¼ 10 (black dashed curve) with NðtgÞ ¼
2.8 × 107 and MðtgÞ ¼ 100 (blue solid curve). As shown,
the wake amplitude at saturation oscillates more in the latter
case than the former. We also checked that if we increase
only the number of microbunches to 100 but keep the
number of electrons per microbunch to be 2.8 × 106, the
wake amplitude will be nearly constant.
We can comprehend this result keeping in mind that high

charge per microbunch and the finite bandwidth of the gain
contribute to the intensity of the off resonance modes. In
other words, oscillations of the wake at saturation can occur
due to interference of the off-resonance modes [Fig. 9(b)].
Consequently, it is important not to increase too much the
number of electrons in a microbunch. This is another
important result of our study that needs to be taken into
account in any practical design.

V. ACCELERATION REGIMES

In this section we explore the system’s efficiency and its
ability to accelerate electrons. After demonstrating that we
can minimize the phase-spread of the wake we now proceed
to examine in more detail the acceleration process. There
are two interrelated perspectives that need to be considered:
energy conversion efficiency and energy-spread due to
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FIG. 8. The dependence of the saturation length [Eq. (18)]
on the number of electrons in each microbunch NðtgÞ, the number
of microbunches MðtgÞ, and the initial phase-spread of each
microbunch 2ψ=π.
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FIG. 9. (a) The wake dynamics for trigger bunch with MðtgÞ ¼
100; NðtgÞ ¼ 2.8 × 107 (blue solid curve) andMðtgÞ ¼ 10; NðtgÞ ¼
2.8 × 106 (black dashed-dot curve) in the length interval of
0 ≤ βcT ≤ 8 cm. In addition, each microbunch is a pointlike,
namely, ψ ¼ 0. (b) Comparison of the wake spectrum forMðtgÞ ¼
100; NðtgÞ ¼ 2.8 × 107 (blue solid curve and blue crosses) with
MðtgÞ ¼ 10; NðtgÞ ¼ 2.8 × 106 (black dashed-dot curve and black
asterisks) at βcT ¼ 8 cm.
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beam loading. The natural place to locate a train of trailing
microbunches in order to accelerate the electrons is in the
region where the wake has reached saturation. In
Appendix D, we calculate the efficiency and it is demon-
strated that, as a function of the electrons in the micro-
bunch, it may reach a maximum, ηðmaxÞ, [Eq. (D16)]; for a
pointlike microbunch (Δz ≪ λ0) and for large number of
microbunches MðtbÞ ≫ 1 the analytic expression is rela-
tively simple. In the following subsections both the trigger
and the trailing bunches consist of a pointlike
microbunches.

A. High efficiency with large energy spread

As a first example, we investigate the high-efficiency
regime. Close to 100%, is obtained for low resonance mode
number, s0. Consider the case s0 ¼ 18: it implies
Esat≃156MV=m, R¼0.249 cm, ηðmaxÞ ¼94%, NðtlÞ;ðoptÞ ¼
106. Figure 10 shows the wake dynamics for this specific
example. The trailing bunch is located between 7.5 cm and
9.5 cm behind the trigger bunch (schematically represented
by the dashed black line); the number of microbunches is
2000. As predicted by our analytical formulations the
wakefield behind the e-beam is reduced to almost zero,
which is indicative of high efficiency. However, since the
wakefield value is not uniform along the train it is expected
in practice that the electrons in the train will have a
substantial energy spread. Such acceleration configuration
may be useful for medical application where high effi-
ciency is crucial and large energy spread can be tolerable.
A broader perspective of the high efficiency regime is

revealed in Fig. 11 where this maximum efficiency (solid
curve) for pointlike microbunches and MðtlÞ ¼ 2000 as a
function of the resonance mode number, s0, is illustrated.
Clearly, maximum efficiency is achieved at small values of
s0. Also, the corresponding optimal number of electrons
per microbunch, NðtlÞ;ðoptÞ, [Eq. (D15)] is of the order of a
few millions at small values of resonance number according

to the dashed-curve of Fig. 11. However, since the value of
saturated wake is proportional to

ffiffiffiffiffi
s0

p
, we realize the

limitations: low s0 facilitates high efficiency but the
gradient is low (saturation) as well as the low optimal
charge and vice versa, high s0 leads to low efficiency but
the gradient is high and so is the optimal charge. This is an
additional important conclusion of the current study.
To complete the description of the acceleration process

in this regime, the four frames of Fig. 12 show the energy
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FIG. 10. Wake dynamics (solid curve) for resonance mode
number of s0 ¼ 18. The second trailing train bunch (dashed
curve) is located at the saturation regime.
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FIG. 11. The maximum efficiency (blue solid curve) and the
corresponding optimum electrons per microbunch, NðtlÞ;ðoptÞ, (red
dashed curve) as function of the resonance mode s0; the number
of microbunches is 2000.
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FIG. 12. Energy conservation of the example shown in Fig. 10.
Specifically, Fig. 12 shows percentage of initial stored energy
transferred to the electromagnetic energy [Fig. 12(a)], electron
bunch [Fig. 12(b)], andFig. 12(c) showspercentageof initial stored
energy remaining in the AM. The fraction of stored energy in the
upper population state level of the AM is Wn2=Wtot ¼ ð1þ n̄Þ=2
and in the lower state level is Wn1=Wtot ¼ ð1 − n̄Þ=2. Finally,
Fig. 12(d) shows the numerical error in energy conservation.
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variation along the interaction region: the top left frame
(a) reveals the normalized electromagnetic energy stored in
the Cerenkov wake, top-right frame (b) illustrates the
energy transferred to the trailing bunch, bottom-left frame
(c) shows the energy in the upper (blue-solid-line) and the
lower (red-dotted-line) energy state of the medium. Finally,
in the bottom-right frame (d) the numerical error in energy
conservation is revealed. In the interval of 0 ≤ βcT ≤ 4 cm
the wake [Fig. 12(a)] is amplified in the linear regime and
the PID is virtually constant such that most of the energy is
deposited in the upper population state level. In the non-
linear regime (4 cm ≤ βcT ≤ 6 cm), the upper energy-state
is reduced and lower state is elevated which result in
reduction of the PID energy. The total energy of the wake
and the PID in this region experience the Rabbi oscillation
till the energy of the AM is completely depleted and 100%
of the initially stored energy in the AM is eventually
transferred to the wake. At this point we inject the second
trailing bunch that fills the interval 7 cm ≤ βcT ≤ 9 cm. In
this region it is confirmed that the wake energy delivered to
the trailing bunch [Fig. 12(c)] is close to 100% (in the
simulation it is 99%). The maximum deviation from energy
conservation shown in Fig. 12(d) is less than 0.05%.

B. High-energy acceleration with low-efficiency

Another regime of interest is that corresponding to
high-energy physics applications where the beam quality
is of major importance and efficiency is a secondary
consideration. In this case it is necessary to have a high-
gradient with smallest possible energy-spread and in what
follows we present the necessary trade-off in the design
parameters. Consider NðtlÞ ¼ 106, MðtlÞ ¼ 2000, and s0 ¼
360 in which case the saturated wake is Esat ¼ 0.7 GV=m,
the efficiency is η ¼ 2.1%, and the energy gain after 3 m is
ΔEk ≈ 2 GeV. We confirmed by numerical simulations
(not shown here) that the gradient along the trailing train of
bunches is uniform within less than 1%.

C. Constant-gradient acceleration in the linear regime

Another approach to accelerate electrons with constant
wake amplitude has been proposed in Ref. [15]. Its essence
is that in the linear regime, the exponential growth of the
wake compensates exactly for the beam loading.
According to Ref. [15] the condition for constant

gradient in terms of our parameter notations with single
trigger microbunch (MðtgÞ ¼ 1) reads

NðtlÞ ¼ NðtgÞeδω
λ0
βcðNspaceþ1

2
Þð1 − e−δω

λ0
βcÞ; ð21Þ

where Nspace is the integer number of wavelengths behind
the trigger that the trailing bunch is located. As an example
we consider s0 ¼ 360 with Nspace ¼ 4200, the number of
electrons in the trigger bunch is NðtgÞ ¼ 104 and the spatial
growth rate is δω=βc ¼ 357 m−1. After substituting these

parameters into Eq. (21) the required number of electrons
per microbunch is NðtlÞ ¼ 303.4 × 106. In practice, since
the PID varies slowly even in the quasilinear regime, the
theoretical estimate of electrons per microbunch can be
higher than from the numerical simulation. In addition,
the number of microbunches in the trailing bunch should be
small enough such that the effective growth rate in the
location of the bunch will be virtually uniform. Thus, we
choose MðtlÞ ¼ 50 and for an initial guess we started with
NðtlÞ ¼ 303.4 × 106. Simulations indicate (Fig. 13) that for
NðtlÞ ¼ 150 × 106 nearly uniform gradient of Ez ¼
137 MV=m with maximum deviation of 0.44% and the
resulting efficiency is 0.6%. Consequently, for a relatively
low but constant accelerating gradient it is possible to
accelerate larger number of electrons per microbunch than
in the previous approach.

D. Emittance

The normalized emittance is an important parameter
which describes how well the beam is confined in space and
momentum. For relativistic beam the normalized emittance
is given by ε ¼ γkβσ2 where σ2 is the transverse spot size of
the beam and kβ is the betatron wave number which is
proportional to the radial focusing force. A necessary
condition to preserve the emittance is beam matching. In
a plasma-based accelerator the emittance can grow due to
finite energy spread of the beam since the focusing force
depends on the radius [16]. In addition, when considering
staging, the emittance can grow due to finite bunch length
since the focusing force depends on the plasma density
[17]. Nevertheless, emittance growth due to the finite bunch
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FIG. 13. Wake dynamics (solid curve) for resonance mode
number of s0 ¼ 360 in the length interval of 4.15 cm ≤
βcT ≤ 4.65 cm. The second trailing train bunch (dash-dotted
curve) is located at the quasilinear regime, where the normalized
PID (dashed curve), n=n0, is nearly constant and approximately
equals to one.
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length can be suppressed if the beam parameters are
matched to the betatron frequency [17,18].
Another mechanism that can contribute to the growth of

the emittance is the Coulomb scattering in the plasma
[19–21]. In a plasma-based accelerator the growth of the
emittance due to beam ion channel scattering and beam
vapor scattering is (see Appendix E for more details)

ΔεPWFA ¼
ffiffiffi
2

p
reSð ffiffiffiffiffi

γf
p −

ffiffiffiffi
γi

p Þ; ð22Þ

where re is the classical electron radius, mec2ðγi − 1Þ is
the initial beam energy and mec2ðγf − 1Þ is the final
beam energy. In addition, S is a parameter defined in
Appendix E which depends on the ion channel radius, Rb,
the atomic radius, Ra, and the atomic number of the vapor,
Z. As an example, emittance growth from doubling the
beam energy from 500 GeV is of the order of ΔεPWFA≈
10−2 mm-mrad assuming Z ¼ 60, Ra ¼ 10−10 m, and
Rb ¼ 2.5 × 10−5 m [20].
In our structure, the emittance can grow due to the

scattering of the beam through a neutral gas mixture that
consists of an AM. More specifically, the growth of the
emittance is (see Appendix E for more details)

ΔεAM-TBA ¼ 1

2

�
14 MeV
mec2

�
2 ρ

X0

�
mec2=e
jEsatj

�
1.5

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðω=cÞ ffiffiffī
ε

pq ð ffiffiffiffiffi
γf

p −
ffiffiffiffi
γi

p Þ; ð23Þ

where ρ is the weight density measured in g=cm3 and X0 is
the radiation length measured in g=cm2. In our structure,
the elevation of the emittance can be suppressed at low gas
density, high accelerating gradient, high resonance fre-
quency, and high Cerenkov parameter. For a given active
gas mixture the resonance frequency is constant and in
order that the saturation length will be as small as possible
the Cerenkov parameter cannot be increased significantly.
In addition, to avoid field ionization the value of the
saturated wake cannot exceed significantly gradient of
GV/m. Hence, the main parameter that can minimize the
emittance growth is the weight density which depends on
the pressure, namely assuming ideal gas behavior ρ ¼ p×
105= ~RTk, where p is the pressure in atm, ~R is the specific
gas constant measured in J=ðkg × KÞ, and Tk is the gas
temperature measured in Kelvin.
For example, in a gas mixture of CO2, N2, and He with

ratio of 1∶1∶14 [22,23] the specific gas constant is ~R¼
ð1=16ÞðRCO2

þRN2
Þþð14=16ÞRHe¼ 0.0625ð189þ297Þþ

0.875×2000¼ 1780 J=ðkg×KÞ and the radiation length
is X0¼½ð1=16Þ=XCO2

þð1=16Þ=XN2
þð14=16Þ=XHe�−1¼

ð0.0625=36þ0.0625=38þ0.875=94Þ−1¼78.8g=cm2 [24].
Hence, from ideal gas law the weight density at room
temperature (Tk ¼ 300 K) and at pressure of 10 atm is

1.872 g=cm3. Assuming resonance mode number s0 ¼ 360
thewake at saturation isEsat ¼ 0.7 GV=m.Thus, if the initial
trailing train has γi ¼ 600, the emittance growth from
doubling the energy of the trailing train is ΔεAM-TBA≈
10 mm-mrad. If we reduce the pressure by ten times, the
Cerenkov parameter drops similarly [25] and also theweight
density of the gas mixture. Keeping the same value of the
wake amplitude at saturation, one obtains that the emittance
growth from doubling the energy of the trailing train is
ΔεAM-TBA ≈ 1 mm-mrad. According to Ref. [26] reducing
the pressure from 10 atm to 1 atm will weakly modify the
growth rate of the amplified wake, δω. Hence, for CO2 gas
mixture with pressure of 1 atm the saturation length will be
nearly the same. However, to keep the same saturation value,
the waveguide radius should be increased by a factor of
(
ffiffiffiffiffi
10

p
≈ 3), namely the waveguide radius should be 15 cm.

VI. SUMMARY

In this study we investigated the wake dynamics and the
efficiency of an AM two-beam accelerator (AM-TBA)
driven by a realistic (discrete) distribution of electrons
using both analytic and numerical methods. In what follows
we summarize our main results and conclusions.

A. Wake dynamics

In the first part of this study we have studied the wake
dynamics for a trigger bunch consisting of a finite number
of electrons. In principle, it was shown that even a single
electron in the trigger bunch can generate wakefield that
will reach saturation within a few cm’s. However, since in
practice the initial location of the electron is random, the
phase of the wake will have a different value in each
simulation which is impractical for acceleration of a second
trailing bunch. In case of multiple electrons we distinguish
between two regimes: if the number of electrons is below a

threshold value (NðtgÞ < NðactÞ
thr ) the amplitude is set by the

saturation value but the phase is still random again,
irrelevant for acceleration. However, if this value is

exceeded (NðtgÞ > NðactÞ
thr ) the wake’s phase-spread dimin-

ishes and values which make the paradigm relevant for
acceleration of electrons, were demonstrated.
We argue that this behavior differs from self-amplified

spontaneous emission (SASE) in lasers as photons set a
constraint on the frequency of the field, whereas electrons
set a constraint of the phase velocity of the field. Hence, the
wake that is generated from a number of electrons larger
than a threshold value has a small jitter in amplitude and
phase. This wake that its rise time is of the order of the
electrons’ spread length over the speed of light can be
employed as a seed pulse for the backward Raman
amplification in plasma [27].
Another positive effect of a large number of electrons in

the trigger bunch is reduced saturation length. While clearly
below the threshold value operation is unacceptable,
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increasing the number of electrons to too high values is
detrimental since significant energy is coupled to adjacent
Bessel modes and multi-mode operation is unacceptable
from the standpoint of the trailing electrons.

B. Energy conversion efficiency

In the second part of this study the energy conversion
efficiency including beam loading has been considered.
Specifically, we inject in addition to the trigger bunch a
second trailing bunch that can be accelerated by the
amplified wake. Since the trailing bunch generates a wake
that tends to reduce the amplified wake, it is not possible to
have both high energy efficiency and constant gradient.
Hence, we propose three different alternatives (see Table II)
to obtain either high energy efficiency but with relatively
high energy spread or high energy gain but with low
conversion efficiency. In the first two configurations the
accelerating trailing bunch is located in the region the
amplified wake reaches saturation and in the third con-
figuration the bunch is located in the quasilinear region.
For the case used to illustrate the potential of our

paradigm, a CO2 gas mixture, efficiency exceeding 90%
in the saturation region can be obtained if the radius is
designed such that the resonant mode is less than 20
and a maximum wake amplitude (at saturation) of the
order of hundreds MV=m. Specifically, wall’s radius
R ¼ 0.249 cm, resonant mode s0 ¼ 18, the number of
electrons per microbunch of NðtlÞ ¼ 106 and number of
microbunches of MðtlÞ ¼ 2000, the maximum gradient is
Esat ¼ 156 MV=m, and the efficiency is η ¼ 94%. Since
the gradient is reduced in the location of the trailing bunch,
the energy spread is expected to be large. Such acceleration

configuration may be useful for medical application where
energy spread is not so crucial as the efficiency.
Nearly constant gradient can be obtained at higher

resonance mode but with significantly lower efficiency.
For example, in the second configuration the waveguide
radius is increased to R ¼ 5.065 cm in order to amplify the
wake at resonance number s0 ¼ 360. As a result, the
gradient at saturation is increased to Esat ¼ 0.7 GV=m.
Keeping the same number of electrons and the same length
of the trailing bunch as in the former configuration the
efficiency is reduced significantly to η ¼ 2.1%. For struc-
ture length of 3 m the energy gain is 2 GeV.
Constant gradient with higher charge can be achieved in

the quasilinear regime of the wake amplification. On the
one hand the AM tends to increase the amplitude while on
the other hand, we may design the loading such that it
exactly compensates this increase, such that the net
amplitude is constant. As an example, in the third con-
figuration, we have shown that for NðtlÞ ¼ 150 × 106 and
MðtlÞ ¼ 50 the wake amplitude is constant and equal to
137 MV=m. However, the efficiency is relatively low
(0.6%) compared to the previous configurations.
In Sec. V D the emittance growth from Coulomb

scattering in an active gas mixture was analyzed. First
we have noticed that the amplified wake can be employed
for both accelerating and focusing the trailing train; thus,
there is no need for a Focus-Drift-Defocus-Drift lattice.
Though the focusing force, which is proportional to the
wake amplitude at saturation, can reduce the emittance
growth, it practically cannot be set to high value due to field
ionization limitation. Hence, in our structure emittance
growth strongly depends on the gas pressure. As an
illustrative example, we considered CO2 gas mixture with

TABLE II. Simulation parameters of the three accelerating configurations. For both the trigger and the trailing bunches each
microbunch is a pointlike charge (ΔzðtgÞ ¼ ΔzðtlÞ ¼ 0). In addition, the trigger bunch consists of a single microbunch (MðtgÞ ¼ 1).

Parameter Designation High efficiency High energy gain Constant gradient acceleration

Medium resonance wavelength (CO2) λ0 10.6 μm 10.6 μm 10.6 μm
Medium resonance bandwidth (at 10 atm) Δω 2.32 × 1011 rad= sec 2.32 × 1011 rad= sec 2.32 × 1011 rad= sec
Medium relative permittivity (at 10 atm) ϵr 1.00142 1.00142 1.00142
Medium growth rate coefficient α 1 m−1 1 m−1 1 m−1
e-beam Lorentz factor γ 600 600 600
e-beam radius Rb 30 μm 30 μm 30 μm
Trigger bunch—number of electrons
per microbunch

NðtgÞ 104 104 104

Waveguide radius R 0.249 cm 5.065 cm 5.065 cm
Resonance number s0 18 360 360
Trailing bunch—number of electrons
per microbunch

NðtlÞ 106 106 150 × 106

Trailing bunch—number of microbunches MðtlÞ 2000 2000 50
The distance between the trailing and
the trigger bunches

ΔL 7 cm 8.5 cm 4.2 cm

Maximum wake amplitude in the
trailing bunch location

EðtlÞ
max 156 MV=m 0.7 GV=m 137 MV=m

Efficiency η 94% 2.1% 0.6%
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Esat ¼ 0.7 GV=m and trailing beam which doubles its
energy where its initial energy is 300 MeV (γ ¼ 600).
For pressure of 10 atm the estimated emittance growth is
10 mm-mrad and when the pressure is reduced to 1 atm the
emittance growth is decreased to 1 mm-mrad. At low
pressure of 1 atm the main parameter that is changed is the
waveguide radius which increased to 15 cm. Comparing to
PWFA the typical growth of emittance from Coulomb
scattering is of the order of 10−2 mm-mrad for doubling the
beam energy from 500 GeV (γ ¼ 106).

C. Proof of principle experiment

At this point wewould like to suggest a proof of principle
experiment of Cerenkov wake amplification with enhanced
growth rate. If we use the same setup of the PASER
experiment [11] but with pressure of 0.6 atm rather than
0.25 atm, then the 45 MeV modulated train of micro-
bunches will emit Cerenkov wake that will be amplified.
Under this pressure with gas mixture of CO2, N2, and He
with ratio of 2∶2∶3, the Cerenkov slippage parameter is
ϵ̄ ¼ 1.32 × 10−4 [15] and the spatial growth of the ampli-
fied Cerenkov wake is projected to be δω=c ¼ 407.6 1=m.
In this experiment we can compare between laser pulse
amplification in the active CO2 gas mixture and Cerenkov
wake amplification in which the latter is expected to be
significantly larger due to the enhanced growth rate.
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APPENDIX A: WAKEFIELD IN A PASSIVE
MEDIUM

In this appendix we calculate the wakefield of an electron
train bunch that propagates in a passive medium (n̄ ¼ 0).
Consider train of MðtgÞ microbunches with one resonance
wavelength period. In every experiment each microbunch
consists of NðtgÞ electrons that initially are randomly
distributed over a length of ΔzðtgÞ corresponding to initial
spread of the electrons phase at the resonance mode s0 to be
2ψ ¼ ω0ΔzðtgÞ=ðβcÞ. Note that the superscript (tg) indi-
cates that the parameter describes the trigger bunch. In a
given experiment, the envelope of the longitudinal wake at
the resonance mode, s0, [defined in Eq. (9)] is

EðpasÞ
z;d ¼ 1

NðtgÞMðtgÞ
XMðtgÞ

ν¼1

XNðtgÞ

m¼1

EðpasÞ
ν;m;d; ðA1Þ

where the index d (d ¼ 1; 2;…NðexpÞ) represents the
experiment number and NðexpÞ is the number of experi-
ments or in our study the number of the numerical
simulations. Also,

EðpasÞ
ν;m;d ¼ Es0e

i½Γm;dþ2πðν−1Þ�Θ
�
T þ zðtgÞm;d

βc

�
; ðA2Þ

Es0 ¼ eNðtgÞMðtgÞJcðχs0Þ=½ϵ0ϵrπR2J21ðps0Þ� is the wake-
field amplitude for a pointlike bunch and JcðxÞ≡
2J1ðxÞ=x. In addition, zðtgÞm;d (m ¼ 1; 2;…NðtgÞ) is the

initial electron location with a spread of ΔzðtgÞ≡
maxðzðtgÞm Þ −minðzðtgÞm Þ, Γm;d ¼ ω0z

ðtgÞ
m;d=ðβcÞ is the electron

phase at the resonance mode, and Θð·Þ is the Heaviside step
function. In each experiment the random variable Γm;d is
uniformly distributed in the interval ð−ψ ;ψÞ. Thus, in the

limit of T > max−½zðtgÞm =ðβcÞ� the averaged wake is

hEðpasÞ
z i≡ lim

NðexpÞ→∞

1

NðexpÞ
XNðexpÞ

d¼1

EðpasÞ
z;d

¼ Es0

1

2ψ

Z
ψ

−ψ
dΓeiΓ: ðA3Þ

Hence, the averaged wake (over a large number of

independent experiments) in a passive medium for T >

max ½zðtgÞm =ðβcÞ� is

hEðpasÞ
z i ¼ Es0sincðψÞ; ðA4Þ

where sincðxÞ≡ sinðxÞ=x. Now, we estimate the jitter of
the wake by calculating its standard deviation. First, the
squared absolute value of the wake is calculated by using
Eq. (A1)

jEðpasÞ
z;d j2 ¼

�
Es0

NðtgÞ

�
2

×

�X
m¼m0

1þ
X
m≠m0

eiðΓm;d−Γm0 ;dÞ
�
: ðA5Þ

Using Eq. (A5) the averaged squared absolute value of the
wake is

hjEðpasÞ
z j2i ¼

�
Es0

NðtgÞ

�
2

fNðtgÞ

þ½ðNðtgÞÞ2 − NðtgÞ�sinc2ðψÞg: ðA6Þ

Note that the first term in Eq. (A6) represents the non-
coherent (spontaneous) power contribution whereas the
second term reveals the coherent power counterpart. Using
Eqs. (A4) and (A6) the standard deviation is

ΔEðpasÞ
z ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hjEðpasÞ

z j2i − jhEðpasÞ
z ij2

q

¼ jEs0 j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sinc2ðψÞ

p
ffiffiffiffiffiffiffiffiffiffi
NðtgÞp : ðA7Þ

DEEP SATURATION OF A CERENKOV WAKEFIELD … Phys. Rev. ST Accel. Beams 18, 071301 (2015)

071301-13



Hence, the wake jitter is estimated by

ΔEðpasÞ
z

jhEðpasÞ
z ij

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − sinc2ðψÞ

p
ffiffiffiffiffiffiffiffiffiffi
NðtgÞp

jsincðψÞj
: ðA8Þ

APPENDIX B: WAKEFIELD IN AN ACTIVE
MEDIUM

In this appendix we repeat the calculation from the above
for a wake propagating in an AM. As in the previous
appendix of passive medium the train bunch consists
of MðtgÞ microbunches with NðtgÞ electrons in each
microbunch.
The linear response of the wakefield (n̄ ¼ 1) at reso-

nance mode, s0, generated from such trigger bunch is

EðactÞ
z;d ¼ eδωT

NðtgÞMðtgÞ
XMðtgÞ

ν¼1

XNðtgÞ

m¼1

ĒðpasÞ
ν;m;d

×
1

2

�
1þ 1

1þ 4q

�
euΓm;dþu½2πðν−1Þ�; ðB1Þ

where δω is the linear growth rate defined in Eq. (11),
u ¼ δω=ω0, and q ¼ δω=Δω.
In addition, without significant loss of generality

it is assumed that Δω ≪ ω0, δω=ω0 ≪ 1, and
T > max ½zm=ðβcÞ�. Note that in the limit that growth rate
tends to zero (δω → 0) we obtain that q → 0 and u → 0.
Hence, Eq. (B1) degenerates to Eq. (A1) as expected since
in this case the medium becomes passive.
In the limit of large number of experiments the averaged

wake becomes

hEðactÞ
z i ¼ Es0e

δωTGF; ðB2Þ

where

Gðq; u;MðtgÞÞ≡ 1

2

�
1þ 1

1þ 4q

�

× eπuðMðtgÞ−1Þ sinhðπuMðtgÞÞ
MðtgÞ sinhðπuÞ ðB3Þ

and

Fðu;ψÞ≡ sincðψ − iuÞ

¼ sinðψÞ coshðψuÞ − i cosðψÞ sinhðψuÞ
ψð1 − iuÞ : ðB4Þ

For u ≪ 1 which is the case of most of the active media,
MðtgÞu ≪ 1, and q ≫ 1 the wake is

hEðactÞ
z i≃ 1

2
Es0e

δωT ½sincðψÞ − iu cosðψÞ�: ðB5Þ

In this regime there are two important limits of ψ ≪ 1 and
ψ ≈ π. In the first limit of small initial spread the wake is

hEðactÞ
z i≃ 1

2
Es0e

δωT: ðB6Þ

However, in the second limit of ψ ≃ π the wake is

hEðactÞ
z i≃ 1

2
Es0e

δωTiu: ðB7Þ

This means that the wake at ψ ≃ π is smaller by a factor of
1=u than the wake at ψ ≪ 1. In the limit ofMðtgÞu ≫ 1 the
wake is similar as in Eq. (B5) but is multiplied by the
factor e2πuM

ðtgÞ
=MðtgÞ.

Similarly as in the previous appendix, we calculate

jEðactÞ
z j2 to estimate the jitter of the wake. Thus, from

Eq. (B1) we have

jEðactÞ
z;d j2 ¼ jEs0 j2e2δωT

ðNðtgÞMðtgÞÞ2
1

4

�
1þ 1

1þ 4q

�
2

×
X

ν;m;ν0;m0
eiΓm;deuΓm;dþu½2πðν−1Þ�

× e−iΓm0 ;deuΓm0 ;dþu½2πðν0−1Þ�: ðB8Þ

Hence, in the limit of NðexpÞ ≫ 1 and MðtgÞ ≫ 1 we obtain

hjEðactÞ
z;s0 j2i ¼ e2δωT

�jEs0 j
NðtgÞ

�
2

G2fNðtgÞsincð2uψÞ

þ ½ðNðtgÞÞ2 − NðtgÞ�
× jsincðψ − iuÞj2g: ðB9Þ

As in the previous appendix, the first term in Eq. (B9)
represents the noncoherent (spontaneous) contribution
whereas the second term reveals the coherent counterpart.
For uψ ≪ 1 the standard deviation is

ΔEðactÞ
z ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hjEðactÞ

z j2i − jhEðactÞ
z ij2

q

≃ jhEðactÞ
z ij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jFj2

p
ffiffiffiffiffiffiffiffiffiffi
NðtgÞp

jFj
: ðB10Þ

The ratio between the standard deviation to average value is

ΔEðactÞ
z

jhEðactÞ
z ij

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jFj2

p
ffiffiffiffiffiffiffiffiffiffi
NðtgÞp

jFj
: ðB11Þ

Thus, for NðtgÞ ≥ NðactÞ
thr , where NðactÞ

thr ≡ ð1 − jFj2Þ=jFj2 the
coherent part of the wake is larger than the noncoherent
counterpart [see Eq. (B9)]. For ψ ≪ 1 the threshold of

electron number in the microbunch is NðactÞ
thr ¼ 0. This is an

expected result since coherent wake without jitter is
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obtained in the limit of a point-charge like microbunch.

However, for ψ ≃ π the threshold is NðactÞ
thr ¼ 1=u2.

Comparing to the passive medium case presented in the
previous section the threshold of electron number is similar
as in the AM case up to a factor of jFðu;ψÞj2. Interestingly,
while in the passive medium case for initial spread of
2ψ ¼ 2π the electron number threshold tends to infinity, in
the AM case the threshold tends to a finite number of 1=u2.
Note that in the limit of passive medium (u ¼ 0) one
obtains that jFðu ¼ 0;ψÞj2 ¼ 1 and the threshold is the
same in both cases of passive and active media.
In case of normal electron distribution rather than

uniform distribution the whole previous theoretical results
are the same except that the function Fðu;ψÞ is changed.
More specifically, FðNÞðu;ψÞ¼exp½−σ2ð1−u2Þ=2þiσu�≃
expð−σ2=2þiσuÞ, where σ ¼ 2ψ=

ffiffiffiffiffi
12

p
is the standard

deviation of the normal distribution. Note that the factorffiffiffiffiffi
12

p
in the standard deviation comes from the demand that

both the uniform and the normal distributions have the
same variance. In addition, for ψ ≪ 1 the threshold of
electron number in both the normal and uniform electron
distributions is zero.

APPENDIX C: SATURATION LENGTH

An important parameter in our AM-TBA is the saturation
length, which is the distance behind the trigger bunch that
the amplified wake reaches saturation.
To obtain an explicit expression for the saturation length

or time, the amplified wakefield behind the trigger bunch
is needed to be calculated from the previous appendix.
Specifically, in the limit of NðtgÞ ≫ 1, MðtgÞδω=ω0 ≪ 1,
and δω=Δω ≫ 1 the absolute value of the wake just behind
the trigger bunch that is uniformly distributed is [see
Eq. (B5)]

jhEðactÞ
z;s0 ij≃ 1

2
jEs0 jeδωT1

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2cos2ðψÞ þ sinc2ψ

q
; ðC1Þ

where T1 ¼ Δz=ð2βcÞ ¼ ψ=ω0. Substituting Eq. (C1) into
Eq. (10) and assuming that δωT1 ¼ uψ ≪ 1 will yield
saturation time of

tsat ¼
1

δω
ln

 ffiffiffiffiffiffi
Ua

U0

s !
þ 20

Δω
; ðC2Þ

where the initial stored energy per length in the AM is

Ua ¼
1

2
ℏω0n0πR2; ðC3Þ

and the associated initial energy per length of the trigger
bunch is

U0 ¼
ðeNðtgÞMðtgÞÞ2
32ϵ0ϵrπR2

jFj2
J21ðps0Þ

: ðC4Þ

Thus, the saturation length is Lsat ¼ βctsat.

APPENDIX D: BEAM LOADING

In this Appendix we calculate the efficiency of the AM-
TBA for trailing bunch that is located at the saturation
regime. Consider trailing bunch of the form of

JðtlÞz ¼ −e
XMðtlÞ

ν¼1

XNðtlÞ

m¼1

δ

�
T þ zðtlÞm þ ðν − 1Þλ0

βc

�

×
ΘðRb − rÞ

πR2
b

; ðD1Þ

where T ¼ t − z=ðβcÞ, the superscript (tl) indicates that the
parameter describes the trailing bunch, NðtlÞ is the number
of electron in each microbunch and MðtlÞ is the number of

microbunches. In addition, for each microbunch zðtlÞm

(m ¼ 1; 2; ::NðtlÞ) is the initial electron location.
The trailing bunch propagates in the region of saturation

where the AM is fully depleted or PID is zero. In this
analysis it is assumed that the medium becomes a passive
transparent medium with dielectric coefficient ϵr. In the
absence of loading the wake amplitude at saturation is

Esat ¼
1

2

" ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω0n0
ϵ0ϵr

s
J0ðks0rÞ
J1ðps0Þ

eiω0T þ c:c:

#
; ðD2Þ

where the absolute value of the wake amplitude at satu-
ration is determined by energy conservation [see Eq. (12)]
and it is assumed that the initial phase-spread of the
electrons in the trigger bunch at the resonance mode is
small (ψ ≪ 1). Moreover, the number of electrons in the
trigger bunch is sufficiently large to have small spread of
the wake phase but small enough to avoid oscillations
at saturation in the amplitude. The wake of the trailing
bunch is

EðtlÞ
z ¼ 1

2

�X∞
s¼1

EðtlÞ
z;s J0ðksrÞeiωsT þ c:c:

�
; ðD3Þ

where ωs ¼ ksc=ð ffiffiffiffiffiffiffiffi
ϵrϵc

p Þ and the amplitude of the wake is

EðtlÞ
z;s ¼

XMðtlÞ

ν¼1

XNðtlÞ

m¼1

e
ϵ0ϵrπR2

JcðχsÞ
J21ðpsÞ

ei
ωsλ0
2πc Ψm;ν ; ðD4Þ

where Ψm;ν ¼ 2π½zm − λ0ðν − 1Þ�=ðβλ0Þ and χs ¼ ksRb.
Therefore, in the presence of the accelerating train bunch

the total wakefield at the saturation is Etot ¼ Esat þ EðtlÞ
z .
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For efficient acceleration each trailing microbunch must
be located at the point where the phase of the saturated
wake is nearly πð2κ − 1Þ (κ ¼ 1; 2; 3;…). If for simplicity
sake it is assumed that the phase of the saturated wake is
zero, then it is required that J1ðps0Þ > 0. In addition, for the
wake of the trailing bunch it is assumed that Jcðχs0Þ > 0.
Thus, efficient acceleration can be obtained when the
spatial spread of each trailing microbunch, ΔzðtlÞ, is
assumed to be shorter than the resonance wavelength
[ω0ΔzðtlÞ=ðβcÞ ≪ 1] and the location of the first micro-

bunch satisfies ω0z
ðtlÞ
1 =ðβcÞ ¼ πð2κ − 1Þ.

In this configuration, the efficiency of the AM-TBA for
trailing bunch traverses distance L longer than the satu-
ration length, Lsat, is defined by

η≡ WbL
WemðT ¼ TsatÞðLþ LsatÞ

≃ Wb
1
2
ℏω0πR2n0

; ðD5Þ

where Wb is the total energy exchange (per unit length) for
the accelerating trailing bunch,WemðT ¼ TsatÞ is the stored
electromagnetic energy after the complete depletion of the
PID and in absence of the trailing bunch. Thus, to calculate
the efficiency, we need to calculate the total energy
exchange.
The total energy exchange, Wb,

Wb ¼ WðsatÞ
b þWðtlÞ

b

¼
Z

2π

0

dϕ
Z

R

0

rdr
Z

∞

−∞
dTJzðEsat þ EðtlÞ

z Þ ðD6Þ

is the sum of the energy exchange due to the saturated field

(WðsatÞ
b ) and due to the accelerating trailing bunch (WðtlÞ

b ).
For Wb > 0 energy is transferred from the electromagnetic
fields as a kinetic energy to the accelerating bunch and for
Wb < 0 electromagnetic field is generated on the expense
of the trailing bunch energy.
The energy exchange due to the saturated field for the

accelerating trailing bunch is

WðsatÞ
b ¼ −e

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω0n0
ϵ0ϵr

s
Jcðχs0Þ
J1ðps0Þ

XMðtlÞ

ν¼1

XNðtlÞ

m¼1

cosðΨm;νÞ: ðD7Þ

In the limit of large number of experiments (NðexpÞ ≫ 1)
and for uniform electron phase distribution we obtain with
similar procedure as in Appendix A that

WðsatÞ
b ¼ eNðtlÞMðtlÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω0n0
ϵ0ϵr

s
Bs0sincðαs0Þ cosðϕs0Þ; ðD8Þ

where αs ¼ ωsΔzðtlÞ=ð2βcÞ and δs ¼ ωsλ0=ð2βcÞ. In
addition, Bs ≡ JcðχsÞsincðδsMðtlÞÞ=½sincðδsÞJ1ðpsÞ� and
ϕs0 ¼ αs0ð1þ 2z1=ΔzðtlÞÞ þ π þ δs0ðMðtlÞ − 1Þ. Note that

Bs0sincðαs0Þ cosðϕs0Þ > 0 under the previously mentioned
assumptions of J1ðps0Þ>0, Jcðχs0Þ>0, ω0ΔzðtlÞ=ðβcÞ ≪ 1,

and ω0z
ðtlÞ
1 =ðβcÞ ¼ πð2κ − 1Þ. Hence, the energy exchange

due to the saturated wake has a positive value. This means
that it contributes to the acceleration of the trailing bunch.
The energy exchange due to the Cerenkov wake for the

accelerating trailing bunch is

WðtlÞ
b ¼ −

ðeNðtlÞMðtlÞÞ2
ϵ0ϵrπR2

J2cðχsÞ
J21ðpsÞ

1

ðMðtlÞNðtlÞÞ2

×
XMðtlÞ

ν;ν0¼1

XNðtlÞ

m;m0¼1

cos

�
ωsλ0
2πc

ðΨm;ν −Ψm0;ν0 Þ
�

× ΘðΨm;ν −Ψm0;ν0 Þ: ðD9Þ

Thus, in the limit of large number of experiments
(NðexpÞ ≫ 1) and for uniform electron phase distribution
we obtain

WðtlÞ
b ¼ −

ðeNðtlÞMðtlÞÞ2
ϵ0ϵrπR2

X∞
s¼1

B2
s

�
1þ sinc2ðαsÞ

4

�
: ðD10Þ

Thus, the energy exchange due to the Cerenkov wake of the
trailing bunch has a negative value. This is an expected
result since it contributes to the generation of electromag-
netic field on the expense of the bunch kinetic energy.
Therefore, the total energy exchange (per unit length) for
the accelerating trailing bunch is

Wb ¼
ffiffiffiffiffiffiffiffiffi
Wb;1

p
NðtlÞð1 − NðtlÞfcolÞ; ðD11Þ

where

Wb;1 ≡ eMðtlÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω0n0
ϵ0ϵr

s
Bs0sincðαs0Þ cosðϕs0Þ ðD12Þ

is the energy transfer in case of trailing bunch with MðtlÞ
microbunches so that each microbunch consists of a single
electron and

fcol ≡ effiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ0ϵrℏω0n0

p
πR2

MðtlÞP∞
s¼1 B

2
s

Bs0sincðαs0Þ cosðϕs0Þ
ðD13Þ

is the collective-effect coefficient.
The total energy exchange given in Eq. (D11) has three

important regimes. In the first regime, for a small number of
electrons per microbunch (NðtlÞ ≪ 1=fcol) the total wake-
field in the location of the bunch is nearly constant and
equal to the saturated field. Since the number of electrons is
small, the current is also small. Hence, the total energy
exchange proportional to the product of the wakefield with
the current will be small. In the second regime, for a large
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number of electrons in each microbunch (NðtlÞ ≃ 1=fcol),
however, the total wakefield will tend to zero and the
current will be large; the overall result is small total energy
exchange. Thus, between the two regimes there is an
optimum number of electrons in each microbunch to obtain
(the third regime) maximum energy exchange and effi-
ciency. The maximum energy exchange for given number
of microbunches is

WðmaxÞ
b ¼ Wb;1

4fcol

¼ 1

4
ℏω0n0πR2

B2
s0sinc

2ðαs0Þcos2ðϕs0ÞP∞
s¼1 B

2
sð1þsinc2αs

4
Þ

ðD14Þ

and the optimum number of electrons in a microbunch is

NðtlÞ;ðoptÞ ¼ 1

2fcol
¼ πR2

2eMðtlÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω0n0ϵ0ϵr

p
×
Bs0sincðαs0Þ cosðϕs0ÞP∞

s¼1 B
2
sð1þsinc2αs

4
Þ

: ðD15Þ

The maximum efficiency which is found by substituting
Eq. (D14) into Eq. (D5) is

ηðmaxÞ ¼ B2
s0sinc

2ðαs0Þcos2ðϕs0ÞP∞
s¼1 B

2
sð1þsinc2αs

2
Þ

: ðD16Þ

Thus, maximum efficiency of 100% is obtained forMðtlÞ ≫
1 and a pointlike microbunch, ω0ΔzðtlÞ=ðβcÞ → 0. Since for
large mode number jsincðδsMðtlÞÞ=sincðδsÞj ¼ 1 at the high
harmonics of s0, the 100% efficiency is valid only for small
resonance mode number where jBsj is maximal only at the
resonance. In addition, the optimum NðtlÞ;ðoptÞ is

NðtlÞ;ðoptÞðMðtlÞ ≫ 1Þ≃ πR2

eMðtlÞ
J1ðps0Þ
Jcðχs0Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏω0n0ϵ0ϵr

p
: ðD17Þ

APPENDIX E: EMITTANCE GROWTH FROM
COULOMB SCATTERING

The emittance growth due to Coulomb scattering is [19]

dε
dz

¼ 1

2

γ

kβ

d
dz

hθ2i ðE1Þ

where hθi is the mean-square scattering angle for single
collision projected in one plane and kβ is the betatron wave
number. The betatron wave number is kβ ¼ ωβffiffi

γ
p

c, where the

squared betatron frequency is ω2
β ¼ − 1

m
∂F
∂r jr¼0

. Hence,

k2β ¼ 1
mec2γ

∂Fr∂r jr¼0
, where Fr ¼ −eðEr − cμ0HϕÞ is the

radial force. In the blowout regime of plasma-based
accelerators, an ion channel is formed which is used for

electron beam focusing. In plasma wakefield accelerator

(PWFA) the betaron wave number is kβ ¼ kpffiffiffiffi
2γ

p [20], where

kp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
npe2=ðmeϵ0c2Þ

q
is the plasma wave number and np

is the plasma density. The growth of the scattering angle
from electron ion channel collision is [20]

dhθ2iPWFA

dz
¼ k2pre

γ2
S; ðE2Þ

where re is the classical electron radius and

S ¼ Q

�
ln

�
Rb

Ra

�
þ 1.78ZðZ þ 1Þ

Q2
ln

�
287ffiffiffiffi
Z

p
��

ðE3Þ

is a parameter that depends on the ion channel geometry, Z
is the atomic number, Q ¼ np=n, n is the density of a
neutral vapor, Rb is the blow out radius, and Ra is the
atomic radius. After substituting the betatron wave number
and growth of the scattering angle [Eq. (E2)] into Eq. (E1),
one obtains that the growth of emittance from Coulomb
scattering in PWFA reads

dεPWFA

dz
¼ kpffiffiffiffiffi

2γ
p reS: ðE4Þ

It is more practical to calculate the growth of the emittance
as a result of beam acceleration, namely growth in γ.

Hence, dεdγ ¼
kpreS
_γ
ffiffiffiffi
2γ

p , where _γ ¼ dγ=dz. In PWFA, dγ=dz ¼ kp
hence the growth of the emittance is

ΔεPWFA ¼
ffiffiffi
2

p
reSð ffiffiffiffiffi

γf
p −

ffiffiffiffi
γi

p Þ: ðE5Þ
In our structure, the radial force at saturation is

Fr ¼ e ð1−βεrÞω
βksc

EsatJ1ðksrÞ sinðωTÞ, where the longitudinal
wakefield is assumed to be Ez ¼ EsatJ0ðksrÞ cosðωTÞ.
Hence, similarly as in a plasma based accelerator, the
generated wakefield can be used for both accelerating and
focusing the beam. Near the axis the radial force
Frðr ≈ 0Þ ¼ −eEsat

ω
2c

ffiffiffī
ε

p
r sinðωTÞ where the resonance

condition was used. In addition, the growth of the scattering
angle from electron vapor collisions is [28]

dhθ2ivapor
dz

¼ ρ

2γ2X0

�
14 MeV
mec2

�
2

; ðE6Þ

where X0 is the radiation length measured in g=cm2 and ρ is
the weight density of the gas mixture measured in g=cm3

which can estimated from the ideal gas law. Hence, the
emittance growth due to Coulomb scattering in AM-TBA is

dεAM-TBA

dz
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mec2=e

p
2
ffiffiffi
2

p
�
14 MeV
mec2

�
2 ρ

X0

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

γjEsatjðω=cÞ
ffiffiffī
ε

pq ðE7Þ
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where the value of the wake at saturation is given in
Eq. (12). Similarly as in the PWFA the growth of the
emittance from acceleration is

ΔεAM-TBA ¼ 1

2

�
14 MeV
mec2

�
2 ρ

X0

�
mec2=e
jEsatj

�
1.5 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðω=cÞ ffiffiffī
ε

pq
× ð ffiffiffiffiffi

γf
p −

ffiffiffiffi
γi

p Þ; ðE8Þ

where in AM-TBA dγ
dz ¼ jEsatj

mec2=e
.
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