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a b s t r a c t

A train of microbunches generates in a passive dielectric-loaded waveguide an electromagnetic wake
which propagates at the speed of the particles. This wake consists of propagating modes provided the
electrons exceed the Cerenkov velocity. If the material is replaced with an active dielectric, identical to
that of a laser, the wake is amplified. Another train of bunches, lagging many wavelengths behind, may
be accelerated by this amplified wake. The gradient is limited by breakdown and saturation of the
medium. Beam loading may be partially or even completely compensated by the gain along the trailing
bunch. Preliminary results of a linear theory will be presented, assuming a 300 MeV beam and high-
pressure CO2 mixture as an active medium. In spite of many hundreds of modes excited by the front
beam, the spectrum of the amplified field corresponds to a monochromatic wave determined primarily
by the bandwidth of the medium. The analytic approach facilitates simple assessment of the effect of the
various parameters on the accelerating gradient.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

In the category of structure-less acceleration schemes there are
two main conceptual mechanisms which may be divided according
to the initial origin of the energy: in one case, an intense laser pulse
[1] is injected in a plasma and the particles are accelerated by the
trailing space-charge wake. Obviously, the initial energy required for
acceleration is stored in the laser pulse. In the second paradigm,
the laser pulse is replaced by an intense electron beam [2,3] as the
energy source – the acceleration itself is again facilitated by the
emerging space-charge wake. A third possibility, which will be
investigated in detail here, is to store the energy within the medium
and the particles may gain energy at the expense of the latter. The
proof of principle experiment of the concept for a structure-less
configuration was performed at Brookhaven National Laboratory-
Accelerator Test Facility (BNL-ATF) in 2006 [4]. Its essence was to
velocity modulate a 45 MeV electron beam by a 0.5 GW CO2 laser in
a wiggler [5]. After 2.5 m drift the velocity-modulated beam emer-
ging from the first module becomes density-modulated and it is
injected in a second module which consists of a 30 cm long vessel
filled with a CO2 mixture identical to that of the CO2 laser. This
mixture was kept at 0.25 atm and could be excited by a (30–40 keV)
discharge circuit. Comparing the electrons' spectrum with the
discharge on and off, a significant fraction (more than 10%) of the
electrons gained about 200 keV corresponding to an accelerating
gradient of less than 1 MV/m. In the framework of this experiment

there was no confining structure that facilitates acceleration, the
electrons in the train extract energy from the active medium and the
mixture is designed such that no Cerenkov radiation is generated.

In this publication our goal is to present the details of an analysis
of a new paradigm whereby all three constraints mentioned above
are removed: (i) Rather than energy being transferred from the
medium to the same bunch that stimulates the medium, the energy
is transferred to the Cerenkov radiation which in turn may be used
to accelerate a different train of electron bunches trailing many
wavelengths behind. (ii) The active medium is confined in a
cylindrical waveguide such that the multiple reflections facilitate a
significant enhancement of the wake. In fact, the trailing train of
bunches is to be located in the region where the radiation-medium
interaction reaches saturation. See schematic of the concept in Fig. 1.
In the present study, it is tacitly assumed that the active medium is
gaseous (CO2 mixture); however, most arguments hold for a solid-
state medium (e.g. Nd:YAG). With one extra condition: since the
electrons move in a vacuum channel of radius R surrounded by
a solid-state active medium, it is necessary that the exponential
decay of the relevant evanescent wave is as small as possible
ð2πR=γλ051Þ. For example, in a vacuum tunnel of R� 5 mm and
medium which resonates at 1 μm, the energy of the electrons must
be larger than 15 GeV.

2. Model description

For a conceptual description of the paradigm we examine the
wake generated by a thin charged loop (Qb) of radius Rs, located at
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t¼0 at zs and as it moves with a velocity v in a waveguide of
radius Rw generating a current density

Jzðr; z; tÞ ¼ �Qb
v

2πr
δðr�RsÞδðz�zs�vtÞ ð1Þ

In vacuum this loop generates a spectrum of evanescent waves. In
the framework of our paradigm, we rely on the fact that the same
charged-loop moving in a resonant medium described by

ɛðωÞ ¼ 1þ∑
ν
ω2

p;ν=ðω2
0;νþ jωΔων�ω2Þ ð2Þ

generates a complex spectrum which contains propagating modes
and in certain conditions it may lead to an instability that in turn,
may result in a growing wake. In Eq. (2) ω0;ν are the resonances of
the medium, Δων represents the characteristic bandwidth near
each resonance and the “plasma-frequency” will be determined
subsequently based on standard laser theory.

The magnetic vector potential associated with the wake is

Az ¼
Qbμ0

ð2πÞ2
∑
s
UsðrÞ

Z 1

�1
dω

expðjωτsÞ
�ðps=RwÞ2�ðω=vÞ2þɛðωÞðω=cÞ2

ð3Þ

where UsðrÞ � J0ðpsr=RwÞJ0ðpsRs=RwÞ=J21ðpsÞðR2
w=2Þ, J0 is the zero

order Bessel function of the first kind, ps are the zeros of J0 and
τs � t�ðz�zsÞ=v.

In order to envision the characteristics of the spectrum gener-
ated by the charged loop in the waveguide, we need to bear in
mind that in the presence of the medium the poles associated with
Green's function vary, as reflected in the denominator of the
integrand of Eq. (3).

In vacuum the poles of the integrand would have pure
imaginary values ω¼ 7 jpscβγ=Rw � 7 jωsβγ whereas, in the
medium, the poles are a solution of

�ðps=RwÞ2�ðω=vÞ2þɛðωÞðω=cÞ2 ¼ 0 ð4Þ
thus we may get many more poles than in the vacuum case
according to various resonances of the dielectric function.

For simplicity sake, we assume a medium to have a single active
resonance and represent all the passive resonances in the dielec-
tric function [Eq. (2)] by a lossless dielectric coefficient ɛr�140
implying,

ɛðωÞCɛrþω2
p=ðω2

0þ jωΔω�ω2Þ: ð5Þ

Eq. (4) becomes a 4th order polynomial, where two groups
(s¼ 1;2…1) of its zeros being related to evanescent modes and
the other two, represent propagating modes

ðω2
0þ jωΔω�ω2Þ½ω2

s �ðɛr�β�2Þω2� ¼ω2
pω

2 ð6Þ

as revealed by the expressions in the left hand side, whereas the
right hand side is responsible for the coupling between these two
groups of modes.

3. Active medium

Before we proceed to the analysis of the modes, let us consider
in more detail the parameters of what may be conceived as a
realistic medium. For this estimate we consider the various
parameters of the resonant medium based on the proven CO2

laser systems at BNL [6] and UCLA [7]. Since our goal is to deliver
maximum energy to the electrons and based on the experience in
the proof of principle experiment performed in 2006 [4] at
0.25 atm, we consider a CO2 mixture held at higher than standard
atmospheric pressure (2.5–10 atm). In addition, we need to have in
mind that for accelerating the electron pulse, the electromagnetic
energy needs to be drained from the medium on a similar time-
scale duration. Ideally, for effectively accelerating a 30 μm long
relativistic electron pulse, the energy drained from the medium
needs to occur on a time scale of 0.1 ps corresponding to 10 THz
bandwidth. As a reference, let us consider a conventional CO2 laser
operating on the 10P vibrational-rotational energy-states at 1 atm.
It consists of discrete rotational transitions separated by 55 GHz
with a 3.7 GHz bandwidth. According to Ref. [7] for a mixture CO2:
N2:He (1:1:14), at 25 atm due to the overlap between the various
resonances in the manifold, the effective bandwidth exceeds the
1 THz level. However, such a pressure level may prove problematic
for our goal.

Beyond the pressure broadening ðΔf pÞ, the electromagnetic
field also contributes to the broadening Δωeff CΔωpþ2ΩR

wherein ΩR ¼ pE=ℏ is the Rabi frequency, E is the local amplitude
of the electric field and p is the dipole moment associated with the
specific transition. This mechanism was the basis of the 3 ps
15 TW CO2 laser demonstrated at UCLA. In the framework of our
linear model, the non-linear process associated with field-
broadening is considered in a parametric way.

In the regenerative amplifier of the system described in Ref.[6],
the small-signal gain with respect to the intensity (at 10 atm) is
reported to vary as 2α� 1 to 2 m�1. Other sources provide similar
results e.g. Ref. [8] p ¼ 10 atm, 2αC3:5 m�1; Ref. [9] p ¼ 8 atm,
2αC2:7 m�1. For what follows we consider α¼ 1 m�1.

We are now in position to correlate this quantity with the
“plasma frequency” in Eq. (5) by imposing that at resonance and
for a plane wave, the spatial growth rate α which is well known
from laser theory [10] is assumed to be equal the spatial growth
rate associated with the imaginary component of the wave-vector
or explicitly ðω0=cÞIm½

ffiffiffiffiffiffiffiffiffiffiffiffi
ɛðω0Þ

p
� ¼ α thus

ω2
p ¼ �2cαΔω ð7Þ

Accordingly, the effective bandwidth (at 10 atm) associated with
this pulse is estimated to be 37 GHz thus ΔωC2π � 37 GHz. Since
the parameter of interest, from the interaction perspective, is
αΔωC2:3� 1011 m�1 s�1 we have now established all the quan-
tities that determine Eq. (7). Other gaseous active media have
similar characteristics. In this work we are considering a single
spectral line in the middle of the CO2 10P branch. Effects of other
lines of the same branch as well as effects of other branches will be
reported in a subsequent publication.

The relative dielectric coefficient ɛr is determined from disper-
sion formulas for the refractivity of carbon-dioxide, nitrogen and
helium at standard atmospheric pressure and temperature of
273 K provided by Bideau-Mehu [11], Peck [12] and Mansfield
[13], respectively. At wavelength of 10:6 μm the estimated ɛr�1
values for CO2, N2 and He at 1 atm and temperature of 273 K are
9:4� 10�4, 5:9� 10�4 and 6:9� 10�5, respectively. For Nitrogen,
an additional verification of the estimated order-of-magnitude
value comes from Fenn [14], where at 10 μm, 1 atm and 288 K, the
ɛr�1 for dry air is reported as 5:45� 10�4. Next we average the
ɛr�1 values for the three gases weighed by their partial pressure

Fig. 1. Schematic of the conceived concept. A trigger bunch generates a weak wake
that is amplified by the medium which in turn accelerates a trailing bunch. Beam
loading is exaggerated in the drawing. It is shown that it can be compensated by
the gain such that the microbunches experience identical acceleration.
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at a total pressure of 10 atm and a temperature of 300 K in
accordance with the Lorentz–Lorenz equation [15]. In the simula-
tions that follow we use ɛr�1C1:42� 10�3. Note that Pantell
[16] demonstrated emission of Cherenkov radiation in a gas at
atmospheric pressure from a relativistic beam (500 MeV) within
the range of our parameters.

4. Spectral analysis

Based on the vector magnetic potential, the longitudinal
electric field generated by a charged loop of radius Rs located at
z¼ zs at t¼0 is

Ezðr; τÞ ¼ Qb

4πɛ0
∑
s
UsðrÞ1π

Z 1

�1
dωjωFsðωÞ expðjωτÞ

FsðωÞ � ɛðωÞ�β�2

ɛðωÞ
1

p2s c2=R
2
w�½ɛðωÞ�β�2�ω2

ð8Þ

For its evaluation in the time-domain we will need to estimate
the poles associated with the denominator of the last integrand
namely the roots of Eq. (6), which may be rewritten by defining
the Cherenkov eigen-frequencies ω2

C;s ¼ p2s c
2=R2

wɛ and the Cher-
enkov-plasma frequency ω2

C;p ¼ω2
p=ɛ as

ω4�ðω2
0þω2

C;sþω2
C;pÞω2þω2

0ω
2
C;s ¼ jωΔωðω2�ω2

C;sÞ ð9Þ

where ɛ � ɛr�β�2. This is the Cherenkov slippage factor and it will
play an important role in what follows. Clearly, for each radial
index ðsÞ there are 4 complex solutions one of which may
correspond to a growing mode. In the present study we focus on
this growing mode. As a starting point is to express the long-
itudinal electric field [Eq. (8)] in the time domain.

We rewrite the integrand FsðωÞ such that the poles may be
determined in a simple way and ignore the poles associated with
the dielectric alone, ɛðωÞ ¼ 0, hence

FsðωÞC 1
ɛr

ω2
0þ jωΔω�ω2

ðω2
C;s�ω2Þðω2

0þ jωΔω�ω2Þ�ω2
C;pω2

C
As=ɛr

ðjω� jΩsÞðjωþ jΩn

s Þ
þ Bs=ɛr
ðjω� jΩ0;sÞðjωþ jΩn

0;sÞ
ð10Þ

This notation distinguishes between the waveguide-like eigen-
frequency (Ωs) and medium-like eigen-frequency (Ω0). Note that
since FsðωÞ ¼ Fn

s ð�ωÞ the numerator is real (As ¼ An

s , Bs ¼ Bn

s ) and
Ωs, Ω0 are the solutions of the 4th order polynomial and may be
approximated

Ωs ¼ωC;sþδωs; Ω0;s ¼ω0þδω0;s: ð11Þ
Most of the wakes' frequencies are not in resonance with the
medium ωC;saω0 therefore the solution is given by

δωs ¼
1
2
ω2

C;p
ωC;s

ω2
C;s�ω2

0�ω2
C;p� jωC;sΔω

δω0;s ¼
1
2

ω0ω2
C;p� jΔωðω2

C;s�ω2
0Þ

ω2
0�ω2

C;s�ω2
C;pþ j

Δω
2ω0

ðω2
C;s�3ω2

0Þ

As ¼Δω=2�Δωs

Δω0;s�Δωs
; Bs ¼Δω0;s�Δω=2

Δω0;s�Δωs
ð12Þ

wherein Δωs ¼ ImðΩsÞ, Δω0;s ¼ ImðΩ0;sÞ. If on the other hand the
eigen-frequency of mode s¼ s0 is in or near resonance with the
medium namely, ωC;s0 Cω0, then

FsðωÞC Ad=ɛr
�ω2þ2jωΔωd;þ þω2

d;þ
þ Bd=ɛr
�ω2þ2jωΔωd;� þω2

d;�
ð13Þ

wherein

ω2
d;þ Cω2

d;� Cω2
0

Δωd;7 C
1
4
ðΔω7

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δω2�4ω2

C;p

q
Þ

Ad ¼
Δω=2�Δωd;þ
Δωd;� �Δωd;þ

;Bd ¼
Δωd;� �Δω=2
Δωd;� �Δωd;þ

ð14Þ

In the framework of this notation Δω represents the full
bandwidth of the active medium spectral line, while Δωd;þ and
Δωd;� represent the half bandwidth values for resonances of
function FsðωÞ. Comparing the exact and approximated values of
FsðωÞ, we find an excellent agreement. With this approximation
we may readily evaluate the integral in Eq. (8)

Gðτ;ωx;ΔωxÞ �
1
2π

Z 1

�1
dω

jω expðjωτÞ
ðjωÞ2þ2jωΔωxþω2

x

¼ cos ðωxτÞ expð�ΔωxτÞhðτÞ ð15Þ

Thus, if ωC;s0 aω0

Ezðr; τÞ ¼
Qb

2πɛ0ɛr
∑

sa s0
UsðrÞhðτÞ

�½AsGðτ;ωC;s;ΔωsÞþBsGðτ;ω0;Δω0;sÞ� ð16Þ

whereas if the mode is close to resonance ωC;s0 Cω0 then,

Ezðr; τÞ ¼
Qb

2πɛ0ɛr
Us0 ðrÞhðτÞ

�½AdGðτ;ω0;Δωd;þ ÞþBdGðτ;ω0;Δωd;� Þ� ð17Þ

It is important at this stage to emphasize the major break-
through associated with our new paradigm. It is incorporated in
Eq. (14) which in conjunction with Eq. (7) reveals the growth-rate
of the wake that takes the form

Δωd;� C
Δω
4

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8cα

Δωɛ

r !
ð18Þ

On contrary to the amplification of a wave which is a solution of
the homogeneous wave-equation (laser) having the form

expðαzÞhðzÞ ð19Þ
in the case of a wake-amplification, corresponding to solution of
the non-homogeneouswave-equation, the Cherenkov wake is
amplified according to

exp½�τΔωd;� �hðτÞCexpðτcα=ɛÞhðτÞ ð20Þ

Clearly, if ɛ51, then the growth rate may be orders of magnitude
larger than the spatial growth when the system operates as a laser.
In Eq. (20) it was tacitly assumed that 8cα=Δωɛ51. At the other
extreme, 8cα=Δωɛ51,

exp½�τΔωd;� �hðτÞCexpðτ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cαΔω=2ɛ

q
ÞhðτÞ ð21Þ

and in what follows we consider an intermediate regime 8cα=
Δωɛ � 10.

A visualization of this enhanced gain is illustrated in Fig. 2. Top-
left frame shows schematically a ray traversing an active medium
ðαÞ of length L without reflections, its gain is αL. Once the beam
propagates at angle θ (relative to the z-axis), it bounces back and
forth between the two reflecting walls and since the effective
interaction-length is extended to L= cos θ then the effective gain is
elevated to αL= cos θ – see top-right frame. In the case of
Cherenkov radiation, the wake is forced to bounce between the
two reflecting walls at the Cherenkov-angle cos θCer ¼ 1=β

ffiffiffiffi
ɛr

p
therefore the gain is α′L= sin θCer ¼ α′L

ffiffiffiffiffiffiffiffiffi
ɛr=ɛ

p
– see bottom-left

frame. Finally, in the bottom-right frame we illustrate the case of a
dilute gas ɛrC1. Clearly, the gain is elevated by Cherenkov
slippage term 1=

ffiffiffi
ɛ

p
namely, α′L= sin θCerCα′L=

ffiffiffi
ɛ

p
. In the last

three cases, the multiple reflections are responsible for the
enhanced effective gain.
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5. Simulation results

Simulation parameters are summarized in Table 1.
Fig. 3 shows the contribution of the various modes at a distance

L¼ 6000λ0 behind the trigger bunch with the current density
given by

Jzðr; τÞ ¼
hðRb�rÞ
πR2

b

½I0þ I1 cos ðω0τÞ� exp � τ
Δt

� �2� �
ð22Þ

Only one or two modes in the vicinity of resonance have a
significant contribution and the remainder are more than 5 orders
of magnitude weaker. The inset illustrates off-resonance behavior.
While on logarithmic scale the reduction seems modest we will
show subsequently that in the time-domain the effect is quite
significant.

The enhanced exponential gain is clearly revealed in Fig. 4
where the gradient is illustrated for three cases: s¼ s0 ¼ 360,
js�s0jr160 and 1rsr1000; the asymptotic behavior in all three
cases is determined by the resonant mode ðs0Þ while all the others
determine the “near-field”, adjacent to the trigger bunch. For
comparison, if the Cherenkov factor were not present, then at a
distance L¼ 6000λ0, the gain would have been negligible
expðα LÞC1:07 and not expðjΔωdjL=cÞ � 109 as the present analy-
sis predicts.

6. Beam loading

We demonstrate now that the exponential gain can solve an
inherent problem associated with this paradigm. In today's

microwave technology, the accelerated bunch generates a wake
that tends to reduce the accelerating field. The same phenomenon
will occur in our case but here we need a train of microbunches
which entails that each microbunch will experience a different
gradient. Although small, this variation may be significant over
extended acceleration length and therefore, unacceptable. With
proper design of the microbunch charges and gain, this effect, in
principle, can be eliminated.

Consider a gradient generated by an idealized microbunch of
charge qν located at t¼0 and at z¼ ζν is given by

EνðτÞ ¼
qν

4πɛ0R2
eff

f τþζν
v

� �
ð23Þ

Reff is a geometric parameter which accounts for the fact that due
to linearity of Maxwell equations, the wake is linear with the
charge which excites it. f ðτÞ � cos ðω0τÞexpðα′vτÞhðτÞ, α′ is a
parameter proportional to the spatial growth in the medium;
ν¼ 1;2… represents the index of the microbunch. The trigger train
of bunches consists of NT microbunches and for simplicity sake we
assume that they all carry an identical charge QT=NT moreover,
they are λ0 apart namely ζðTÞν ¼ �νλ0. In a similar way, the
accelerated train consists of NA identical bunches QA=NA but the

Fig. 2. A visualization of the enhanced gain. Top-left frame (a) shows schematically a
ray traversing an active medium ðαÞ of length Lwithout reflections; its gain is αL. In the
top-right frame (b), the beam propagates at angle θ relative to the axis of the system;
the gain is αL= cos θ. In the case of Cherenkov radiation, the wake is forced to bounce
between the two reflecting walls at the Cherenkov-angle cos θCer ¼ 1=βɛ1=2r therefore
the gain is α′L= sin θCer ¼ α′Lðɛr=ɛ Þ1=2 – see frame (c). Finally, in frame (d) we illustrate
the case of a dilute gas ɛrC1 thus the gain is α′Lɛ �1=2.

Table 1
Simulation parameters.

Parameter Value

Medium
Resonance wavelength (CO2) λ0 10:6 μm
Resonance frequency ω0 1:78� 1014 rad=s
Resonance bandwidth (@� 10 atm) Δω 2:32� 1011 rad=s
Growth rate coefficient α 1 m�1

Plasma frequency jωpj 1:18� 1010 rad=s
Relative permittivity ɛr 1.00142
Waveguide
Radius Rw 50.674 mm
Resonance mode s0 360
e-beam
Lorentz factor γ 600
Total charge Q total 109e
Length Ltr 150λ0
Modulation Mtr 20%
Radius Rb 4 mm

Fig. 3. Contribution of the various modes to Ez. In the inset we compare resonance
and off-resonance conditions near the peak.
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first one is many wavelengths behind ζðAÞν ¼ �ðNspaceþ1=2þνÞλ0
consequently, the gradient is given by

EðτÞ ¼ QT

4πɛ0R2
eff

f τþζðTÞν
v

 !* +
þ QA

4πɛ0R2
eff

f τþζðAÞν
v

 !* +
: ð24Þ

Evidently, the gradient along the accelerated train is not uniform
as the medium tends to enhance it whereas the beam loading
reduces it. Obviously, we need to ensure uniform acceleration for
all the electrons and for this purpose we denote by EðAÞ1 the
gradient on the first bunch in the accelerated train. Assuming a
point-like microbunch, immediately after the first bunch, this
gradient is reduced by QA=4πɛ0R

2
effNA. The remaining field is

amplified by the medium and for achieving uniform acceleration
on all microbunches, we impose that at the location of the next
microbunch the value of the accelerating gradient is exactly as on
the initial microbunch thus

ðEðAÞ1 �QA=4πɛ0R
2
effNAÞ expðα′λ0Þ ¼ EðAÞ1 ð25Þ

Having in mind that the gain per period is very small, this
condition constraints the spatial growth, the gradient and the
charge of a microbunch according to

QA

4πɛ0R2
effNA

1

EðAÞ1

¼ 1�expð�α′λ0ÞCα′λ0 ð26Þ

In fact, this condition specifies the ratio of the charge between the
two trains since by its own definition,

EðAÞ1 ¼ QT

4πɛ0R2
eff

1
NT

∑
NT

ν ¼ 1
exp½α′ðζðTÞν �ζðAÞ1 Þ�

¼ QT

4πɛ0R2
eff

exp Nspaceþ
1
2

� �
α′λ0

� �
NT

1�expð�α′λ0NTÞ
1�expð�α′λ0Þ

ð27Þ

thus, substituting in (26) we get

QA

NA
¼QT

NT
exp α′λ0 Nspaceþ

1
2

� �� �
½1�expð�α′λ0NTÞ� ð28Þ

Note that the larger the gain, the larger the ratio of the charge in
the accelerated bunch and the trigger bunch. A typical behavior is
illustrated in Fig. 5.

7. Saturation

Being analyzed in the framework of a linear theory, the gain as
reflected in the previous section does not account for the medium
depletion. A rough assessment of this saturation effect may be
developed based on energy conservation and the assumption that
the population inversion is uniform across the confining wave-
guide

1
2
ΔnðτÞℏω0þ

2

R2
w

Z Rw

0
drr

1
2

ɛ0E
2
r ðr; τÞ

þɛ0E
2
z ðr; τÞ

þμ0H
2
ϕðr; τÞ

2
664

3
775¼ const: ð29Þ

The electromagnetic term can be divided in two groups, the
resonant harmonic s¼ s0 and the non-resonant Bessel harmonics
sas0 which practically do not interact with the medium and can
be ignored. Consequently,

1
2
ΔnðτÞℏω0þ J21ðps0 Þ

1
2

ɛ0ɛrE
2
r;s0 ðτÞ

þɛ0ɛrE
2
z;s0 ðτÞ

þμ0H
2
ϕ;s0 ðτÞ

2
6664

3
7775¼ const: ð30Þ

and assuming the relation between the field component is similar
to the case of passive medium we get

1
2
ΔnðτÞℏω0þ

3
4
ɛ0J

2
1ðps0 ÞE

2
z;s0 ð0Þ expð2cατ=ɛÞhðτÞ ¼ const: ð31Þ

The growth may be expressed in terms of the population inversion
and the cross-section for stimulated emission ðsst � 1:5�
10�23 m�2Þ as 2α¼Δnsst, therefore, we may deduce that when
the population inversion varies,

1
2
ΔnðτÞℏω0þ

3
4
ɛ0J

2
1ðps0 ÞE

2
z;s0 ð0Þ � exp

2csst
ɛℏω0

Z τ

0
dθ

1
2
ΔnðθÞℏω0

� �	 

hðτÞ

¼ 1
2
Δnð0Þℏω0þ

3
4
ɛ0J

2
1ðps0 ÞE

2
z;s0 ð0Þ: ð32Þ

Based on the simulations ɛ � 0:0014, Ez;s0 ð0Þ � 1½V=m�, J21ðp360Þ ¼
5:6� 10�4 and since α¼ 1m�1 we conclude that Δnð0Þ � 1:3�
1023 m�3; ℏω0 ¼ 1:88� 10�20. It is convenient to use normalized
units

n ¼ΔnðθÞ
Δnð0Þ; τ ¼ 1

ɛ
Δnð0Þcτsst ¼

2
ɛ
αcτ;

Fig. 4. Amplitude of Ez behind the trigger bunch (time-domain) for three sets of
Bessel harmonics: in the first set we consider 1000 modes (red-circles), in
the second set we consider 320 modes around the resonant Bessel-harmonic
(blue-square). The third set consists of one Bessel-harmonic – the resonant one.
Clearly, sufficiently far away from the trigger bunch the resonant mode is
dominant. (For interpretation of the references to color in this figure caption, the
reader is referred to the web version of this article.)

Fig. 5. The trigger bunch generates a wake which is amplified by the medium. If
the accelerated train is properly designed and located, the beam-loading may be
compensated by the gain.
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w ¼
3
4
ɛ0J

2
1ðps0 ÞE

2
z;s0 ð0Þ

1
2
Δnð0Þℏω0

� 3:0� 10�18 ð33Þ

which enables us to write Eq. (32) in the form

nðτÞþw exp
Z τ

0
dθnðθÞ

" #
¼ 1þw: ð34Þ

Rather than its integral form we prefer its differential version

n ¼ d
dτ

ln
1þw�n

w

� �
ð35Þ

whose solution may be shown to be

nðτÞ ¼ 1þw
1þw exp½τð1þwÞ� ð36Þ

As a reference, let us assume (see Fig. 4) that the amplitude of the
resonant mode is E0 ¼ 1 V=m and in time

EðlinÞz ðτÞ ¼ E0 exp
1
2
τ

� �

EðsatÞz ðτÞ ¼ E0 exp
1
2

Z τ

0
dθnðθÞ

( )
¼ E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þw�nðτÞ

w

r
: ð37Þ

According to the typical values adopted here, the saturation occurs
for a gradient of 0.57 GV/m.

8. Discussion

Several tacit assumptions made in the course of this brief
analysis need special consideration:

(i) The constitutive relation describing the medium as specified
in Eq. (2), has been developed, e.g. [10], from a microscopic
dynamic argument (of the atoms) using an electromagnetic
field that does not vary across the atom. This tacitly entails
that the wavelength of the radiation involved is much longer
than the size of the resonant atom ðλ05a0 ¼ 0:5� 10�10mÞ.
Since in our case evanescent waves attached to relativistic
particles are also involved, an additional condition may be
included expð�2πa0=γλ0Þ � 1 thus γλ0ba0. Evidently, this
condition is weaker than the previous.

(ii) For all relevant media, the effective size of the atom is
generally much smaller than the characteristics lengths –

with the exception of the classical radius of the electron. This
comes into play whenwe describe the gain αwhich according
to the classical laser theory is expressed in terms of the
population inversion ðΔnÞ and the cross-section for stimu-
lated emission ðsstÞ namely, 2α¼Δnsst [17, p. 287, (54)]. In
most media the latter is not larger than 10�22 m2 making the
evanescent waves perfectly equivalent to propagating waves
from the perspective of the interaction with the single atom.

(iii) By its own definition, the dielectric function can account only
for linear processes, non-linear processes such as field-
broadening (Rabi) or reduction of the population inversion
can be assessed only as a general trend. Moreover, when
assuming that the population inversion is set constant, we
practically assume that the energy converted from the med-
ium to the electromagnetic field or the electrons are negli-
gible. In a past publication [18] we considered this loading
effect in detail and we showed that the electrons may drain
virtually all the energy from the medium. Furthermore, in this
context we should point out that typically relevant electron
bunches contain of order 1010 electrons whereas the number
of excited atoms is typically of the order of 1020 ð ¼Δn�
volume � 1023 m�3 � 10�3 m3Þ. Consequently, assuming an

ideal interaction each electron may absorb 1010 photons
stored in the medium.

(iv) Eq. (3) indicates that the spectrum of photons (real or virtual)
as carried by a bunch of electrons is itself affected by the
dielectric function. However, in order to assess the number of
virtual photons impinging upon the active medium (assuming
finite extent) we may resort to the vacuum solution for the
magnetic vector potential, calculate the energy carried by
each Bessel-harmonic (W ¼∑sWs). Accordingly, the number
of virtual photons at that frequency (ωs ¼ pscβγ=Rw) carried
by a relativistic electron is

NðvÞ
ph;sðγb1Þ ¼Ws=ℏωs ¼ αF=½psJ1ðpsÞ�2 ð38Þ

αF ¼ e2=4πɛ0cℏC1=137 is the fine structure constant. If
instead of a singular distribution, the bunch has a finite
volume, πR2

bΔz, and it contains Nel electrons, the number of
virtual photons associated with this bunch is

NðvÞ
phðγb1Þ
αFN

2
el

C ∑
1

s ¼ 1

1
½psJ1ðpsÞ�2

J2c ps
Rb
Rw

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ps

γΔz
Rwπ

� �2r ð39Þ

here JcðxÞ � 2J1ðxÞ=x. Consequently, a relativistic bunch of 1010

electron carries order of 1018 virtual photons. The number is
weakly dependent on the normalized beam radius and it is
roughly proportional to

� 1= 1þ10
γΔz

Rwπ

� �
ð40Þ

(v) Originally, the dielectric function expressed in Eq. (2) was
introduced in the homogeneous Maxwell's equation in the
context of the linearized laser theory, nevertheless, this
constitutive relation is also valid in the non-homogeneous
Maxwell equation as long as we maintain the linear regime.

9. Conclusion

We had provided analytic model for Cherenkov wake enhance-
ment in a cylindrical waveguide filled with a CO2 laser mixture at
10 atm. Geometry of the waveguide is selected such that frequency
of one of the wake modes is equal to one of the resonances of the
active medium close to 10:6 μm facilitating amplification of this
mode by the latter. Due to multiple reflections from the waveguide
walls the wake growth rate is enhanced by reciprocal of Cherenkov
slippage factor ɛ � ɛr�β�2 of an order of 10�3. A trailing train of
electron microbunches located behind the trigger in phase with the
enhanced wake will be accelerated by the latter. It is possible in
principle to select such charge distribution between the trailing
microbunches that will provide gain uniformity for the whole train.
A rough assessment is made for saturation limit of the wake
growth. For a single resonance of CO2 this limit is estimated to be
of order of 0.5 GeV.
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