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Abstract. This paper is a tutorial on recent advances in the analysis of iterative
coding systems as exemplified by low-density parity-check codes and turbo codes.

The theory described herein is composed of various pieces. The main components
are concentration of system performance over the ensemble of codes and inputs, the ex-
istence of threshold phenomena in decoding performance, and the computational and/or
analytical determination of thresholds and its implications in system design.

We present and motivate the fundamental ideas and indicate some technical aspects
but proofs and many technical details have been omitted in deference to accessibility to
the concepts. Low-density parity-check codes and parallel concatenated codes serve as
contrasting examples and as vehicles for the development.
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1. Introduction. This paper is a tutorial on recent advances in the
analysis and design of iterative coding systems as exemplified by low-
density parity-check (LDPC) codes and turbo codes. We will outline a
mathematical framework within which both of the above mentioned coding
systems may be analyzed. Certain aspects of the theory have important
practical implications while other aspects are more academic. Provable
statements concerning the asymptotic performance of these iterative cod-
ing systems can be made. Here, asymptotic refers to the length of the
code. For codes of short length the theory we shall present does not yield
accurate predictions of the performance. Nevertheless, the ordering of cod-
ing systems which is implied by the asymptotic case tends to hold even
for fairly short lengths. The bit error probability is the natural measure of
performance in the theory of iterative coding systems but the theory also
offers insights and guidance for various other criteria, e.g., the block error
probability.

We will here briefly describe an example and formulate some claims
that represent what we consider to be the apex of the theory: Let us
consider the class of (3,6)-regular LDPC codes (see Section 2.1.1 for a
definition) of length n for use over an additive white Gaussian noise channel,
i.e., we transmit a codeword consisting of n bits z; € {£1} and receive n
values y; = x; + z; where the z; are i.i.d. zero mean Gaussian random
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variables with variance 2. We choose the particular code, as determined
by its associated particular graph, at random (see Section 2). We transmit
one codeword over the channel and decode using the sum-product algorithm
for ¢ iterations. The following statements are consequences of the theory:

1. The expected bit error rate approaches some number € = €(f) as n
tends to infinity and this number is computable by a deterministic
algorithm.

2. For any § > 0, the probability that the actual fraction of bit errors
lies outside the range (e — d, € + &) converges to zero exponentially
fast in n.

3. There exists a maximum channel parameter o* (in this case o* ~
0.88), the threshold, such that lim, .. €e(f{) = 0 if 0 < o* and
limy, o €(f) > 0if 0 > o™,

Each of these statements generalize to some extent to a wide variety of
codes, channels, and decoders. The existence of €({) in statement 1 is
very general, holding for all cases of interest. In general there may not be
any efficient algorithm to compute this number e(¢) but, fortunately, for
the case of most interest, namely the sum-product algorithm, an efficient
algorithm is known. Statement 2 holds in essentially all cases of interest
and depends only on the asymptotics of the structure of the graphs which
define the codes. Statement 3 depends on both the decoding algorithm
used and the class of channels considered (AWGN). It depends on the fact
that the channels are ordered by physical degradation (see section 7) and
that the asymptotic decoding performance respects this ordering.

Although the threshold, as introduced above in 3, is an asymptotic
parameter of the codes, it has proven to have tremendous practical signif-
icance. It is only a slight exaggeration to assert that, comparing coding
systems with the same rates, the system with the higher threshold will per-
form better for nearly all n. The larger n is, the more valid the assertion
is. Even though the assertion is not entirely true for small n, one can still
significantly improve designs by looking for system parameters that exhibit
larger thresholds.

To design for large threshold one needs to be able to determine it or
at least accurately estimate it. Therefore an important facet of the theory
of these coding systems deals with the calculation of the threshold.

In his Ph.D. thesis of 1961, Gallager [13] invented both LDPC codes
and iterative decoding. With the notable exceptions of Zyablov and Pinsker
[45] and Tanner [40] (see also Sourlas [39]), iterative coding systems were
all but forgotten until the introduction of turbo codes by Berrou, Glavieux
and Thitimajshima [4] (see also [19]). In the wake of the discovery of turbo
codes LDPC codes were rediscovered by MacKay and Neal [24], completing
the cycle which had started some thirty years earlier.

For some simple cases Gallager was able to determine thresholds for
the systems he considered. In the work of Luby et. al. [22] the authors used
threshold calculations for the binary erasure channel (BEC) and the binary
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symmetric channel (BSC) under hard decision decoding to optimize the
parameters of irregular LDPC codes (Gallager had considered only regular
LDPC codes) with respect to the threshold. By this approach they showed
that very significant improvements in performance were possible. Indeed,
they explicitly exhibited a sequence of LDPC code ensembles which, under
iterative decoding, are capable of achieving the (Shannon) capacity of the
BEC. To date, the BEC is the only non-trivial channel for which capacity
achieving iterative coding schemes are explicitly known.

Another important aspect of the work presented in [22] is the method
of analysis. The approach differed from that taken by Gallager in certain
key respects. The approach of Gallager allowed statements to be made
concerning the asymptotics of certain special constructions of his codes.
The approach of Luby et. al., allowed similar and, in some ways, stronger
statements (such as the ones given in our example above) to be made
concerning the asymptotics of random ensembles, i.e., randomly chosen
codes from a given class. This placed the emphasis clearly on the threshold
and away from particular constructions and opened the door to irregular
codes for which constructions are generally very difficult to find.

In [30] the approach taken in [22] was generalized to cover a very
broad class of channels and decoders. Also in [30], an algorithm was intro-
duced for determining thresholds of LDPC codes for the same broad class
of channels and the most powerful and important iterative decoder, the
sum-product algorithm, also called belief propagation, which is the name
for a generalization of the algorithm as independently developed in the AI
community by Pearl [28].! In [29] the full power of these results was re-
vealed by producing classes of LDPC codes that perform extremely close
to the best possible as determined by the Shannon capacity formula. For
the additive white Gaussian noise channel (AWGNC) the best code of rate
one-half presented there has a threshold within 0.06dB of capacity, and sim-
ulation results demonstrate a LDPC code of length 10 which achieves a bit
error probability of 10¢, less than 0.13dB away from capacity. Recent im-
provements have demonstrated thresholds within 0.012dB of capacity [5].
These results strongly indicate that LDPC codes can approach Shannon
capacity. As pointed out above, only in the case of the BEC has such a
result actually been proved [23]. Resolving the question for more general
channels remains one of the most challenging open problems in the field.

In the case of turbo codes the same general theory applies, although
there are some additional technical problems to be overcome. In the setting
of turbo codes belief propagation corresponds to the use of the BCJR algo-
rithm for the decoding of the component codes together with an exchange

of extrinsic information. This is generally known as “turbo decoding”.?

IThe recognition of the sum-product algorithm as an instance of belief propagation
was made by Frey and Kschischang [12] and also by McEliece, Rodemich, and Cheng
[26].

2The original incarnation of turbo decoding in [4] was not belief propagation, Robert-
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Thus, one can similarly explore turbo codes and generalizations of turbo
codes from the perspective of threshold behavior. It is possible to describe
an algorithm for computing thresholds for turbo codes but such an al-
gorithm appears computationally infeasible except in the simplest cases.
Fortunately, it is possible to determine thresholds to any desired degree
of accuracy using Monte-Carlo methods. The putative deterministic algo-
rithm used to compute thresholds can be mimicked by random sampling.
One can prove that certain ergodic properties of the computation guaran-
tee convergence of the Monte-Carlo approach (assuming true randomness)
to the answer that would have been determined by the exact algorithm.
Moreover, all of the information used to optimize LDPC codes is available
from the Monte-Carlo approach and, therefore, it is possible to optimize
thresholds for various extensions of turbo codes. Generalizations of turbo
codes appear to exhibit thresholds approaching Shannon capacity. The
work described here appears in [31].

In a very precise sense, determining the threshold by the methods in-
dicated above corresponds to modeling how decoding would proceed on
an infinitely long code. One determines not merely the threshold, but the
statistics of the entire decoding process. Decoding proceeds in discrete time
by passing messages along edges in a graph. In the infinite limit one con-
siders the distribution of the messages (pick an edge uniformly at random,
what message is it carrying?) These distributions are parameterized in
a suitable fashion and the algorithms mentioned above iteratively update
the distributions in correspondence with iterations of the decoding process.
The sequence of distributions so obtained and the method used to obtain
them are referred to as density evolution. Clearly, density evolution is key
to understanding the decoding behavior of such systems and the study of
density evolution is a fundamental outgrowth of the general theory.

Our purpose in this paper is to provide the reader with a vehicle for
quickly grasping the key features, assumptions, and results of the general
theory. The paper consists of further details and examples intended to be
sufficient to equip the reader with a practical overview of the current state of
knowledge as embodied in this theory. The paper is loosely organized along
the lines of assumptions and conclusions: Each section is devoted to stating
assumptions required for some part of the theory, usually some examples, to
stating what conclusions can be drawn, and indicating what mathematical
techniques are used to draw the conclusions. We have ordered material
from most general to most specific. Rather that attempting to present the
most general, all-encompassing, form of the theory, we have tried to make
the main ideas as accessible as possible.

2. Graphical Representations of Codes. The mathematical
framework described in this paper applies to various code constructions
based on graphs. To keep notation to a minimum, we will restrict our

son [33] refined the algorithm into a form equivalent to belief propagation.
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attention in this paper to the standard parallel concatenated code with
two component codes and to LDPC codes. For a more detailed treatment
of turbo codes which includes also serially concatenated codes and gen-
eralized turbo codes we refer the reader to [31]. The theory developed
here also extends to much more general graphical representations such as
those developed by, e.g., N. Wiberg and H.-A. Loeliger and R. Kotter [44],
Kschischang, Frey, Loeliger [21], Kschischang and Frey [20], or Forney [11].
LDPC codes as well as turbo codes can be represented using quite simple
graphs and the decoders of interest operate directly and locally on these
graphs. (In the case of turbo codes one should bear in mind windowed
decoding. For a description of windowed decoding see Section 5.2. The
theory extends to standard, i.e., non-windowed, turbo decoding by taking
limits but the analogy between LDPC codes and turbo codes is closer in
the case of windowed decoding.)

The theory addresses ensembles of codes and their associated ensem-
bles of graphs. For block codes the idea of looking at ensembles of codes
rather than individual codes is as old as coding theory itself and originated
with Shannon. In the setting of turbo codes this idea was introduced by
Benedetto and Montorsi [3] and it was motivated by the desire to bound
the maximum likelihood performance of turbo codes.> The ensembles are
characterized by certain fixed parameters which are independent of the
length of the code. The graphs associated to LDPC codes, for example,
are parameterized by their degree sequences (A, p) (see below for details).
The graphs associated to turbo codes are parameterized by the polynomi-
als determining the constituent codes, their interconnection structure, i.e.,
parallel vrs. serial, and puncturing patterns. Given the size of the code n,
these fixed parameters determine the number of the various node types in
the graph. The ensemble of codes is defined in terms of the possible edges
which complete the specification of the graph. In both of the above cases,
the graphs are bipartite: One set of nodes, the variable nodes, corresponds
to variables (bits) and the other set, the check nodes, corresponds to the
linear constraints defining the code.

In general, the fixed parameters and the length n determine the nodes
of the graph and a collection of permissible edges. One then considers
the set of all permissible edge assignments and places on them a suitable
probability distribution. The theory addresses properties of the ensemble
as n gets large.

2.1. Ensembles of Codes and Graphs. We shall now present more
detailed definitions for code ensembles of LDPC codes and parallel con-
catenated codes. These examples, although important, are not exhaustive.
Note that the local connectivity of the graphs remains bounded indepen-

3A considerable amount of additional research has been done in the direction of
bounding the maximum likelihood performance of a code from information on its spec-
trum, see e.g. [10, 42, 34, 35, 9].
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dent of the size of the graph. This is the critical property supporting the
asymptotic analysis, i.e., the concentration theorem.

2.1.1. LDPC Codes. As described above, low-density parity-check
codes are well represented by bipartite graphs in which the variable nodes
corresponds to elements of the codeword and the check nodes correspond
to the set of parity-check constraints satisfied by codewords of the code.
Regular low-density parity-check codes are those for which all nodes of the
same type have the same degree. Thus, a (3,6)-regular low-density parity-
check code has a graphical representation in which all variable nodes have
degree three and all check nodes have degree six. The bipartite graph
determining such a code is shown in Fig. 1.

Fic. 1. A (3,6)-regular code of length 10 and rate one-half. There are 10 variable
nodes and 5 check nodes. For each check node c¢; the sum (over GF(2)) of all adjacent
variable nodes is equal to zero.

For an irreqular low-density parity-check code the degrees of each set
of nodes are chosen according to some distribution. Thus, an irregular low-
density parity-check code might have a graphical representation in which
half the variable nodes have degree three and half have degree four, while
half the constraint nodes have degree six and half have degree eight. For a
given length and a given degree sequence (finite distribution) we define an
ensemble of codes by choosing the edges, i.e., the connections between vari-
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able and check nodes, randomly. More precisely, we enumerate the edges
emanating from the variable nodes in some arbitrary order and proceed in
the same way with the edges emanating from the check nodes. Assume
that the number of edges is E. Then a code (a particular instance of this
ensemble) can be identified with a permutation on E letters. Note that all
elements in this ensemble are equiprobable. In practice the edges are never
chosen entirely randomly since, e.g., certain potentially unfortunate events,
such as double edges and very short loops, in the graph construction can
be easily avoided.

Hence, for a given length n the ensemble of codes will be determined
once the various fractions of variable and check node degrees have been
specified. Although this specification could be done in various ways the
following notation introduced in [22] leads to particularly elegant state-
ments of many of the most fundamental results. Let d; and d, denote
the maximum variable node and check node degrees, respectively, and let
Az) = XM, Nt ! and p(z) == X%, pie~! denote polynomials with
non-negative coefficients such that A(1) = p(1) = 1. More precisely, let the
coefficients, A; (p;) represent the fraction of edges emanating from variable
(check) nodes of degree i. Then, clearly, this degree sequence pair (X, p)
completely specifies the distribution of the node degrees. The alert reader
may have noticed several curious points about this notation. First, we do
not specify the fraction of nodes of various degrees but rather the fraction
of edges that emanate from nodes of various degrees. Clearly, it is easy
to convert back and forth between this edge perspective and a node per-
spective. E.g., assume that half the variable nodes have degree three and
half have degree four and that there is a total of n nodes. Since every
degree three node has three edges emanating from it, whereas every degree
four nodes has four edges emanating to it we see that there are in total
1/2 - 3n edges which emanate from degree three nodes and that there are
in total 1/2 - 4n edges which emanate from degree four nodes. Therefore

A3 = 1/213/% = 3/7 and \y = 1/2.13/% = 4/7 so that in this case
Az) = 3/72% +4/723. Second, the fraction of edges which emanate from a
degree i node is the coefficient of z'~! rather than z as one might expect at
first. The ultimate justification for this choice comes from the fact that, as
we will see later, simple quantities like A’(0) or p(1) take on an operational
meaning. A particular striking example of the elegance of this notation is
given by the stability condition which we will discuss in Section 8.3. This
condition takes on the form A (0)p'(1) < g(o) where g is a function of the
channel parameter o only.

2.1.2. Turbo Codes. For every integer n we define an ensemble of
standard parallel concatenated codes in the following manner. We first fix

the two rational functions G (D) = ’q’iggg and G»(D) = Ziggg which de-

scribe the recursive convolutional encoding functions. Although the general
case does not pose any technical difficulties, in order to simplify notation,
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we will assume that all codewords of a convolutional encoder start in the
zero state but are not terminated. For z € {£1}"™ let v;(z), i = 1,2,
denote the corresponding encoding functions. Then for fixed component
codes and a given permutation 7 on n letters the unpunctured codewords
of a standard parallel concatenated code have the form (z, v, (z),y2 (7 (z))).
Therefore, for fixed component codes and a fixed puncturing pattern there
is a one-to-one correspondence between permutations on n letters and codes
in the ensemble. We will assume a uniform probability distribution on the
set of such permutations. This is the same ensemble considered in [3] but
the present focus is on the analysis of the performance of turbo codes under
iterative decoding rather than under maximum likelihood decoding.

The graphical representation of the code contains variable nodes, as
in the LDPC code case, and check nodes, which, in this case, represent a
large number of linear constraints on the bits associated to the variable
nodes. A check node represents the linear constraints imposed by an en-
tire constituent code. Equivalently, it represents the trellis which in turn
represents the constituent code. Hence, for standard parallel concatenated
codes with two component codes, there are only two check nodes.

3. Decoding: Symmetries of the Channel and the Decoder. In
this paper we will limit ourselves to the case of binary codes and transmis-
sion over memoryless channels since in this setting all fundamental ideas
can be represented with a minimum of notational overhead. The gener-
alization of the theory to larger alphabets [7] or channels with memory
[14, 16, 15, 18, 25] is quite straightforward and does not require any new
fundamental concepts. As usual for this case, we will assume antipodal
signalling, i.e., the channel input alphabet is equal to {£1}.

The decoding algorithms of interest operate directly on the graph,
described in Section 2.1, that represents the code. The algorithms are lo-
calized and distributed: edges carry messages between nodes and nodes
process the incoming messages received via their adjacent edges in order
to determine the outgoing messages. The algorithms proceed in discrete
steps, each step consisting of a cycle of information passing followed by pro-
cessing. Generally speaking, computation is memoryless so that, in a given
step, processing depends only on the most recent information received from
neighboring nodes. It is possible to analyze decoders with memory but we
will not consider such decoders here. Given the above setup we distinguish
between two types of processing which may occur according to the depen-
dency of the outgoing information. When the outgoing information along
an edge depends only on information which has come in along other edges,
then we say that the algorithm is a message-passing algorithm. The sum-
product algorithm is the most important example of such an algorithm.
The most important example of a non message-passing algorithm is the
flipping algorithm. This is a very low complexity hard-decision decoder
of LDPC codes in which bits at the variable nodes are ‘flipped’ in a given
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Fi1a. 2. A graphical representation of a standard parallel concatenated code analo-
gous to the bipartite graph of a LDPC code.

round depending on the number of unsatisfied and satisfied constraints they
are connected to. Here, we say that a constraint is satisfied if and only if the
modulo two sum of its neighbor bits is 0. We note that the techniques used
to analyze these two types of decoders are quite distinct and the nature of
statements which can be made tend to differ significantly. (Nevertheless,
certain aspects of the theory outlined here, in particular the concentration
results, carry over to many variants of flipping.) The statements usually
made for the flipping algorithm are more reminiscent of traditional coding
theory in that they assert that for all error patterns of weight less than
a given threshold the decoder will decode correctly [45, 38]. For message-
passing decoders the overall focus is on the resulting bit error probability.
A large fraction of high weight error patterns might be correctable but
occasionally even low weight error patterns may lead to errors. Currently
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the best coding schemes are based on message-passing decoders but the
flipping algorithm is often of interest because of its inherent extremely low
complexity.

It is helpful to think of the messages (and the received values) in
the following way. Each message which traverses an edge (v,c), in either
direction, represents an estimate of the particular bit associated to v. More
precisely, it contains an estimate of its sign and, possibly, some estimate
of its reliability. To be concrete, consider a discrete case in which the
received alphabet, the alphabet of estimates provided to the decoder from
the channel, is O := {—q,, —(¢o—1),...,—1,0,1,...,(¢o—1), ¢, } and where
the message alphabet is M := {—¢,—(¢—1),...,-1,0,1,...,(¢ — 1),q}
where we assume g > ¢,. The sign of the message indicates whether the
transmitted bit is assumed to be —1 or +1, and the absolute value of
the message is a measure of the reliability of this estimate. In particular,
the value 0 represents an erasure. In the continuous case we may assume
that O = M = R. Again, the sign of the message indicates whether the
transmitted bit is assumed to be —1 or +1, and the absolute value of the
message is a measure of the reliability of this estimate. Of course, it is
not necessary that 0 be included in either alphabet, nor is it necessary
that the messages actually have this symmetric form, but they should be
representable as such.

3.1. Restriction to the All-One Codeword. For all algorithms of
interest in the current context computation is performed at the nodes based
on information passed along the edges. Thus, for every occurring variable
degree d we have a map ¥¢_ : Ox M? — M? to represent the computation
done at a variable node of degree d. Similarly, for every occurring check
node of degree d we have a map ‘I’ﬁgm : 0 x M? — M¢? to represent the
computation done at a check node of degree d. (In some cases, i.e., turbo
codes, outgoing messages to variable nodes of degree one have no effect
on subsequent messages and are therefore usually not actually computed.)
Although it is not necessary, one will usually have symmetry under per-
mutation of the input messages so that if U (ug,uy,...,uq) = (wy, ..., wq)
then ¥2 (105 Ur(1)s oy Un(d)) = (Wr(1), e, Wr(ay) fOr any permutation 7 on
d letters. In the case of LDPC codes we also have such symmetry for ¥,
but for turbo codes, because of trellis termination, we do not.*

Under the message-passing paradigm the message maps have the fur-
ther property that the ¢-th outgoing message does not depend on the i-th
incoming message. In this case, and under the permutation symmetry as-
sumption, we have functions MZ, : O x M?~! — M such that

\I]ift(uoaula "'7ud) =
(le“(uo,ug, sy Ug), Mlgel“(uo,ul,u3, ey W)y e Mlgel“(uo,ul, ey Ug—1))-

4 Asymptotically, however, some permutation symmetry is present in the turbo code
case but the permutations must be restricted to, e.g., the information (z) bits.
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Similarly, under permutation symmetry at the check nodes, we shall have
amap M2, O x M- M.

Our subsequent analysis and notation will be greatly simplified by as-
suming the following symmetry conditions on the channel and the decoding
algorithm.

e Channel symmetry: p(Y =¢|X =1) =p(Y = —¢|X = -1).

e Check node symmetry: If \I!fligm(ul, o ttg) = (wy, ..., wq) then
wd | (bruy, ..., bguq) = (biwr, ..., bgwg) for any +1 sequence
(b1, ..., bg) satisfying the constraint associated to the check node.

e Variable node symmetry:
O (—yn — _ — gl
leﬂ:( U, —UL, .-y U’d) - left(u07u17“‘7ud)‘

We claim that under these conditions the (bit or block) error probability
is independent of the transmitted codeword. For a proof in the message-
passing case see [30]. The reader may recognize the channel symmetry
condition as the condition that the channel be output-symmetric. Note
that linear codes are known to be capable of achieving capacity for binary-
input memoryless output-symmetric channels.® This is reassuring, since
our search for low complexity coding schemes which can approach capacity
takes place in the class of linear codes.

The great simplification which accrues from the symmetry assump-
tion is that one need only determine the probability of error for a single
codeword, the all-one codeword.® In this case, messages are ‘correct’ when
their sign is positive and ‘incorrect’ when their sign is negative. When
we consider the distribution of the messages we invoke the all-one code-
word assumption so that the probability of an incorrect message is just the
probability mass of the distribution supported on negative values. In other
words, we are really interested in tracking the distribution of messages rel-
ative to the transmitted codeword. Under the symmetry assumptions this
takes a particularly simple and appealing form.

In the sequel we will assume that the symmetry conditions are fulfilled
and that the all-one codeword was transmitted. We will now present some
examples of channels and decoders satisfying the above conditions

ExampLE 1 (BSC, LDPC code, Gallager A). The channel provides
only hard information O = {—1,4+1} and the messages are also binary
M = {—1,+1}. The decoding is message passing with M,‘fﬁ(uo,ul, ey Ud—1)
= —ug ifuy = us = ... = uq_1 = —ug, and, otherwise, Ml‘fﬁ(uo,ul, ey Ud—1)
= ug- The check node rule is given by Mffgm(ul, ey Udg—1) = U Ug..-UG—1. [

For this decoder thresholds and optimal codes can be analytically de-
termined in many cases, see [2].

5The key for the proof of this statement lies in the observation that in this case an
input distribution of [1/2,1/2] is optimal.

6This should be compared to the concept of geometrically uniform codes in the
setting of maximum likelihood decoding.
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ExampLE 2 (BEC, LDPC codes, Belief Propagation). The channel
either correctly relays the transmitted bit or this bit is erased. These events
happen with probability (1 —06) and §, respectively. Thus, assuming that the
output of the channel is represented as log-likelihood ratios we have O =
{—00,0,00}. Because of the special structure of this channel we have M =
O, where the messages are again represented as log-likelihood ratios. The
decoding is message passing with M{ (ug,uy,...,uqg—1) = ZZ:_OI u;. Note
that this rule is well defined since, by construction, the sum can never
contain +0o and —oo together. The check node rule is given by

Mgghr(’u‘la ey ud*l) - H (7

where 0 - 0o = 0. O

ExampLE 3 (BSC, LDPC codes, Belief Propagation). The channel
provides only hard information but associated to these values is the reliabil-
ity magnitude given by log((1—e€)/€) where € is the cross-over probability of
the BSC. Thus, we have O = {—log((1 —€)/€),log((1 —€)/e)}. Messages,
like the received values, are log-likelihoods, hencde {\/l = R. The decoding is

message passing with MZ (ug, w1, ...,uq—1) = >;_, u;. The check node rule

is given by M2 (uy,...,uq—1) = 2tanh_1(H?;11 tanh(u;/2)). The decoding
algorithm described in this example can be applied in general provided the
received alphabet is mapped into the associated log-likelihood representation.
a

ExampPLE 4 (AWGNC, Turbo Codes, Belief Propagation). We as-
sume the channel provides the log-likelihood estimate of the bit based on
the observation y = x + z where x € {£1} is the transmitted bit and z is
zero mean Gaussian with variance o%. The log-likelihood estimate is given
by 20~2y. Messages are log-likelihoods so O = M = R. The decoding is
message passing with M2 (ug,uy, ..., ug—1) = Zf:_ol u;. The check node rule
is given by APP decoding of the associated constituent code, which corre-
sponds to performing the BCJR algorithm on the trellis and outputting the
extrinsic information. d

The final example is a flipping type algorithm. Various flipping al-
gorithms have been considered in the literature. Some, such as list-based
flipping, do not directly fit into our general description. This is because, in
these algorithms, the decision on whether to flip a bit or not is based on a
global criterion. Nevertheless, such an algorithm can be mimicked to any
degree of accuracy by properly chosen local algorithms so that the analysis
can still be applied to such algorithms by taking limits. We present here
the flipping algorithm in a somewhat unusual form.

ExampLE 5 (BSC, LDPC codes, Flipping). We assume a (d,,d.)-
reqular LDPC' code and transmission over a BSC. Hence, the channel pro-
vides only hard information O = {—1,+1} and the messages are also binary
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M ={-1,+1}. We are given a threshold t and
\Pi;(uo,ul, o ttg,) = (to, Ug, -y Ug)
if {ui:u; =up}| >t and
\Ili;(uo,ul, oy Ug,) = (—ug, —Ug, ..., —Up)

otherwise. For the check nodes we have
‘I’f«ii}n(ula s Ug,) = (U1D, U2p, ..y Ua, D)

where p = H?;l Uj. 0

Note that the check node message map satisfies the message-passing
paradigm but the variable node message map does not. In general ¢ will
depend on the iteration number and on the degree of the node. To ap-
proximate list based flipping algorithms we might also allow ¢ to depend
on some exogenous random variable.

4. Decoding: Localization and Concentration. As we have seen,
the coding systems we consider can be represented as graphs on which the
decoders directly operate. More precisely, decoding consists of local com-
putations at the nodes in the graph together with exchange of information
along the edges of the graph. Time is measured discretely so that if decod-
ing proceeds through £ time steps then any random variable associated to a
node v in the graph can influence computations at only those nodes whose
distance in the graph from the associated node is /, i.e., an influenced node
must be able to reach to v in £ steps along the graph. Because of this, and
because of the boundedness of the degree of the graph the range of influ-
ence of local properties (either of the graph or of received data) remains
bounded independent of the size of the graph given a bounded number of
iterations.

In this paper we focus mainly on message-passing algorithms although,
as pointed out previously, there are decoding algorithms of interest, e.g.,
the flipping algorithm, which do not fit directly into this framework. Our
main reason for this restriction is that the class of message-passing decoders
contains the locally-optimal decoder, namely belief-propagation, as well as
many other very good and low-complexity decoders. Further, the class
of message-passing decoders can be analyzed in a unified manner whereas
other decoders, like the flipping algorithm, require quite distinct methods
for their analysis. Nevertheless, it is worth pointing out that the concentra-
tion theorem, which we will discuss in this section, in its most general form
applies to all types of local algorithms and not only to message-passing
algorithms.

What is the role of the concentration theorem in the context of iterative
coding systems? Consider, e.g., the bit error probability for a particular
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code and decoding algorithm. Clearly, this is a quantity of great practi-
cal significance. Choosing a code from an ensemble amounts to choosing
one of the possible random instances for the graph. E.g., in the case of
turbo codes a considerable amount of attention has been paid to the issue
of choosing a good interleaver. For short lengths different randomly cho-
sen instances of the interleaver may exhibit significantly different behavior.
It has been observed, however, that as the codes get longer the variation
among interleavers becomes less significant (although it is easy to find bad
interleavers). This is a direct consequence of the concentration theorem
which asserts that, as n increases, certain quantities, such as the aver-
age decoded bit error probability, concentrate: In the probabilistic sense,
different instances of the graph and different channel realizations will be-
have similarly with respect to average quantities. It should be understood
that the rate at which this concentration occurs is not well predicted by
the current theory: The theory predicts exponential convergence in n but
the actual exponent might differ significantly from the bounds which one
derives. To make an analogy, the concentration theorem plays a similar
role for iterative coding systems that the asymptotic equipartition theorem
plays in much of information theory.

The method of analysis has extremely broad application since it re-
quires very few assumptions. The mathematical technique which leads to
the concentration theorem is now virtually standard among probabilistic
techniques used to analyze combinatorial problems. In the next section we
shall present the technique as applied to graph coloring. For an extended
introduction to the iterative decoding application we refer the reader to
[32]. The migration of the technique into coding theory was initiated in the
work of Luby et. al. [22]. They analyzed LDPC codes in an essentially com-
binatorial setting: transmission over the binary symmetric channel (BSC)
or the binary erasure channel (BEC) with hard decision message-passing
decoding. In [30] the basic technique, as applied to LDPC codes, was signif-
icantly generalized to encompass essentially any message-passing decoding
algorithm, including belief propagation, and any memoryless channel.

The general concentration theorem itself consists of two distinct parts.
The first part shows convergence of the expected performance to the asymp-
totic value, the second part shows concentration of the performance around
the mean as a function of length. This concentration is further separated
into concentration over input noise and concentration over the random
ensemble of graphs. In practice it is the concentration over the random
ensemble of graphs that is of most interest. Ideally one would like to find
the graph that offers the best performance averaged over the channel noise
statistics. Simulation performance curves convey precisely this informa-
tion.

The key asymptotic behavior required for the first part is that, as n
increases, the graphs become more and more locally tree-like, i.e., loop-
free. Although it is readily apparent that this holds in the case of LDPC
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codes it is not so apparent for the case of turbo codes. In fact, as initially
defined, the graphs associated to turbo codes do not exhibit this tree-like
asymptotic. Nevertheless, the theory applies to this case because depen-
dencies among variables at the check nodes, i.e., in the trellis, decay with
‘distance’ along the trellis. In the case of windowed decoding this is pre-
cise: edges sufficiently well separate participate in non-overlapping disjoint
windows and, assuming incoming messages are independent, their outgoing
messages will be independent. Since we fix the number of iterations and
let n grow, the expected fraction of nodes whose decoding neighborhood is
not tree-like decays as n~!. Hence, the expected bit error rate converges to
that for a random tree.

The key asymptotic behavior required for the second part is that
graphs which are strongly similar, i.e., have most edges in common, will
perform similarly on the same input. This can be seen most easily as fol-
lows. Consider a LDPC code and its associated graph. Imagine altering
the graph by swapping the connections of two edges, i.e., replace edges
(v1,c1), (v2,c2) with (v1,¢2), (v2,¢1). Now compare results when decoding
a particular input. Since decoding proceeds locally and we consider only
a finite number of iterations, the effect of the swap is bounded in the
graph, limited only to those nodes and variables that are sufficiently close
to vy, c1,ve, and co. The larger the graph, the smaller will be the fraction of
the affected portion. If we look at, e.g., the number of errors in the decod-
ing, then the difference between the two graphs is bounded by a constant
independent of n. In the following section we describe the mathematical
technique which exploits this property.

4.1. Doob Martingales and Azuma’s Inequality. Although we
are most interested in applying the mathematical techniques described in
this section to iterative decoding, they are most conveniently presented via
their application to graph coloring. It was in this application, due to Shamir
and Spencer [36], that the method first made its impact in combinatorics.

Consider a random graph on n vertices in which each possible edge,
i.e., vertex pair, is independently admitted with probability p. Consider
the problem of coloring the vertices of a randomly constructed such graph
so that no two vertices connected by an edge have the same color. The
number of colors required is called the chromatic number of the graph H
and is denoted by x(H). What Shamir and Spencer showed, in effect, is
that the chromatic number y(H), viewed as a random variable, is tightly
concentrated around its expected value E[y(H)]. Perhaps most striking,
this result was obtained without the determination of E[x(H)].

The argument used is now known as a vertex ezposure martingale ar-
gument. Let H denote a graph constructed randomly as above. Pick an
arbitrary ordering of the n vertices. Imagine that the graph H is unknown
but that vertices will be revealed one at a time. Each time a vertex is re-
vealed all edges connected to previously revealed vertices are revealed, i.e.,
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when vertex i is revealed the presence or absence of the edge (j,4) for j < i
is revealed. Let I;; denote a random variable which indicates whether the
edge (j,i) is present or not. Let Xo(H) denote the expected chromatic
number of H when nothing has been revealed, i.e., Xo(H) = E[x(H)].
Let X;(H) denote the expected chromatic number of H conditioned on
the information obtained after revealing the first ¢ vertices of H, i.e.,
Xi(H) = Ex(H)[{Ijr }1<j<k<i]- Thus, in particular, X,,(H) = x(H).
Now, recall that H is a random variable and therefore X; := X;(H) is a
random variable as well (with the randomness residing in the set of random
variables {I; 1 }1<j<k<i). Note that

EIXi1 { Ik h<j<k<il
= EEX(H){Ijr hr<j<w<ivi]{Lixb1<j<r<i]
= Ex(H){ Lk h1<j<n<il
- X;

so that the sequence E[x(H)] = Xy, X1,...,Xn = x(H) forms a martin-
gale. More precisely, a martingale constructed this way, as sequence of
conditional expectations where the information conditioned on is increas-
ing, is usually called a Doob’s Martingale [27, p. 90]. If we take the graph
H and modify the edges involving the i-th vertex in an arbitrary way to
obtain a graph G, then |x(H) — x(G)| < 1 : given a coloring of H we
need at most one more color to color G and vice versa. It follows that
|Xi(H) — X;_1(H)| < 1since X;_;(H) is an average of all possible values
for XZ(H), hence, |Xz — Xi—1| S 1.

In the case of a random walk, X; = 22:1 Z; where the Z; are inde-
pendent random variables with finite expectation, we can use the Chernoff
bound to give an exponential bound on the probability that X; will deviate
from its mean by more than a fraction €. Azuma’s inequality provides a
similar bound for the case of dependent random variables assuming that
the sequence of these random variables forms a martingale.

THEOREM 4.1 (Azuma’s Inequality). Let Xy, X1,... be a martingale
sequence such that for each k > 1,

| Xt — Xp—1] < g,

where the constant oy, may depend on k. Then, for alll > 1 and any A > 0

2

D
PT‘{|X[ — X0| Z )\} S 2e 222:1 ”‘% R

The sequence Xy, ..., X,, constructed above satisfies the conditions re-
quired by Azuma’s inequality with oy = 1. Since Xo(H) = E[x(H)] and
X, (H) = x(H), we obtain

Pr(|x(H) — Elx(H)]| > \Wn — 1] < 2¢ /2.

This is Shamir and Spencer’s result [36]. For further applications see [27, 1].
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4.1.1. Application to Iterative Decoding. The application of the
technique described above to iterative decoding involves some additional
complexities but follows essentially the same lines of argument. For both
LDPC codes and turbo codes, once the nodes are fixed, the ensemble of
graphs is in one-to-one correspondence with the set of permutations on
m letters for some m. A Doobs martingale is formed: conceptually, we
reveal the permutation one element at a time. In the case of LDPC codes
this corresponds to revealing one edge in the graph. In the case of turbo
codes this corresponds to revealing a pair of edges in the graph. As the
permutation is revealed we look at the expected number of decoding errors.
The martingale may be extended by revealing received values after the
graph is fully revealed. In this way one can prove concentration not only of
average performance but also concentration of performance on individual
inputs.

When revealing the graph, the bound required for Azuma’s inequality
is derived using the swapping argument indicated earlier. Different possi-
bilities for the revealed edges are compared by identifying the continuations
of the revelation process through swapping. In this way the impact of the
revealed edge can be shown to be bounded. When revealing the received
values the argument is easier. Since we consider a finite number of itera-
tions, the effect of any received value is restricted to a finite portion of the
graph independent of n.

Let Z;[n] be the random variable denoting the fraction of incorrect
messages passed in the ¢-th iteration of a randomly chosen code and set
of received values for a code of length n. For either LDPC codes or turbo
codes one obtains a theorem of the following form.

THEOREM 4.2. For any { there exists a constant 3 such that the
probability that |Z,n] — E[Z¢[n]]| > € is less than e 7" Furthermore,
Zp[oo] = limy,—s 00 E[Z¢[n]] ezists and there exists a constant v such that
[E(Z [n] - Zeloo| < 2.

5. The Support Tree of Message-Passing Decoders. In antici-
pation of the analysis of message-passing algorithms, we shall describe in
some detail the dependency structure of messages in the graphs of inter-
est under the message-passing paradigm. The extension to non-message-
passing is straightforward and we shall not consider it in detail.

Consider a message passed along an edge during a message-passing
decoding. Depending on the iteration number this message will, in general,
be a function of some subset of the received values and some sub-graph of
the graph defining the code. The subset of received values on which the
message depends are those associated to variable nodes of the sub-graph.
Thus, we can view the message simply as a function of the sub-graph. Note
that the sub-graph depends only on the iteration number and not on the
particular message-passing algorithm used. (In the case of turbo codes one
should bear in mind windowed decoding of width W = 2w + 1.) Since the
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message traverses the edge in a particular direction the sub-graph depends
on this direction. If the iteration number is £ then the sub-graph is called
the ¢-directed neighborhood of the (directed) edge.

By proceeding backwards in time, one can ‘unvolve’ the directed neigh-
borhood of the edge in terms of iteration number. Described in more detail
below, the unvolved graph can be conveniently pictured as a tree and we
refer to such a tree as a support tree. In general the support tree is not
actually a tree because certain elements of the tree, i.e., nodes or edges,
may be replicated.

If there are no repetitions in the support tree, then we say that the
corresponding /-directed neighborhood of the edge is a tree. In all cases
of interest, as n increases the probability that the directed neighborhood
is a tree approaches one at a rate of O(1/n). The underlying reason for
this property is the boundedness of the degrees of the nodes in the graph.
To see this: imagine picking a node and revealing its neighbors up to
distance £ in order of increasing distance, then, at any point there will be
at most a constant number of edge placements which will create a loop. The
total number of possible edge placements grows linearly in n and the total
number of edges to be revealed is bounded by a constant independent of 7.
Since the connections are chosen randomly it follows that the probability
of creating a loop decays like 1/n.

5.1. Support Trees of LDPC Codes. For simplicity we consider
a (dy,d.)-regular LDPC code. Consider a randomly chosen edge e = (v, ¢)
from the graph and consider the message passed along e from v to ¢ in the
(-th iteration under message-passing decoding. This message is a function
of the received value at v and the messages arriving at v in the (¢ — 1)-
th iteration along its other edges. These other edges are connected to
some collection of constraint nodes. For each such constraint node and
connecting edge the message sent to v along that edge in the (¢ — 1)-th
iteration is a function of the messages sent to this constraint node along
its other edges. Continuing in this recursive fashion we can determine the
support tree of the original message under consideration by unvolving the
graph, tracing back the dependency of the message on previous messages.
Fig. 3 gives a pictorial representation of the support tree for a (3,6) LDPC
code over one and a half iterations.” Given the appropriate labelling of the
nodes, this picture represents the sub-graph of the original graph on which
the message passed from v to ¢ depends.

If we write the directed neighborhood in the form of a support tree
rooted at e, as in Figure 3, then, under message passing, information flows
up the tree from the leaves to produce the message carried along e. Messages
are passed up the tree: a message from a node is a function only of messages
which come from below and, in the case of variable nodes, the received value

7Although depicted as a tree, some of the nodes and edges in the unvolved picture
may be identical to other nodes and edges.
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check node c;

variable node v;

(d, — 1) check nodes

(dy — 1)(d, — 1) variable nodes

F1G. 3. The directed neighborhood of depth 2 of the edge e = (v;,c;) for an LDPC
code.

associated to the node.

In general, for fixed n the directed neighborhoods of an edge will con-
tain repetitions (nodes and/or edges). As pointed out above, for any fixed
¢ and, assuming a randomly chosen edge e, the probability that some rep-
etition does occur tends to zero as m increases at the rate of n~—!. Hence,
asymptotically the behavior of the decoder after £ iterations is equivalent
to the behavior of the messages on a true tree.

In the case of regular LDPC codes the support trees of different edges
look the same. In the case of irregular LDPC codes the support trees vary
because of the different possible degrees of the nodes. In this case one
considers the distribution on trees obtained by picking an edge from the
graph uniformly at random, and, in effect, averages over this distribution.
How can this averaging be accomplished? Consider choosing uniformly at
random an edge e = (v,c) and developing its directed neighborhoods for
increasing ¢. The degree of the variable node v is distributed according to
A, i.e., the node v has 7 — 1 children with probability A;. Each of the check
nodes connected to the variable node v has a degree which is distributed
according to p., i.e., each such check node has i —1 children with probability
pi, and so on.

5.2. Support Trees of Turbo Codes under Windowed Decod-
ing . A standard technique for the implementation of Viterbi decoders is
to limit the trace-back to a fixed window size [41, p. 258]. Similarly, the
Bahl algorithm can be modified to work within a fixed window size and it
is well-known that for a large enough window size the resulting loss in per-
formance is negligible. Hence, to decode the i-th systematic bit we apply
a window of length W = 2w 4+ 1 symmetrically around the i-th bit. We
locally construct the trellis of length W and initialize the Bahl algorithm
by assigning the end states a uniform probability. We now run the forward,
backward and combining iteration as for the standard Bahl algorithm and
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F1c. 4. The support tree of a extrinsic information message for a turbo code. Note
continuation of systematic bits only.

determine the extrinsic information for the ¢-th bit. We proceed in the
same way for every bit. The important thing to notice is that the extrinsic
information output for bit ¢ is a function only of the inputs for bits i —w to
i+ 14w, assuming a linear ordering of the systematic bits along the trellis,
and the parity-check bits connected to the associated trellis sections.

Fig. 4 shows the resulting graphical representation for the support
tree of a message from a particular information bit variable node to its
neighboring check node when w = 3. Note that the value of each bit is
now only a function of a finite number of other bits where the number is
determined only by the window length and the number of iterations but
not by the length of the code. This notion of the support tree for turbo
codes and windowed decoding was introduced by Wiberg in his thesis [43]
and it is a crucial ingredient for the subsequent analysis (see also [17]).

In the support tree representation given above, different check nodes
will come from decoder 1 or decoder 2 depending on the depth of the check
node. What is important here is that, as n tends to infinity, the trellis
segments indicated by check nodes in the tree become disjoint with high
probability. Thus, asymptotically, there will be no dependencies in the tree
other than those indicated by the edges.

The importance of using windowed decoding for the analysis is that it
allows one to assert that asymptotically the support tree really is a tree, i.e.,
there are no repetitions with high probability. In standard turbo decoding
dependencies extend along the entire trellis so, strictly speaking, the same
assertion cannot be made. Nevertheless, it is a fact that dependency decays
along the trellis (for a proof see [31].) Thus, the standard algorithm will
behave as if the trellises at different levels were independent when the length
of the code is sufficiently large. Based on the fact indicated above it can
be proved that the results of decoding using a window of size w converge
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as w tends to infinity to the standard turbo decoding except that each
appearance of the trellis can be assumed to have independent realizations of
the received values, and, for any fixed number of iterations, the performance
of standard turbo decoding is indistinguishable from this in the infinite code
length limit.

Therefore, in the analysis of the asymptotic performance of turbo de-
coding one may assume that the window sizes are in fact infinite and that
there are no repetitions in the support tree.

6. Density Evolution. In this section we consider the evolution of
message distributions as the messages are passed up a support tree. As we
have indicated, this amounts to determining the distribution of messages
when decoding an infinitely long code. Only for certain message-passing
algorithms do we presently know efficient algorithms to determine these
distributions. Fortunately, the cases of greatest interest are among them.

6.1. Density Evolution for LDPC Codes. Let us imagine how we
can determine the distribution of messages passed by a message-passing
decoder on an infinitely large (d,, d.)-regular LDPC code.

Let M% : O x M%~1 — M denote the left (variable node) message

left

map and let M2 —: M%~1 — M denote the right (check node) message
map where, we recall, O denotes the alphabet of the received values and
M denotes the message alphabet. For simplicity we shall assume that the
maps are independent of the iteration number and that the initial messages
sent out by the variables nodes are equal to their received values.

The received values given to the decoder have distribution Fp, hence
this is the distribution of the messages initially sent out from the variable
nodes to the check nodes. Now, choose an edge at random and consider
the message sent along it from its neighboring check node ¢. That mes-
sage is M (uy,...,uq.—1) where (u1,...,uq,—1) are the messages which
came in along the other edges connected to ¢. The probability of a repe-
tition among (uy, ..., uq,—1) is zero, so the messages u; are i.i.d. with dis-
tribution Py. Let R; denote the distribution of Mf% (uy,...,u4.—1). Now
consider the distribution of messages sent in the next round from vari-
able nodes to check nodes. Again, pick an edge at random and let v
be its incident variable node. Then the message sent along this edge
is given by M2 (ug,u1,...,uq,—1) where (u1,...,uq,—1) are the messages
which came in along the other edges connected to v and wug is the received
value for v. Let us consider the check nodes cy,...,cq,—1 from which the
messages (u1,...,uq,—1) originate. With probability one they are disjoint,
i.e., there are no repetitions. Let us consider for each of them their other
d. — 1 variable node neighbors. With probability one there are no repe-
titions among all of these neighbors. Thus, (u1,...,uq,—1) are i.i.d. with
distribution R;. Let P; denote the distribution of M (ug, w1, ..., uq, 1)
where (u1, ..., uq,—1) are i.i.d. with distribution R; and w is independent
with distribution Py. More generally, let us recursively define distributions
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Py, Ry, € = 1,2, ... by setting Ry to be the distribution of M % (u1, ..., u4,—1)
where uq,...,uq,—1 are i.i.d. with distribution P,_;, and by setting P, to
be the distribution of M2 (ug,u1, ..., uq,—1) where uy,...,uq,—1 are i.i.d.
with distribution Ry, and ug is independent with distribution Py. Then Py
is the distribution of messages sent from variable nodes to check nodes in
iteration £ and Ry is the distribution of messages sent from check nodes to
variable nodes in iteration £.

Now, fix the number of decoding iterations to be L and consider en-
sembles of finite graphs. For each n there will be distributions for the
messages passed in the graph, call them R,(Z”) and Pl(”). Not surprisingly

the distributions R,(Z"),PZ(”) converge (in an appropriate sense) to Ry, Py
for £ < L as n tends to infinity. The concentration results from the pre-
ceding section further imply that if one picks at random a code from the
ensemble and a set of received values distributed according to Py then the
distribution of the messages in the particular decoding of that particular
received sequence will be ‘close to’® Ry, P, for ¢ < L with high probability
as n tends to infinity.

The sequence of distributions Ry, P; and their determination is col-
lectively referred to as density evolution. The generalization to irregular
LDPC codes is straightforward. In this case, when we pick an edge at ran-
dom the distribution of the degree of its neighboring constraint node c¢ is
given by p. Thus, if R¢[k] denotes the return message distribution assum-
ing ¢ has degree k, then Ry is given by Ry = >, prR¢[k]. Similarly, when
we pick an edge at random its neighboring variable node v has degree dis-
tributed according to A and, if Py[k] denote the return message distribution
assuming ¢ has degree k, then Py is given by Py =), A P[k].

ExampLE 6 (BSC, Gallager A). Recall Gallager’s decoding algorithm
A described in Example 1. For this decoder the message density can be
represented by a single real variable x, namely the probability of error.
Under the all-one codeword assumption we identify x with the probability
of sending a minus-one. Let € denote the cross-over probability of the BSC.
If x is the probability of a minus-one message entering a variable node
of degree d, then the probability that a minus-one is passed up the tree
from that node is given by (1 — (1 — )1 + (1 — )z?1. If = is the
probability of a minus-one message entering a check node of degree d, then
the probability that a minus-one is passed up the tree from that node is
given by (1 — (1 —2x)471). Let x; denote the probability of a minus-one
being passed up from a variable node to a check node in the £-th iteration
where xo = €. Then, given an LDPC code with degree sequence pair (), p),
we obtain for £ > 1

1+ p(1 = 2ae_y)
2

1— p(1—2we_y)

xp = €(1 = X( 5

) + (1= e)A(

).

8The appropriate metric will depend on, e.g., the message alphabets.
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6.2. Density Evolution for LDPC Belief Propagation. In this
section we consider the important special case of density evolution for
LDPC codes and belief propagation decoding. We start with the simplest
example, namely belief propagation for the BEC.

ExampLE 7 (BEC, Belief Propagation Decoding). Consider the belief
propagation decoder for a BEC described in Example 2. In this case the
message density can be represented by a single real variable x, the probability
of erasure. Let § denote the probability of erasure in the channel. If x is the
probability of an erasure for messages entering a variable node of degree d,
then the probability that an erasure is passed up the tree from that node is
given by 6x%=1. If x is the probability of an erasure for messages entering a
check node of degree d, then the probability that an erasure is passed up the
tree from that node is given by 1 — (1 —z)¢~1. Let z; denote the probability
of an erasure being passed up from a variable node to a check node in the
£-th iteration where xo = . Then given a LDPC code with degree sequence
(A, p) we obtain x; = SA(1 — p(1 — xg—1)) for £ > 1.

The above example is uncharacteristically simple due to the special
nature of the channel. At any point in the decoding algorithm there are
only two possible states for a given bit: it can either be known (with infinite
confidence) or its log-likelihood ratio is equal to 0. It is for that reason that
the progress of the system can be characterized by a single real variable,
namely the fraction of erasure messages.

The general scenario is more complicated. Recall that for belief propa-
gation we may represent input and output messages as log-likelihood ratios,

plyx=1)
8 Dylx = 1)

)

where y represents all the observations, including the received value in the
case of variable nodes, conveyed to the node at that time. In general,
message distributions are probability distributions on the two-point com-
pactification of R, which we denote by R (we require +00.) To simplify the
presentation we shall generally assume that distributions are smooth and
can therefore be represented by their densities.”

At a check node, i.e., internal to the computation at check nodes, it is
actually more convenient, see [13, p. 46], to represent the input and output
messages as a tuple (s,r) where s € Fy := {1} indicates the associated
hard decision and where r € RT is equal to

log|p(x = 1ly) — p(x = =1ly)| | .
Here Fy denotes the two-element group with elements {£1} and group

9A couple of exceptions will be made for certain discrete measures. In particular, we
shall require the distribution Ay, the ‘delta function at infinity.” We shall also require
the distribution Ag the ‘delta function at zero,’ corresponding to an erasure.
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operation equal to real multiplication. Evidently, there is a straightforward
transformation from one representation to the other.

Assume now that the received message from the channel and the in-
coming messages at a variable node are given in log-likelihood form. The
outgoing message along an edge e is then simply the sum of the received
message plus all incoming messages, excluding the message incoming along
edge e. Therefore, assuming independence (tree assumption), the density
of the outgoing message is the convolution of the densities of the messages
participating in this sum.

An equivalent statement holds for the check nodes. Assume that the
incoming messages to a check node are all in the form (s,r). The outgoing
message (again in (s,r) representation) along an edge e is then simply the
sum of all incoming messages, excluding the message incoming along edge
e (here “addition” is performed component-wise, i.e., (s1,71) + (s2,72) =
(s1 % S2,7r1 +712), where the first component is in F» = {£1} and “addition”
corresponds to real multiplication, and the second component is an element
of R with regular addition.) Thus, as in the previous case, the density of
the outgoing message, over Fy x R, can be written as the convolution
of the corresponding densities of the incoming messages. Here, Rt refers
to [0, 00] the compactification of RT. To complete the description we need
only specify the change of variables necessary to convert a density from one
representation to the other and to incorporate the degree sequences.

To obtain the distribution of messages from check nodes back to vari-
able nodes, we must perform a change of measure. To this end we define
the operator v which takes the space of distributions on R* into itself. For
densities on RT we define 7 as

(6.1) Vy>0:  v(f)(y) := f(lncothy/2) csch(y).

The operator v represents a change of variables y — Incothy/2, i.e.,

Fflw)dy = ~v(f)(y) dy, since d% Incothy/2 = — csch(y).

For any distribution f on R let f~ denote 1{_o o) f and let f* denote
110,00 f, where 14 denotes the characteristic function of A so that f =
f+ + ff_lo

Given a distribution f over R of log-likelihoods I, we can represent
it as a distribution over F, x Rt by representing I as the pair (s,r). We
therefore define I, the change of variable operator, by

L(f)(L,r) =~(f7)(r) and T(f)(=1,7) = y(Rf )(r).

where Rf~ denotes the reflection of f about 0, i.e., Rf~(z) = f~(—=).
Now, let g be a distribution over I, x RT. Let g and g~ be defined
by g7 (r) = 6{13(s)g(s,7) and g~ (r) = d;_1}(s)g(s, 7). Then the inverse of

10Tn the general case, where a point mass at 0 is allowed, the mass at 0 should be
split equally between f~ and fT.
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I is given by

T g) (1) =~v(gH) (1) + Ry(g7)(1).

We have now explicitly constructed the change of measure operator for
both directions.

Let Py be the distribution of the received log-likelihoods and P, denote
the distribution of log-likelihoods sent from the variable nodes to the check
nodes in the ¢-th iteration. Let R; denote the distribution of log-likelihoods
sent from the check nodes to the variable nodes in the ¢-th iteration. We
may initialize with Ry = Ag.

The distribution of messages passed from a variable node of degree d,
to a check node in the ¢-th iteration is given by the convolution P[d,] :=
Py ® R?jffl, where, here and in the sequel, ® denotes convolution and
R®™ denotes R convolved with itself m times.

Suppose that we have a graph with left and right edge degree distri-
butions given by A(z) = Y%, Nz~ !, and p(z) = Y07, piz' !, respec-
tively. We follow [22] and use the following convention: for a polynomial
q(z) = >, qiz'~" with non-negative real coefficients ¢; and ¢(1) = 1 we
denote by g(f) the distribution 3", ¢; f&¢1.

THEOREM 6.1 (Density Evolution). Let Py denote the initial message
distribution, under the assumption that the all-one codeword was trans-
mitted, of a low-density parity-check code specified by edge degree distribu-
tions Yy, Xizt~! and Zipi:ri_l. If R, denotes the density of the messages
passed from the check nodes to the variable nodes at round £ of the belief-
propagation, with Ry := Ay, then we have

Re =T7'p(D(Po ® M(R¢-1)))-

Note that the above indicated computations consist of two main com-
ponents: convolutions and change of measures. It should therefore not be
surprising that density evolution can efficiently be computed by means of
Fourier transform based methods.

6.3. Density Evolution for Turbo Code Belief Propagation.
Although one can consider density evolution for other decoders of turbo
codes, we will describe the process only for the belief propagation decoder
as applied to standard parallel concatenated codes.

We consider the distribution of messages as they are passed up the
support tree as described in Section 5.2. Omne can view the window w
as fixed but it is appropriate to consider the limit as w — oo since the
resulting distributions converge in this limit and we thereby remove the
ancillary variable w.

Imagine a very long trellis and suppose that the systematic variables
have distribution P, and the parity-check variables have distribution Fy. In
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the forward-backward decoding algorithm one computes one-sided condi-
tional densities for states in the trellis. Usually denoted by « and £, these
vectors are recursively computed from the two terminal ends of the trellis
and represent conditional distributions of the states in the trellis condi-
tioned on the trellis section to the ‘left’ and the trellis section to the ‘right’
respectively. In our current view, the inputs to the trellis are random vari-
ables and hence so are the a and § vectors. Under very general hypotheses
one can show that the distributions of the a and § vectors converge to a
unique steady state distribution (depending on P, and P,) regardless of
the trellis termination. (In the case of periodic puncturing of the parity
bits one has convergence to a periodic sequence of distributions.) These
steady state distributions thereby induce steady state distributions for the
extrinsic information which will be returned from the trellis. (In the case
of periodic puncturing of the parity bits one has a periodic sequence of
extrinsic distributions but if the interleaver ignores this additional struc-
ture then the distributions can be mixed into a single one for purposes of
the asymptotic analysis.) Thus, in the limit of infinite length, one has a
well-defined map © which takes pairs of input distributions, one for the
systematic bits and one for the parity bits, into the output distribution
of the extrinsic information. Let Ry denote the distribution of extrinsic
information returned to the systematic variable nodes at the ¢-th (half)
iteration. Then Ry, = O(Py—1, B).

In principle the steady state distributions of a and 8 can be directly
computed. Unfortunately, the computational complexity of such an ap-
proach renders practically infeasible. For memory four, for example, the
vector « is fifteen (16-1) dimensional. Even just representing an arbitrary
probability distribution in fifteen dimensional space with sufficient accuracy
seems hopeless. Of course, the distributions which arise are not arbitrary
but there seems to be no obvious way to exploit the constraints which exist.
Thus, in practice one estimates the distribution R, by using Monte-Carlo
simulation of a very long trellis. Certain structural conditions on the form
of R, contribute to make such an approach highly practical (see Section
8.1.)

The update of distributions at the variable nodes is identical to that for
LDPC codes. In the case of parallel concatenated codes it is particularly
simple. Assuming a log-likelihood representation for the messages, the
distribution P, returned from the systematic check nodes is simply given
by P, = Ry ® Py. Thus, one has

Py =P, @0(Pr—1, ).

7. Monotonicity and Thresholds. Assume we are given a class of
channels fulfilling the required symmetry condition and that this class is
parameterized by a. This parameter may be real valued as is the case for,
e.g., the cross-over probability e for the BSC and the standard deviation o
for the AWGNC, or it may take values in a different domain. For a fixed
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parameter a we can use the above algorithm to determine if, for a given
code, the fraction of incorrect messages tends to zero with an increasing
number of (loop free) iterations.

In many cases the parameter « actually reflects a natural ordering of
the channels — the capacity decreases with increasing parameter a. It is
therefore natural to ask in such cases whether convergence to zero of the
probability of error for a parameter o' automatically implies convergence
to zero of the probability of error for every parameter « such that a < o'.
More generally, we might want to define a partial ordering of channels with
respect to a given code and decoder. In the case of the belief propagation
decoder quite general results are possible.

Let a channel W be represented by its transition probability pw (y|z).
We say that a channel W' is physically degraded with respect to W if
pw (¥'|z) = po(¥'|y)pw (y|x) for some auxiliary channel @, see [6].

Very often a family of channels is ordered by physical degradation, i.e.,
if a < o/, then the channel with parameter o' is physically degraded with
respect to the channel with parameter o. Examples of families of channels
ordered by physical degradation in this way include the BSC, the AWGNC,
the Laplace channel, the erasure channel, and many others.

Our most general result on the question of monotonicity of perfor-
mance is the following.

THEOREM 7.1 (Monotonicity for Physically Degraded Channels). Let
W and W' be two given memoryless binary input channels that fulfill the
required channel symmetry conditions. Assume that W' is physically de-
graded with respect to W. For a given code and a belief propagation decoder,
let p be the expected fraction of incorrect messages passed at the £-th decod-
ing step assuming tree-like neighborhoods and transmission over channel
W, and let p' denote the equivalent quantity for transmission over channel
W'. Thenp<yp'.

For a proof see [30]. The main idea of the proof is that belief prop-
agation is optimal, i.e., maximum likelihood, in graphs that are trees. As
an alternative one could, in principle, degrade the observations before per-
forming maximum likelihood decoding. This can clearly not be any better
than performing maximum likelihood decoding on the original data and it
is equivalent to decoding the output from the weaker channel.

The arguments used to prove monotonicity of performance under be-
lief propagation do not carry over to other — non maximum-likelihood —
message-passing decoders. Nevertheless, for many natural decoders of in-
terest monotonicity can be proved directly. Virtually all message-passing
decoders of interest can be interpreted as approximations to belief propa-
gation and it is not surprising that many of them inherit the monotonicity
property. We do not know of any decoder of interest for which monotonic-
ity on any family of physically degraded channel has been disproved. There
are several examples of decoders of interest, however, for which such mono-
tonicity has not been proved. For various examples we refer the reader to
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[30].

Given an ordered family of channels, an ensemble of codes, and a
decoder for which monotonicity holds one can then define a threshold as
the maximum channel parameter o* such that the probability of error under
density evolution converges to zero if ¢ < ¢*. In some degenerate cases this
threshold can actually be zero. For example, for an LDPC code ensemble
with a non-zero proportion of degree one variable nodes the threshold is zero
since in this case these degree one variables prevent the error probability
from reaching zero (see Section 8.3). In most cases of interest, however, a
non-trivial threshold will exist demarking the noise limit beyond which the
iterative decoding system can not be expected to perform well regardless
of the length of the code and below which iterative decoding is expected to
work well. In practice one observes that codes approach their asymptotic
performance from below. Finite size effects only degrade performance.
Also, the orderings induced by the asymptotic performance tend to hold
over a wide range of lengths.

8. Analysis of Density Evolution for Belief Propagation. In
the preceding section we stated a general result on the monotonicity of
the asymptotic performance of the belief propagation decoder. There are
many other interesting properties associated to density evolution of belief
propagation. In this section we present the most important results in this
direction.

8.1. Consistency . In the following, we call a distribution f on R
consistent if it satisfies f(z) = f(—x)e® for all z € R. Let us first consider
a few examples of received distributions. Note that in each case P, is
consistent.

ExaMpPLE 8 (BEC). For the BEC the initial message distribution is

0Ap + (1 — §)Aw, where A, denotes a delta function at position x. O
ExamMmpLE 9 (BSC). For the BSC the initial message distribution is
Po(y) == €Ay, 1+ (1—€e)A,, e 0
EXAMPLE 10 (AWGNC). Here, the initial message distribution is
(y— 2 )202
Py(y) = \/ge_%. The consistency condition is then easily veri-
fied:

g2  w-3)%7 g2  (v-3)%°
Py(y) = ge* 8 = ge* 8 e’ = Py(—y)eY.

In [29] the following proposition was stated and proved.

PROPOSITION 8.1. Suppose we are given a binary-input, output-sym-
metric memoryless channel. Then Py, the initial message distribution in
log-likelihood ratio form under the all-one word assumption, is consistent.

It was next shown in [29] that the set of consistent distributions is
invariant under LDPC density evolution, i.e., each distribution R, and P,

d
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which arise from density evolution is consistent. It turns out that the
consistency condition is much more general than this.

PROPOSITION 8.2. Suppose we are given a binary-input, output-sym-
metric memoryless channel and let x be a bit from a binary linear code.
Then P, the density of the conditional log-likelihood of x assuming the all-
one codeword was transmitted and the entire codeword observed, is consis-
tent.

For a proof of this proposition we refer the reader to [31]. This result
implies Proposition 8.1 and it also implies that the distributions of extrin-
sic information which arise in asymptotic turbo decoding are consistent.
Consistency is an important property both for theoretical and for practical
reasons. As explained in more detail below, the consistency condition can
be used to improve the accuracy of some numerical algorithms and it is
also helpful in giving a compact description of the stability condition, see
Section 8.4.

Let f(z) be a consistent distribution. We define the error probability
operator as'!

Pr.(f)= [ OOO f() do .

An easy but helpful consequence of the consistency condition is noted in
the following

COROLLARY 8.1. If f(x) is a consistent distribution then Pr,.(f) =0
if and only if f = A.

Hence, requiring the probability of error to converge to zero is equiv-
alent to requiring the message density to converge to a delta function at
infinity.

8.1.1. Application of Consistency to Density Evolution for
Turbo Codes. One important application of the consistency condition
is to the numerically accurate estimation of the threshold for turbo codes.
For turbo codes, the message distributions induce distributions on the state
probability vectors (usually denoted o and ) and the outgoing messages
(extrinsic information) are functionals of the state probability vectors. It
is not known (and seems unlikely) whether the distribution of the extrinsic
information can be computed without first computing the distribution of
the state probability vectors. The state probability vectors are, in general,
vectors in R?” —1. Thus, even for quite small m, e.g., m = 3, representa-
tions of distributions of state probability vectors are prohibitively complex.
Thus, direct computation of density evolution appears to be practically in-
tractable except in the simplest cases.

Nevertheless, it is possible to estimate the distributions of density evo-
lution via simulation of the decoding process. We simulate decoding on a

LITf f has a point mass at 0 then exactly half of that mass is included in Pre. (f).
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very long trellis in which all variables are independently sampled from their
known distributions, determining the outgoing extrinsic information for
each variable. These outgoing messages thus provide an empirical sample
of the true message distribution. Since the decoding process, in this sense,
is ergodic, the empirical distribution converges weakly to the true message
distribution. In actual computations the distributions are quantized and
hence discrete, thus, with sufficiently long simulation, an arbitrarily accu-
rate estimate of the message distribution can be obtained with arbitrarily
high probability.

A substantial savings in simulation time can be had by exploiting the
consistency of the true message distribution. In simulation we need only
determine the distribution of the magnitude of the extrinsic log-likelihoods.
For a given log-likelihood magnitude z then we have P(z) = 1_‘_%(P(ﬁv) +
P(—z)) and P(—z) = H_%(P(a:)—kP(—ar:)). Since P(z)+ P(—z) is exponen-
tially larger than P(—zx) this provides a very significant acceleration of the
convergence of the empirical distribution to the true message distribution
with regard to estimates of rare error events.

8.2. Fixed Points. Recall from Example 7 that for the BEC and
a belief propagation decoder the state of the system at any iteration is
described by the remaining fraction of erasures. Denote the remaining
fraction of erasures by z and let h(x) be the remaining fraction of erasures
after a further iteration. Then the threshold is given by the maximum
fraction zg such that

(8.1) VO<z<mo: h(z)<uz.

Recall further from Example 1 that a similar statement is true for the
BSC under Gallager’s decoding algorithm A. In this case z signifies the
remaining number of errors.

In these cases, an alternative description of the threshold can be given
in terms of fixed points. The threshold is given by the maximum number
zo such that the equation

(8.2) hz) ==

has no solutions for = € (0, o).

Assume now we are given a general discrete memoryless channel which
fulfills the channel symmetry conditions and we employ a belief propaga-
tion decoder. The state of the system is now described by the message
density. Let f denote such a density and let A(f) denote the corresponding
density after a further iteration. Clearly, there is no characterization of
the threshold which corresponds to (8.1) since there is, a priori, no given
linear ordering of densities. The alternative formulation in (8.2) involv-
ing fixed points looks more promising. Unfortunately, the non-existence of
fixed-points for iterated function systems in more than one dimension is in
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general not enough to guarantee convergence. So it is quite surprising, as
it turns out, that, for message distributions of belief propagation decoders,
fixed points sufficiently characterize the convergence of the sequences.

Let Py(z) denote the distribution of the messages at the ¢-th iteration
assuming, as usual, that the all-one word was transmitted. Suppose that we
were to decide on the transmitted bit according to the sign of the message.
In this case the conditional error probability is equal to Pr.,.(P;). But,
because of the symmetry conditions, this is equal to the error probability
even without conditioning on the transmitted codeword. Since the sign of
the message is equal to the MAP estimate, this error probability is clearly
a non-increasing function of /.

This monotonicity property is the key to the fixed point theorem be-
low. It is not hard to see that there is actually a whole family of such
monotonicity conditions.

THEOREM 8.1 (General Monotonicity Law). Let P, be the message
distribution at the ¢-th decoding step and let g be a consistent distribution
on R. Then

Pr..(Pr® g)

is a non-increasing function of ¢.

THEOREM 8.2 (Fixed Point Theorem). Let f be a consistent distri-
bution and assume that f has support over the entire real axis. Let Py, ()
and Py, (z) denote the message distributions at the {1-th and ly-th iteration
respectively. If

(8.3) Pr..(Py, ® f) = Pr.. (P ® f)

then Py, (z) = Py(x) for £ > min{ly,l>} i.e., Py, (x) = P, (x) is a fized
point of density evolution.

We note that the above theorem has some very strong implications.
Although the message distributions for a belief propagation decoder live
nominally on R®, the above theorem implies that the possible message dis-
tributions can be ordered by one real parameter (the projection). Hence,
roughly speaking, we are dealing with a one-dimensional manifold embed-
ded in an infinite dimensional space. This is very much analagous to the
simple one-dimensional case we encounter in the case of an erasure channel,
or Gallager’s decoding algorithm A.

8.3. Stability. Consider transmitting over the BEC with erasure
probability ¢ using LDPC codes. Recall from example 7 that the expected
fraction of erasure messages at the /-th iteration is given by

(8.4) ze = 0A(1 = p(1 — z¢—1)),

where g = §. As pointed out earlier, the threshold §* is the single most
important parameter describing the performance of an iterative coding sys-
tem. We recall that 6* is the supremum of all values of § such that z, tends
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to zero as £ tends to infinity. In general, it is not an easy task to determine
the threshold analytically but we can give an analytical upper bound on §*
by considering the behavior of (8.4) for very small values of z,. Hence, let
h(z) := 6A(1 — p(1 — x)). Then h(z) = dN(0)p'(1)x + O(z?). Therefore,
to first order in z, the fraction of erasure messages will evolve from x to
0N (0)p'(1)z. Clearly, if we want the fraction of erasure messages to tend
to zero then we need A’ (0)p'(1) < 1/6. From this we can deduce the bound
5 < m. Vice versa, if '(0)p'(1) < 1/§ then there exists an § > 0
such that the values of the recursion tend to zero if the recursion is initial-
ized with a value which does not exceed 6. The condition X' (0)p'(1) < 1/4,
first discussed in [37], can be seen as a stability condition of the fixed point
z=0.

Such a stability condition can be given in a much more general setting
and it plays an important role in the theory of iterative coding systems. As
we have seen it leads to an upper bound on the threshold of an interative
coding system. In the case of, e.g., cycle codes and the BSC this upper
bound is tight, i.e., the stability condition determines the threshold of
cycle codes for the BSC exactly [8]. The stability condition can also be
interpreted in an alternative way. Assume we are trying to construct degree
sequence pairs which achieve capacity on a given channel. In this case the
desired threshold is determined by the capacity formula. E.g., for the case
of the BEC we have 6* = 1 — r, where r is the rate of the code. Now
we can write the stability condition as \'(0) < m, i.e., the stability
condition imposes an upper bound on the fraction of edges which connect
to degree two nodes. It has been shown in the case of the BEC that
capacity achieving sequences must fulfill the above inequality with equality
and we conjecture that this is true in general. We will now describe some
important instances of the stability condition.

8.4. Stability Condition for LDPC Codes and Belief Propaga-
tion. Consider now a transmission over a general binary-input, memory-
less, output-symmetric channel and assume that we use a belief propagation
decoder. Observe that if Py = A, for some £ > 0 then P;y; = A, for any
i>0,ie., Ay is a fixed point of density evolution. Since we desire that
the error probability associated with density evolution converge to zero, it
is clear that the fixed point described above should, in some sense, be an
attractor (recall Corollary 8.1). To analyze local convergence to this fixed
point we shall consider a linearization of density evolution about the fixed
point.

Consider a density eP + (1 —¢€)A, where P is any (consistent) density,
P # A,. After a complete iteration of density evolution this density will
evolve to

N(0)p'()eP ® Py + (1 = N (0)p' (1)e) Ao + O(€?) ,

where X' (z) and p'(z) denote the derivatives of A(z) and p(z), respectively.
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In other words, the linearization of density evolution at the fixed point A,
is given by P — N (0)p'(1)P ® F.

One would expect, therefore, that a necessary condition for conver-
gence to zero of the probability of error be that the probability of error
associated with

(N (0)p'(1))"P ® Fg"

be decaying to zero as n grows. Under very general conditions (see Lemma
8.1) the limit

1
(8.5) r:=— lim —logPr.,.(Py")

n—oo N,

is well defined. In this case, since P # A, the quantity
(N'(0)p(1))"Pr...(P ® Pg™")

converges to zero if and only if (A\'(0)p'(1))"Pr.,.(P$") converges to zero.
Although the above argument is only heuristic, the assertion is correct.
This is summarized in the following.

THEOREM 8.3. If A'(0)p'(1) > €, then the probability of error of den-
sity evolution is strictly bounded away from 0. Conversely, if N'(0)p'(1) <
e”, then there exists € > 0 such that if density evolution is initialized with
a consistent message distribution P satisfying Pr.,.(P) < €, then the prob-
ability of error will converge to zero.

We note that in all cases of interest the exponent r can be computed
using moment generating functions as stated in the following.

LeEmMA 8.1. Let g(s) be the moment generating function correspond-
ing to the distribution Py(x), i.e., g(s) = Ep,[e*X], and assume that g(s) <
oo for all s in some neighborhood of zero. Then r = —log (infs<o g(s)).
Further, if Py is consistent then r = —log (2 [;° Py () e ?/2dz).

ExaMPLE 11 (BEC). For the BEC (see Example 2) we have

e " = 2/ [ng +(1=-0)Ax]e ™ ?dz=4.
0

Therefore, the stability condition reads

as noted above. O
ExaMPLE 12 (BSC). For the BSC (see Example 9) we have

e’ = 2/ (I—€e)A g1 e 2 dx =2\/e(1 —¢) .
0 :
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It follows that the stability condition for the BSC is given by

1

AI(O)p’(l) < m .

d
EXAMPLE 13 (AWGC). For the AWGNC (see Example 10) we have

el

Thus, the stability condition reduces to

1
e 2y = e 37

N(0)p'(1) < ezo?
0

8.5. Examples of Other Instances of the Stability Condition.
The stability condition is not limited to LDPC codes and belief propagation
decoders. Consider, e.g., the case of LDPC codes decoded with Gallager’s
decoding algorithm A and transmission over a binary symmetric channel
with cross-over probability €, as discussed in Example 1. In this case it was
shown in [2] that the appropriate stability condition reads

1 - \(0)p'(1)
X (1)p' (1) = X(0)p'(0)

We note that for some codes e.g., the (4,8), (5,10) and the (4,6) regular
codes, this condition is tight, i.e., it determines the threshold exactly.

Consider next the special case of a parallel concatenated turbo code
with the simple component code [1, H_%], no puncturing and transmission
over the BEC with erasure probability 6. In this case it was shown in [31]
that the erasure probability x, evolves as

> €

1’471(52(2 — 26 + 1’5716)
(1-0(1—z¢-1))?

Ty =

The stability condition is easily found to be § < % Again, the stability is

tight, i.e., the threshold 6* can be shown to be equal to % The general
form of the stability condition for turbo codes has not been explored in any

depth so far and this promises to be a fruitful direction for future research.
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