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A Measure of Relative Entropy
Between Individual Sequences with
Application to Universal Classification

Jacob Ziv, Fellow, IEEE, and Neri Merhav, Senior Member, IEEE

Abstract—A new notion of empirical informational divergence
(relative entropy) between two individual sequences is introduced.
If the two sequences are independent realizations of two finite-
order, finite alphabet, stationary Markov processes, the empirical
relative entropy converges to the relative entropy almost surely.
This new empirical divergence is based on a version of the
Lempel-Ziv data compression algorithm. A simple universal
classification algorithm for individual sequences into a finite
number of classes which is based on the empirical divergence,
is introduced. It discriminates between the classes whenever they
are distinguishable by some finite-memory classifier, for almost
every given training sets and almost any test sequence from these
classes. It is universal in the sense of being independent of the
unknown sources.

Index Terms—Lempel-Ziv algorithm, information divergence,
finite-memory machines, finite-state machines, universal classifi-
cation, universal hypothesis testing.

I. INTRODUCTION

UPPOSE one observes a sequence = (1 - - - T, ) ¢mitted

from an unknown th-order stationary Markov process p(-)
over a finite-alphabet A with |A|=A letters, and wishes to
estimate the nth-order entropy, or equivalently —n ! log p(-).
While the straightforward approach of calculating the [th-
order conditional empirical distribution is computationally
prohibitive for large ! and is impossible if  is unknown, it has
been shown in [1], [2] that the Lempel-Ziv (LZ) codeword
length for = divided by the length n, is a computationally
efficient, reliable estimate of the entropy, and hence also of
n~logp(-).

More precisely, let

n
p(@1, 32 2n) = [ [ pl@ilsio1);zi € A,

=1

)

where s; = zi_,, = (@i—e41,Tices2 - 2;) for i > £ and
s; = (80, T1,Z2---x;) for i < £, so being the initial state.
Here s; takes on values in the set A? of all length £ vectors
with components in A.
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Let ¢(z) denote the number of phrases in z resulting from
the incremental parsing of x [1], i.e. sequential parsing of
x into distinct phrases such that each phrase is the shortest
string which is not a previously parsed phrase. Then, the LZ
codeword length for = can be approximated by c(z) loge(z)
and

. 1 1

lim [—— log p(z) — ~c(z) log c(z) | = 0, almost surely.

n—o00 n n

In fact, this property continues to hold if p(-) is allowed to be
any finite alphabet, stationary ergodic process, not necessarily
a Markov process.

In this paper, we generalize this result to the case where
there are two Markov probability measures, p(-) and ¢(+), each
of order no larger than some positive integer [, in their steady
-state modes. Let & be a realization of p(-) and let 2 be a
realization of ¢(-). Given = and z we would like to get good
estimators for —n "1 log p(z) and —n~1 log g(z). In particular,
we seek an easily calculable function of both z and z, that does
not depend on £, which will enable us to discriminate between
two different unknown sources p(-) and ¢(-), based on their
realizations z and z.

The divergence D(g||p) is defined by:

D(q|p) = limsup % z q(z) log %
n—oo T

@
where logarithms are defined to be of base 2 unless specified
otherwise. The divergence (or “relative entropy”) is a measure
of the statistical distance between two distributions [2].

Throughout this paper, we assume that g(z) > 0 implies
p(x) > 0, i.e., an absolute continuity condition.

Now, since both p(-) and ¢(-) are assumed to be £th-order
Markovian probability measures, we have by (1) that,

g(z) 1o 90a)
> q(z)log = E q(ai) log —
2E€An p(z) af At p(af)
g(als)
+(n - l) z Q(av 3) IOg 3
a€cA;scAL p(a|8)
since the state s is the previous [ letters. Thus,
q(als)
D =Dt = a,s)lo . 3
(allp) (qllp) > gla,s)log o(als) ©)

a€A;seAt

0018-9448/93$03.00 © 1993 IEEE

Authorized licensed use limited to: Technion Israel School of Technology. Downloaded on January 15, 2009 at 09:39 from IEEE Xplore. Restrictions apply.



ZIV AND MERHAV: A MEASURE OF RELATIVE ENTROPY BETWEEN INDIVIDUAL SEQUENCES WITH APPLICATIONS

In particular, let gz(a1 - - - ag+1) = gz(a*!) be the empirical
measure of vectors of length (£ + 1); a®*! € A%, where
gz(a**t!) is defined as

w1 = LY IGR a) —g@s),  @

i=1
where 2} +¢ denotes the string (2, zi41 - - - zi4) With the cyclic
convention that z_; = 2z,—;, and I{D} is the indicator
function for the event D. Thus, by (1), (2), and (3)
~ —logp(2) = nH, + nD(g|lp), ®)
where
gz(a, s)
H;=- g2(a, 5) log =———=
g‘:, q2(s)
=— az(a,8)loga:(als); a€A, seA. (6)
AA¢

In many cases of interest p(-) and ¢(-) or even their Markov
orders are not known. However, we are given two n-sequences
z and z and our objective is to decide whether or not they have
emerged from the same source.

Analogously to the single source case, where -%logq(z)
(and hence the entropy Hz) is efficiently estimated by
Le(2)loge(z) , we introduce an empirical quantity Q(z||z)
which will be shown to have the property that,

. 1

Jm [-%osp() - Qelim)| 0.
for almost every pair (z, 2) relative to the product probability
measure p(z)q(z), for every finite £ and every finite A.
Following (5), the function Q(z||z) can be decomposed into
two terms, the first is an estimate of the empirical entropy
associated with z, ie., rc(z)loge(z), and the second term,
denoted by A(z||z) is an estimate of the divergence between
gz(-) and p(-) with the property that,

lim [A(zll#) - D(a )] = O,

almost surely, with respect to the product measure p(-)q(-),
for every finite £ and every finite A. Analogously to the fact
that the entropy is estimated by self LZ incremental parsing
of z, here intuition suggests that A(z|jz), which is an estimate
of the cross entropy D(g.||p), will be associated with cross
parsing of z with respect to z.

These two related empirical quantities (which are functions
of £ and z but do not depend on £ or A ) are based on a
. version of the Lempel-Ziv (LZ) data compression algorithm
[1], [3]- These results are fully formulated, stated, and proved
in Section II : ,

Intuitively, A(z||z) may serve as a reasonable discrimi-
nation function for universal classification of individual se-
quences. Indeed, we show in Section III that if there exists
a finite-state (FS) classifier, in particular, a finite-memory
classifier (with a rejection option), that is trained by a given set
of training sequences from each class, which is both consistent
(i.e., classifies correctly input sequences that are identical to
one of the training sequences), and free from classification

(7v)
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errors w.r.t two fixed sets of “source” sequences, then a
classifier based on the comparison of A(:||-) to a threshold,
performs asymptotically as well for almost every data set.

By confining our interest to FS classifiers we limit the
extraction process of the statistics from the data to be one
which is realized by a finite-state machine (FSM). The clas-
sification rule is then assumed to be a function of the “type”
that characterizes such a finite-state statistic. The number of
resolution atoms is therefore upper bounded by the number
of such possible “types”(which is, at most, polynomial in n).
Thus, the number of training sequences may be kept relatively
small. Observe that any family of classifiers that requires a
relatively small number of equivalence classes and hence a
small number of training sequences, can be a reasonable choice
for a class of practical classification schemes. Thus, the family
of FS classifiers is a good choice in that respect as well. These
points will be elaborated on in Section III

II. FORMULATION AND DERIVATION OF MAIN RESULTS

The incremental LZ parsing algorithm [1] is a self parsing
procedure of a sequence into c(z) distinct phrases such
that each phrase is the shortest string which is not a
previously parsed phrase. For example, let » = 11 and
z = (01111000110),then self incremental parsing yields
(0,1,11,10,00,110)), namely , ¢(z) = 6.

We now describe a variant of the LZ parsing algorithm
[3] which is a sequential parsing of a vector z with respect
to another vector z. First, find the longest prefix of z that
appears as a string in z, i.e., the largest integer m such
that (21,22 - 2m) = (%i, Tit1 - Titm—1) for some 7. The
string (21,22 -+ -2m) is defined as the first phrase of z with
respect to z. If m=0 (i.e. z; does not appear in z), the first
phrase of z with respect to z is 2;. Thus, the case m = 0
is treated as though m = 1. Next, start from z,,4+1 and find,
in a similar manner, the longest prefix of zn41,2m+2 " %n,
which appears in z, and so on. The procedure is terminated
once the entire vector z has been parsed with respect to z.
Let ¢(z|z) denote the number of phrases in z with respect to
z. For example, let z be as before and z = (10010100110).
Then, parsing z with respect to z yields: (011,110,00110),
that is c(z|z) = 2.

For two sequences z and z of length n, define the functions:

Q(z|lz) = %c(zkl:) logn, ®)

©®

The following two theorems describe the statistical behavior
of these two quantities.

Alzl|z) = %[c(z[z) logn — ¢(2) log c(2)].

Theorem 1: Let p(-) be a stationary Markov source of
order £ and let p be an arbitrarily small number. Let z be
a realization of p(-).

Then we have the following.
a) For every fixed z € A" for which p(z) > 0,
1 1
p[z -~ 2logp(2) - Qalle) < ~2ulog 5|

< e—(n*/logn)K(8,8)+o(n*/ log "), (10
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where

1) &= p(a**)

min
af+1gAt+1:p(al+1)>0
2) K(6,£) = §*log 115,
b) For every z € A™ for which p(z) > 0,
1 1
p|z: —~logp(z) - Q(zllz) > 2ulog &

< nTH2 4 o(nmH?), (11.2)

c) Let z be a realization of a stationary Markov source
of order ¢ with an underlying probability measure
g(-). Then (11.a) can be replaced by a tighter bound
for almost every z € A™ (relative to the probability
measure ¢(-) ) as follows:

1 1
p[z : ~ - logp(2) — Qellz) > 2ulog +

og? n

_1 _Ez_) K'(5-5’)[1_0(n—u2)]
<e ’(‘ " . (11b)

for every z € A™ — B for which p(z) > 0, where B is
a subset with the property:

’ '
_Kl/(ﬁ,A,u)%‘f-O(ﬁ:—;)

gzeB)<e , (11.c)
and
(. B £+1
R ... N ol
log( ! )
1 1-&
- N 7
D K= 4 lo, L ’
%
log
_ 1
3 K” 6 6/ — p’ 1 6
) (1 ’ﬂ) 2(1+M) 1 1 10g1_617
1

ro1-Lg (L 1
4) =1 4log =% /log6.

Theorem 1 tells us that Q(2||z) exceeds -Zlogp(z) signif-
icantly with probability that decays “almost exponentially,”
but the probability of Q(z||z) being significantly smaller than
-1 logp(z) is upper bounded by a term that decays only
polynomially with n. If, however, z belongs to some subset
of high probability under ¢(-), the latter probability decays
“almost exponentially” as well.

Corollary: For every z € Z™ for which p(z) > 0 and any
arbitrarily small positive e
lim p{z :

n—o0

~ 3 log(s) - Qalla)| > f 0. (12

This follows directly from (9) and (11.a). Furthermore, it
follows from (9), (11.b), (11.c), and the Borel-Cantelli Lemma
that

Jm |-2loss@) - QGllw)] =0 a3
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a.s. for every sequence of pairs (z,z), with respect to a
probability measure for pairs given by

f(z,2) 2 p(z)q(2).

Theorem 2 follows from Theorem 1.

Theorem 2:

a) Let £ be a realization of a stationary fth-order Markov
source p(-).Then, for every z € A™ such that p(z) > 0

p(z . D(g:llp) — A(zllz) < ~3ulog 1)

)
< e—(n"/ log n)K (6,£)—o(n* /logn) (14)
where 6 and K (6, £) is defined in (9).
b) Let = be a realization of a stationary £th-order Markov
source p(-) and let z be a realization of a stationary
¢'th-order Markov source gz(-).Then

p(z : D(glp) - A(zllz) > 3ulog ;)

2

<ot (=) K (@8)l1o(n™)] (s)
for every z € A™ — B such that p(z) > 0, where B is a
subset with the property:

, ,
—K”(s,A,u)i—z;‘,,+o(1——2;‘n)

gzeB)<e (16)

and K'(6,8"), ' and K" (6, A, ) are given by (11.c).
The proofs of Theorem 1 and Theorem 2 that follow, are
rather lengthy. It is, therefore, suggested that on first reading
the reader should skip the proofs and move to Section III
(application).

Proof of Theorem 1: a) Let

min p(a, s) =Y

(17.a)

a€A;seA’:p(a,s)>0

Then, ignoring zero probability events,
plals) > &p(s) > 6. (17.b)

Consider an auxiliary parsing of z into € = ¢(n) phrases:
z:zl",zL2 ---zL?, (18)
where
zLi = ZLy4Ly++Li141 """ ZLi+Ly++Lii 2 € A,

and where L;,1 < 1 < G, satisfies, for some arbitrarily small

positive number p,
én~ =M < plzl) < n— 11,

(19)

By (1) and (17), (19) always has a solution L; and hence
this parsing is well defined. Fix a positive integer L and let

3ty={L if 2L £zl forall ;1 <i<n-L,
0, otherwise,

(20
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where z;’ = Z;, Ti41- - T4 Then, by (1),

2ot
Eé(zF) < [1 - nég_} p(zL|3)](r ), (21)

where E(-) denotes expectation and s denotes the state that
precedes zZ. (The factor (-"L-L— 1) should be replaced by ()
if L divides n). Now, let y7 € AL; then, by (1)

p(y11s) = p(vils)p(vEs1lyt)
Therefore, by (1) and (17) for L > 1,
8'p(ygs1lyi) < p(vtls) < p(yssalui)
Also, by (17)

p(yF) = Y p(s,98)p(Whialvf) > 8°p(vfialvh)
s€A? :

and, since p(s,yf) < p(s) we also have that

p(uf) < p(ybalyt)

Thus,
§p(vt) < p(utls) < %p(yf) (22)
Therefore, by (19), (21), and (22):
Eb(z-) < [1 - 6p(z2)) (E 7Y
< [1 _ 5€+1n—(l—u)](%_1)
< UMz, (23)

Hence, by (23), the union bound and the fact that ¢ < n,

PF_IE(ZL") 2 1] < ne~ TR

i=1

Also, by (17) and (19), the longest poss.ible phrase must satisfy
(1-68)L > p~(-ms

or, equivalently

N logn+log%

Li<L= —=—F7—=% 2]
log ()
Thus,
kg —(-w) (n_1) st
p|Y 8(z") > 1| <ne™" (g-1)s
i=1
= e TR KEOH(ER) (25)

where K(8,£) = §**1 log 125,and where L is replaced by its
upper bound I which is given by (24). Now, by (19) and (22)
3-1 1
~logp(z) 2 — ) _logp(z™) ~ ellog 5 — logp(=")

i=1

> (1—#)(5—1)10gn-d10g%. 26)
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But by (24), &> 2 log 15 — o(r;;—n) Thus, by (24) and
(26)

—logp(z) > (1 — p)clogn — ofclogn). 27

We are now going to relate € to c(z|z).

By definition of 8(2¢) (16), if 6(z~) = 0 then 2* can not
contain more than one comma of the LZ parsing of z with
respect to z. Hence, by (25)

plz:c(zlz) >c—1+1I) < e mRKEO+(57) (28

where the I term is an upper bound on the length of a phrase
and therefore on the number of LZ commas that are contained
in the last of the € phrases. Note that this last phrase does not
necessarily satisfy 8(z%<) = 0.
Combining (24), (26)~(28) yields (9), and hence, completes
the proof of part a). 0
b) Consider now the parsing of z into & = c(n) phrases

z=2z01 202 gl
where, in contrast with (19) ,L; now satisfies
on= 08 < p(2li) < n~ (M), (29)
Let ‘
§(zb) & { 1, if 2% = zitl forsome 0<i<n-L,
0, otherwise.

Clearly, by (29) and by the union bound, for every phrase
except, perhaps, for the last one,

Eb(zY) < np(zF) < n ™k,
Thus, by Chebychev’s inequality:
a—1
p(z b(z%) > (¢ - 1)n"5’) <nTH2, (30)

i=1

Now, by construction (29), within every one of the phrases for
which 6(zL) = 0, at least one LZ phrase (associated with the
LZ parsing of z with respect to z), is initiated. Hence, by (30),

p(c(z|z) <@-1)-(@E-1nF) <n 2 (3D

Also, by (22)
e 1 1
_ L; A iy A -
—logp(z) < Z;logp(z ) + éllog 3 + Llog 5 32

where the ast term is due to the last phrase of the parsing
according to (29), and where, by (29)

logn a A (14 p)logn +log 2

=SL<L;<L= (33)
log % log (1—_1_5)
But, by (33),
n n 1

¢< - =——log—. 34
C_L lognbgé 34

Thus, by (32) and (34),
—logp(z) < (L+ p)(é—1)logn + o((é¢ —1)logn). (35)
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Combining (31) and (35) yields (11.a), completing the proof
of part b). O

c) Consider again the parsing of z into é phrases according
to (29). We assume, for the sake of simplicity, that D divides
¢ and subdivide z into & blocks of D phrases each. For each
such block of D phrases, the probability of the event F' that all
the phrases within the block are distinct given the preceding
state s, is lower-bounded by

q(Fls) > [1 - D(1 - 6117, (36)

where s is the initial state, where L is given by (29) and where

§ 2 min g(a, s)
q(a,8)>0

Here, we took advantage of the fact that [1 — D(1 — §)L]
is a lower bound on the probability that a phrase is not
identical to any of the (D) preceding phrases regardless of
the preceding state, thus enabling us to treat the phrases as
being independent, in so far as this lower bound is concerned.
Note that the lower bound on ¢(F|s) given by (36) does not
therefore depend on the state s.
Let

1 iL 1 %:—:‘L% %1"5(#)
Dz(m) :(*—1_5/) T=ntoE )

Then, by (36) and (37)

D
1 1
g(F|s) > [1— 'b_s] >1-=.
Thus,

log —Lo
1-¢(Fls) < % =n % T .
Now, let us denote the jth block of D phrases of z by z;(D)
and let

1, if not all of the D phrases in
6(z;(D)) = { z;(D) are distinct, (38)
0, otherwise.

Then, applying the Chernoff bound, and taking advantage of
the fact that the moment generating function E[e?(2i(D)|s]
is upper bounded by (e® 25 + 1) for all s and any positive b,

% tog —L o~ TEJ‘
Zé(z] D))} lllﬁ S [ebn—%—ﬁilwi_)_;r ]_:l e—bué/D‘
_ (39
Let
eb = n? lOg(_l—é’S/lOgF.
Then,
é/D
Z«s(sz» > g
<e ~4[[108 (257 )/ 108 ] 1o n— 2m2] § (40)
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Now, by (33) and (37),

nlog (1—1—6) 1

é n
B>—f—*(1+u)logn+log% %[log( =)/ 1g 3]
“1)
Thus,
é VK”(G,&’,;L)I%:—,;+0(1—';:—/“)
Z&(Z] > LL— <e y (42)

where

- u log (ﬁ—é)

1
K” ! —
(8,61 21+ p) logl/é 10g<1—6’)

1 1 1
1- Zlog (TT&)/IOgE'

Consider now all blocks of D phrases for which 6(2;(D)) =
0. Within each such block, consider the Dy, phrases for which
L; = L and denote these phrases by z}', 2 - - - 25, . Consider
the parsing of x into L-vectors

po=

_ L 2L no._ N
=200 Tt = L

(For the sake of simplicity we have assumed that L divides n).
Now, let

G+1HL

51(ZL)={1, if 2L =z;7,, , forsome0<j< 7 -1,
0, otherwise.

43)
Then, by the Chernoff bound,

bD Dp
261 <mine BT E (bz 6 ))
Iog n >0
44)

We next overestimate the expectation on the right-hand side
of (41), taking advantage of the fact that z¥, 2% - -z%L are
all distinct.

By (29), the probability of the event that a single L-vector
z]L is identical to one of the L-vectors in the parsed z, is
upper-bounded by

n

R e (45)

The probability of the event that K’ L-vectors 2%, 2% - - 2k

11’ 1K
are identical to K distinct L vectors among the 7 L vectors

in the parsed z is upper bounded by

D K
( K )nK [ggg?(zL IS)] (46)
But, by (17) and (29),
(1+n)
mf.xp(les) < p(;L) < ;+ 47
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Thus, by (46) and (47)

Dy, K -
b3V 5(2F) —kufl vk [ DL
B2 = z_:(,n “(5 “\k

provided that
ebn_“% <1 (48)
Now, set
1
b= 5/1]08 n. 49)

Then, e"n"‘% = n"}“% and it tends to zero as n — oo.
Thus, for large enough n,

Eebz“l 8128 < <1 n_:”)_DzeD [L}J‘ﬁ)(n—&u)].

(50)
Therefore, by (44), (49), and (50),
(Z 61 (z )
j=1
<e [%#2/ log® "-"—_-rﬂ-" ("_’5“)] D
<e ~[3#2/ 1087 n—o (13~ )] D (51)

In a similar fashion, we consider now the parsing of z into
shifted L phrases

L+K [2L+K

(z+l)L
z= zl TR 41 PL K41 "

Tk 1S KSL-1

and let

. i+1)L+K
6K(zL)= {1, 1sz=‘z&+I)(+1
0, otherwise.

for some : = 1,2,.--,

‘ (52
Then, similar to the derivation of (47), we get:

oS> 2] < v

j=1
) (53)
Now, let 2L € z denote the event that zL = zi*L for some
1 <i<mn-0L and let
L 1, ifzlex
L ) 54
() {0, otherwise. S

1275

Then, by (52)«(54) and the union bound
D, . -
Dy —[%pz/log2 n+o(n %"’)]D
8(z; <L
p (; (z; 3n) = Le ‘ ,

(55)
Finally, as in (30), let

2 L. 1, ifztiex
5 L; — ] ’
(=) { 0, otherwise,

where z%+ is some phrase (of an arbitrary length L;) in a block
of D distinct phrases generated under (29).
Then, by (24) and (55),

(Za(, )> 2 L’

i=1

) < (Tye~[4#/ 108" n—otn=+/]D
| (56)

where (56) follows from (55) and the union bound, since there
are at most L different phrase lengths. Hence, by (33) and (56)

D 2
bzl Du(l+w? | (p(+p)
P(; (=) > log n log? (ﬁ) + ( logZn )

142/ 10g% n— —u2 D
<e [442/ 108" n—o(n=+")] ’

67
where, by (37), ‘

log1/6

_1/4[
D=n

Equipped with (42) and (57) we can now claim that with high
probability most phrases zZ* in z are such that $(zZ¢) = Oand
hence, at least one incremental LZ phrase starts within every
such z+, thus relating ¢ to c(z|z) as was done in the derivation
of (31).

We first bound the contribution of “bad” D-blocks of
phrases (namely blocks in which not all the D phrases are
distinct) by (42) and then bound the contribution of “bad”
phrases (i.e., phrases for which 6(z%¢) = 1) within a “good”

"D-block by (57).

Let
5 ¢ .
={2:3 6(z(D) > g (58)
j=1
Then, by (42)
K" (66 ) i +o( e
o(B) < o O i) (59)

Now, for z € Af — B, we have by (30), (31) and (53) and for
small enough p that

1
p[ —c(z|:c) logn + — logp(z) < Zu log 6]

=
< me-40/108" n—o(n-“z)ln"‘%m— (60)
which proves part c) of Theorem 1. 0O
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