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Universal Decoding for Memoryless Gaussian
Channels with a Deterministic Interference
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Abstract— A universal decoding procedure is proposed for
memoryless Gaussian channels with deterministic interfering
signals from a certain class. The universality of the proposed
decoder is in the sense of being independent of the channel
parameters and the unknown interfering signal, and at the same
time attaining the same random coding error exponent as the
optimal maximum likelihood (ML) decoder, which utilizes full
knowledge of the channel parameters and the interfering signal.
The proposed decoding rule can be regarded as a continuous-
alphabet version of the universal maximum mutual information

(MMI) decoder.

Index Terms—VUniversal decoding, maximum mutual informa-
tion, random coding exponent, Gaussian channels.

1. INTRODUCTION

NIVERSAL DECODING for unknown finite-alphabet

channels has been widely studied in the literature. For
discrete memoryless channels (DMC’s) Goppa [1] proposed a
universal decoder, referred to as the maximum mutual infor-
mation (MMI) decoder, which selects an input message that
maximizes the empirical mutual information with the given
output vector. Goppa has shown that if the receiver employs
the MMI decoder, which is independent of the unknown
channel statistics, the channel capacity is achievable. Csiszar
and Korner [2] have sharpened this result and proved the
existence of a deterministic universal fixed composition block
code, which when decoded by the MMI decoder, yields the
random coding error exponent for the given channel. Ziv [3]
has investigated universal decoding for finite-alphabet, finite-
state channels under a random coding regime and proposed
a universal decoder based on the Lempel-Ziv algorithm [4]
that attains the same random coding exponent as the optimal
maximum likelihood (ML) decoder, which in turn, assumes
full knowledge of the channel parameters. In the special case of
a DMC and a fixed composition random code this decoder can
be replaced by one that minimizes the empirical conditional
entropy of the channel input given its output.

In this paper, we derive a parallel result for memoryless
Gaussian channels with an unknown deterministic interfering
signal from a fairly wide class. This interfering signal may
represent a transmission from a competing source, a jammer,

Manuscript received September 9, 1991; revised November 10, 1992.
This work was presented in part at the IEEE International Symposium on
Information Theory, San Antonio, TX, January 17-22, 1993. This work was
done while the author was visiting AT&T Bell Laboratories, 600 Mountain
Avenue, Murray Hill, NJ 07974,

The author is with the Department of Electrical Engineering, Tech-
nion—1Israel Institute of Technology, Haifa 32000, Israel.

IEEE Log Number 9208325. :

or another noise source which cannot be modeled as a sta-
tionary Gaussian process. The empirical conditional entropy
of the channel input given the channel output is induced by an
auxiliary “backward channel” whose parameters are estimated
from the given channel output vector and each one of the input
vectors (codewords). The codewords are assumed to be chosen
randomly near the surface of a Euclidean sphere whose radius
corresponds to the power limitation. Similarly as in [3], it is
shown that the proposed universal decoding rule attains the
same error exponent as that of the optimal ML decoder which
is fully informed of the channel parameters and the interfering
signal. The main contribution of this work is in deriving an
analogue to the MMI decoding principle for the continuous
alphabet case. It also might serve as a step towards a derivation
of a universal decoder for a Gaussian dispersive channel with
unknown intersymbol interference (ISI) coefficients, which in
turn has an important application in channel equalization (see,
e.g., [5] and references therein). We present a conjecture as
for the extension of the universal MMI decoder in the finite
ISI case.

II. STATEMENT OF MAIN RESULT

Consider a discrete-time, Gaussian memoryless channel
characterized by

M
where z, is the desired channel input, a # 0 is an unknown
fading parameter, {w;} is zero-mean Gaussian white noise
with an unknown variance 02 > 0, 2z, is an unknown determin-
istic interference, and y, is the channel output. It is assumed
that the noise {w.} is statistically independent of the input
{z:} and that the interfering signal z; can be represented by
a series of given orthonormal bounded functions (e.g., sine

and cosine functions) with an absolutely summable coefficient
sequence, namely,

Y¢ = ATt + 2¢ + Wy,

o .
2= biis, t=12, ()}
i=1
where Y2, |b;| < co and |¢; ;| < L forall i and ¢,0 < L <
oo. The coefficients {b;};>1 are assumed unknown.
Consider next, a codebook C = {z', 2%, ,zM} of M =
2nR equiprobable messages z* = (xf, x5+, zi,---, 74) €
R",i=1,2,.---, M where R is the coding rate in bits per
channel use. Clearly, if the parameter o and the interference
signal z; were known, the best decoder would have been the
ML decoder, which in the Gaussian case considered here,
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selects the message z* that minimizes 3"}, (ys — 2: — axi)?.
Similarly as in [3), the probability of error associated with the
ML decoder will be denoted by P.o(C, R,n).

Since the design of a codebook C that minimizes P. ,(C, R,
n) under an input power constraint is prohibitively complex
for large n, will shall adopt the random coding approach,
where each codeword is randomly chosen with respect to some
probability density function (pdf) ¢(z), and independently of
all other codewords. For a given power constraint, a reasonable
choice of ¢(-) would be a Gaussian pdf restricted to an n-
dimensional Euclidean sphere whose radius is about n - o2
(see, also [6, p. 326, (7.3.13)(7.3.14)]). Specifically, let

_ -1 o ]

a(z) = " yal) gexp{ 207} ©)
where z = (:cl, <o, Zp), Ualz), 1s the indicator function of
the set Da 2 et Y 2t — 02 < Ad2} A K ],
and p normahzes the measure (3) such that it would integrate
to unity. It is well known [6, ch. 7] that P.,(R,n) =
E{P.,(C,R,n)}, where the expectation is taken over en-
semble of randomly selected codebooks under g, decays ex-
ponentially for every rate R that is less than the channel
capacity C = 0.5log(1 + a%02/0?). The exponential rate of
the error probability E(R) £ — lim, .o n~!log P o(R, n)
is called the random coding error exponent. The previously
defined input pdf ¢(-) is known [6] to attain an exponent
higher than that of the Gaussian pdf with the same variance,
intuitively, because of the fact that it does not allow low energy
codewords.

Since the fading parameter a and the interfering signal {z,}
are unknown, the ML decoder is obviously inapplicable. We
next demonstrate a decoding procedure which is universal in
the sense of being independent of ¢ and {z;}, and at the same
time attaining E(R). In other words, let P, ,(C, R,n) denote
the error probability associated with the universal rule for a
given codebook C, and let P..(R,n) = E{P..(C,R,n)}.
Then, P, (R,n) decays exponentially at the same rate E(R)
as that associated with the ML decoder. This is analogous
to an earlier result by Ziv [1] for finite-alphabet, finite-state
channels.

'We now turn to present the proposed decoding rule. To this
end, define an auxiliary backward channel of order k by the
conditional pdf

V(zly,0,k)
= Hv(xtlytaaa k)
t_=1
£ [Ierag)~ 2eXP{ (zt ay; — ZB@. e) }
t=1 i=1
@
where Yy = (yla ce ayn) and 6 4 (0.(2), «, ﬂla ﬂ2, tty ﬂk)

is the parameter vector of the kth-order backward channel.
Note that the definition of the auxiliary backward channel is
completely detached from the underlying probabilistic model
in the sense that it does not agree with the conditional pdf
of z given y that is induced by the underlying joint pdf of
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z and y. In ‘particular it allows vectors z outside Da. Let
{kn}n>1 be any monotonically nondecreasing integer-valued
sequence satisfying k, — oo and k, /n1/3 — 0asn — oo.
Our decoding rule will select a message z* that maximizes
the function

o maxV (@l 6,k)
) £ 9
u(z",y) 7@

among all M codebook messages.

©®)

Theorem 1: Assume that {2;} can be expanded to a series
of bounded orthonormal functions with an absolutely summable
coefficient sequence {b; }.>,. Let the codewords of C be chosen
randomly with respect to the pdf q(-) defined as in (3) and
independemly of each other. Then,

limsup — [log P..(R,n) -

n=—o0

log P. o(R,n)] < M&), (6)

where A is as in (3) and A(A) —» 0 as A — 0.

The proof appears in Section III.

The intuitive interpretation of (5) is that n™! log u(z,y) =
n~! maxg log V(z|y, 0, k)/q(z) is an empirical version of the
per-letter mutual information between z and y. Thus, we
select the input z* that seems empirically “most dependent”
upon the given output vector y, which corresponds to the
MMI principle [1], [2]. Note that on the support of g(-),
the term n~! log g(z*) is nearly a constant independent of .
Thus, this decoding rule is essentially equivalent to one that
maximizes maxeV (z:|y, 6, k), namely, maximum a posteriori
(MAP) decoding. This is the continuous-alphabet counterpart
of the minimum conditional entropy decoder of [3] for uniform
input pdf’s in the memoryless case.

It turns out that the extension of Theorem 1 to non-
memoryless channels is not trivial. Consider, for example, a
Gaussian channel with a linear intersymbol interference (ISD),
characterized by y; = ZLO hiz¢—; 4wy, where {h;}_g is the
channel impulse response and w; is a Gaussian white noise.
The difficulty appears to be in an appropriate definition of the
auxiliary backward channel V(:|-). A natural straightforward
guess, in view of (4), could have been

k
. 2y
=1 }

V(zly,6,k)
é(wt -y — Z,@zwc—l)
90

(2mod) —n/2 H exp {

However, we were unable to prove that this backward chan-
nel, when plugged in (5), results in asymptotically optimal
decoding. The problem seems to lie in the fact that the
above conditional pdf depends on a 2(k + 1)— dimensional
vector of sufficient statistics associated with x, while there are
only (k + 2) degrees of freedom to adjust their conditional
expectations. (For details, see Section III, Lemma 3). We
conjecture that an appropriate definition of the backward
channel in this case will be

Vizly,0,k) = Gn(6,k,9)

Hexp{ 202 (ze - Za;xt-z) +Zﬂ1$t—:yt}

=0
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where 6 = (o'(%’a7 tery O, ﬂ()v MY ﬂk) and Gn(a7k7y) isa
normalization factor chosen such that the pdf will integrate to
unity.

III. PROOF OF THEOREM 1
Let z and y be arbitrary fixed vectors and define
So(z,y) = {z' : W(yla') > W(ylz)}, Q)

where W(y|z) is the conditional pdf associated with the
channel, i.e.,

Wigle) = (ro?) ™/ [T exo { -5 — 20— aze)* .
t=1
' ®

Similarly, let

Su(z,y) = {z' : u(z',y) > u(z,9)}- ©

The average error probabilities associated with the ML decoder
and the proposed decoder are given by
"Ry
P.(Rn)=1-E{ [1-

So(=,y)

q(z')d=’ (10

and

2nR-1

P..(Rn)=1-E{ |1- q(z')dz’ s

Su(z,v)

@y

respectively, where expectations are taken with respect to
the joint pdf p(z,y = ¢(z)W(y|z). Equation (10) (and
similarly .(11)) follows from a simple consideration explained
in [3], which for the sake of completeness, will be re-
peated here. Fix a transmitted codeword z and a received
vector y. Since other codewords z’ are selected randomly,
the probability that ' has a score W(y|z') smaller than
W(ylz) is (1 = [5, (s, 9(=')dz’). Thus, in order for the
decoded message to be correct, all (2"F — 1) remaining
codewords must provide a score lower than W(yl|z). Since
the codewords are chosen independently, this happens with
probability [1 - fs,,(, " g(z')dz']?>* %=1, Finally, the overall
correct decision probability is the expectation over z and y of
the latter expression.
For 6 > 0 we define the set

Si@) = {=': L losWGsle) > o W i) - o}

(12)
and correspondingly,
2nR_1
P (Rn)=1-E{ |1 a(z')dz’ , (13)
s

(2, ¥)
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In what follows, we shall compare the exponential behavior
of P, (R,n) to that of ﬁz’O(R, n) for a small § > 0. In the
final step of the proof, this will be justified by showing that

lim sup %[logﬁz,o(R, n) —log P o(R,n)] < &, ~(14)
n—oo

where § — 0 as both § — 0 and A — 0. The use of
P, o(R,n) as an intermediate reference is done for technical
reasons which will become clear in the sequel.

The following lemma is a modified version of [3, Corollary
1] for the continuous alphabet case considered here.

Lemma 1: Let {H,},>: be a sequence of sets of pairs (z,y)
of n-dimensional vectors such that

lim sup 1 log / q(zx)W(y|z)dzdy < —E(R), (15)

n—oo N
HE

where the superscript ¢ denotes the complementary set. Then,

for all large n,
- —5 Jsu (o) 9(®)de’
P..(R,n) <2P, (R,n)| sup —————5; +13].
( . ) y ( )[z,yEHn fSﬁ(z,y) q(z’)dz/
(16)

The proof of Lemma 1 appears in the Appendix.
Lemma 1 will be useful if we can define such a sequence
of sets H, over which the ratio

Is. ey 2(=)dz
Jss(z.py 9(&)dz’

is uniformly overbounded by a subexponential function of
n,ie., e"", where £, — 0 as n — oo uniformly for all
(z,y) € H,. Once this is accomplished, the proof of the
theorem will be complete.

The main difference between Lemma 1 and Corollary 1
of [3] is that in the latter the supremum over (z,y) is not
constrained. Observe, however, that in contrast to the finite
alphabet case, here since the measurements are unbounded,
then an unconstrained supremum in (16) might be arbitrarily
large. Thus, the role of H,, is in dividing the space of pairs
(z,y) into two parts, where in one the supremum of (16) grows
subexponentially and the other possesses a probability smaller
than the desired exponential function e~"F(®) (15) and hence
negligible.

The set H, will be defined as follows. For a given pair
(z,y) let

b= (&gaa7ﬂA17"‘,Bk) £ a.rgmgle(ﬂy,O, k).

)

(18)

Fix a positive constant B and define the set
H, = H,(B)

1 1 n
é{(z,y)rl—zw?—vﬂSAUZ,—Zy?SB,
nt:l nt:l
1 n
A2 L6l <BIAI< Bzl k) (9

The motivation behind this choice of Hy(B) is that it guaran-
tees uniform continuity of n ! log V (z|y, 6, k) with respect to
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small perturbations of the sufficient statistics as will be seen
in the sequel. We now have the following lemma which is
proved in the Appendix.

Lemma 2: There exists a sufficiently large B such that
{H,(B)}n»1 satisfies (15).

To overbound (17) within H,,(B), we derive an upper bound
on the numerator of (17) and a lower bound on its denominator,
and show that these are exponentially equivalent. To this end,
we first need to define a conditional type and establish some
of its properties. For a given pair of vectors (z,y) and € > 0,
define the kth order conditional e-type of = given y as

{ieR"'lliiz—lix2|<eieD
. “In t n t| =& JAN]

t=1 t=1

1 «— 1 <&

’_Zityt__zxtytlsa,

= "

1« 1 &

|ﬁzjt¢i-‘_ﬁzmt¢i,t‘SE,iZI,---,k},
t=1 t=1 R

(20)
where £ = (&i,...,%,). The set T*(z|y) is regarded as
a conditional type of z given y as it contains all vectors
% € Da which, within ¢, have the same sufficient statistics
as z. This means that for every conditional type T*(zl|y),
x,y € H,(B), and for any two vectors u = (u1, * -, u,) and
v = (vy, -+, v,) in T¥(zly), the conditional pdf's W (y|u)
and W (y|v) are exponentially equivalent, provided that k is
sufficiently large. Specifically, let u,v € T*(z|y). Then,

1 1
|- log W (ylu) — —log W (ylv)|

= azl Z(yt - auy — Zb $i1)
i=1
% Z(?h —avy — Zbi¢i,t)2|
E N
=1 t=1
lal |_zutyt - _thyt
z |b | l EUt¢i,t - ; th¢i,t|

_22 25+|a| 2+ZVJI 2+Z

z—k+1
<Ci-e+Cy- ¢,

= 202

-2BL
1)

where C; and C, are some positive constants and ( =
Y2kt |bil tends to zero as k — oo by the absolute summa-
bility of the sequence {b;};>1. Clearly, the right-most side of
(21) can be made arbitrarily small by choosing ¢ sufficiently
small and k sufficiently large. Similarly, q(u) and ¢(v) are

also exponentially equivalent, provided that they both belong
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to the support S of g(-), namely,

|>loga(u) ~ logaw)| <Cs-e, @)
for some constant Cj.

The following lemma provides an upper and a lower bound
on the volume of T (z|y) where the volume of a set A C R™
is defined as Vol{A} 2 [, dz.

Lemma 3: Let (z,y € H,(B)) for some B > 0. Then, for
every sufficiently small € > 0 and every positive integer k&, the
volume of T*(z|y) is bounded as follows.

a)

exp [neB*(B + k + 1)]

Vol {T:(:!:Iy)} < maxy V(z|v, 8, k)

b)

Vol {TX(zly)} > [vn(A) - W]

_exp[-neB*(B +k+1)]
maXg V(zly, 9, k)

where L is the uniform bound on ¢, and v,(A) is a
sequence depending only on n and A with the property
liminf, e v:(A) > 1/4 for every A > 0.

The proof of Lemma 3 appears in the Appendix.

We are now ready to derive a lower bound on the denomi-
nator of (17). Since x € S%(z,y), then in view of (21), there
exists a sufficiently small € > 0 and a sufficiently Jarge & (both
depending on &) such that T (z|y) C S¢(z|y).Thus, from (22)
and part b) of Lemma 3 we get

q(z')dz' > q(z")dz’'
Si(zy) Tk (zly)
> Vol{T* !
T (aly)} -, inf  a&)
B(kL? + 25B)
> . Yot
Z ['7n(A) nel ]

exp [-neB%(B + k + 1)]
 maxg V(zly, 0, )
: e—Ca,an(m)’

(23)

where we have used the fact that (z,y) € H,(B).

We next overbound the numerator of (17). The underlying
idea is to partition the sét S,(z,y) into a subexponential
umber of conditional types, where for each conditional type,
ka (ly) g(z')dx’ is overestimated using part (b) of Lemma
3, in a manner similar to (23) However, this cannot be done
directly, since not every ' € Su(z,y) is such that (=',y) €
H,(B) and hence Lemma 3 cannot be applied to T*(z'|y).
To alleviate this difficulty, we first divide S,(z,y) into two
subsets, Sy, (z,y) N Hy(B,|y) and Sy(z,y) N Hy(B,|y), where
H.(Boly) £ {z' : (z',y) € H.(Bo)}, Bo > B, being a
constant to be chosen later. Now, in the first subset we can
apply Lemma 3 while the second has a very low probability
provided that By is sufficiently large. Specifically, let B be
so large that (15) holds and fix (z,y) € H,(B). Similarly as
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in Lemma 2, we can now choose By so large that for every
y € H,(Blz) 2 {y' : (z,y' € H.(B)}, we have

g(z)dz’ < e7"RB), e
H (Boly)
for all large n, where Q(Bp) > 0 can be made arbitrarily large
by choosing By sufficiently large. Thus, we have
q(z')dz’ =

Su(z,y)

q(z')dz’
Su(29)NHn (Boly)
+ / q(z')d’
Su(=¥)NH; (Boly)

< [ e e,
Su(z,y)NHn(Boly)
(25)

Now, as for the first term on the right-most side of (25), every
z’ in the integration domain is such that (z',y € H,(Bo).
Hence, we can subdivide this domain into kth order conditional
e—types, whose volumes can be overestimated by Lemma
3 with By replacing B. Before doing this, we first have to
overbound the number of conditional types needed to cover
Su(z,y)NH,(Boly) C H,.(Boly). We note that in this subset
n~1Y 0 1 (2})? < Bo and hence |n' Y7 zi¢is| < Bo.
Since y € Hyp(Blz), then n13 7 y2 < B < By,
and therefore |[n~! Y7 | #}y| < Bo. Thus, the number of
conditional types {T*(z’|y) }needed to cover H,,(Boly) is not
larger than (2Byle)**2. In view of these facts, the first term
on the right-most side of (25) is bounded above as follows:

q(z")dz’'
Su(=)"Hn(Boly)

< > q(&)dz
Tk (2'ly)CSu(z.¥)NHA(Boly) Tk (2'|y)

S (2—.31:))k+2
E

sup {Vol{TE'“(x’ly}- sup q(i)‘}
seTH('ly)

z'€Su(zy)
2B k+2 )
< ¢Caen (—_62) exp ['n,eBg(Bo +k+ 1)]
. o)
2'€S, (z,y) 18X0 V(I’ly, 9, k)
2B() k42 .
< ¢Caen (_6__) exp [neB3(Bo + k + 1)]

, q(=)
maxg V(z|y,0,k)’
where the last step follows from the definition of S,(z,y).

Combining (23), (25) and (26), we get for all sufficiently large
n,

(26)

p e 1@
EeH(B) J5s (2,9) U(&)dT’
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< [m(e) - 2EE2 2D )
exp{Zne [C3+ B3(Bo + k + 1)]} . (@)H?

maxp V (zly, 0, k)
q(=z) '

1+e@®B)  gup
(z.¥)€HA(B)

@7

The supremum on the right-hand side of (27) is in turn
bounded by
|4 0,k
sup maxyg ($|y7 k)
(@ ¥)EH.(B) q(z)
SUP(z,y)e H,.(B) NaXe V(zly,9,k)
inf(z )€ Ha (B) 9(%)

(2reB~1)~"/2
= ple(T+B8)n/2

28

Now,

n .’L‘E
/ d:l:exp —2-27;2-

2€DA t=1

n
< e~ (1=A)n/2 -Vol{a: : %Zx? <21+ A)}
t=1

< e 10-2)n/2, [27863(1 + A)] n/Z,

‘j,:

29

where the last inequality follows similarly to the derivation in
(A.17)«(A-18) in the Appendix. Now choose By so large that

Q(By) > %[logB +loga? +log(1 + A)+2A].  (30)

Then, the last term in the product on the right-hand side of (27)
tends to unity as n — oo. Thus, in order that (27) will be a
subexponential ‘function of n, we let € = €, tend to zero and
k = k, tend to infinity such the following three conditions
will hold simultaneously.

kn log % = o(n), (31a)
lim knen =0, (31b)
n—oo
and
ne2 :
lim —2 = Cy, (B1c)
n—oo k"

where Cy is some sufficiently large constant. This happens
if e, = 0(n=1/3) and hence k, = 0(n'/3). Thus, we have
shown that

. - .
lim %mgpe,u(R,n) < lim ;logﬁi,o(R,n) (32)

To complete the proof of the theorem, it remains to justify
eq. (14). Note that both So(z,y) and S§(=,y) correspond to
a known channel and interference. The receiver subtracts z;
from y; and treats the difference as an output of the channel W
with no interference. Therefore, we now are dealing, in fact,
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with a special case of W where b; = 0 for all 1, namely, we
redefine the channel as y, = ax; + w;. Assume, without loss
of generality, that a > 0. In this case, So(z,y) and S§(x,y)
satisfy

1 n 1 n
So(x,y) = {“' DI D WAk
i=1 i=1
1 1 &
1 1 2
2 5 w3t}
=1 1=1
1 n 1 n
») {z/ . ;Z_;x;yt > -ﬁ;ztyt +Aa§}

£ F(z,y,A02) (33)
and

1 1<
sttew) {2 13 atu - £ Sty
1 t=1

i=

1< 1 &
2 EZ%%— Q—Tzzx?—g%}
t=1

i=1

1 1<
C {z’ P Zzﬁyt > ﬁZa:tyt - Ao? — 602}
=1 i=1

= F(z,y,-Ao? — 60%) (34

Now similarly as in Lemma 1, we can overbound the ratio

P? (R,n)/P. ,(R,n) in terms of the worst case ratio
Js3em 1) [pay - 02502 22 )’
fSn (z,y) q(zl)dzl h jF(z,y,Aa‘%) q(zl)dzl

over (z,y) € H,, where H,, is a set with high probability. A

reasonable choice of H,, here is the set of pairs (,y) which
satisfy

o (39)

1 n
=Y 7 -0l < Adl, (36)
nis
1 n
=) Vi <B, (37
t=1
and
n n 2
1 Z 2 [z i zeye] 1 38)
" Ty l—ET‘T > B (
t=—1 n 2ut=1Yt

Using the same techniques as previously described, it is
possible to overbound the numerator and underbound the
denominator of the right-hand side of (35) in terms of the
volumes of the conditional types

1 n Y 1 n ,
N2 =

p 2 E -0 e

t=1 t=1

1A 1
n Extye = ;Zﬂftyt
t=1 t=1

<e, ZGDA,

T(zly) = {I :

< 5} (z,y) € Hn
(39

that are contained in F'(z,y, -), and to establish (14).

P, (Rn)<2
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APPENDIX

Proof of Lemma 1: The proof involves merely a slight
modification of the proof of [1, Corollary 1]. Let

nR_1
P (zy)=1~-|1- q(z')dz’ (A1)
SS(2,w)
and
2nfR_y
Pe,u(za y) =1-|1- Q(zl)dml (AZ)
Su(z,y)
Then, similarly to [1, (A.1)], we get
fs ( )Q(zl)dxl
P..(z,y) < pfo z,y) oy
( ) N ( ) fsg(z‘y) q(z’)dz’
-1
11— 1(2"’2 ~-1) q(z')dx'| . (A.3)
2 S8(zy)
Next define the sets
S1=<(z,y): qZ)de < (2"B-1D71), (A9
S8(zy)
and
Sy = 81 N H,(B). (A5)

Now, similarly as in [1, (A.2)},

s Js.(zy) 9=)da’
up
(@) (B) J5s(.y) 10 )dz'dz’
-Pr{S2} - E{P. (z,9)|S2} + Pr{S5}
<2 sy Js. @z 9=’
<2 s
(@W)€H(B) Jst(zy) 1)
- Pr{S1} + Pr{H;;(B)},

-fﬁ,o(R, n)+1

(A.6)

where the last inequality follows from the union bound and
the fact that the integral of a positive function over the entire
sample space is larger than its integral over S,. From [1,
(A.4)], we have that

1-Pr{Si} < 2P, (R,n) (A7)
From the assumption of the lemma, it follows that for all
sufficiently large n, the probability that (z,y) is outside

H,(B) will be less than Fio(q, R,n). This completes the
proof of Lemma 1. O
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Proof of Lemma 2: By the union bound we have

Pr{HS(B)} < Pr{;ll- iyf > B}+ Pr{|a| > B}

t=1

k
+Pr{63 < B~'}+ ) Pr{|4| > B}.
= (A.8)

Thus, it should be shown that if B is chosen sufficiently large,
each one of the probabilities on the right-hand side of (A.8)
decays faster than e "F(R), As for the first term, since

1
= Zyt <
n t=1
then we have
P1r{l ny > B}'
n t=1
1« 2
< Pr{; 3wl > (\/E — ||V + A)) } (A.10)
t=1

lalv/o2(1 + A) +

which in turn can be made less than e~"E(R) by selecting a
~ sufficiently large B as can be shown by a simple application
of the Chernoff bound (see, e.g., [7, Lemma 12.9.1]). As for
the remaining terms, we have the following expressions for
the components of 4.

k
Ly me(ye — Y midhie)

& = = s (A11)
% 2::1(% - 25;1 77i¢i,t)2
where m; = Y1, Yt
P . )
ﬂl = ; t_zlxt¢i,t — an;, 1=1,-, k, (A12)
and
6'(2] = - Z(.’Bt - ayt Zﬁzfﬁ; t) (A13)

i=1

Regarding the second term on the right-hand side of (A.8),
we have

2
pelal > BY < P gi(1+A) 32}
r{la| > B} < t{ Ly (v - 2:;1 7ii,t)? g
= Pr{ E(yt Z 771¢1 t)2 (1 + A) }
= (A.14)

Let B' 2 B2/02(1+ A). Then, (A.14) is further bounded as
follows.

P 1 n k o 1
T oy tz:(yt - Z Nidiz)” < B
S PI‘{ Z(yt z "h¢z t) <

i=1

- and — Zyt < B}
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+Pr{% >oui> B}. (A.15)
t=1

Again, the exponential decay rate of the second term on the
right-hand side of (A.15) can be made arbitrarily large. As for
the first term in (A.15), note that the coefficient vector n =
M,---,7) minimizes the quadratic form n=1Y p,(y: —
Z:;l &idhi,1)? over all vectors € = (£1, -+, &) in R¥. More-
over, since the energy of y is less than B within the set
of interest, then the minimizing vector £ = 7 must lie
in the k-dimensional sphere ¢7¢ < B, where T denotes
transposition. Fix § > 0, define the grid G = {6 -7 :
i = —[B/&),---,-1,0,1,---,[B/&]}, and let GF denote
the kth Cartesian power of G. From the uniform continuity
of the above quadratic form within the set of all energy-
limited vectors y, one can find a sufficiently small value of
6 (depending on B) such that there exists a vector £ € G*
satisfying

1& k 2
= — b: )2 < -
» 2 Z,-zf"”"‘) B

Thus,

{ Z(yt Z"h¢: t) < a.nd Zyt < B}
Pr{ U : %Z(yt Y e < z }
£€GH =1 =1
Z(yt Z&dm < —}. (A16)

=1

Thus, if we can show that each term on the right-most side
of (A.16) can be made exponentially less than e "F(®), the
result for the first term in (A.15) will follow as G* contains
([2B/61)F points, which is a constant. (Even if k = &k,
o(n1/3), then still this is a subexponential function of n.) To
estimate each term on the right-hand side of (A.16), we first
overbound the volume (Lebesgue measure) of the set

E(yt Z £1¢l t)2 = B }

i=1

AE = {y € R™:

Define an auxiliary pdf,

—n 2 n
O (j;) Hexp{——(yt Zw, t) }
i=1
(A.17)

Let Vol{A¢} £ | 4, dy denote the volume of the set A¢. Then,
we have

> | 9(y)dy
/
> Vol{A¢} - (4x/B')™/2.

1nf exp{——Z(yt Z&dh ¢) }

i=1
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4me\ "2
ZVol{Ag}-(ﬁ) , (A.18)

and hence Vol{A,} < (4me/B’)"/2. Thus, each term in (A.16)
is overbounded as follows:

Priat= [ @ [ awile)

zeR™ YEA;

< / dzq(x) -Vol{Ag}'(vaz)’”/2
zeRn

n/2
< (‘%) - (2mo?)~/2

= ex n 1Io 0B’
- p 2 g 26 bl

which can be made less than e~"E(®) by choosing B suffi-
ciently large. This completes the proof for the second term
on the right-hand side of (A.8). The same technique exactly
can be repeated for bounding the third term. Finally, each
term Pr{|#;| > B} of can be overbounded by the following
consideration. From (A.12), we have

(A.19)

6] < Vo2 +A) + 4] -

Thus, by the union bound the probability that |3;| exceeds B
is less than

Pr{|a|> [B—\/m]m}
eed 13t n- VAT,

which both have been shown already to decay faster than
e "E(R) for a sufficiently large B. This completes the proof
of Lemma 2. O

Proof of Lemma 3: Fix a pair (z,y) € H,(B) and let
Pzz 2 pt Z:=1 :1:?, Pzy 2 ! Z?—_—] Ztys, and p.i: 2
n"l S r Tedis, 4 = 1,2, -, k. Consider the auxiliary back-
ward channel of order % as defined in eq. (4), i.e., the backward
channel

k
Ty =ay: + Zﬂi¢i,t + v,

i=1

(A21)

where v, is a zero-mean Gaussian white noise with variance
o3. Since (z,y) € H,(B) there exists a parameter vector
6 = (62,0,81, -+, 5) such that

1.
Eé“{; 2. y} = pue (A22)
t=1
1 n
E:{",‘i thyt y} = Pxy> (A.23)
t=1
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and
k)1 =
Ey _th¢i,t
gt

where E5{-|y} denotes expectation with respect to V(-|y, 6,
k). This parameter vector, that will be denoted by f, can be
found by solving (k+2) (A.22)«A.24) with (k+2) unknowns.
The fact that (x,y) € H,(B) guarantees that a solution exists
(see (A.11)(A.13)). The resulting 6 attains the maximum of
V(z|y,8,k) as can easily be seen.

To estimate the volume of T*(x|y), we derive upper and
lower bounds on its probability under V (-|y, 8, k). As for an
upper bound, we have

1> V({#: & € T (zly)}y. 4, k)
- / V(&ly, 6, k)dz
Tk (zly)

> Vol{Tf(zly)} - inf
z€Tk (z|y)

> Vol{T(zly)} - V(zly, §, k)

k
. exp{—n [—{2- (dz +2/&| + 22 |B,|> ‘€ }
265 i=1

> Vol{T*(z|y)} - V(zly, b, k) - exp [-neB*(B +k +1)],
(A.25)

(A24)

y}:p;v i:1,2,~--,]€,

V(&ly, 6, k)

where the second last inequality follows from a derivation
similar to (21) and the last inequality follows from the fact
that (z,y) € H,(B). Thus, we get
exp[neB*(B + k + 1)]
maxg V(z|y,0,k)
which completes the proof of part a) of the lemma.
As for part b), we use a similar technique by showing that
the set T*(z|y) has a high probability under V (-|y, 8, k). By
the union bound we have

V(T¥(zly)ly, 6,k) > V(Daly, 6, )
—V{ [5: : %Zfﬁf — Pzz| > e] ]y,é,k)
t=1
D .
_V<{z I thyt — Pzy| > e}‘y,ﬂ,k)
t=1
k 1 n ) R
=N VI(SE: =D Edie—ph|>eply. bk ] (A27)
=1 n t=1

We next underbound all the probabilities on the right-hand side
of (A.27). Consider the backward channel defined in (A.21)
and let

Vol{T¥(zly)} < (A.26)

n 2
= (2m62)~"/2 — A28
o) = o) Lo (~557) 429
denote the pdf of the noise, where v = (vq,---,vy), and let

E,(-) denote expectation with respect to g(-). Thus,

V({:E : %Zityt — payl| > e}‘y,é,k)

t=1
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(A.29)

where we have used the Chebychev inequality and the facts
that (z,y) € H,(B) and 63 < n~1Y 7, 7. In the same

manner, it is easy to see that
N L’B
> €}|y, B,k) < e

B R ;
V({-'L’ P Z%#’i,t - P
t=1

(A.30)
where L is the uniform bound on ¢; .. Now,
1 n
V({f ;;f?—Pm €} y,ﬁ,k)
1 n
~ofiE 5
t=1
9 n k
+ - Z (‘iyt + Zﬂid’i,t) v > E}
n t=1 i=1
<g{y' 1y v: - 62 >£}
S = t — 0o 35
n i 2
2 n
+ g{l/ ;Z(ayt—l-z,@.gb,t)ut > —} (A31)
t=1 i=1

The second term on the right-most side of (A.31) can be
overbounded similarly to (A.29), resulting in

2\, . , £ 16B2
g{u ;;(ayw;ﬂi@»w >§} < (A3

where we have used the fact that projecting a vector on a linear
subspace shrinks its norm and hence,

_Z(ayt+2ﬂz¢tt> %Z$5302(I+A)SB

i=1 t=1

(A33)

The first term in (A.31) is again bounded by the Chebychev

inequality, yielding
1« € 4 1« .
g{"i ;Z v; ~ &3 >§}S Eg{(;ZV?'Uo)Z}
t=1 t=1
2
_ 8% 8B (A34)

nz—:2 -

ne?
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The term V (Daly, 0, k), depends only on n and A but not on
€. Since p,, must lie in the interval [02(1 — A),02(1 + A))],
then its is either an internal point in this interval or an
endpoint. In the former case, V(Daly,d,k) — 1 similarly
as in (A.31)(A.34). In the latter case, say, pz, = 02(1 — A),
the dominating event is

t=1
1 2 ¢ :
N
t=1 t=1 =1
Ay 4T, (A.35)

The probability of (A.35) is larger than the probability that
both Uy > 0 and U, > 0. Now Pr{U; > 0} — 1/2
by the central limit theorem. For every sequence » with a
given energy Y, v2, either ¥ or —v (which both have the
same probability density) is associated with a positive Us.

Thus, the probability that both U; and U, are nonnegative
is asymptotlcally at least 1/4. A similar consxderatlon holds
when pz, = 02(1+A). Therefore, V(Daly,6,k) 2 7o(4) is
asymptotically never less than 1/4. Combining (A.27), (A.29),

(A.30), (A.32), (A.34) and (A.35), we get :

B(kL? + 25B)
v,9, k}

ne2
< V{T‘!c (ly)

< Vol{T (zly)} - max V(zly, 8, k)
‘exp[neBz(B +k+1)],

Yo (A)—

(A36)

where the second inequality is derived similarly to (A.25).
This completes the proof of part b) of Lemma 3. O
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