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Universal Schemes for Sequential Decision -
from Individual Data Sequences
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Abstract—Sequential decision algorithms are investigated, un-
der a family of additive performance criteria, for individual
data sequences, with various application areas in information
theory and signal processing. Simple universal sequential schemes
are known, under certain conditions, to approach optimality
uniformly as fast as »~' log n, where n is the sample size. For
the case of finite-alphabet observations, the class of schemes
" that can be implemented by finite-state machines (FSM’s), is
studied. It is shown that Markovian machines with sufficiently
long memory exist that are asymptotically nearly as good as
any given FSM (deterministic or randomized) for the purpose of
sequential decision. For the continuous-valued observation case,
a useful class of parametric schemes is discussed with special
attention to the recursive least squares (RLS) algorithm.

Index Terms—Sequential compound decision problem, empiri-
cal Bayes estimation, Bayes envelope, Bayes response, finite-state
machines, Lempel-Ziv algorithm, recursive least squares.

. . INTRODUCTION -

ANY different problems that arise in information the-

ory, signal processing, and control theory have the
following generic form. An observer receives serially a se-
quence of measurements 1,Zz,---. At each time ¢, that
is, after seeing z;_1, he selects a strategy b; from a given
class B of permissible strategies, and the task is to minimize
the long run time-average n=' Y1, (b, z:) of a given loss
function I(:,-). If the measurements {z,} are governed by a
known stationary ergodic probabilistic source and B allows
any measurable function b, of the past (z1,---,2:—1), then
the best strategy in the sense of minimizing the expected value
of the time-average of the loss is clearly one that attains (or
approaches) the least conditional expectation of {(b,, z,) given
the past. Moreover, this minimum loss is attainable almost
surely [2] subject to certain regularity conditions on the loss
function, even if the statistics of the source are not known a
priori.

In this paper, we are concerned with the same sequential
decision problem but in a deterministic rather than a prob-
abilistic setting. The sequence x;, z,--- is considered as
an individual, deterministic entity without any assumptions
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on the existence of an underlying statistical model. On the
other hand, in order to incorporate in our model real-life
limitations on computational power and memory resources,
we confine the class B of the allowable nonanticipating
strategies to certain structures with a limited number of degrees
of freedom. Common examples of such classes include the
class of strategies b;(<y,--;Z¢—1) that are implementable by
deterministic finite-state machines (FSM’s) (see, e.g., [11],
[12], [24]{26], [34], [49], [53]), parametric functions of the
near past (in particular, linear functions [36], [38]), neural
networks, etc. o

For the case of FSM’s, earlier work on data compression
[53], gambling [11], and prediction [12] inspire the following
extended setting of the deterministic sequential decision prob-
lem. For the first i outcomes 1, -+, Ty, let uapr(z1," -+, Tn)
be the minimum loss incurred by the best strategy that can
be realized by a machine with M states (M < n). The limit
supremum of this quantity as n — oo, that is upr(z1, 2, ),
describes the least asymptotic loss that an M-state strategy
can guarantee. Finally,

"’oo(xlam% ot ) = A}EPQQ“M(“’Iv“’% .t ')

is the least asymptotic loss achievable by an FSM with
arbitrarily many states. While in this definition, the sequence of
optimal M -state strategies may depend on the entire particular
sequence of observables, we are primarily interested in a
universal sequential decision scheme (strategy) that is indepen-
dent of the particular sequence and yet attains uo, (1, T2, - *)
in the long run. Later on we investigate the same problem when
the class of strategies is extended to that of all randomized
M-state machines. Analogous problems arise for parametric
classes of strategies as described above. As an intermediate
goal in the first problem, we seek a universal sequential
strategy that asymptotically attains uy(z1,---,2s), ic., a
scheme that is nearly as good as. the best fixed (single-state)
strategy for the given sequence.

It has been observed in some particular applications, that

‘the dynamic selection of a strategy that best matches the data’

observed so far is asymptotically as good as the best fixed
strategy that one could have used in retrospect. Moreover,
in many cases, the performance of this dynamic strategy is
within O(n~!logn) close to optimality, uniformly for every
possible data sequence of length n. Several useful examples
of the deterministic sequential decision problem, where this
phenomenon takes place, are the following.

The first example is related to universal data compression.
Let " = (z1,%2,---,Z,) be a given binary string to be
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compressed. Let n,(0) and n.(1) denote counts of “0” and
“1,” respectively, among the ¢ first symbols of £ (t < n).
Define pi(z) = (ne(z) + 1/2)/(t + 1), £ = 0,1, as the
respective (biased) empirical probabilities of “0” and “1.” A
simple application of Stirling’s formula (see, e.g., [31]) shows
that

1 n
P Z —logps—1(x¢)
t=1

1 logn 1

<= Y —logpa(e) +5 +0(=),
t=1 n

S

M

where logarithms throughout the sequel are taken to the
base 2 unless specified otherwise. The left-hand side of (1)
corresponds to the normalized length of a codeword associated
with a sequential optimal Shannon encoder which is based on
current empirical letter probabilities from data observed so
far. This length can be attained using, e.g., arithmetic coding
techniques [33]. The first term on the right hand side of (1) is
the empirical entropy associated with ™, which corresponds
to the minimum normalized codeword length associated with
a fixed codebook that one could have achieved for a particular
z" if he knew in advance {p,(z)}s=0,1. The O(n~1logn)
term in (1) is the loss in performance due to sequentiality
(see also [30], [31], [41], [42], [45]). Observe that (1) can be
formalized as sequential minimization of n=* 3.7 ; I(b, z.),
where the per-letter loss function I(b, z) is given in this case
by

=0,
r=1,

(b, 7) = { ~ logh, @

—log(1 - b),

where the best choice of b € (0, 1] in the sense of minimizing
(t-1)"tt_, —logl(b,x,) is b = ns(0)/t which is nearly
pe-1(0). ‘

Another interesting application of (1) and (2) is sequential
gambling (see, e.g., [S], [11], [29]) where at each round ¢ the
player doubles the fraction of the current capital S, wagered
on the next outcome, i.e., Sy+; = 2bS; if .41 = 0 and
Siy1 = 2(1 = b)S; if x4y = 1. It is easy to see that the
exponential growth rate n~!log S,, of the capital is the time-
average of 1 — (b, x.), where I(-,-) is as in (2) and hence eq.
(1) is meaningful for gambling as well.

Portfolio selection for optimal investment [1]-[3],[6] can be
viewed as an extension of the previously described gambling
problem, where the current capital S; is distributed over m
investment opportunities according to some portfolio b € R™,
a column vector of nonnegative weights summing to unity. The
stock market on day ¢ is characterized by a column vector
z; € R™ with nonnegative components, z} representing the
return per monetary unit allocated to stock ¢ on day . The
yield per unit invested is the weighted average of return
ratios, i.e., the inner product b#z,, where # denotes vector
transposition. Thus, S,, = So [1;_,(b#x:) is the compounded
capital after n investment days. Equivalently, the exponential
growth rate n~!log S, of the capital is the time-average of
I(b, z+) = log(b*z;). In [6] a sequential portfolio selection
scheme has been proposed for arbitrary bounded sequences of
market vectors, which is again as good as the optimal fixed
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investment policy up to a term of O(n~!log n). The proof in
[6], however, relies heavily on special properties of the per-
letter loss function I(b, ) = log(b¥x), considered in this
specific case.

In {12] a result in the same spirit has been established
for the problem of universal prediction of binary sequences,
where predictors have been sought that uniformly minimize
the fraction of prediction errors. The strategy b at time ¢ is
a choice of an estimate Z;, of the next outcome z:; and
I(£441, Ty1) is the indicator function for Zs41 # Zey1 (ie.,
the Hamming distance). Again, the techniques for deriving the
results in [12] are specific to this particular loss function. It
should be pointed out that the results in [12] are different from -
these of Ryabko [45], who focused on a probabilistic setting
and considered the prediction problem as that of reliable
estimation of the conditional probabilities of future outcomes,
given the past, rather than that of estimating the- outcomes
themselves.

When M- = 1, the previous examples can all be viewed
as special cases of a more general setting, referred to as
the sequential compound decision problem, which was first
presented by Robbins [41] and has been thoroughly investi-
gated later by many researchers (see, e.g., [4], [14]-{16], [21],
[22}, [39], [46], [47], [51], [52]). The setup of the sequential
compound decision problem is somewhat more general in the
sense that the observer may access only noisy versions of the
measurements {z.} that appear in the loss function. Hannan
[21] developed in the game theoretic level upper bounds on the
decay rate of the difference between the average loss (or risk)
associated with the best sequential strategy and that of the best
fixed strategy. He has shown a convergence rate of O(n~'/2)
in the finite-alphabet, finite-strategy space case, and a rate of
O(n~1Y°%_;t™®) in the continuous case, provided that the
loss minimizing strategy b*, as a functional of the underlying
empirical measure (i.e., the Bayes response), satisfies a Lips-
chitz condition of order @ > 0. For o = 1, this means a rate
of O(n~!logn). Van Ryzin [51] has shown that even in the
former case the convergence rate can be more tightly upper
bounded by O(n~'logn) under some regularity conditions
on the channel through which the observer receives the noisy
measurements. Gilliland [15] further investigated convergence
rates for the special case of squared-error-loss estimation, i.e.,
I(b,z) = (b — z)?, under various assumption sets.

Swain [50], Johns [28], Gilliland and Hannan [17], Cover
and Shenhar [7], Nogami [39], and Vardeman [52] have
extended the scope of the sequential compound decision
problem and developed sequential decision procedures whose
performance is almost as good as that of the best kth-
order Markovian (rather than fixed) strategy, i.e., the best
strategy that depends at time ¢ on the k preceding outcomes
Tp_k, Tt—k+1," " *»Tt—1, and hence results in an average loss
no greater than that of the best fixed strategy. While the
Markovian strategy is intuitively appealing and plausible when
the sequence is known to have a “Markov structure ” [7], [32],

"it has not yet been justified rigorously for a general arbitrary

sequence considered here.
As mentioned earlier, we study here the more general
class of finite-state strategies. In fact, one important result
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in this work links the performance attainable by the best
kth-order Markovian strategy to that of the best M-state
strategy Specifically, we assume that {,} are directly acces-
sible without noise and extend Theorem 2 of [12], showing
(Section III) that for a given M-state machine, one can pick
a sufficiently large % that is independent of the sequence,
such that the best kth-order Markov machine performs to
within € as well as the M-state machine. This means that
“in the limit of indefinite increase in the number of states, a
Markovian machine is as good as the best deterministic FSM.
As a result, one can gradually increase the Markov order at
a logarithmic rate independently of the particular sequence,
and guarantee convergence t0 U, (21, 2, - ). In Section IV,
this result is further extended, and it is shown that Markovian
machines with sufficiently long memory compete successfully
with every randomized FSM in the sense of minimizing the
expected value of n=1 Y7, I(b;, x;), where the expectation
is with respect to the randomization.

This property of Markovian strategies is utilized in or-
der to relate the least asymptotic loss achievable by FSM’s
over individual sequences to that of the probabilistic case
where any limitations on the allowed nonanticipating strategies
are relaxed. Specifically, following Algoet [2], where the
Shannon-McMillan—Brieman theorem has been extended to
a general sequential decision problem under a stationary
ergodic regime, we show that these two quantities agree with
probability one over an infinite sequence. This extends a result
in the same spirit in the case of lossless coding [53].

Markovian schemes are useful also in continuous alphabet
applications (Section V). One widespread example is pre-
diction under the mean-squared error (mse) criterion, i.e.,
l(bs, ) = (z+ — b:)?, where the strategy (namely, the
predictor) b; is given by a function f(z;—x,-+-,Z¢—1) of the
k most recent outcomes, e.g., a linear predictor [36], where
F(@tapy ety Tem1) = ELI ¢;z1—;. The sequential version
“of this linear predictor leads to the recursive least squares
(RLS) algorithm, which is here shown to be universal in
the previous sense. Another example is vector quantization
(VQ) (see e.g., [19], [27), [35], [37]), where £ € R™ and
(b, z) = d(z,Qs(z)), d(-,-) being a distortion measure
and Q3(-) a quantization function with quantization cells and
centroids parametrized by b. Again, by allowing b to depend
on the k preceding samples (or their quantized versions), we
can implement a family of vector quantizers with memory
[19], e.g., feedback quantizers, predictive quantizers, finite-
state quantizers, etc. :

II. FIXED STRATEGY

We start from some preliminaries and provide a suffi-
cient condition for a sequential procedure to perform within
O(n~logn) as well as the best fized strategy. This condition
is not entirely new and has appeared in several variations (see,
e.g., [14], [16], [21], [46], [51]) for the finite alphabet case
and the continuous alphabet case separately. Here, for the
sake of convenience, we formulate it in a unified way that
is-suitable for both-cases. This will serve as a background for
the derivations that follow in Sections III, IV, and V.
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Consider an arbitrary (deterministic) sequence of obser-
vations " = (z1, T2, '*,Tiy *+,Tp), &; taking values in
some alphabet X. An observer wishes to select a member b
from a set B of permissible strategies so as to minimize the
time-average of a certain loss function I(b, %), i.e., attain

u(z"™) :%Iéig % Z I(b, z4). ?3)
t=1

Unfortunately, since the best strategy b}, that attains u(z™)
depends, in general, on the entire sequence z™, it cannot be
found in a sequential manner. A natural alternative is to adapt
the strategy b, at each time instant ¢ (before seeing ), to the
data observed so far, i.e., to use at time ¢ a strategy b}_, that
minimizes the quantity

t—1 .
—= S bz, t>1 @
=1

and an arbitrary strategy at time ¢ = 1. The basic fact that is
shown in this section is that, under certain regularity condi- -
tions, the sequence of strategies {b_,}7., is asymptotically
as good as b;. More precisely, let

IR CEENS
t=1" ’

Then, the difference @(z™) — u(z™) vanishes as fast as
n~!logn, uniformly for every sequence z". This claim
holds true whether or not u(z") and @(z™) converge as
n — oo. Hence, no assumptions concerning asymptotic mean
stationarity [20] and ergodicity of an underlying probability
measure are required. .

To formulate regularity conditions on I(-,-) it will be
convenient to consider the empirical probability measure,
P,=n"! Y7 . &, (where §;, z € X, is the unit point
mass at z) and to regard time-averages as expectations with
respect to P, e.g., n~t 3., I(b,z:) = Ep,l(b,X), where
X denotes a random variable (governed by P,). -

Let P be a probability measure defined on a measure space
(X, F), F being a sigma-field generated from subsets of X.
Assume that P belongs to a set P of probability measures

defined as P 2 {P: dbe B, Epl(b,X) < oo} and let

®)

a(z") 2

Sim

&)

U(X) gél{;Epl(b, X).
In the sequel, when we would like to stress the dependency of
U(X) upon P, we shall denote it by U(P) with a slight abuse
of notation. This quantity, called the Bayes envelope (see, e.g.,
[46]), can be thought of as a generalized notion of the entropy
since in the special case (2) it agrees with the binary Shannon
entropy. (This may serve as an intuitive explanation of the
fact that sequential decision procedures have been proposed
to assess the degree of “randomness” of a sequence [48]). It
is very easy to see that U(P) is always a concave functional
[16]. Of course when P is the empirical measure P, then
U(P,) = u(z").
The following assumption on I(-,-) will be made.

Authorized licensed use limited to: Technion Israel School of Technology. Downloaded on January 15, 2009 at 09:36 from IEEE Xplore. Restrictions apply.



MERHAV AND FEDER: UNIVERSAL SCHEMES FOR SEQUENTIAL DECISION FROM INDIVIDUAL DATA SEQUENCES

AssumptionA: If P € P, then the infimum (6) is
also a minimum, and there exists a minimizer b*(P), ie.,
Epl(b*(P),X) = U(P), such that for every P € P and
z € X,

sup L |I(6*(P),z) = I(b*(1—)P+0ab,),7)| < K, (7)
ag(0,1) &
for some K < oo.

Assumption A is a version of the Lipschitz condition on
I(b*(-),z) as a functional of P, where distances between
probability measures are restricted to convex combinations
with unit point mass measures. The supremum over o can
be replaced by a limit as @ — 0% (Gateaux derivative),
resulting in a slightly- weaker version of the assumption A,
at the expense of restricting I(-,-) to be bounded. In the
finite-alphabet case, Gilliland and Helmers [16, Theorem 2]
provide necessary and sufficient conditions for [(b*(P),z)
being continuous w.r.t. P in the “direction” (1 — a)P + af,.
It is easy to imply from the proof of [16, Theorem 2] (see also
Samuel [46]) that in the finite-alphabet case, Assumption A is

- equivalent to the condition that U (P) has derivatives w.r.t the

letter probabilities, and they all satisfy a first-order Lipschitz -

condition.

The following theorem provides bounds on the average
loss @(x™) associated with the sequential strategy selection
procedure b}_, = b*(P;_1), in terms of the loss associated
with. the best fixed strategy u(z™).

. Theorem 1: Under Assumption A, for every z™,
K
u(a") < (") < u(@") + = ln(n) + 1],

where K is as in (7).

The theorem tells us that applying the best strategy b* (Pt 1)
for the data observed so far is not as good as the best
fixed strategy, but it results in an average loss which is only
O(n~'logn) far away from optimality.

®

Proof of Theorem 1: The proof is similar to these in [21]
and [46] and brought here for the sake of completeness. The
theorem follows from two simple inequalities due to Hannan
[21] (see also Gilliland [14]) that follow directly from the
definition of b*(P) as a'minimizer of the loss. First, note that
by the definition of b*(P),

n - u(z ") -

= Z Ub*(Py), )

n

o
n

<Y 0 (Paa) )

:: 1(b* (Pa1), z1) + 1(b* (P — 1), )

< : 1(6*(Pa_s), z¢) +l(b*(P ~1);%¢)

=:l (6" (Pa_ 2), zt)+t—;l 1(0*(Pe-1), ), (9)
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and so forth, ending up with

n-u(z") < Xn: I(b*(Pi—1),2) = n - a(z™),

t—-1

(10

which completes the proof of the left inequality of Theorem 1.
As for the right inequality, similarly to (9) and (10), we have

11" (Pr), @e) + 1(5*(Pn); Tn)

Ub" (Pn-1),@¢) + U(b*(Pa), n)

t=1

. n=2 n

=3 Ub*(Par)yz) + Y U (P)ym2)
t=1 t=n—1
n—2 v n

23 W (Paca)yz) + Y U (Py), ),
t=1 t=n—1

an

and so forth, ending up with
u(z™)
t=1

By Assumption A and the fact that P, =
t716,,, we have

(- t—l)Pt—l +

W (P, o) — (P2l < . (13)
t

Hence, the right-hand side of (12) is further underbounded as
follows.

= Z 1(6*(P.), z¢)

t=1

l(b* (Pt—l)’ xt)

t=1
K1
—a(z") - 2 = 14
i(z") - ; ; (14
Finally, since
n 1 n n t d
Y i=1+) % <1+ / &
=t t=2 = Jt-1 U
=1+/ d——1+1n('n.),
1 u
the proof of Theorem 1 is complete. a

Assumption A (and similarly, assumptions made in [14],
[16), [21]), though satisfied for a reasonably wide class of loss
functions I(-, -), is somewhat more demanding than necessary
in the sense that it does not cover all these examples and yet
the theorem holds for all of them. This assumption, however,
makes the proof of the theorem intuitively appealing. It is
based upon the following simple idea: If z; was available
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Z 16" (P), ) > - Z 16*(P),ze). (12)
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