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Optimal Sequential Probability
Assignment for Individual Sequences
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Abstract— The problem of sequential probability assignment
for individual sequences is investigated. We compare the prob-
abilities assigned by any sequential scheme to the performance
of the best “batch” scheme (model) in some class. For the class
of finite-state schemes and other related families, we derive
a deterministic performance bound, analogous to the classical
(probabilistic) Minimum Description Length (MDL) bound. It
holds for “most” sequences, similarly to the probabilistic setting,
where the bound holds for “most” sources in a class. It is shown
that the bound can be attained both pointwise and sequentially
for any model family in the reference class and without any
prior knowledge of its order. This is achieved by a universal
scheme based on a mixing approach. The bound and its sequential
achievability establish a completely deterministic significance to
the concept of predictive MDL.

Index Terms—Universal coding, sequential schemes, minimum
description length, finite-state machines, prediction, gambling.

I. INTRODUCTION

T is widely recognized, following Solomonoff [28] and

more recently Rissanen [21], [23] and Dawid [9], that an
important goal in inductive inference is learning a conditional
probability distribution of future data based on the past.
Imagine a situation where data is observed sequentially, i.e., at
each time instant ¢ and after having observed past data z} =
T1Z9 - - - T; one wishes to make inferences on the next outcome
x;,1 by assigning a conditional probability distribution p(-|z%)
to it. In the long run, the goal is to maximize the assigned
probability of the entire sequence

n—1
P(zt) = [[p(wisaled). 1
i=0

This probability assignment problem finds its applications in
coding [24], gambling [10], and prediction [26]. In noiseless
coding, for example, —log P(z7}) is the code length of a
Shannon code, based on the above probability assignment,
which can be implemented sequentially by arithmetic coding
[24]. Clearly, a good inference procedure that induces a high
probability P(z7) also yields a short code to the given input.
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As for garnbling, if the {z;} are binary, then 2"P(z}) is
the capital gain obtained by investing, at each time instant,
a fraction of the current fortune that is proportional to the
conditional probability p(-|z¢) of the next outcome. Again,
the larger the probability assigned to zT, the larger is the final
fortune.

In spite of being concerned with a sequential probability
assignment problem, we do not assume the data to be generated
by a probabilistic source but, rather, we regard zT as an
individual sequence over a finite alphabet A. Suppose that we
have a class of machines with limited resources that assign
probabilities to sequences. In many cases, the probabilities
induced by these machines correspond to parametric proba-
bilistic models, e.g., the class of finite-state (FS) machines
(or FSM’s) is associated with probabilistic FS sources, block
codes correspond to blockwise memoryless sources, and so
on. Let each machine (or model) in the class be indexed
by a parameter vector @ that takes values in a set © whose
dimension % expresses the amount of resources. Let Pg(z"i)
be the probability assigned to a sequence z} by the machine
#. Observe that any machine @ can be viewed as a sequential
probability assignment scheme which at time ¢+ 1, after having
observed x%, assigns to z;,; a conditional probability

. _ Pp(zi*h)
pg(Tiv1lr]) = 57—, 2
0( + | 1 Pﬂ(xl)
provided that the marginality condition
> " Py(a}a) = Py(=}) ©)

a€A

is satisfied for all 7 > 1. Now, given z7, we are interested
in the logarithm of the assigned probabilities, which gives the
code length, or the capital growth rate, induced by the assign-
ment. If the whole sequence was available in advance, then
the highest log-likelihood in the family, log maxg_g Pg(z7),
would be attained by a machine 8(z7). However, since 8(z7)
depends on the entire sequence, it cannot be anticipated in a
sequential regime. Thus, the maximum likelihood probability
cannot be assigned to all sequences by a single machine.
But we wish to design a single universal sequential ma-
chine, that implements a probability assignment by reading
the components of =7 serially and assigning dynamically con-
ditional probabilities p(;41]|23) on-line. Here the attributes
“sequential” and “universal” are highly interrelated as they
both mean that the conditional distribution p(-|z%) depends
neither on z;4; nor on future outcomes. In addition, by
universality we also mean closeness to optimality and this
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raises the question: How does the accumulated log-likelihood
3 ;0 log p(z;11|x%) assigned by any universal scheme com-
pare to the optimum “batch” performance log maxg e oFp(z1)?

An upper bound on the accumulated log-likelihood of any
universal scheme, that holds for “most” sequences (with a
suitable definition of this term), and which is related to the
concept of competitive optimality of codes [4], [11], is applied
to show our first result, stating that for FSM’s and other related
families, the above log-likelihood must be asymptotically far
away from the maximum by a quantity at least as large as
0.5k log n, for “most” sequences. As for noiseless coding, this
means that for any uniquely decipherable encoder that assigns
to =} a code whose length is L(z7), for any € > 0, all large
n, and “most” sequences,

k
L(z7) > —logmaxg o Fg(z7) + (5 - s) logn. @)

This result can be viewed as a deterministic counterpart to the
classical probabilistic lower bound [22], which states that for
any (universal) code, and for “practically all” sources in the
class {Py(-), 8 € ©}, the expected code length essentially
cannot be less than —Eglog Fg(z7) + 0.5k logn, where Eg
denotes expectation with respect to (w.r.t) Pg. The bound
in [22] has strengthened earlier minimax bounds for universal
codes developed in [6]-[8] and [13]. Similarly, (4) strengthens
the asymptotic version of a pointwise minimax bound due to
Shtar’kov [27, Theorem 1] (where a maximum over all n-
sequences is taken). Thus, while the minimax results state that
there exist “situations” where the lower bound holds (where
a situation means a source or a sequence, depending on the
framework), in [22] and here in (4) the bound holds for most
situations, where the term “most” will be defined later. It must
be said, however, that while the minimax bounds hold for
any value of n (see (7] and [27]), the corresponding stronger
bounds are merely asymptotic.

Another aspect of (4) is a justification of the concept
of Minimum Description Length (MDL) for individual se-
quences. The quantity —log maxg . Pg(z7) + 0.5klogn in
(4) is recognized as the asymptotic stochastic complexity of
zf w.r.t. the model family ©, [21], and is the basic ingredient
in the MDL principle [18], [19]. This principle is applied when
we wish to select a model that “explains best” x7, among all
models in a sequence of parametric families {F, g(-), 0 €
Om}, m=1,2,---, where O, is a set of parameter vectors
whose dimension k,,, is nondecreasing with m. Specifically,
the MDL principle suggests choosing the model that minimizes
the code length for z7. In its original formulation the code
length was computed with a “two-part” code, in which the
parameters are optimally quantized and encoded, and then
the data is encoded with an ideal code length [24], given the
quantized parameters. Asymptotically, this results in choosing
the model that attains

I,Sig [—log P, g(z7) + %"log n} )
Assuming that the parametric families are nested, the first term
in (5) is nonincreasing with k,,, while the second term is

increasing. Thus, their sum is normally minimized by some
finite m.

The justification of referring to (5) as the MDL of z7}
has been originally provided in [18] and [19] merely on the
basis of the above particular coding scheme. Nevertheless, a
profound justification exists when z7 is treated as a member
of a probabilistic ensemble and expectation is taken. In this
probabilistic setting, the above mentioned lower bound on the
expected length [22] is a converse to the universal coding the-
orem. Thus, the codes traditionally used to express the MDL
(two-part, enumerative, mixture, predictive [20]-{22], [29])
are justified by achieving a lower bound “on the average.”
The fundamental idea of the MDL principle, however, resides
in fitting a probabilistic model to a deterministic sequence,
and thus a stronger justification of the definition of (5) as
“the information in z7” [22] results from the bound (4) or its
immediate ccrollary

km
L(z}) > mig —log Pm‘o(xi‘) + (7 - e>log n], (6)

which again holds for any encoder and “most” sequences.

Our second main result is that for many useful model
classes m can be assumed as unknown, yet a sequential
scheme for optimal probability assignment exists. Moreover,
this scheme is strongly sequential, i.e., the target length n
of the sequence does not have to be prespecified. Here,
optimality means that our strongly sequential scheme is guar-
anteed to assign a likelihood that is essentially not less than
maxm’o[log P, g(z}) — 0.5knlogn], namely, to attain the
bound for any value of m simuitaneously. Thus, the scheme
is “twice-unisersal” [25]. In terms of noiseless coding, this
means a strongly sequential code whose length never exceeds
(6), where tte minimum is taken w.r.t. any finite subset of
indexes {m} that is not necessarily known a priori.

The idea in constructing this doubly-universal scheme is
to define the universal probability measure P(-) as a two-
level mixture of all models (machines) in the family. The
first level consists of a continuous mixture in each ©,,.
This is easy to implement (in the FS case) sequentially
by accumulating a product of the current (biased) relative
frequency estimates of the conditional probabilities at each
time instant (a variation of Laplace’s estimator [13], [27]).
The second .evel of mixing assumes a certain prior on the
integers m == 1, 2,---, which if chosen appropriately, cre-
ates an overall mixture P(z7) satisfying (3), thus inducing
conditional probabilities {p(z;41|z)}7 that depend on i
and z¢ but not on n. Hence, it can be implemented in a
strongly sequential fashion. Moreover, a key observation is
that for the considered model families, the countable mixture
over m, in fact, degenerates to a finite mixture, because the
contribution of all first-level mixtures over ©,, is the same
for all values of m that exceed a certain threshold depending
on n. A similar approach has been proposed in [26] for batch
coding of Markovian probabilistic sources. Here we widen
the scope both to the sequential deterministic setting and to a
more general framework that allows several other families of
machines. Examples are Markovian (finite-memory) machines,
block encoders, and a family of models that allows an abrupt
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switch from one FSM to another. For the sake of concreteness,
we present the main results first for FSM’s, but we show later
how similar ideas are applicable to the other model families.
In the FSM case, the double universality implies that both the
cardinality and the connectivity of the graph supporting the
FSM are unspecified. The achievability of the bound further
strengthens the deterministic significance of the (predictive)
MDL concept.

Note that the Lempel-Ziv algorithm [33] also induces
conditional probability distributions [24, Theorem 1], [14]
such that the log-likelihood of any individual sequence is
asymptotically as large as that assigned by any fixed FS model.
This follows since the induced probability measure can be
interpreted as a Markovian measure of slowly growing order,
which eventually assigns a probability higher than that of
any FS scheme. However, the Markovian order is growing
indefinitely, and hence, unlike our results, the “redundancy”
is large as compared to the lower bound (6).

It is interesting to point out that in the probabilistic setting
where z7 is governed by some FS source, it has been shown
[29] that the MDL is attainable by using a “plug-in” approach,
namely, by a sequential encoder that at each time instant re-
estimates a model in the family (the number of states, the
structure of the machine, and the parameter #), and arithmetic
coding [24] w.r.t. this estimate is employed to encode the next
symbol. On first glance, it seems natural to apply this approach
when double universality in a deterministic setting is required.
However, we show that for a wide class of reasonable model
estimators, it does not attain the MDL for every sequence.

The outline of the paper is as follows. In Section II we
establish the performance bound and discuss its significance.
In Section III, we discuss the achievability of the bound in light
of previous work dealing with sequential or doubly-universal
codes in the FS class ([20], [25], [27], [29]), and rule out
the “plug-in” approach. In Section IV, we present the mixture
approach and show that it attains the bound while degenerating
to a finite (calculable) summation. Finally, in Section V, we
show how the proposed method is applied to handle the issue
of both sequentially and doubly universality for other model
classes, where we have a countable set of model families and
a strongly sequential universal scheme for each family.

II. STATEMENT OF THE PROBLEM AND PERFORMANCE BOUND

Consider the problem of designing a machine A that, when
fed with a finite-alphabet sequence z7, sequentially assigns a
conditional probability distribution for the next outcome given
the past. What are the fundamental limitations on the highest
attainable probability? To answer this question we start by
establishing a simple general upper bound on the probabilities
Ppq(z) allocated by M to “most” sequences z7.

Hereafter, we assume that the input alphabet A consists of
a letters and we denote the set of all n-sequences by A™. A
partition {T;}I_, of A™ is a collection of N disjoint subsets of
A™ whose union is exactly A™. The following lemma states
that the set of sequences that violate the above mentioned
upper bound is small in some sense. Later on we shall apply
this lemma to compare the probabilities assigned by M to

those generated by FSM’s, which induce a natural partitioning
of A™ into types.

Lemma !: Let Pyy(z7) denote the probability assigned by
a scheme JM to a sequence x7. Given € > 0 and a partition
{T;}}L; of A™, let Baq(e) denote the set of sequences over
A™ that do not satisfy the upper bound

1
IT(7)|N =€
where T'(27) denotes the class containing z}. Then, the

fractions p, of sequences in T} belonging to Ba4(e), defined
by

Pp(a7) < Q)

A |Bum(e) N T}
satisfy
N
N7y "p; < N~=. )
j=1

Lemma | implies that if N grows with n, then the average
fraction of sequences in each class to which M assigns
probabilities that violate (7), vanishes with n. In particular,
if M is constrained to assign a fixed probability within
each class, then the fraction of classes whose sequences have
“large” probabilities vanishes.

Proof of Lemma 1: We have

1= 3 Pud)> Y Pu(a})

znEAn a7 €Bas(e)
Y1
> = pi| T} 10
;[Tjlel_E p]l JI’ ( )

which yields (9). Q.E.D.
Applying Chebyshev’s inequality using a uniform distribu-
tion over the classes, it is easy to see that the fraction of classes
containing a significant fraction of sequences with “large”
probabilities, vanishes, as stated in Corollary 1.
Corollary 1: Let Na4(€) denote the number of classes T'
for which

Bume)nT
Then,
]_V_J;ﬁvifl < N—¢/2, a2

Lemma | can be interpreted in terms of competitive opti-
mality of codes [4], [11]. Consider a probability distribution
Pr(-) over A™ that assigns a uniform probability over the
classes T, 1 < j < N, and a uniform probability within each
class. A prefix code matched to Pr would assign to z7 a code
length Lp(z7) = logT(27) + log N. The probability under
Pr that a code matched to some Pay(-) would assign to z7
less than I (z}) — elog N bits is upper bounded by N~*
(see, e.g., [11, Theorem 1]). Now, clearly, this probability is
N=15Y | pj, which is exactly (9).

Hereafter, we assess the performance of M relative to some
competing family F of probability assignment schemes, by
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comparing each assigned probability Py(z7) to the maximum
probability Pe(z7) assigned by a scheme F(z7) in F, matched
to the specific sequence. Thus, while M is a fixed sequential
scheme, independent of z¥, a “batch” procedure in which the
sequence is prescanned is allowed for chosing the best scheme
in F. Note that, in general, M ¢ F. For a given family F, let
the partition of Lemma 1 be defined by the equivalence relation

13)

i.e., two sequences are in the same class if and only if they are
assigned the same probability for every F € F. Then, Lemma
1 can be used to measure the performance of M relative
to F, provided that we lower-bound |T'(z7)|, as defined by
(13), in terms of Pr(z?}), ie., the “maximum likelihood”
of z w.r.t. the model family F. The reference families in
this section contain machines with limited resources, that
implement schemes whose :th assignment, 7 > 1, depends on
the past data zil"l only through a state variable z;_;, which
is determined by an FSM.

Specifically, an FSM F is defined by a state space S of
finite cardinality &, with the transitions between states being
determined by a “next-state” function f that maps S x A into
S. When a sequence z; z3 - - - is fed into F, the state variable
evolves recursively according to

z7 ~ y7 iff Pr(zl) = Pr(y7) forevery F € F,

i>1 (14)

A
2i = f(zi—la Ii)v

where z( is a given initial state. An FSM can be illustrated
as a directed graph with k vertices corresponding to the
states and with edges corresponding to the allowable state
transitions dictated by f. Thus, we assume « outgoing edges
from each vertex, although later on we dispense with this
assumption. Markovian machines are a special case where
the state is formed by sliding a finite window on the recent
past of the data. A machine F' is completely characterized by
the quadruple (S, k, f, zo). We also assume that the graph
determined by f is strongly connected, but the results can be
extended to any FSM. If F is the family of schemes defined
by an FSM F|, then by (1) the probability assigned to =7 by
a scheme F € F has the product form

Pr(a}) = [ [p(@:l2i-1)

=1

(15)

where p(alz), a € A, z € S, is a vector of conditional
probabilities that represents the free parameters of the machine,
and 2§ = 20 21---2n denotes the sequence of states, as
defined by (14). Now, defining for every z € S and every
a € A the count

i
pi(za) £ 3 6(zio1, 23 w4, ),

(16a)
i=1
where
o o a1 if zi_i=zand z; = a
8(2i-1, 25 iy a) = {0 otherwise, (16b)
then (15) takes the form
Pr(z})= ][] »plalzy~C. (17)

a€A, z€S

Thus, by (13) and (17), the equivalence classes defining the
partition to bz used in conjunction with F and Lemma 1, are
given by sequences having the same FS-type w.rt. F, ie.,
sequences having the same counts y,(za) for every z € S
and every a = A. Furthermore, by the FS property (17), any
scheme in F must use a fixed strategy each time a symbol
a € A is received at state z € S. It follows by Gibb’s
inequality that, for a given input sequence z7, the maximum
probability Fi(x7) is attained when each p(a|z) agrees the
“empirical” conditional probability P,(a|z) relative to z7,
defined by

. é _
Po(alz) & {?Lngzq if pn(2) = 3 ocabin(za) =0

otherwise,
pn(2)
(18)
and derived from the joint empirical measure over § x A
Po(za) & Fo(20) (19)
n
Thus, the best scheme in F yields a total probability
Pe(a}) = 27 "HGETIF) (20)

where H(z}|F) is the conditional entropy w.r.t. F of the
empirical measure, namely

A3F) 2 =35 Pu(za)log Pa(alz)

a€EAzES

(2D

where hereafter the logarithms are taken to the base 2 and
Olog0 2.

Next, we use Corollary 1 to derive a bound on the perfor-
mance of any scheme AM w.r.t. the family of schemes defined
by an FSM #7, for “most” sequences, in the sense defined by
(9). By (20), we need to lower-bound the difference

—n"Yog Pm(a}) — H(z}|F). (22)
This is done in the following theorem, which is the main result
of this secticn.

Theorem I: Let M be an arbitrary probability assignment
scheme. For any FSM F = (S, k, f, z9) supported by a
strongly connected graph, fix € > 0 and let B4(e|F) denote

the set of n-sequences for which M assigns a probability
Ppq(-) such that

logn

—%log Pu(z?) < H(z}F) + [k(a2_ b _ e] . (23)

n

Let Naq(g|F) denote the number of FS-types T' w.r.t. F' for
which

B nnT
|Br(ElF) ]

n—5/3)
|7

(24)
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