Error Exponents of Erasure/List Decoding Revisited via Moments
of Distance Enumerators *

Neri Merhav

September 17, 2008

Department of Electrical Engineering
Technion - Israel Institute of Technology
Haifa 32000, ISRAEL

Abstract

The analysis of random coding error exponents pertaining to erasure/list decoding, due to
Forney, is revisited. Instead of using Jensen’s inequality as well as some other inequalities in the
derivation, we demonstrate that an exponentially tight analysis can be carried out by assessing
the relevant moments of a certain distance enumerator. The resulting bound has the following
advantages: (i) it is at least as tight as Forney’s bound, (ii) under certain symmetry conditions
associated with the channel and the random coding distribution, it is simpler than Forney’s
bound in the sense that it involves an optimization over one parameter only (rather than two),
and (iii) in certain special cases, like the binary symmetric channel (BSC), the optimum value
of this parameter can be found in closed form, and so, there is no need to conduct a numerical
search. We have not found yet a numerical example where this new bound is strictly better than
Forney’s bound and this may provide an additional evidence to support Forney’s conjecture that
his bound is tight for the average code. However, when applying the proposed analysis technique
to a certain universal decoder with erasures, we demonstrate that it may yield significantly
tighter exponential error bounds. We believe that this technique can be useful in simplifying
and improving exponential error bounds in other problem settings as well.

Index Terms: random coding, erasure, list, error exponent, distance enumerator.

1 Introduction

In his celebrated paper [6], Forney extended Gallager’s bounding techniques [5] and found exponen-

tial error bounds for the ensemble performance of optimum generalized decoding rules that include
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the options of erasure, variable size lists, and decision feedback (see also later studies, e.g., [1],

[8],19], [11], [14], and [17]).

Stated informally, Forney [6] considered a communication system where a code of block length n
and size M = €™ (R being the coding rate), drawn independently at random under a distribution
{P(x)}, is used for a discrete memoryless channel (DMC) {P(y|z)} and decoded with an erasure/list
option. For the erasure case, in which we focus hereafter, an optimum tradeoff was sought between
the probability of erasure (no decoding) and the probability of undetected decoding error. This
tradeoff is optimally controlled by a threshold parameter T of the function "’ to which one
compares the ratio between the likelihood of each hypothesized message and the sum of likelihoods
of all other messages. If this ratio exceeds e”! for some message, a decision is made in favor of that

message, otherwise, an erasure is declared.

Forney’s main result is a lower bound F;(R,T') to the exponent of the probability of the event
&1 of not making the correct decision, namely, either erasing or making the wrong decision. This
lower bound is given by

E\(R,T) = onax [Eo(s,p) — pR — sT) (1)

where
o
Eo(s,p) = —In [Z <Z P(z)P'™* y\l’) <ZP )PP y\%)) ] (2)
y T

The probability of the undetected error event & (i.e., the event of not erasing but making a
wrong estimate of the transmitted message) is given by Es(R,T) = E1(R,T) + T. As is seen, the
computation of E1(R,T) involves an optimization over two parameters, p and s, which in general

requires a two—dimensional search by some method. This is different from Gallager’s random coding



error exponent for ordinary decoding (without erasures), which is given by:

Er(R) = max [Eo(p) — pH], (3)

with Ey(p) being defined as

1+p
Eo(p) =~In |} (Z P(a)P/0+7) (ylar)> : (4)

where there is only one parameter to optimize. In [6], one of the steps in the derivation involves
the inequality (3°; a;)" < >, al, which holds for 7 < 1 and non-—negative {a;} (cf. eq. (90) in [6]),
and another step (eq. (91e) therein) applies Jensen’s inequality. The former inequality introduces

an additional parameter, denoted p, to be optimized together with s.

Here, we offer a different technique for deriving a lower bound to the exponent of Pr{&;},
which avoids the use of these inequalities. Instead, an exponentially tight evaluation of the relevant
expression is derived by assessing the moments of a certain distance enumerator, and so, the
resulting bound is at least as tight as Forney’s bound. Since the first above-mentioned inequality
is bypassed, there is no need for the parameter p, and so, under certain symmetry conditions
(that often hold) on the random coding distribution and the channel, the resulting bound is also
simpler in the sense that there is only one parameter to optimize rather than two. Moreover,
this optimization can be carried out in closed form at least in some special cases like the binary
symmetric channel (BSC). We have not found yet a convincing numerical example where the new
bound is strictly better than Forney’s bound. This may serve as an additional evidence to support
Forney’s conjecture that his bound is tight for the average code. Nevertheless, when applying the
same analysis technique to a certain universal decoder with erasures, we demonstrate by numerical
examples that significantly tighter exponential error bounds can be obtained compared to the

technique used in [6].



We wish to emphasize that the main message of this contribution, is not merely in the simpli-
fication or the improvement of the error exponent bound in this specific problem of decoding with
erasures, but more importantly, in the analysis technique we offer here, which is applicable to other
problem settings as well, e.g., the interference channel [7] and the degraded broadcast channel [10].
The underlying ideas behind this technique are inspired from the statistical mechanical point of

view on random code ensembles, offered in [15] and further developed in [12] (see also [2]).

The outline of this paper is as follows. In Section 2, we establish notation conventions and give
some necessary background. In Section 3, we present the main result and discuss it. In Section 4,
we derive the new bound, first for the special case of the BSC, and then more generally. Finally,

in Section 5, we analyze a universal decoder as described above.

2 Notation and Preliminaries

Throughout this paper, scalar random variables (RV’s) are denoted by capital letters, their sample
values are denoted by the respective lower case letters, and their alphabets are denoted by the
respective calligraphic letters. A similar convention applies to random vectors of dimension n and
their sample values, which will be denoted with same symbols in the bold face font. The set of all
n—vectors with components taking values in a certain finite alphabet, will be denoted as the same
alphabet superscripted by n. Sources and channels will be denoted generically by the letter P or Q.
Information theoretic quantities like entropies and conditional entropies, will be denoted following
the usual conventions e.g., H(X), H(X|Y), etc. When we wish to emphasize the dependence of the
entropy on a certain underlying probability distribution @ we subscript it by @, i.e., use Hg(X),
Hg(X]Y), etc. The expectation operator will be denoted by E{-}, and again, when we wish to

emphasize the dependence on @, we denote it by Eg{-}. The cardinality of a finite set A is denoted



by |A|. The indicator function of an event £ is denoted by 1{€}. For a given sequence y € V",
Y being a finite alphabet, Py denotes the empirical distribution on ) extracted from y, in other
words, Py is the vector {Py (y), y € Y}, where Py(y) is the relative frequency of the letter y in
the vector y. For two sequences of positive numbers, {a,,} and {b,}, the notation a, = b, means

that %ln Z—Z — 0 as n — oo. Similarly, a, S b, means that limsup,,_, % In Z—Z < 0, and so on.

Consider a discrete memoryless channel (DMC) with a finite input alphabet X, finite output
alphabet Y, and single-letter transition probabilities {P(y|z), © € X, y € Y}. As the channel is
fed by an input vector & € A", it generates an output vector y € V" according to the sequence
conditional probability distributions P(y;|x1,..., 2 y1,...,¥i—1) = P(yi|z;), i = 1,2,...,n, where
fori =1, (y1,...,vi—1) is understood as the null string. A rate—R block code of length n consists of
M = e™® pvectors &,, € X", m =1,2,..., M, which represent M different messages. We assume

that all messages are equiprobable.

A decoder with an erasure option is a partition of Y™ into (M + 1) regions, R, R1,...,Rus-
This decoder works as follows: If y falls into R,,,, m = 1,2,..., M, a decision is made in favor of
message m. If y € Ry, no decision is made and an erasure is declared. We will refer to Ry as the
erasure event. Given a code C = {x1,...,x)} and a decoder R = (Ro, R1,...,Rp), we define two
additional undesired events. The event &£ is the event of not making the right decision. This event
is the disjoint union of the erasure event and the it undetected error event £, namely, the event of

making the wrong decision. The probabilities of these events are as follows:

M 1 M

Pri&} = >, > Pl@my) =172 P(ylzn) (5)
m=1YeRs, m=1YeRs,
M 1 M

PI{SQ} = Z Z Z P(mm’ay) = M Z Z Z P(y‘mm’) (6)
m=1YcRm m'#m m=1YER,m m'#m

PI’{R()} = Pr{gl}—Pr{gg}. (7)



Forney [6] shows that the best tradeoff between Pr{& } and Pr{&;} is attained by the decoder

R* = (R§, R, ..., Ry) defined by

P(ylzm) T
R, = Sy: >e™ 3y, m=1,2,....M
{ Zm’;ﬁm P(y|mm’)

M
Ry = [ (R (8)
m=1

where (R},)¢ is the complement of R, and where T' > 0 is a parameter, henceforth referred to as
the threshold, which controls the balance between the probabilities of £ and &. Forney devotes the
remaining part of his paper [6] to derive lower bounds, as well as to investigate properties, of the
random coding exponents (associated with R*), F1(R,T) and E2(R,T), of Pr{&;} and Pr{&}, the
average probabilities of £ and &y, respectively, (w.r.t.) the ensemble of randomly selected codes,

drawn independently according to an i.i.d. distribution P(x) = [}, P(x;).

3 Main Result

Our main result in this paper is the following:

Theorem 1 Assume that the random coding distribution { P(z), x € X} and the channel transition

matriz {P(y|x), x € X, y € Y} are such that for every real s,

Yy(s) 2 —In [Z P<x>Ps<y|x>] (9)

TeX

is independent of y, in which case, it will be denoted by ~v(s). Let sp be the solution to the equation

v(s) = s7'(s) = R, (10)
where v'(s) is the derivative of v(s). Finally, let

Ei(R,T,s)=A(R,s) +~v(1 —s) —sT —1In|)| (11)



where

[ A8 -R 5= sp
A(R,s) = { s(sn) s < sn (12)
Then,
Pr{&} < e "Pi(RT) (13)
where EY(R,T) = sups>o Ef (R, T, s) and
Pr{&,} < e B (RT) (14)

where E35(R,T) = Ef(R,T)+T. Also, EY(R,T) > E1(R,T), where E1(R,T) is given in (1).

Three comments are in order regarding the condition that v, (s) of eq. (9) is independent of y.

First, observe that this condition is obviously satisfied when {P(z)} is uniform and the columns
of the matrix {a;,} = {P(y|z)} are permutations of each other, because then the summations
> . P(z)P*(y|x), for the various y’s, consist of exactly the same terms, just in a different order.
This is the case, for example, when X = ) is a group endowed with an addition/subtraction
operation (e.g., addition/subtraction modulo the alphabet size), and the channel is additive in the
sense that the ‘noise’ (Y — X) is statistically independent of X. Somewhat more generally, the
condition 7, (s) = 7(s) for all y holds when the different columns of the matrix { P(y|z)} are formed
by permutations of each other subject to the following rule: P(y|z) can be permuted with P(y|x’)
if P(z) = P(2).

Second, the derivation of the bound can be carried out, in principle, even without this condition.
In this case, one obtains an exponential expression that depends, for each y, on the empirical
distribution Py, and its summation over y can then be handled using the method of types, which

involves optimization over {Py} But then we are loosing the simplicity of the bound.



Finally, even when the condition holds, it is not apparent that the expression of Forney’s bound
E1(R,T) can be simplified directly in a trivial manner, nor can we see how the optimum parameters

p and s can be found analytically in closed form.

4 Derivation of the New Bound

4.1 Background

The first few steps of the derivation are similar to those in [6]: For a given code and for every s > 0,
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As for &, we have similarly,

Pr{&} < e =T 3™ plos(y|X,,) (Z P(y|X ) : (16)

Yyeyn '4m

Since this differs from the bound on Pr{&;} only by the constant factor e~"T

, it will be sufficient
to focus on &; only. Taking now the expectation w.r.t. the ensemble of codes, and using the fact
that X, is independent of all other codewords, we get:

Pr{&} <™ Y E{P"(y|X,)}- E{( > Pyl X, ) } (17)

yeyn m/#£m

The first factor of the summand is easy to handle:

E{P"*(y|Xn)}t= Y Pla)P' (ylz)= H 3" P(@)P o (yilo)] = e (18)
rexn i=1 zeX



Concerning the second factor, Forney’s approach is to use the inequality (3, a;)" < ¥, al, which
holds when {a;} are positive and » < 1, in order to upper bound E{(}_,, ., P(y|X))*} by
E{(> 0 zm P(y|X,,y)*/P)P} for p > s, and then use Jensen’s inequality to insert the expectation
into the brackets, which is allowed by limiting p to lie in [0, 1]. In other words, the above expression

is further upper bounded in [6] by (3=, 4, E{P(y|X,,)*?})*, 0< p<1.

We will use a different route, where all steps of the derivation will be clearly exponentially tight,
and without introducing the additional parameter p. To simplify the exposition and make it easier
to gain some geometrical insight, it will be instructive to begin with the special case of the BSC
and the uniform random coding distribution. The extension to more general DMC’s and random

coding distributions will be given in Subsection 4.3.

4.2 The BSC with the uniform random coding distribution

Consider the case where X =) = {0,1}, the channel is a BSC with a crossover probability p, and
the random coding distribution is P(x) = 27" for all € {0,1}". First, concerning the first factor
in the summand of (17), we have, in this special case:

1
y(1—=8)=—1In|=p'"™* +

5 (1-p)' | =2 —-In)p' =+ (1-p)'~°] (19)

As for the second factor, we proceed as follows. Define o = In 1%1’ and for a given y, let Ny(d)
denote distance enumerator relative to vy, that is, the number of incorrect codewords {x,,/, m' # m}

at Hamming distance d from y. We then have:
E{( > P(yIme)) } = E{l(l—p)"ZNy(d)e_“dl }
m/#Em d=0

= FE { {(1 —p) max Ny(d)e_ad] S}

= (1-p)™E {ml?x N:,j(d)e_O‘Sd}



- (1 _p)nsE {i N:'sJ(d)e—asd}
d=0
= (1 -p)" Y E{Nj(d)}e (20)
d=0

The exponential equalities form the first main point in our approach: They hold, even before taking
the expectations, because the summation over d consists of a subexponential number of terms (as
opposed to the exponential number of terms in the original summation over the codewords). Thus,
the key issue here is how to assess the power—s moments of the distance enumerator Ny(d). To
this end, we have to distinguish between two ranges of d, or equivalently, § = d/n. Let dgy (R)
denote the normalized Gilbert—Varshamov (GV) distance, dgv = dgv/n, i.e., the smaller solution,

J, to the equation h(d) =1In2 — R, where h(6) = —0Ind — (1 —d)In(1 —9), d € [0,1].

Now, the second main point of the proposed approach is that E{N:,‘j (d)} behaves differently! for
the case dgy (R) < 6 <1 — gy (R) and for the case § < dgy(R) or § > 1 — dgyv(R). Let us define
then Gr = {0 : dgv(R) < d <1—dgy(R)}. In particular, using the large deviations behavior of
Ny(nd), § € [0,1], as the sum of e™® — 1 binary i.i.d. RV’s, it is easily seen® that

5 . ens[R+h(d)—In2] ¢ €Gr
E{Ny(né)} = { enlRHhG) A 5 ¢ ge (21)

Thus,

S

E Z P(y|Xm’)

m/#Em

— (1 _p)ns Z 6ns[R+h(6)—ln2} . e—asmS + Z en[R+h(5)—ln2} . e—asné
deGr degy

!'The intuition behind this different behavior is that when h(8) + R —In2 > 0, the RV Ny(d), which is the sum
of €™ — 1 many i.i.d. binary RV’s, 1{d(X ./, y) = d}, concentrates extremely (double-exponentially) rapidly around
its expectation e FThO=I2 whoreas for h(0) + R—1n2 < 0, Ny(d) is typically zero, and so, the dominant term of
E{Ny(d)}is 1° - Pr{Ny(d) = 1} ~ e [F+h@) =102l Thig is analogous to the behavior observed in the random energy
model (REM) of spin glasses (cf. [4]) where this change in behavior yields a phase transition.

2See the Appendix of the ArXiv version [13] of this paper, which is omitted here for the sake of brevity.
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= (1—p)™ B ) expins max[h(0) — ad]} + e L exp{n max|h(d) — asd]}|(22)
dEGR degs

As we are considering rates below capacity, p < dgv(R) or p > 1 — dgyv(R). We also assume
that p < 1/2, which will leave us only with the first possibility of p < dgy(R). Therefore, the
global (unconstrained) maximum of h(d) — «d, which is attained at § = p, falls outside Gg, and so,

maxsegp [h(0) — ad] is attained at § = dgv (R) which yields

?elzgu;[h(é) —ad] = h(dgv(R)) — adgv(R) =In2 — R — adgy (R).

Thus, the first term in the large square brackets of the r.h.s. of (22) is of the exponential order

of e~"s20cv(R) A for the second term, the unconstrained maximum of h(§) — asé is obtained at

d = ps 2 ﬁ, which can be either larger or smaller than dgy (R), depending on s. Specifically,
_ _ h(ps) — QSPs Ps < 5GV(R)

The condition ps < dgv(R) is equivalent to s > sp = (In[(1 — dgv(R))/dcv(R)])/c. Thus, the

second term in the square brackets of the r.h.s. of eq. (22) is of the order of e ™*(*%) where
_} mo(s,R)  s>sp
pls ) = { asogy(R) s < sg (24)
and where
po(s,R) = asps—h(ps)+In2—R
= sln(l—p)—Inp*+(1—-p)°]+In2-R. (25)

Next, observe that the second term, e ™(s:8)  ig always the dominant term: For s < sg, this is
trivial as both terms behave like e "s%¢v(B)  For s > sp (namely, ps < dgv(R)), as § = ps achieves

the global minimum of the function f(9) 2 asé — h(d) +In2 — R, we have

po(s, R) = f(ps) < f(éav(R)) = asdcv (R).

11



Therefore, we have established that

E{( Z P(y|Xm/))s} iexp{—n [Slnlip—l—,u(s,R)}} (26)

m/#m

independently of y. Finally, we get:

ﬁ{gl} S ensT . 27’L . e—n[ln2—1n(P1_S+(1—P)1_S)] . exp {_n |:3 ln 1 1 + N(‘S? R):|} — e_nEl(Rvas) (27)
-p

where

Ei(R,T,s) 2 (s, R) + sln —In[p'™* + (1 —p)t=*] — sT.

L-p
We next derive closed form expressions for the optimum value of s, denoted Sopts using the

following consideration: We have seen that Ef(R,T,s) is given by

1
F(s) = po(s,R) + sln 1

— In[p' ™ + (1 —p)'~°] = sT

for s > sg, and by

—In[p'* + (1 —p)' 7] = sT

G(s) = asdgy (R) + sln . i
for s < sp. Both F(s) and G(s) are concave functions and hence have a unique maximum each.
We have also seen that F(s) < G(s) for all s, with equality at s = sp and only at that point.
This means that F(s) and G(s) are tangential to each other at s = sp, i.e., F(sg) = G(sr) and
F'(sgr) = G'(sg), where F’ and G’ are the derivatives of F' and G, respectively. Now, there are three
possibilities: If F'(sg) = G'(sg) = 0, then sopt = sg. If F'(sg) = G'(sg) < 0, then sopt < s

is found by solving the equation G'(s) = 0. If F'(sg) = G'(sr) > 0, then sgpt > sg is found by

solving the equation F’(s) = 0.

Assume first that Sopt < SR- Then, the equation G’(s) = 0 is equivalent to:

adgyv(R) +1n

[, tpsipt (L=prg)In(l=p) =T =0

12



or api—s = adgy (R) — T whose solution is:

N 1. a(l=dgv(R)+T
=1- =1 .
° a adgy(R) —T

Of course, if the r.h.s. of (28) turns out to be negative, then Sopt = 0. Thus, overall

A 1 a(l—=dgv(R))+T
SOpt:Sl(p7R7T): 1_5111 aéGV(R)—T )
+

where [z]1 a max{z,0}.

Next, assume that Sopt > SR- In this case,

E\(R,T,s) = F(s)

= In2—Inp*+ (1 —-p)’] —Inlp' 5+ (1 —p)' ] — R —sT.

Thus, the optimum s minimizes the convex function

f(s) = I[p’+ (1 —p)*l+I[p" >+ (1 —p)'~*] + T

= ln[l—l—(l—p)(

—
|
N———
»
+
i
/N
—_
<]
i
N———
9
_l_
VA
~

Equating the derivative to zero, we get:

pey = 8) e+ (52) po
() e (5)

or equivalently, defining z = e*® as the unknown, we get:

~1=p)/z+pz T

1+(1-p)/z+pz  «

which is a quadratic equation whose relevant (positive) solution is:

L, A VI?+4p(1—p)(a?2 -T?)-T
R 2p(T + «)

13

(28)

(30)

(32)



provided? that T' < «, and so the derivative vanishes at

a1l VT2 H4p(l—p)(e® -T%) - T

1
a 2p(T + «)

Sopt = s2(p,T)

It is not difficult to verify that Sopt never exceeds unity. Also, Sopt is always positive (zg > 1)
since the condition F'(sg) > 0, which is equivalent to the condition T' < a(ps, — p1—sp), implies
T < /2, which in turn is the condition for Sopt > 0 Note that for T' = 0, we obtain s2(p,0) = 1/2,

in agreement with the Bhattacharyya bound.

In summary, the behavior of the solution can be described as follows: As R increases from 0 to
C =In2 — h(p), sr increases correspondingly from 0 to 1, and so, the expression a(ps, — p1—sp)
(which is positive as long as R < In2 — h(p;/2)) decreases. As long as this expression is still larger
than T', we have F’(sg) > 0 and the relevant expression of Ef(R,T,s) is F(s), which is maximized
at s = sa(p,T) independently of R. At this range, the slope of Ef(R,T), as a function of R, is —1.
As R continues to increase, we cross the point where F'(sg) = 0 (a point which can be thought of
as an analogue to the critical rate of ordinary decoding) and enter into the region where F'(sgr) < 0,

for which EY(R,T) = G(s1(p, R, T)).
4.3 More General DMC’s and Random Coding Distributions
Assume now a general DMC {P(y|z), x € X, y € Y} and a general i.i.d. random coding distribution

P(x) = IIi-; P(z;) that satisfy the condition of Theorem 1. As for the second factor of the

summand of (17), we have the following:

p{(( £ o] b - B{(£ 3@ stnmgnroi) |

ml7ém Q:E\y
= > E{Nj(Qu)} exp{nsEqn P(Y|X)}, (33)
Quly
3Note that if T > «, the decoder will always erase (even for R = 0) since for p < 1/2, we have

P(ylam) /(3 s Pylem)] < (1= p)"/p" =™ < e

14



where Ny (Qg|,) is the number of incorrect codewords whose conditional empirical distribution?

with y is ;) and Eg is the expectation operator associated with Py X Qgy- Define
Gr ={Quy : R+ Hqo(X[Y)+ EqIn P(X) >0},

where Hg(XY') is the conditional entropy induced by Py X Qy|y- Analogously to the case of the

BSC (see also [13, Appendix]), we have:

s ) exp{ns[R+ Ho(X|Y)+ EqglnP(X)]} Qu, €0
E{Ny(Quy)} = { exp{nlR + Ho(X|Y) + Eql P(X)]} Gy, e (34)
Thus,
E{( > P(y|Xm,)) } = Y exp{ns[R+ Ho(X|Y) + Eqgln P(X)]} x
m/#m Qz|yE9R
exp{nsEqIn P(Y|X)} +
Z exp{n[R + Hgo(X|Y)+ EqgIn P(X)]} x
Qqy€9%
exp{nsEqIn P(Y|X)}
2 A+B. (35)
As for A, we obtain:
A = exp{ns[R + Qﬁ%}éR(HQ(X\Y) + EqIn[P(X)P(Y|X)))]}. (36)

Note that without the constraint Qg, € Gr, the maximum of (Hq(X|Y) + Eq In[P(X)P(Y|X)])

is attained at
P(z)P(y|x)
Ywex P(x')P(yl2’)

But since R < I(X;Y), then Py, is in Gf. We argue then that the optimum @), in Gg is on the

Qupy(ly) = Papy(zly) 2

boundary of Gg, i.e., it satisfies R+ Ho(X|Y) 4+ Egln P(X) = 0. To see why this is true, consider

4By “conditional empirical distribution” we mean the relative frequency of the various symbols of z that appear
as channel inputs for a given channel output symbol y.

15



the following argument: Let ley be any internal point in Gr and consider the conditional pmf
Q= (1- t)Qeg + tPyy, t € 0,1]. Define f(t) = Hqi(X|Y) + Eqg: In[P(X)P(Y|X)]. Obviously,
f is concave and f(0) < f(1). Now, since Q° € Gr and Q' = wly € Gk, then by the continuity
of the function R + Hqt(X|Y) + Eg: In P(X), there must be some t = ¢y for which Q™ is on the
boundary of Gg. By the concavity of f, f(to) > (1 —t0)f(0) + tof(1) > f(0). Thus, any internal

point of G can be improved by a point on the boundary between Gr and G%. Therefore, we have

max (Ho(X|Y)+ EqgIn[P(X)P(Y|X)])]

Qm‘yEQR

= max [Ho(X|Y)+ EqInP(X) + Eqln P(Y|X)]
{Qu)y: Ho(X[Y)+EqIn P(X)=—R}

= max [-R+EgInP(Y|X)]

{Qu)y: Ho(XIY)+EqIn P(X)=—R}

{Quly: Ho(X|Y)+EqIn P(X)=—R}

= —R+ max Eqln P(Y|X) (37)
R

z|y

—nsA(R)

which means that A = e , where

A(R) = min Egn[l/P(Y|X)].

Qz\yegR
The achiever of A(R) is of the form

P(x)Pr(y|x)

QW) = 5 x PP ()

where sp is such that Ho(X|Y) + Eqln P(X) = —R, or equivalently, sg is the solution ® to the

equation sv/(s) —v(s) = R. In other words,
>vex P(@)P°r(ylz) In[1/P(ylz)] /(sR)
Secx P@Pryl) O

®Observe that for s = 0, Ho(X|Y)+ EqgIn P(X) =0 and for s = 1, Ho(X|Y)+ Eqln P(X) = —I(X;Y) < —R.
Thus for R < I(X;Y), sr € [0,1).

A(R) =
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Considering next the expression of B, we have:

B = exp{n|R + oK, (Ho(X|Y)+ EgnP(X)+sEqgIn P(Y|X))]}.

z|lySYR

The unconstrained maximizer of (Hg(X|Y)+ EqgIn P(X) + sEgIn P(Y|X)) is

P(x) P (ylz)
wex P(@)Ps(yla’)

Qi aly) = 5=

Now, there are two cases, depending on the value of s: If s is such that Q;‘TZ/ € G, or equivalently,
s > sp, then B = e h(s)-H ¢ ijg)/ € Ggr, namely, s < sg, then once again, the optimum is
—nA(R,s)

attained at the boundary between Gr and G%, and then B = e~ (5Rr) | In summary, B = e ,

where

v(s) =R s> sg
s7'(sr) s <sgr

A(R,s) = {

The dominant term between A and B is obviously always B because it is either of the same
exponential order of A, in the case s < spg, or has a slower exponential decay, when s > sg, as then
the global (unconstrained) maximum of [Ho(X|Y) + Egln P(X) 4+ sEqgIn P(Y|X)] is achieved.

Thus, putting it all together, we get:
ﬁ{&} § ensT . |y|n . e—n'y(l—s) . e—nA(R,s) _ e—nEi‘(R,T,s) (38)

and the optimum s > 0 gives Ej(R,T). The fact that Ef(R,T) > E1(R,T) stems from the fact
that for the former, the evaluation of the exponential order is tight starting from the r.h.s. of eq.
(17), whereas for the latter there are two inequalities for which the tightness of the exponential

order is not obvious.

5 Comparing the Analysis Techniques for a Universal Decoder

In the section, we demonstrate that the proposed analysis technique sometimes gives strictly better

exponential error bounds than the alternative route of using Jensen’s inequality, as described earlier.
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Consider the BSC with p < 1/2, as in Subsection 4.2, but this time, the channel is unknown
and one employs a universal detector that operates according to the following decision rule: Select

the message m if

o~ BT m®Y)
. > et (39)
ot €@ OY)

where 8 > 0 is a free parameter and fl(w@y) is the binary entropy pertaining to the relative number
of 1’s in the vector resulting from bit—by—bit XOR of « and y, namely, the binary entropy function
computed at the normalized Hamming distance between x and y. If no message m satisfies (39),

then an erasure is declared.

We have no optimality claims regarding this decision rule, but arguably, it is a reasonable de-
cision rule (and hence there is motivation to analyze it): The minimization of fl(mm @ y) among
all codevectors {@,, }, namely, the minimum conditional entropy decoder is a well-known universal
decoding rule in the ordinary decoding regime, without erasures, which in the simple case of the
BSC, is equivalent to the mazimum mutual information (MMI) decoder [3] and to the generalized
likelihood ratio test (GLRT) decoder, which jointly maximizes the likelihood over both the mes-
sage and the unknown parameter. Here we adapt the minimum conditional entropy decoder to
the structure proposed by an optimum decoder with erasures (see also [14]), where the unknown
likelihood of each x,, is replaced by its maximum e_"il(mm@y), but with an additional degree of
freedom of scaling the exponent by (3, a design parameter that controls the relative importance
of the codeword with the second highest score. For example, when 8 — 00,5 only the first and
the second highest scores count in the decision. From the statistical-mechanical point of view, the
parameter [ plays the role of the inverse temperature. In fact, the notion of finite—temperature

decoding is not new even in ordinary decoding without erasures — it is due to Rujan [16].

SAs (3 varies it is plausible to let T scale linearly with £.
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To demonstrate the advantage of the proposed analysis technique, we now apply it in comparison
to the approach of using Jensen’s inequality and supplementing the parameter p in the bound. Let
us analyze the probability of the event &; of this decoder, namely, the event that the transmitted
codeword x,, does not satisfy (39). We then have the following chain of inequalities, similarly as
the analysis in Subsection 4.2, where the first few steps are common to the two analysis methods

to be compared:

1 M T Zm’;ﬁm 01BN, 8Y)
Pr{&} = Z ZP (ylzm) - - >1
m:l m e—nﬁh(wm@y)
< — P m) —
< % mZZI % (y|xm) [ RO @nEY)
nsT M s
_ nﬁsh L@ —nBh(x,,®
= 57 2 zy: P(y|xn,) - (Zn®Y) m%:me ( Y) (40)

Considering now the ensemble of codewords drawn indepedently by fair coin tossing, we have:
Pr{&} < nSTZE{ (y|X1) - exp[nBsh(X1 ® y) } { [Z exp[—nBh(Xm & y)] }
m>1

= e”STZAy- (y) (41)
Y

The computation of A(y) is as follows: Denoting the Hamming weight of a binary sequence z by

w(z), we have:
w(TOY) .
) exp[nBsh(z & y)]

Ay = Trra-o (7

< o)
= (1—Tp)” Z eh(d) exp [n (ﬁsh(5) —dln z%p)]
- (Tp)"exp g (14 5)h8) st L] (42)

It is readily seen by ordinary optimization that

max |(1+ Bs)h(6) - 61n 1%9] = (1+ Bs)In [p/ (499 4 (1 — p) /(49| —In(1 - p)
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and so upon substituting back into the the bound on Pr{&;}, we get:

Pr{&} <exp {n (sT + (14 Bs)In {pl/(Hﬁs) +(1 —p)l/(Hﬁs)} —1In 2)} . ZB(y) (43)
Yy

It remains then to assess the exponential order of B(y) and this will now be done in two differ-
ent ways. The first is Forney’s way of using Jensen’s inequality and introducing the additional

parameter p, i.e.,

o
s
A

E { (Z exp[nﬁsil(Xm &) y)/ﬂ]) }

m>1

< R (B {expnpsh(Xm @ y)/nl})". (44)

Now,

E{expnfsh(Xm @ y)/pl} = 27" explnfsh(z)/p]
z
- 9—n Z enh(6) . enﬁsh(6)/p
é

— exp[n([1 - Bs/p]+ — 1)In2], (45)

where [u]4 = max{u,0}. Thus, we get B(y) < exp(n[p(R — In2) + [p — Bs]+]), which when

substituted back into the bound on Pr{&;}, yields an exponential rate of

E((RT) =  max {(p—[p—fs:)n2-
—(1+ps)In [pl/(H‘ﬁs) +(1- p)l/(1+ﬁs)} — pR — sT} . (46)

On the other hand, estimating B(y) by the alternative method, we have, similarly as in the analysis

)

— E{[ZNy(né)exp[—nﬂh(é)]l }
é

of Subsection 4.2:

Bly) = E { lz exp[—nBh( X m @ y)]

m>1
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= ZE{N;/(mS)} - exp(—ngsh(d))
0

- Z en[R-i—h(é)—an} . exp[—nﬁsh(é)] + Z ens[R+h(6)—ln2] -exp[—nﬁsh(é)]
IS9S 0€GR

U+V. (47)

1>

Now, U is dominated by the term § = 0 if 3s > 1 and § = dgv (R) if Bs < 1. It is then easy to see
that U = exp[—n(In2 — R)(1 — [1 — Bs]+)]. Similarly, V' is dominated by the term 6 =1/2if 3 < 1

and § = dgv(R) if > 1. Thus, V = exp[—ns(f8[In2 — R] — R[1 — 3]1)]. Therefore, defining
¢(R, B, s) = min{(In2 — R)(1 — [1 — Bs], ), s(B[In2 — R] — R[1 - 8], )},
the resulting exponent is

Ey(R,T) = max {$(R. B,5) = (1+ Bs) In [p/ (709 4 (1 p) /05| — s}

To compare numerical values of Ei(R,T) and E;(R,T), we have explored various values of
the parameters p, 3, R and T. While there are many quadruples (p, 3, R,T) for which the two
exponents coincide, there are also situations where Ey(R,T) exceeds Ei(R,T). To demonstrate
these situations, consider the values p = 0.1, 8 = 0.5, T' = 0.001, and let R vary from 0 to 0.06
in steps of 0.01. Table 1 summarizes numerical values of both exponents, where the optimizations
over p and s were conducted by an exhaustive search with a step size of 0.005 in each parameter.
In the case of E1(R,T), where s > 0 is not limited to the interval [0,1] (since Jensen’s inequality

is not used), the numerical search over s was limited to the interval [0, 5].7

As can be seen (see also Fig. 1), the numerical values of the exponent F; (R, T) are considerably

larger than those of El(R, T') in this example, which means that the analysis technique proposed in

It is interesting to note that for some values of R, the optimum value s* of the parameter s was indeed larger
than 1. For example, at rate R = 0, we have s* = 2 in the above search resolution.
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R=000| R=001| R=002 | R=003 | R=0.04 | R=0.00 | R=0.06
Ei(R,T) | 0.1390 0.1290 0.1190 0.1090 0.0990 0.0890 0.0790
Ei(R,T) | 0.2211 0.2027 0.1838 0.1642 0.1441 0.1231 0.1015

Table 1: Numerical values of El(R, T) and El(R,T) as functions of R for p = 0.1, 6 = 0.5, and
T = 0.001.

this paper, not only simplifies exponential error bounds, but sometimes leads also to significantly

tighter bounds.
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Figure 1: Graphs of Ei(R,T) (solid line) and E1(R,T) (dashed line) as functions of R for p = 0.5,
T =0.001 and B = 0.5.
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