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Abstract—It is well known from the Information Theory frequency at which the noise power spectral density (psd)
literature that in the presence of a memoryless channel, asell  function is minimum. Several works used feedback in order to
as some channels with memory, the existence of feedback doe%esign optimal channel inputs. In [5], it was proved that the
not improve channel capacity, but can contribute dramaticdly . - .
to the simplification of the encoder and the decoder. In this optlmal |nput.channelfor.the case of all-pole model §trm:ts .
paper, we focus on estimating the parameters of an unknown given by a minimum variance feedback regulator with a white
channel when a feedback link from the decoder to the encoder noise disturbance. In [6], it was proved that for the casererhe
is given. We examine different types of channels and study & feedback is given, the optimal channel input, which miniesiz
conditions under which feedback improves the estimation irthe a weighted CRB, has no correlation with the channel noise.

sense of the Cramdr-Rao bound (CRB). We additionally find . L
what is the best strategy for designing channel input signaland The optimal training sequence set, for the case of MIMO

the channel parameter estimator of the receiver. By assumgn Channels with jamming signals, was obtained in [7]. It was
a certain class of parametric models for the channel, we show shown that the optimal training depends on the eigenvalues

that feedback is essential \{vh_en some nuisance parameterstbe  of the correlation matrix of the jamming signals. When this
model are unknown, but it is superfluous when there are no magriy s unavailable to the transmitter, a feedback linkswa
unknown nuisance parameters. . . .
used to convey the estimated correlation matrix.
|. INTRODUCTION The main novelty in this paper is that it examines the
@ae_cessity of feedback, both in the presence of nuisance para
m}eters and without them, for the purpose of optimal channel

communication reliability, is present in many communicati input design, where the channel is modeled as an 151 channel

applications. Some of present-day techniques use a tgainYH't:. coloretq n:mse. we fShOW tha]E fetﬁdback |shessent_|al 0
phase, in which the transmitter sends a known signal to tf&"IEVe optimalerror performance for the case where noesan

receiver, allowing the latter to estimate the channel based parameters are present and we show under which conqmons,
the received signal. Several works deal with the design ef tme error performance for the case where all the nuisance

training sequence. In [1] least squared filtering was used qgrameters are known, is asymptotically achievable bygusin

determine the optimal time domain training sequences,MhiEeedbaCk‘

minimize the mean squared error (MSE) of the estimation.

Optimal sequences for frequency domain estimation, which [1. NOTATION, PROBLEM FORMULATION AND

minimize the variance of the estimation error, can be found PRELIMINARIES

in [2]. In [3], it was shown that a time domain channel

estimator achieves superior MSE compared to a frequencyrhroughout this paper, scalar random variables (RV’s) are
domain estimator. In this paper, we focus on the estimatfon @presented by capital letters and their sample values éy th
the parameters of the communication channel with feedbaelspective lower case letters. A similar convention agplie
and under the constraint of limited transmission power. Om@ random vectors and their sample values, represented by
approach in parameter estimation is to divide the paranseter upper and lower case symbols in bold face font. Thus, for
into two groups: the group of parameters we wish to estimagégample, a random vectX = (X,..., X,,) may assume a
and an unknown nuisance parameters group. The subjectspécific vector value = (z1, .. ., z,). All vectors are column
finding optimal channel inputs for different kinds of chalne vectors (row vectors are indicated by the transposition gig
was deeply discussed in the past, both in the presencejmpbuperscript; e.gX?” is the transpose aK). X denotes a
nuisance parameters and without them. Specifically, for thector of dimension/ whose components are the firsRV’s
case of an intersymbol interference (ISI) channel with asf a random proces$X;}, i.e, X = (X1, Xo,- - ,Xd]T.
additive white noise, it was proved that the optimal inputhe identity matrix is denote by. The expectation operator is
channel has flat spectrum and for the case where the naiggiote byE{-}. The cross correlation matrix of two random
is colored [4], the optimal signal transmitted should use tlvectors, X and Y, will be represented by(R.,),. =

J
1 N . .
This work is part of the M.Sc. thesis of G. Bukai, carried outtie Technion N 2=t BIX(n =Y (n —j)]. ) ) ) )
- LL.T., Haifa, Israel. The most general model we consider, in this paper, is

The need to estimate the parameters of a communi
tion channel, in order to improve decoder performance a



illustrated in Fig. 1 and is represented by:
M—-1

Yn = Z 0iTn—i + 2n,

=0

1)

where {z,} is the transmitted signaKy,} is the channel
output, and the colored noide,, } is generated by:

p
Zn = § CkZn—k T Un,
k=1

where {v,} is an i.i.d. process, with a marginal density
£ (), where o is a positive scaling

_ 1
o

function: g, (v)

()

parameterf (-) is a known density with ™ _ v f(v)dv = 0 and

JZ5 v f(v)dv = 1. It is assumed that the second derivatives” 5 function 0B obeys:

of f(-) exists and it has finite expectation.

We assume that, at time instanf the channel inputg,,

may depend on the past channel outputs and the past channel
inputs, y”~! and ™!, respectively, through a conditional

density f,,(z,,|z" ", y" 1) and in addition(z", y™) is avail-

able to the receiver. In order to justify the last assumption

{z,} is assumed to be a deterministic sequence, known to b(\;\m
the receiver and the transmitter, in the case where feedb?&k
is not available, while for the case of feedback, the rea:eiv]eor

randomly generates,,, based ony”~! andx™"!, and sends

channel and it can be extended for the cases where we are
interested also in the estimation of the noise characdiesist
The noise-shaping filtei (¢?~), is represented by:
1

— : 4

1=y cpemIok @
and it is assumed to be stable, i.e., all its poles are strictl
inside the unit circle. The MSE owhg estimation at timeamst
N, is defined asey = F ‘0 -6 H , Where||. || represents

H(el)

the Euclidean norm anél” is the estimate of at time N.
For the purpose of our subsequent analysis, we now derive
the Fisher Information (FI) matrix of. The probability den-

sity function (pdf) of (™, y™) = (z1, -+ ,2n, 91, ,YN)
N
fo@™, y™) =[] fo (zn ynlz™ ", y" ")
n=1
N
=11 f @alz" 4™ ") fo (yala™ y™ 1), (5)
n=1

ere we use the Bayes theorem for the two equalities. Now,
each time instant, the term f(x,|z" "1, y"~!) stands

a feedback-dependent transmitter (which is indepenalen

0) and the termfy(y,|z", y" ') stands for the action of the

it back, through the noiseless feedback link, to the tratiemi channel, whose exact form depends on the specific channel

Channel model, which in our case, is given by:

M-1

' folynl®™, y" ™) = g5 <wy(n) =D biws(n— i)) , (6)
=0

A , N
where w,(n) = z, — Y h_q ckZTn—r and wy(n) = y, —
> 1 ckYn—k. NOw, let us denote:

Transmitter Xn Mi:lele’w + yn —» Receiver —»(éo ..... éM J) )\0' (u) é [al%a(v)} . (7)
i0 /U v=u
Under the assumption of the channel defined by egs. (1), (2),
X, X the FI matrix of the parameter vect{®, c, o] is given by:
e
Jii Ji2 Ji3
. . . J(0,c,a): J21 J22 J23 (8)
Fig. 1. System configuration
e e In Jx Jn
Under the assumed parametric model, our focus is @rhere:
designing the channel input signal, i.e., the sequence of — NE2
conditional densities{ f,, (z,|z"~*,y™~!)} _,, in order to Ju . X (V)] 12%“’””“'
achieve optimum estimation of the parameters veéos Jiz = Jyu=NE [)\J(V)] Ry, -
[6o,--- ,0r—1]", subject to an average power constraift, Jos = NE[MN(V)]R..
which is given by: K1 () N
1 .
o (i), = (Jh) =57 D EWaln—j +1)
v E[X] <P (3) =
N= Jos = Jip=
where the expectation is w.rt. the channel n0|s§ind trlslmos Jaz = ——5 (14 K(0)) 9)
ble randomization in the choice af, based onz™ ",y ". o

Specifically, the parameter vectér is the one we wish to
estimate, whereas the parameters [c1,-- ,¢,|” ando are
treated as nuisance parameters. This approach is usefal w
the goal is to identify a linear system which describes t

where K (o)

= E[(h%ﬁ;(h))hzx}, and Ky(o) =

8% 1n f(h) dln f(h)
[<h2 arz > + 2h g )h:‘/]'




As mentioned before, our goal is to estimate the ISI vectequations, the receiver is required to iterate betweenvtioe t
of coefficientsd. The optimal channel input is derived by theequations, until some convergence criterion is met. In ggne
minimization of the trace of the first block in the inverse Fthe convergence is not guaranteed and depends on the specific
matrix (8), under the power constraint (3). Specificallytie form of A, (v). Further, we can conclude that although the
case wheréc, o] are known parameters, the first block is givenuisance parameters are present, feedback is not reqoired t
by: achieve optimum performance.

JHO) =T (10) IV. CHANNELS WITH MEMORY

We next move on to the case of a colored noise channel

[1l. M EMORYLESSCHANNELS _ _ J
hi . tind the mini ; ... with ISI. The ML estimator of, based on all observations
In this section, we find the minimum CRB for estimati@g 54 channel inputs until time, is achieved by solving the

for the special case wherfd = 1 andp = 0. Specifically,

the ; ;
following equations:
equation that describes the system is given by: geq

0
Un = Oy + Oy, 1) Ym=0....(M-1): 50, In fo(x™,y™) =0, (17)
A. Optimal Transmitter Using the fact thatfy(z”,y") depends or only through
Substituting = 1, p = 0 in eq. (10) and by using the fo(ylz",y"~") (5) and using (6), the ML estimator of
power constraint in eq. (3), we get: must satisfy::
N N P
JO)=EMNWV)] > E[X]<NPEN(V)] (12 D Ao () <:vnm - chxnmk> =0 (18)
n=1 n=1 k=1
One can observe that equality is achieved iff the transthitté/here:
signal {Xn}fyz1 meets the power constraint with equality. M-l P M-1
Hence, the maximum of Fl is achieved without using feedback:. = ¥n — Z Oitn—i = D Ck | Yn—k — Z Oin—i—k
at all and regardless of the input signal shape. Moreoveayit =0 k=1 i=0

19)
_, are unknown nuisance parameters, in order
to solve (18), an estimation of these nuisance parameters is

B. The Maximum Likelihood Estimator required. The ML estimator ofc; };,_, is obtained by solving
Qe following equations:

be proved [8] that the additive white Gaussian noise (AWGNRIhen {er}?
channel is worst-case in the FI sense. Rk

We now move on to the implementation of the receiver. TH

ML estimator of¢ at time N, 6, is given by: PR
N a—ClZlnfg(yn|1:”,y”_1) =0, l=1,...,p. (20)
Ao N n=1
Oy = arg mgmxz In g, (yn — O0x4,). (13)

Differentiating with respect te;, the ML estimator ofc must
satisfy:

N M—-1 )
Z )\a (ﬁn) (yn—l - Z H'im?L—l—i) = 07 (21)
n=1 =0

where,, is defined as in (19), witlé;, replacingc;,. The ML
estimator off is achieved by jointly solving eq. (18) and eq.
(21).

Second, we wish to find the minimum CRB under the
power constraint (3) and derive the optimal input signalahhi
achieves it. To simplify the problem, we examine several
1. (yn — Oz, different cases of the channel.

(252)] oo

N
ON = argmax In {—f
g ; o A. AR(p) Channel - No ISI

Differentiation of eq. (15) with respect to gives likelihood  Let us begin with the case of a general orgerbut we

n=1
By differentiating the last equation with respectétand by
using eq. (7), we get an equation thiat must satisfy:

N
; TnAo (yn - wan) = 0. (14)

In some cases, the solution to (14) dependsrolVheno is
unknown, the natural approach is to estimate joinatlgand 6
at the decoder. The ML estimator effor a givené at time
N, o, is given by:

equation: assumeM = 1. The optimal channel input for this case was
N first found in [4]. Considering eq. (10), the FI now becomes:
1
_N Z (yn - Hxn) )\&N (yn - Hxn) =1 (16) J(9> =NFE [)\3(‘/)] waww (0) (22)
e An upper bound on the averaged power{af,(n)} is:

The equations used for estimatidgand o (eq. (16) and eq.
(14)) are, in general, dependent, i.e., in order to estirate R 0) < P 1

2
one must knowos and vice versa. In order to solve these = ‘H(ejwmm)

: (23)




where w,,;,, is the frequency in whichH (e/“)| attains its 0  ferresponse
minimum. The equality is achieved iff:

Ty = V 2P COS(w'minn + (//))5 (24) sor

where¢ is a random phase in the ranger, 7).

The optimal strategy for the transmitter is to send a singl
tone at the frequency where the noi¢e, }, has its minimum
power spectral density. For the case of white noise (i.e. ),
the power spectral density of the noise is flat, and so, ar
signal of powerP equally good to achieve the maximum FI.
Again, we can conclude that the maximum of Fl is achieve
for this case without the use of feedback.

When {c};_, are unknown nuisance parameters, the re
ceiver does not know at which frequendy(e’)| is minimum
and the problem becomes harder. We suggest an algorith

¢1=[-1.8,1.07,-0.21]
€2=[-1,0.07,0.018]

¢3=[0.49,-0.635,-0.1386]
¢4=[-0.1,-0.34,-0.056]

20log|H|

which iteratively estimates botHc;},_, and 6 by using 9 o1 02 03 04 05 08 07 08 o8 1
feedback. The algorithm is as follows. fredtcprradsec)
1. Forn =1, the transmitter sends: Fig. 2. Channel response of different channels - unknownphRlannel
L1 = COS(U),}”,L-,,L + ¢)7 (25)
wherew! ; and¢ are known to both the receiver and - €~ is compared to the CRB of each channel for the case
the transmitter. 6 =0.5, P=1andoc = 0.25. It can be seen that the CRB is
For each index time, > 1 achieved asymptotically and that the convergence rateef th

. . . . error depends directly on the frequency characteristiaghef
2. The receiver estimates iteratively the parameter vectgr k . . .
: channel: The smaller is the minimum response of the noise-
[0, c] using (18) and (21).

3. The receiver finds the frequency which minimizes thsehap.Ing filter, the CRB is smaller too, and the convergence
: . . rate is faster.
current estimate of the noise-shaping frequency response

and sends it to the transmitter: n*MSE(n) Vs. time , theta=0.5
10u T T T T T
P . N*MSE- c1
Whin = argmin 1= >, ee™I). e
¢ k=1 — . — = N*CRB-c2
N*MSE- c3
4. The transmitter sends: Wil ---wcRB-c3 | |

N*MSE- c4

n—1
Tn = V2P cos <Z Wk gi)) , (26)

k=0

E(n)

where the summation over the estimates of the frequency ¢£ ™
proximates a sine wave with a time varying frequency, whic
when stabilizes around the correct frequency, is equitvale

to a sine wave with frequency,,;,. For the special case, ;- i
where g, (V') is the Gaussian pdf, it can be shown that th

FI matrix for the suggested algorithm is a block diagone
matrix for N — oo and in addition, the algorithm achieves
asymptotically the CRB for the case of known parameter 10’ ————t——F-————————————
which makes the algorithm optimal. timefsamples]

Since we show that we can achieve asymptotically t
CRB of the known parameters case by using feedback and In
addition the optimal channel input (24) is unique and depend
on the nuisance parameieror in other words, the knowledgeB. 1SI Channel With White Noise

of ¢ is essential - we can conclude that feedback is essentialye next consider the case of ISI channel with white additive

to achieve optimal error performance. _ noise (/ > 1,p = 0). Using eq. (10), the FI matrix for this
We examine the error performance of the algorithm for foufyecial case is given byf(8) = NE [A2(V)] R

cases of unknown channels, whose frequency responses ai |ower bound on the CRB of each;, J;1(8), is given
depicted in Fig. 2. We assume that the colored noise is g{.

AR(p) process, wherdwv,,} is a white Gaussian noise with _1

zero mean and variane€®. In Fig. 3, the normalized MSE, Jii (0) = NPE[X2(V)]’

3. N -ep vs. time for different values of - unknown AR(p) channel

(27)



where the right term stands for the CRB of the estimation of When the receiver estimatéd (V) coefficients, the MSE
only one ISl coefficient (12). The equality in (27) is achidveat time instantV, can be represented by:
for the case of:

M(N)—1 ) oo
Ryu(k) = PG5, (28) ex=E| ¥ (oz- 9N ) + Y o (33)
whered, = 1 if k=0 and fork # 0, 6 = 0. One observes =0 =MN)

that the optimal channel input does not depend on the p

. °na it hat, for aV: 6 = i > M(N).
channel outputs, thus feedback is not helpful in this case. ere we assume that, for ali: 6 =0, vi> M(N)

The results ofN - M SE are drawn in Fig. 4 for the case
C. AR(p) Channel - With ISI of colored noise, which is modeled by an AR(p) process with
known nuisance parameters= [ci, - - - , ¢,], Where{v, } is

hite Gaussian noise with zero mean, and variarfce he
results are shown for different selectionsdf( N): M;(N) =
In N, My(N) = /N, M3(N) = N3 and for the parameters:
0 =0.5,0=0.25 P=1andec=[-0.50.4,0.5]. The error
result is the average of 100 experiments. One can obserte tha

The most general case we consider is the case of ARQ)
channel with ISI (4 > 0). The FI matrix for this case is
given in (10):J(0) = NE [X2(V)] R, .

While the problem is stated for a generdl, we solve
only the case of very long ISI, i.eM — oo, because of its
simplicity and since, practically, it is the common case iostn
of the problems in reality. Using the approximation beloeg(s

[9):

10° T

)

2
| M(N)
~

o LT HE)N
I:R'wm]k7j o 77T Sw(ej“)

Our optimization problem can be written as:

eF=9)% gy (29)

M(N)

- —'— N*CRB

L[ L)
21 J_ . Si(edw) “ £
1 T .

st — | Su(e)dw< P (30)
2 J_,

The solution to this problem is stated in the next theorem:
Theorem 1:Under the assumption of an average power
constraintP at the transmitter and signals which are included

1 L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

in Wiener class, the minimum CRB is given by: time[samples]
.. (% ffﬂ |H(ejw)|dw)2 - Fig. 4. N -epn vs. time - unknown AR(P) + ISI channel
NPENZ(V)] the CRB is achieved foi/; (N) = In .

whereH (e7*) is given in (4). The input signal, which achieves

the minimum CRB, has a power spectral density function given .
by: [1] S. N. Crozier, D. D. Falconer, and S. A. Mahmoud, “Leashxf squared
y: errors (LSSE) channel estimationZE Proceedings-Fvol. 138, pp. 371-
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