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Abstract— Reliable transmission over a discrete-time memory-
less channel with a decoding metric that is not necessarily
matched to the channel (mismatched decoding) is considered. It
is assumed that the encoder knows both the true channel and
the decoding metric. The lower bound on the highest achievable
rate found by Csiszar and Korner and by Hui for DMC’s,
hereafter denoted C, ,, is shown to bear some interesting infor-
mation-theoretic meanings. The bound C, ,, turns out to be the
highest achievable rate in the random coding sense, namely, the
random coding capacity for mismatched decoding. It is also
demonstrated that the e-capacity associated with mismatched
decoding cannot exceed C;,,. New bounds and some properties
of C, ,, are established and used to find relations to the general-
ized mutual information and to the generalized cutoff rate. The
expression for C, ,, is extended to a certain class of memoryless
channels with continuous input and output alphabets, and is
used to calculate C, ,, explicitly for several examples of theoreti-
cal and practical interest. Finally, it is demonstrated that in
contrast to the classical matched decoding case, here, under the
mismatched decoding regime, the highest achievable rate de-
pends on whether the performance criterion is the bit error rate
or the message error probability and whether the coding strat-
egy is deterministic or randomized.

Index Terms—Channel capacity, mismatched decoding, gener-
alized cutoff rate, generalized mutual information, random cod-
ing, exponential families, sphere packing.

1. INTRODUCTION

HE subject of mismatched decoding has been of
interest since the 1970’s (see, e.g., [15], [27]). A coded
communication system operates over a discrete-time
memoryless channel with a sequence transition probabil-
ity W(y |x), whereas the decoder employs maximum-
likelihood (ML) decoding with an additive metric In V(y |
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x). The encoder, in turn, knows both W and V" and strives
to optimize performance in terms of the achievable reli-
able information rate. This is a realistic model for time-
varying channels, or when implementation constraints dic-
tate a given decoding metric. As an example, consider the
common decoder chip which employs integer metrics [29]
and is designed for the quantized additive white Gaussian
channel (AWGN), operating under fading, jamming, or
noisy phase conditions. Theoretically, one can employ
universal decoding [13], [37]; however, in many applica-
tions, it is ruled out by complexity considerations.

The generalized cutoff rate (GCR) has been the com-
monly used performance measure for such a scenario
(see, e.g., [15], [27], [29]). It is considered to be a practi-
cally achievable reliable rate for a discrete memoryless
channel (DMC) with mismatched decoding, although it
has been recently shown [25] that the GCR may behave
very differently from the maximum achievable rate. In [6],
a similar treatment is presented for a channel with a finite
memory. In [23], a condition for the strict positivity of the
GCR was stated. In [21], the Gallager upper bound on the
average message error probability for DMC’s under the
random coding regime was employed to account for mis-
matched decoding, and the generalized mutual informa-
tion (GMI), which is viewed as an extension of [16], was
defined.

In [12] and [20], coding theorems for a mismatched
DMC were introduced independently. Hui [20] used stan-
dard random coding and combinatorial considerations as-
sociated with strong typicality of sequences to obtain a
single-letter expression for a lower bound on the highest
achievable rate. It was also conjectured by Hui that this
lower bound on the mismatched capacity is indeed the
maximal rate of reliable communication under mis-
matched conditions, that is, the mismatched capacity.
Csiszar and Korner [12] established an error exponent for
random coding with fixed composition codes, and a de-
coder using an arbitrary decoding rule, by invoking a
graph decomposition theorem. The lower bounds on mis-
matched capacity of [12] and [20] coincide, and they are
designated hereafter as C,,,, where the subscript LM
stands for a lower bound on the mismatched capacity C,,.

While Hui’s conjecture has been reported true for
binary input channels by Balakirsky [3], it has been re-
cently refuted in the general case by Csiszr and Narayan
[14] by Ahlswede et al. [1], and by Lapidoth [24], [25]. The
counterexample described in [14] is based on formulating
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a zero-error capacity problem as a mismatched decoding
problem and showing that random coding does not achieve
the zero-error capacity. The example given in [24], [25] is
that of minimum Euclidean distance decoding of the
additive noise vector Gaussian channel (see Example 6 in
Section VI below). Csiszar and Narayan [14] have also
shown that, in general, for any k& > 1, one can improve on
the rate C;, through a random coding argument applied
to the superalphabet corresponding to k-length input
blocks. They conjectured that as k — o, the rates achiev-
able by random coding applied to the superchannel ap-
proach C,,. Lapidoth [25] obtained a single-letter lower
bound on C,, which is, in general, tighter than C, ,,. His
techniques are based on random product codes. The im-
proved bound which he has obtained can, of course, be
applied to the superchannel as well. Interesting connec-
tions between the erasures-only capacity and the mis-
matched capacity have been described in [14] and [1].

In this paper, we further study some properties of C, ,,
in its single-letter definition. Although it is not the exact
mismatched capacity in general, we show that it does bear
some other interesting information-theoretic meanings.
Specifically, we show in Section III that under a random
coding regime, C, ,, is not only a lower bound, but also an
upper bound on the highest achievable rate, and hence it
is the exact expression of the random coding capacity for
mismatched decoding. Another feature of C,,,, demon-
strated in Section IV, is that it serves as an upper bound
on the e-capacity [19], [28], [36] under mismatched decod-
ing. This means that for an information rate exceeding
Cp u, there must be at least one codeword for which the
size of its decision region is exponentially equivalent to
the total size of its intersection with decision regions
corresponding to other codewords.

In Section V, several novel properties of the lower
bound on the mismatched capacity are addressed, along
with some interesting examples. One of the results (re-
ported also in [21]) is that C,,, is never smaller than the
GMI, which in turn upper bounds the GCR. The former
inequality indicates that the converse theorem stated in
[18] for Fischer’s expression [16] does not seem to hold
since it is never larger than the GMI.

In Section VI, we extend the achievable rate theorem
to more general memoryless channels with possibly con-
tinuous input and output alphabets satisfying certain con-
ditions. This extension includes as special cases DMC’s,
Gaussian channels, and the Poisson channel. It also facili-
tates broadening the scope to certain channels of practical
interest, and studying more closely their behavior under
mismatched decoding. Several examples of theoretical and
practical interest are worked out.

Finally, in Section VII, we demonstrate that the proper-
ties of reliable communication under a mismatched de-
coding regime might be considerably different from their
well-known counterparts in the classical matched case.
For example, unlike in the matched case, the coding
capacity defined with respect to the bit error probability
might differ from that of the block error probability.
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Another example shows that while under optimal
(matched) decoding conditions the best random coding
strategy is deterministic, in the mismatched case, a ran-
domized encoding mechanism may outperform any deter-
ministic code. Thus, if the mismatched capacity is defined
with respect to the bit error probability and/or with
respect to randomized encoders, it turns out that rates
higher than C,,, and even C,, might be achievable.

II. NOTATION, DEFINITIONS, AND PRELIMINARIES

Throughout this paper, we adopt the convention that a
(scalar) random variable is denoted by a capital letter
(e.g., X), a specific value it may take is denoted by the
respective lower case letter (x), and its alphabet is de-
noted by the respective script letter (2). As for vectors, a
boldface capital letter (X) will denote an n-dimensional
random vector (X;,---, X,), a boldface lower case letter
(x) will denote a specific vector value (x, -, x,), and the
respective superalphabet, which is the nth Cartesian power
of the single-letter alphabet, will be denoted by the corre-
sponding script letter with the superscript n (2"). The
cardinality of a set will be denoted by |-, e.g., 2| is the
size of the alphabet of X.

Since the method of types [10], [13] will be used
throughout this paper, we next describe some notational
conventions associated with types. For a given sequence
x € 2", Z being a finite alphabet, the empirical probabil-
ity mass function (EPMF) is the vector p, = {p,(x),x €
2} where p(x) =n(x)/n, n(x) being the number of
occurrences of the letter x €2 in the sequence x. The
set of all EPMF’s of sequences x in #", i.e., rational
probability mass functions (PMF’s) with denominator n,
will be denoted by £,. The type T, of a sequence x is the
set of all sequences x' €2 " such that p,. =p, . The
empirical entropy associated with x is the entropy associ-
ated with its EPMF p_, i.e.,

H(X)=-Y p.()np(x).
xe&

1)

Hereafter, the notations “a, = b,” and “a, = b,” mean
that lim, . n 'loga,/b, is zero and nonnegative, re-
spectively. For instance, it is well known [13] that IT,| =
e"«X A somewhat different notion of a type that will be
used throughout the sequel is that of an etype w.rt. a
memoryless source p = {p(x), x € 2°’}. We shall denote
by T.(p) the set of all sequences x € 2" such that
Ip(x) — p()l < € for every x €2, Similar definitions
and notations will be used for the type of sequences
y € " and e-types associated with these sequences, with
the appropriate substitution of symbols.

Similarly, for sequence pairs (x,y) €2" X 7", the
joint EPMF p, is the matrix {p,,(x, )} c s, , where
pey(x, ) = (x, y)/n, n.,(x, y) being the joint count of
x; = x and y, = y along the pair sequence (x, y). The joint
type T,, is the set of all pairs (x’, y’) with the same joint
EPMF as (x, y). The empirical joint entropy H, (X,Y)
associated with (x, y) is the entropy associated with the
joint EPMF p, . A time average of a function of x and y,
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eg., n ' X} g(x;, y), will sometimes be viewed as an
expectation of g(X,Y) w.r.t. the joint EPMF p, , and
hence will be denoted by E, g(X,Y).

The conditional type T, for a given y is the set of all
sequences x' € 2" such that (x',y) € T,,. The condi-
tional PMF p,, , is the matrix {p, | ,(x | )}, c o, « 5 }, Where
Pey(x 1 y)is defined as p, (x, y)/p,(y) if p(y) > 0, and
as zero otherwise. The empirical conditional entropy of X
given Y associated with the pair sequence (x, y) is given
by

Ho (X 1Y) = Hoy(X,Y) — H(Y)

=- X p,(pinp,(xiy). 2
XeEZL,yeY

It is well known [13] that T, | = e*":»X1¥) The empiri-
cal mutual information associated with the pair of se-
quences (x, y) is defined as the mutual information asso-
ciated with their joint EPMF p, , or, equivalently,

L(X;Y)=H(X)-H, (X|Y). 3)
A DMC s fully characterized by a transition probability
matrix {W(y | x)},c 4, c 4, Where 2” and 7 designate fi-
nite input and output alphabets, respectively. The condi-
tional probability Pr{Y =y | X = x} will be denoted by
W(y | x), which for a DMC is given by IT7_, W(y, | x,).

A rate R block code of size n is a set of M =
e™® equiprobable n-dimensional vectors (codewords),
x;=(xj, o x)) €2, 1<i<M to be transmitted
over the channel. The decoder, upon receiving a vector
Y=(Y,,,Y,) €% " at the channel output, estimates
the index i of the transmitted codeword as the one
that maximizes In¥(y | x;), henceforth referred to as
the decoding metric, where V(y|x) =TI/, V(y; |x,),
and unless specified otherwise, it is not necessary that
X, ey Wy lx) =1 for every x € 2. If the decoding met-
ric V' is not equivalent to that of the optimal ML decoder
W in the sense of yielding an identical decision rule, we
say that the decoder is mismatched. An achievable rate
for a DMC W and a mismatched decoding metric V' is a
rate R such that for every e > 0, there exists a large
enough 7 and a rate R block code of size » such that the
probability of error when decoding with the metric V is
less than €. The capacity of a DMC W with a mismatched
decoding metric V, i.e., the mismatched capacity C,,, is the
supremum of all achievable rates in the above definition.

Now, let

fCy1x)
Yoer P(XDf(ylx")
@

IXGY)=Y Y p(x)f(yl1x)In

XeEXyey

denote the mutual information for some DMC f=
{f(y | x)} with an input PMF p = {p(x)},c,- Let

I'ix;Yy) = mfinI(X;Y) 5

1955

where the minimization is over all channels f satisfying

Y pf(ylx)

xeZ’
= Y p(OW(yix) £ q(y),
xex’

Vyev
(6)

and

Y X pf(y i)V (ylx)

XeEXyeY
> Y Y p(oW(ylx)InV(ylx) £ -D.
xeZye¥
Finally, C, ,, is defined as

C,y = max I'(X;Y). )

p
In [20, Theorem 4.1] (see also [12, Lemma 3]) it has been
proved by a random coding argument that C;, is an
achievable rate for W when the decoding metric is V/, and
hence serves as a lower bound on the mismatched capac-
ity. In other words, the average message error probability
over the ensemble of randomly chosen block codes is
guaranteed to vanish as n — % provided that R < C, ,,.

1. A CoNVERSE THEOREM FOR RANDOM CODING

We next show that C, ,, is also an upper bound on the
highest rate for which the random coding error probabil-
ity still tends to zero, i.e., C;,, is the highest achievable
rate in the random coding sense. The significance of this
statement will be further emphasized in Section VII, in
view of some interesting examples for which one can
derive other coding strategies achieving reliable rates
higher than C, ,, or even Cy,.

Consider a codebook of e"® + 1 n-dimensional vectors
where each vector is generated at random with a memory-
less PMF p = {p(x),x €2’} and independently of all
other vectors. Let P, denote the average error probability
w.r.t. the ensemble of randomly chosen codes. Under
mismatched decoding, we have the following result.

Theorem 1: Assume that there exists a channel f that
satisfies the two constraints of (6) with a strict inequality
in the second constraint. Then, for any memoryless ran-
dom coding PMF p, R > C,,, implies lim,,_,, P, = 1.

Two comments are in order.

1) A similar statement, with only minor modifications in
the proof, can be made for a random coding distribution
that is uniform within the type that is most likely under p.

2) A sufficient condition for the existence of a channel
f that satisfies the conditions of the theorem is that there
exist two distinct input letters a,a’ €2 and two distinct
output letters b, b’ € % such that p(a), p(a"), W(b | a"),
and W(b' | a) are all strictly positive, and at the same time
V(b1 a)V(b'1a') > V(b |a)V(b'|a) (see Appendix A).
This sufficient condition is easy to check and fairly mild,
although it may rule out some channels for which
Coy>0.

The remaining part of this section is devoted to the
proof of Theorem 1.

Proof: Fix € > 0, and let T.(p) and T,(q) denote the
e-types associated with the input and output marginals,
respectively. Similarly, fix 8 > 0, and let T, =
{(x,y):InV(y | x) < n(—D + 8)}. The average probabil-
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ity of correct message decoding can be upper bounded as

follows:

1-P, =Pr{V(ylx) <V(ylx)
<Pr{V(ylx) <V(ylx)

forall j # i}

forallj #i,(x,,y) €T,y € ﬂ(q)}
+Pr{y e T:(g)} + Pr {(xi,y) S [7:;]6}. €))

Now, the two last terms on the rightmost side vanish as
n — % by the weak law of large numbers (WLLN), so it
remains to upper bound the first term, henceforth de-
noted by A, by a vanishing quantity as well. Note that

A< Pr{an(y lx) <n(-D +8)
forall j # i,y € T.(¢))
= ¥ gl — k(NI

yeTlg)

9

where B(y) = L, 001105 m—p+s) PX). Next, observe
that

A< Y g(»exp{—h(y)eR)
yeTJAq)

min h(y)e”R>
yeTAg)

< exp{ - (10)
where we have used the fact that 1 — a < e for every
real «. To complete the proof, we need to show that for
every y € T.q), h(y) is exponentially no smaller than
e "'"XY) when € vanishes, and hence for every R >
I'(X;Y), A is essentially less than exp{—e™ R~ I"X¥M}
0. To this end, let us further lower bound A(y). First, note
that for every y € T.(g),

h(y) = hM

T, clx:nV(ylx)=n(-D+8))

T, p(x) (1)

where we have used the facts that the set {x :InV(y | x")
> n(—D + 8)} is a union of conditional types {7, }, and
that for a given conditional type, all sequences x have the
same probability. Now, let

T={x:InV(y|x)>n(—-D+ 8} nTAp), (12)

and note that for every x € T.(p), p(x) =
exp{—n[H(X) + €'l} where €' = €-Z1In[1/p,i,), Prin
being the smallest letter probability. Therefore,

h(y) = Y, 1T, p(x)

7,.,cT

xly=

\%

max [T, |-
MagXTl 1yl p(x)

nH (X 1Y)- ¢ —nfH (X)+ €]

Jee

\%

max e
Tx‘;ygT

= exp [~n (min I,(X;Y) + €' + {n)] (13)

where ¢, = O(log n/n) and the minimum is over all em-
pirical joint PMF’s p, . of sequence pairs (x, y) such that
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x € T. By definition, these pairs of sequences satisfy the
following constraints: | p,(x) — p(x)| < e for every x € &,
|py(y) —q(y) <€ forevery y e %, and E, In (Y| X)
> —D + 8. Note that these constraints on the EPMF p,
are exactly the same as those of (6), except that the input
and output marginal PMF’s are not exactly p and g, but
within e close, and the last constraint is similar to the
inequality of (6) where —D is replaced by —D + 8. Since
the subset B,; of all joint PMF's m satisfying
max, ., Im(x) — p(x)l < €, max, ., Im(y) — q(y)l <e,
and E, mW(Y|1X)> —D + & (E, being the expecta-
tion w.r.t. m) is open and nonempty for some & > 0 by the
assumption of the theorem, and since the set of rational
joint PMF’s with denominator # becomes dense in the
continuum of PMF’s as n — %, then the infimum over
B, 5 of the mutual information induced by m, denoted by
5 (X;Y), can be approached (from above) by a rational
PMF with denominator n, as n - %. Now, since I'(X;Y)
is continuous in p and W (see [14, Lemma 1]),
lim, ,, [; (X:Y) = Li(X;Y) where I;(X;Y) is defined
similarly as I'5 (X;Y), but the infimum being defined
over a set By of PMF’s m whose marginals are con-
strained to coincide exactly with p and g, respectively,
and the third constraint is unchanged. Thus, to complete
the proof, we need to show that lim;_, i(X;Y) =
I'(X;Y). Equivalently, we need to show that the function
R(d) = inf I(X;Y) where the infimum is over the set
of all joint PMF’s m such that m(x) = p(x), m(y) = g(y),
and —E,InV(Y1X)< —d is continuous at d=D.
This, in turn, follows from a simple consideration: the
function R(d) is well defined on the interval [D — §,
~E,, InV(Y| X)]. Since, R(d) is a convex function (sim-
ilarly as the rate-distortion function), then it must be
continuous at least on (D ~ 8, —E,,, In V(Y 1X)), and
hence also at D, which is an inner point of this interval.
This completes the proof of Theorem 1. a

IV. SPHERE PACKING ARGUMENTS

Another notion of capacity is associated with the maxi-
mum number of disjoint “decoding spheres” that one can
pack in the space of channel output sequences. This is
often referred to as the e-capacity [19], 28], [36]. In this
section, it is shown that the e-capacity associated with
mismatched decoding cannot exceed C, .

Let

S(x)2{yeT(g):—InW(ylx)<n-d} (14
designate decoding “spheres” for a threshold decoder.

Given that x; is transmitted, the output sequence that
satisfies the above will be typically found near the surface
of a “sphere” with a normalized radius d = D where D is
defined as in (6).

Lemma 1: If there exist e"® disjoint spheres {S,(x,)} in
T.g), then R < C, .

Proof: Since there are ¢"® codewords and the num-
ber of types || is polynomial, there must be at least one
type T, that is populated by a number of codewords that
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