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Abstract—Decoupling capacitors are widely used to reduce
power supply noise. On-chip decoupling capacitors have tradition-
ally been allocated into the white space available on a die or placed
inside the rows in standard cell circuit blocks. The efficacy of
on-chip decoupling capacitors depends upon the impedance of the
power/ground lines connecting the capacitors to the current loads
and power supplies. A design methodology for placing on-chip
decoupling capacitors is presented in this paper. A maximum
effective radius is shown to exist for each on-chip decoupling
capacitor. Beyond this effective distance, a decoupling capacitor
is ineffective. Depending upon the parasitic impedance of the
power distribution system, the maximum voltage drop seen at the
current load is caused either by the first droop (determined by the
rise time) or by the second droop (determined by the transition
time). Two criteria to estimate the minimum required on-chip
decoupling capacitance are developed based on the critical para-
sitic impedance. In order to provide the required charge drawn
by the load, the decoupling capacitor has to be charged before
the next switching cycle. For an on-chip decoupling capacitor to
be effective, both effective radii criteria should be simultaneously
satisfied.

Index Terms—Decoupling capacitors, power distribution sys-
tems, power supply noise, signal integrity.

I. INTRODUCTION

T HE feature size of integrated circuits (ICs) has been
aggressively reduced in the pursuit of improved speed,

power, and cost. The scaling of CMOS is expected to continue
for at least another decade. Future nanometer circuits will
soon contain more than a billion transistors and operate at
clock speeds well over 10 GHz [1]. Distributing robust and
reliable power and ground voltages in such a high speed, high
complexity environment is, therefore, a highly challenging task
[2].

Decoupling capacitors are widely used to manage power
supply noise. A decoupling capacitor acts as a reservoir of
charge, which is released when the power supply voltage at
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Fig. 1. Placement of an on-chip decoupling capacitor based on the maximum
effective distance. To be effective, a decoupling capacitor should be placed close
to the current load during discharge. During the charging phase, however, the
decoupling capacitor should be placed close to the power supply to efficiently
restore the charge on the capacitor. The specific location of a decoupling ca-
pacitor should therefore be determined to simultaneously satisfy the maximum
effective distances d during discharge and d during charging.

a particular current load drops below some tolerable level.
Alternatively, decoupling capacitors are an effective way to
reduce the impedance of power delivery systems operating at
high frequencies [3]. The location of the decoupling capacitors
significantly affects the design of the power/ground (P/G)
network in high performance ICs such as microprocessors.
With increasing frequencies, a distributed hierarchical system
of decoupling capacitors placed on-chip is needed to effectively
manage the power supply noise [4].

The efficacy of decoupling capacitors depends upon the
impedance of the conductors connecting the capacitors to the
current loads and power sources. During discharge, the current
flowing from the decoupling capacitor to the current load results
in resistive noise ( drops) and inductive noise (
drops) due to the parasitic resistance and inductance of the
power delivery network. The resulting voltage drop across the
current load is therefore always greater than the voltage drop
at the decoupling capacitor. A maximum parasitic impedance
between the decoupling capacitor and the current load therefore
exists for which the decoupling capacitor is effective. To be
effective, a decoupling capacitor should therefore be placed
close to a current load during discharge (within the maximum
effective distance ), as shown in Fig. 1.

Once the switching event is completed, charge on the decou-
pling capacitor has to be restored before the next clock cycle
begins. During the charging phase, the voltage across the decou-
pling capacitor rises exponentially. The maximum frequency at
which the decoupling capacitor is effective is determined by the
parasitic resistance and inductance of the metal lines and the
size of the decoupling capacitor. A maximum effective distance
based on the charge time, therefore, exists for each on-chip de-
coupling capacitor. Beyond this effective distance, the decou-
pling capacitor is ineffective. Alternatively, to be effective, an
on-chip decoupling capacitor should be placed close to a power

1063-8210/$25.00 © 2008 IEEE

Authorized licensed use limited to: IEEE Xplore. Downloaded on April 12, 2009 at 11:08 from IEEE Xplore.  Restrictions apply.



POPOVICH et al.: EFFECTIVE RADII OF ON-CHIP DECOUPLING CAPACITORS 895

supply during the charging phase (within the maximum effective
distance , see Fig. 1). The relative location of the on-chip
decoupling capacitors is therefore of fundamental importance.
A design methodology is therefore required to determine the lo-
cation of an on-chip decoupling capacitor, simultaneously sat-
isfying the maximum effective distances, and . This
location is characterized by the effective radii of the on-chip de-
coupling capacitors which is the primary subject of this paper. A
design methodology to estimate the minimum required on-chip
decoupling capacitance is also presented.

This paper is organized as follows. Existing work on placing
on-chip decoupling capacitors is reviewed in Section II. The
effective radius of an on-chip decoupling capacitor as deter-
mined by the target impedance in the time domain is presented
in Section III. Design techniques to estimate the minimum
magnitude of the required on-chip decoupling capacitance are
discussed in Section IV. The effective radius of an on-chip
decoupling capacitor based on the charge time in the time
domain is determined in Section V. The activity radius of
an on-chip decoupling capacitor in the frequency domain is
analyzed in Section VI. Simulation results for typical values
of on-chip parasitic resistances and inductances are presented
in Section VII. Some circuit design implications are discussed
in Section VIII. Finally, some specific conclusions are summa-
rized in Section IX.

II. BACKGROUND

Decoupling capacitors have traditionally been allocated on a
circuit board to control the impedance of a power distribution
system and suppress electro-magnetic interference (EMI). De-
coupling capacitors are also employed to provide the required
charge to the switching circuits, enhancing signal integrity.
Since the parasitic impedance of a circuit board-based power
distribution system is negligible at low frequencies, board
decoupling capacitors are typically modeled as ideal capacitors
without parasitic impedances. In an important early work by
Smith [5], the effect of a decoupling capacitor on the signal
integrity in circuit board-based power distribution systems is
presented. The efficacy of the decoupling capacitors is analyzed
in both the time and frequency domains. Design criteria have
been developed, however, which significantly overestimate
the required decoupling capacitance. A hierarchical placement
of decoupling capacitors has been presented by Smith et al.
in [6]. Smith et al. [6] show that each decoupling capacitor
is effective only within a narrow frequency range. Larger
decoupling capacitors have a greater form factor (physical
dimension), resulting in a higher parasitic impedance [7]. The
concept of an effective series resistance (ESR) and an effective
series inductance (ESL) of each decoupling capacitor is also
introduced in [6]. The authors show that by hierarchically
placing the decoupling capacitors from the voltage regulator
module level to the package level, the impedance of the overall
power distribution system can be maintained below a target
impedance.

As the signal frequency increases to several megahertz, the
parasitic impedance of the circuit board decoupling capacitors
becomes greater than the target impedance. The circuit board
decoupling capacitors therefore become less effective at fre-
quencies above 10 to 20 MHz. Package decoupling capacitors

should therefore be utilized in the frequency range from sev-
eral megahertz to several hundred megahertz [6]. In modern
high performance ICs operating at several gigahertz, only those
decoupling capacitors placed on-chip are effective at these fre-
quencies.

Two types of on-chip decoupling capacitances can be de-
scribed. An intrinsic decoupling capacitance (or symbiotic ca-
pacitance) is comprised of transistors, interconnect, and well-to-
substrate capacitances [8]. Since the activity factor in digital cir-
cuits is typically low (10% to 30%), the intrinsic on-chip decou-
pling capacitance during a particular cycle is provided by the
non-switching circuits. In contrast to the intrinsic capacitance,
an intentional on-chip decoupling capacitance is often added.
The intentional on-chip decoupling capacitance is typically an
order of magnitude greater than the existing intrinsic capaci-
tance. The intentional on-chip decoupling capacitance is there-
fore assumed in this paper to model all of the on-chip decoupling
capacitance.

The placement of on-chip decoupling capacitors has been
discussed in [9]. The power noise is analyzed assuming a
resistance–inductance–capacitance (RLC) network model, rep-
resenting a multi-layer power bus structure. The current load
is modeled by time-varying resistors. The on-chip decoupling
capacitors are allocated to only those areas where the power
noise is greater than the maximum tolerable level. Ideal on-chip
decoupling capacitors are assumed in the algorithm proposed in
[9]. The resulting on-chip decoupling capacitance is therefore
significantly overestimated. Another technique for placing
on-chip decoupling capacitors has been described in [10]. The
decoupling capacitors are placed based on activity signatures
determined from microarchitectural simulations. The proposed
technique produces a 30% decrease in the maximum noise
level as compared to uniformly placing the on-chip decoupling
capacitors. This methodology results in overestimating the
capacitance budget due to the use of a simplified criterion
for sizing the on-chip decoupling capacitors. Also, since the
package level power distribution system is modeled as a single
lumped resistance and inductance, the overall power supply
noise is greatly underestimated.

An algorithm for automatically placing and sizing on-chip de-
coupling capacitors in application-specific integrated circuits is
proposed in [11]. The problem is formulated as a nonlinear op-
timization and solved using a sensitivity-based quadratic pro-
gramming solver. The proposed algorithm is limited to on-chip
decoupling capacitors placed in rows of standard cells (in one
dimension). The power distribution network is modeled as a re-
sistive mesh, significantly underestimating the power distribu-
tion noise. In [12], the problem of on-chip decoupling capacitor
allocation is investigated. The proposed technique is integrated
into a power supply noise-aware floorplanning methodology.
Only the closest power supply pins are considered to provide
the switching current drawn by the load. Additionally, only the
shortest and second shortest paths are considered between a de-
coupling capacitor and the current load. It is assumed that the
current load is located at the center of a specific circuit block.
The technique does not consider the degradation in effective-
ness of an on-chip decoupling capacitor located at some dis-
tance from the current load. Moreover, only the discharge phase
is considered. To be effective, a decoupling capacitor should be
fully charged before the following switching cycle. Otherwise,
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the charge on the decoupling capacitor will be gradually de-
pleted, making the capacitor ineffective. The methodology de-
scribed in [12] therefore results in underestimating the power
supply noise and overestimating the required on-chip decou-
pling capacitance.

The problem of on-chip decoupling capacitor allocation has
historically been considered as two independent tasks. The loca-
tion of an on-chip decoupling capacitor is initially determined.
The decoupling capacitor is next appropriately sized to provide
the required charge to the current load. As discussed in [13], the
size of the on-chip decoupling capacitors is determined by the
impedance (essentially, the physical separation) between a de-
coupling capacitor and the current load (or power supply).

Proper sizing and placement of the on-chip decoupling capac-
itors however should be determined simultaneously. As shown
in this paper, on-chip decoupling capacitors are only effective in
close vicinity to the switching circuit. The maximum effective
distance for both the discharge and charging phases is deter-
mined. It is also shown that the on-chip decoupling capacitors
should be placed both close to the current load to provide the re-
quired charge and to the power supply to be fully recharged be-
fore the next switching event. A design methodology for placing
and sizing on-chip decoupling capacitors based on a maximum
effective distance as determined by the target impedance and
charge time is the primary result presented in this paper.

III. EFFECTIVE RADIUS OF ON-CHIP DECOUPLING CAPACITOR

BASED ON A TARGET IMPEDANCE

Neglecting the parasitic capacitance [14], the impedance of
a unit length wire is , where and are the
resistance and inductance per length, respectively, and is an
equivalent frequency, as determined by the rise time of the cur-
rent load. The inductance is the effective inductance per unit
length of the power distribution grid, incorporating both the par-
tial self-inductance and mutual coupling among the lines [15].
The target impedance of the metal line of a particular length is
therefore

(1)

where is the impedance of a unit length metal line and
is the distance between the decoupling capacitor and the cur-

rent load. Substituting the expression for the target impedance
presented in [3] into (1), the maximum effective radius

between the decoupling capacitor and the current load is

(2)

where denotes the magnitude of the impedance of a
unit length wire, is the maximum impedance of a power
distribution system, resulting in a power noise lower than the
maximum tolerable level, and is the maximum tolerable
power noise (the ratio of the magnitude of the maximum toler-
able voltage drop to the power supply level). Note that the max-
imum effective radius as determined by the target impedance is
inversely proportional to the magnitude of the current load and

Fig. 2. Projection of the maximum effective radius as determined by the target
impedance d for future technology generations: I = 10 mA, V =

1 V, and Ripple = 0:1. Global on-chip interconnects are assumed, modeling
the highly optimistic scenario. The maximum effective radius as determined by
the target impedance is expected to decrease at an alarming rate (a factor of 1.4
on average per computer generation).

the impedance of a unit length line. Also note that the per length
resistance and inductance account for the ESR and ESL of
an on-chip decoupling capacitor. The maximum effective ra-
dius as determined by the target impedance decreases rapidly
with each technology generation (a factor of 1.4, on average,
per computer generation), as shown in Fig. 2 [1]. Also note that
in a meshed structure, multiple paths between any two points
are added in parallel. The maximum effective distance corre-
sponding to is, therefore, larger than the maximum ef-
fective distance of a single line, as discussed in Section VII. The
maximum effective radius is defined in this paper as follows.

Definition 1: The effective radius of an on-chip decoupling
capacitor is the maximum distance between the current load
(power supply) and the decoupling capacitor for which the
capacitor is capable of providing sufficient charge to the current
load, while maintaining the overall power distribution noise
below a tolerable level.

IV. ESTIMATION OF REQUIRED ON-CHIP

DECOUPLING CAPACITANCE

Once the specific location of an on-chip decoupling capac-
itor during discharge is determined as described in Section III,
the minimum required magnitude of the on-chip decoupling ca-
pacitance should be determined, satisfying the expected cur-
rent demands. Design expressions for determining the required
magnitude of the on-chip decoupling capacitors based on the
dominant voltage droop are presented in this section. A con-
ventional approach with the minimum supply voltage achieved
at the end of a transition is described in Section IV-A. Tech-
niques for determining the magnitude of the on-chip decoupling
capacitors in the case of the first dominant droop are devel-
oped in Section IV-B. The critical length of the P/G paths con-
necting the decoupling capacitor to the current load is presented
in Section IV-C.
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Fig. 3. Linear approximation of the current demand of a power distribution
network by a current source. The magnitude of the current source reaches the
maximum current I at peak time t . t and t denote the rise and fall time
of the current load, respectively.

A. Second Dominant Droop

To estimate the on-chip decoupling capacitance required to
support a specific local current demand, the current load is mod-
eled as a triangular current source. The magnitude of the current
source increases linearly, reaching the maximum current
at peak time . The magnitude of the current source decays
linearly, becoming zero at , as shown in Fig. 3. The on-chip
power distribution network is modeled as a series RL circuit.
To qualitatively illustrate the proposed methodology for placing
on-chip decoupling capacitors based on the maximum effective
radii, a single decoupling capacitor with a single current load is
assumed to mitigate the voltage fluctuations across the P/G ter-
minals.

The total charge required to satisfy the current demand
during a switching event is modeled as the sum of the area of two
triangles (see Fig. 3). Since the required charge is provided by
an on-chip decoupling capacitor, the voltage across the capacitor
during discharge drops below the initial power supply voltage.
The required charge during the entire switching event is thus1

(3)

where is the maximum magnitude of the current load of
a specific circuit block for which the decoupling capacitor is
allocated, and are the rise and fall time, respectively,
is the decoupling capacitance, is the power supply voltage,
and is the voltage across the decoupling capacitor after
the switching event. Note that since there is no current after
switching, the voltage at the current load equals the voltage
across the decoupling capacitor.

The voltage fluctuations across the P/G terminals of a power
delivery system should not exceed the maximum level (usually
10% of the power supply voltage) to guarantee fault-free oper-
ation. Thus

(4)

Substituting (4) into (3) and solving for , the minimum
on-chip decoupling capacitance required to support the current
demand during a switching event is

(5)

1In the general case with an a priori determined current profile, the required
charge can be estimated as the integral of I (t) from 0 to t .

Fig. 4. Power distribution noise during discharge of an on-chip decoupling ca-
pacitor: I = 100 mA, V = 1 V, t = 20 ps, t = 80 ps, R = 100 m
,
L = 15 pH, and C = 50 pF. (a) Voltage across the terminals of the cur-
rent load. (b) Voltage across the decoupling capacitor. (c) Current load modeled
as a triangular current source. For these parameters, the parasitic impedance of
the metal lines connecting the decoupling capacitor to the current load is larger
than the critical impedance. The first droop is therefore larger than the second
droop and (5) underestimates the required decoupling capacitance. The resulting
voltage drop on the power terminal of a current load is therefore larger than the
maximum tolerable noise.

B. First Dominant Droop

Note that (5) is applicable only to the case where the voltage
drop at the end of the switching event is larger than the voltage
drop at the peak time . This phenomenon can be explained as
follows. The voltage drop as seen at the current load is caused by
current flowing through the parasitic resistance and inductance
of the on-chip power distribution system. The resulting voltage
fluctuations are the sum of the ohmic voltage drop, induc-
tive voltage drop, and the voltage drop across the
decoupling capacitor at . A critical parasitic RL impedance,
therefore, exists for a specific set of rise and fall times. Be-
yond this critical impedance, the first droop becomes larger than
the second droop, as shown in Fig. 4. The decoupling capacitor
should therefore be increased to reduce the voltage drop across
the capacitor during the rise time , lowering the magnitude
of the power noise.

The charge required to support the current demand
during the rise time of the current load is equal to the area
of the triangle formed by and . The required charge
is provided by the on-chip decoupling capacitor. The voltage
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across the decoupling capacitor drops below the power supply
level by . The required charge during is2

(6)

where is the charge drawn by the current load during
and is the voltage drop across the decoupling capacitor at

. From (6)

(7)

By time , the voltage drop as seen from the current load is
the sum of the ohmic drop, the inductive drop, and
the voltage drop across the decoupling capacitor. Alternatively,
the power noise is further increased by the voltage drop .
In this case, the voltage at the current load is

(8)

where and are the parasitic resistance and inductance of
the P/G lines, respectively. Linearly approximating the current
load, is assumed equal to and to .

Assuming that , substituting (7) into (8), and
solving for , the minimum on-chip decoupling capacitance
to support the current demand during is

(9)

Note that if the first droop dominates, is excessively large.
The voltage drop at the end of the switching event is hence al-
ways smaller than the maximum tolerable noise.

Also note that, as opposed to (5), (9) depends upon the par-
asitic impedance of the on-chip power distribution system. Al-
ternatively, in the case of the first dominant droop, the required
charge released by the decoupling capacitor is determined by the
parasitic resistance and inductance of the P/G lines connecting
the decoupling capacitor to the current load.

C. Critical Line Length

Assuming the impedance of a single line, the critical line
length can be determined by setting equal to

(10)

Solving (10) for

(11)

For a single line connecting a current load to a decoupling ca-
pacitor, the minimum required on-chip decoupling capacitor is
determined by (5) for lines shorter than and by (9) for lines
longer than , as illustrated in Fig. 5. Note that for a line
length equal to , (5) and (9) result in the same required ca-
pacitance. Also note that the maximum length of a single line is

2In the general case with a given current profile, the required charge can be
estimated as the integral of I (t) from 0 to t .

Fig. 5. Critical line length of an interconnect between a decoupling capacitor
and a current load. The minimum required on-chip decoupling capacitance is
determined by (5) for lines shorter than d and by (9) for lines longer than
d . The decoupling capacitor is ineffective beyond the maximum effective
radius as determined by the target impedance d .

Fig. 6. Dependence of the critical line length d on the rise time of the current
load: I = 0.1 A, V = 1 V, r = 0.007 
=�m, and l = 0.5 pH=�m. Note
that d is determined by t =t , increasing with larger t . The critical line
length will shrink in future nanometer technologies as transition times become
shorter.

determined by (2). A closed-form solution for the critical line
length has not been developed for the case of multiple current
paths existing between the current load and a decoupling capac-
itor. In this case, the impedance of the power grid connecting
a decoupling capacitor to a current load is extracted and com-
pared to the critical impedance. Either (5) or (9) is utilized to
estimate the required on-chip decoupling capacitance.

The dependence of the critical line length on the rise
time of the current load as determined by (11) is depicted
in Fig. 6. From Fig. 6, the critical line length decreases sublin-
early with shorter rise times. Hence, the critical line length will
decrease in future nanometer technologies as transition times
become shorter, significantly increasing the required on-chip
decoupling capacitance. Also note that is determined by

, increasing with larger fall times.
Observe in Fig. 5 that the design space for determining the

required on-chip decoupling capacitance is broken into two re-
gions by the critical line length. The design space for deter-
mining the required on-chip decoupling capacitance ( and

) is depicted in Fig. 7. For the example parameters shown
in Fig. 7, the critical line length is 125 m. Note that the re-
quired on-chip decoupling capacitance depends upon the
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Fig. 7. Design space for determining the minimum required on-chip decou-
pling capacitance: I = 50 mA, V = 1 V, r = 0.007 
=�m, l =
0.5 pH=�m, t = 100 ps, and t = 300 ps. (a) The design space for deter-
mining the minimum required on-chip decoupling capacitance is broken into
two regions by d . (b) The design space around d . For the example pa-
rameters, the critical line length is 125 �m. In region 1, C is greater than
C and does not depend upon the parasitic impedance. In region 2, however,
C dominates, increasing rapidly with distance between the decoupling ca-
pacitor and the current load.

parasitic impedance of the metal lines connecting the decou-
pling capacitor to the current load. Thus, for lines longer than

, increases exponentially as the separation between the
decoupling capacitor and the current load increases, as shown in
Fig. 7(a). Also note that for lines shorter than , the required
on-chip decoupling capacitance does not depend upon the par-
asitic impedance of the power distribution grid. Alternatively,
in the case of the second dominant droop, the required on-chip
decoupling capacitance is constant and greater than
[see region 1 in Fig. 7(b)]. If the first droop dominates (the line
length is greater than ), the required on-chip decoupling ca-
pacitance increases substantially with line length and is
greater than [see region 2 in Fig. 7(b)]. Conventional tech-
niques therefore significantly underestimate the required decou-
pling capacitance in the case of the first dominant droop. Note
that in region 1, the parasitic impedance of the metal lines con-
necting a decoupling capacitor to the current load is not impor-
tant. In region 2, however, the parasitic impedance of the P/G

Fig. 8. Circuit charging an on-chip decoupling capacitor. The parasitic
impedance of the power distribution system connecting the decoupling capac-
itor to the power supply is modeled by a series RL circuit.

lines should be considered. A tradeoff therefore exists between
the size of and the distance between the decoupling capac-
itor and the current load. As is placed closer to the current
load, the required capacitance can be significantly reduced.

V. EFFECTIVE RADIUS AS DETERMINED BY CHARGE TIME

Once discharged, a decoupling capacitor must be fully
charged to support the current demands during the following
switching event. If charge on the capacitor is not fully restored
during the relaxation time between two consecutive switching
events (the charge time), the decoupling capacitor will be grad-
ually depleted, becoming ineffective after several clock cycles.
A maximum effective radius from the power supply, therefore,
exists for an on-chip decoupling capacitor as determined during
the charging phase for a target charge time. Similar to the
effective radius based on the target impedance presented in
Section III, an on-chip decoupling capacitor should be placed
in close proximity to the power supply (the power pins) to be
effective.

To determine the current flowing through a decoupling ca-
pacitor during the charging phase, the parasitic impedance of a
power distribution system is modeled as a series RL circuit be-
tween the decoupling capacitor and the power supply, as shown
in Fig. 8. When the discharge is completed, the switch is closed
and the charge is restored on the decoupling capacitor. The ini-
tial voltage across the decoupling capacitor is determined by
the maximum voltage drop during discharge.

Assuming an overdamped power distribution system with an
on-chip decoupling capacitor (which is typical for lines longer
than several micrometers in a 90-nm CMOS technology),
applying the initial conditions to the Kirchhoff’s voltage law
(KVL) equation [16] for the current in the charging circuit (see
Fig. 8), and integrating the current supplied to a decoupling
capacitor during the charging phase from zero to the charge
time, the voltage across the decoupling capacitor during the
charging phase is determined by (12)

(12)
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Fig. 9. Design space for determining the maximum tolerable parasitic resis-
tance and inductance of a power distribution grid: I = 100 mA, t = 100 ps,
t = 300 ps, C = 100 pF, V = 1 V, and t = 400 ps. For a target
charge time, the maximum resistance and inductance produce a voltage across
the decoupling capacitor that is greater or equal to the power supply voltage (re-
gion above the dark line). Note that the maximum voltage across the decoupling
capacitor is the power supply voltage. A design space that produces a voltage
greater than the power supply means that the charge on the decoupling capacitor
can be restored within t .

Observe that the criterion for estimating the maximum effec-
tive radius of an on-chip decoupling capacitor as determined
by the charge time is transcendental. A closed-form expres-
sion is therefore not available for determining the maximum
effective radius of an on-chip decoupling capacitor during the
charging phase. Thus, from (12), a design space can be graph-
ically described in order to determine the maximum tolerable
resistance and inductance that permit the decoupling capacitor
to be recharged within a given , as shown in Fig. 9. The para-
sitic resistance and inductance should be maintained below the
maximum tolerable values, permitting the decoupling capacitor
to be charged during the relaxation time.

Note that as the parasitic resistance of the power delivery net-
work decreases, the voltage across the decoupling capacitor in-
creases exponentially. In contrast, the voltage across the decou-
pling capacitor during the charging phase is almost independent
of the parasitic inductance, slightly increasing with inductance.
This phenomenon is due to the behavior that an inductor resists
sudden changes in the current. Alternatively, an inductor main-
tains the charging current at a particular level for a longer time.
Thus, the decoupling capacitor is charged faster.

A design methodology for placing on-chip decoupling capac-
itors is as follows. The maximum effective radius based on the
target impedance is determined from (2) for a particular current
load (circuit block), power supply voltage, and allowable ripple.
The minimum required on-chip decoupling capacitance is es-
timated to support the required current demand. If the second
droop dominates (the minimum supply voltage is achieved at
the end of the switching event), (5) is used to determine the re-
quired on-chip decoupling capacitance. If the first droop domi-
nates (the minimum supply voltage is achieved at the rise time),
the on-chip decoupling capacitance is determined by (9). In the

Fig. 10. Effective radii of an on-chip decoupling capacitor. The on-chip de-
coupling capacitor is placed to ensure that both the current load and the power
supply are located inside the effective radius. The maximum effective radius as
determined by the target impedance d does not depend on the decoupling
capacitance. The maximum effective radius as determined by the charge time is
inversely proportional to C . If the power supply is located outside the effec-
tive radius d , the current load should be partitioned, resulting in a smaller
decoupling capacitor and, therefore, an increased effective distance d .

case of a single line connecting a decoupling capacitor to a cur-
rent load, the critical wire length is determined by (11).

The maximum effective distance based on the charge time is
determined from (12). Note that (12) results in a range of toler-
able parasitic resistance and inductance of the metal lines con-
necting the decoupling capacitor to the power supply. Also note
that the on-chip decoupling capacitor should be placed to en-
sure that both the power supply and the current load are located
within the respective effective radius, as shown in Fig. 10. If this
allocation is not possible, the current load (circuit block) should
be partitioned into several blocks and on-chip decoupling ca-
pacitors should be allocated for each block, satisfying both ef-
fective radii requirements. The effective radius as determined
by the target impedance does not depend upon the decoupling
capacitance. In contrast, the effective radius as determined by
the charge time is inversely proportional to . The on-chip
decoupling capacitors should therefore be distributed across a
circuit to provide sufficient charge for each functional unit.

VI. ACTIVITY RADIUS OF ON-CHIP DECOUPLING CAPACITOR

To characterize the activity radius of an on-chip decoupling
capacitor in the frequency domain, the on-chip decoupling
capacitance is assumed to be uniformly distributed across the
die with a density per unit area. The power grid connects
the decoupling capacitors to the current loads, adding a local
impedance in series with remote portions of , as illustrated
in Fig. 11. This additional impedance reduces the efficiency of
the distant on-chip decoupling capacitors, making the charge
supplied to the switching circuit from the distant decoupling
capacitors negligible.

The activity radius of the distributed on-chip decoupling ca-
pacitors in the frequency domain is discussed in this section. An
analysis of the on-chip power distribution grid is presented in
Section VI-A. The activity radius of the on-chip decoupling ca-
pacitors is determined in Section VI-B. Design techniques for
estimating the effective on-chip decoupling capacitance avail-
able to the switching circuits are described in Section VI-C.
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Fig. 11. Simplified representation of an on-chip decoupling capacitance. (a)
The power distribution network and on-chip decoupling capacitors distributed
around a single switching circuit modeled by a current source. (b) A model of
a frequency-dependent effective capacitance.

A. Power Grid Analysis

An on-chip power distribution grid in high performance dig-
ital ICs is commonly structured as a multilayer grid [2]. In such a
grid, parallel P/G lines in each metalization layer span the entire
die (or large functional unit) and are orthogonal to the lines in
adjacent layers. The power and ground lines typically alternate
in each layer [17]. Vias connect a power (ground) line to another
power (ground) line at overlap sites. For simplicity, an on-chip
power distribution grid composed of only two metal layers is
considered in this subsection. Neglecting the parasitic capaci-
tance, the on-chip power distribution grid is modeled as an RL
mesh, as shown in Fig. 12.

All of the circuit elements including the current loads and
decoupling capacitors are connected between the power and
ground paths. A simplified model of a single grid segment is
illustrated in Fig. 12(b). The size of each segment is deter-
mined by the interconnect section between two adjacent vias.
The power distribution grid in typical high performance ICs
includes multiple vias. The number of grid cells, therefore, can
be extremely large.

A dense multi-segment power distribution grid can be mathe-
matically approximated, behaving as a continuous structure, as
depicted in Fig. 12(c). Observe that all of the points connected
to and are assumed to reside in virtually continuous
planes. Note that such points [numbered in Fig. 12(b)] reside
in both metal layers of the original grid [see Fig. 12(a)]. The
power and ground lines are modeled as continuous planes with
a sheet impedance equivalent to the metal lines in the original
grid. The same approach is applicable to the on-chip decoupling
capacitors. In contrast to an RL mesh, a continuous structure can
be characterized by a continuous current density at each point
rather than by a number of discrete branch currents.

Since the proposed model is linear, the system can be ana-
lyzed in the frequency domain. The planes are therefore mod-
eled by an effective sheet impedance ( ) at a particular fre-
quency

(13)

Fig. 12. On-chip power distribution grid. (a) Physical structure. Two metal
layers are shown. The power lines are dark grey and the ground lines are light
grey. (b) Circuit model of the grid (a single segment of a dense RL mesh is de-
picted). (c) Approximation of a power distribution grid by a continuous struc-
ture.

Fig. 13. Equivalent model of a power distribution grid with a uniformly dis-
tributed decoupling capacitance.

where and are the characteristic resistance and in-
ductance of the power and ground grid segments, respectively,
and is the switching frequency. Similar to the power grid, the
impedance of the decoupling capacitance is modeled as a layer
of material with an equivalent resistivity and length . As-
suming , as shown in Fig. 13

(14)

where is the ESR of an on-chip decoupling capacitor. Note
that the decoupling capacitance is characterized by the density
per unit area, where is characterized in units of Ohms by
micrometers squared.

The effective activity radius is typically much smaller than
the die size in modern high performance ICs [18]. The area of
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an IC is therefore modeled as infinite, permitting boundary ef-
fects to be neglected. A rectangular structure is therefore mod-
eled as a cylindric structure, as illustrated in Fig. 13. The cur-
rents are determined at each point from the current densities

and . The current through the ring with radius
is composed of current in the horizontal direction

and in the vertical direction (see Fig. 13). The current
passing through the ring with radius is therefore

(15)

From the principle of current conservation, the charge of current
in each ring is due to the current flowing to the bottom layer with
a density . Thus

(16)

From KVL for two adjacent rings with radii and , respec-
tively

(17)
where accounts for the impedance of both the power and
ground layers. Simplifying (17) with approaching
zero and substituting (15) into (16)

(18)

where ( m ). Note that is dimensionless.
Also note that since and are frequency dependent,
is also frequency dependent.

Depending on whether is real, imaginary, or complex, (18)
results in three different solutions. At low frequencies, where the
impedance of the power grid is resistive [19] (below 1 GHz),

is imaginary. Equation (18) becomes a zero
order Kelvin’s equation with a solution

(19)

where and are Bessel Kelvin functions and is
determined from the boundary conditions. Note that the absolute
value of the current density exhibits the expected localization for
small radii [20].

At high frequency, where the impedance of a power grid is
dominated by the inductance [19], is a neg-
ative real number. Expression (18) becomes a Bessel equation of
zero order. Applying boundary conditions, the solution of (18)
is

(20)

where is a second type zero order Hankel function, also
exhibiting localization for small radii. An activity radius can
be determined from the current localization as described in the
following subsection.

Fig. 14. Average power as a function of the effective activity radius in a resis-
tive power distribution grid (operating at low frequency).

B. Activity Radius

In a resistive grid (operating at low frequency), the average
power at radius is

(21)

The average power in a resistive grid, as determined by (21), is
plotted in Fig. 14. If the effective activity radius is determined to
ensure that 90% of the total power is collected within a circle of
radius , the value of is about 2.1. Thus, the effective
activity radius is

(22)

Substituting (13) and (14) into (22) and neglecting

(23)

Note that the effective activity radius diminishes with
larger power grid impedance and a higher density of decoupling
capacitance .

The average power in an inductive grid (operating at high
frequency) is plotted in Fig. 15. Similar to the resistive grid, the
effective activity radius is

(24)

Note that the effective activity radius decreases with frequency
in both resistive and inductive grids.

C. Effective On-Chip Decoupling Capacitance

At low frequency (resistive power grid), the effective decou-
pling capacitance within a radius around the cur-
rent load is

(25)
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Fig. 15. Average power as a function of the effective activity radius in an in-
ductive power distribution grid (operating at high frequency).

At high frequency, where , the effective decou-
pling capacitance is

(26)

Note that decreases linearly with , whereas ex-
hibits an inverse dependence on . Also note from (25) and
(26) that does not depend upon . Intuitively, a larger

should increase . The greater , however, reduces
the effective radius and results in a lower . Note that the
effective activity radius is infinite in power distribution grids
without decoupling capacitors. This scenario is not physically
possible, however, as some intrinsic decoupling capacitance al-
ways exists [8], [21].

VII. CASE STUDY

The dependence of the effective radii of an on-chip decou-
pling capacitor on a power distribution system is described in
this section to quantitatively illustrate these concepts. The load
is modeled as a triangular current source with a 100-ps rise
time and 300-ps fall time. The maximum tolerable ripple at
the load is 10% of the power supply voltage. The relaxation
time between two consecutive switching events (the charge
time) is 400 ps. Two scenarios are considered for determining
the effective radii of an on-chip decoupling capacitor. In the
first scenario, an on-chip decoupling capacitor is connected
to the current load by a single line (local connectivity). In
the second scenario, the on-chip decoupling capacitors are
connected to the current loads by an on-chip power distribution
grid (global connectivity). A flip-chip package is assumed.
For high performance ICs with die sizes of 1.5 in 1.5 in
inside a flip-chip package, the distance between two adjacent
power or ground pads is about 1300 m [1]. An on-chip power
distribution system with a flip-chip pitch (the area formed by
the four closest pins) is modeled as an RL distributed mesh of
40 40 equal segments to accurately determine the maximum
effective distance of an on-chip decoupling capacitor. The re-
sulting pitch size is therefore 32.5 m, as listed in Table II. The
parasitic resistance and inductance of the package (four closest
pins of a flip-chip package) are also included in the model.
The proposed methodology for placing on-chip decoupling

TABLE I
MAXIMUM EFFECTIVE RADII OF AN ON-CHIP DECOUPLING CAPACITOR FOR A

SINGLE LINE CONNECTING A DECOUPLING CAPACITOR TO A CURRENT LOAD

TABLE II
MAXIMUM EFFECTIVE RADII OF AN ON-CHIP DECOUPLING CAPACITOR FOR AN

ON-CHIP POWER DISTRIBUTION GRID MODELED AS A DISTRIBUTED RL MESH

capacitors provides a highly accurate estimate of the magnitude
and location of the on-chip decoupling capacitors. The resulting
voltage drop as determined from SPICE is equal to the target
value of 0.9 V.

For a single line, the maximum effective radii as deter-
mined by the target impedance and charge time for three sets
of on-chip parasitic resistances and inductances are listed
in Table I. These three scenarios listed in Table I represent
typical values of the parasitic resistance and inductance for top,
intermediate, and bottom layers of on-chip interconnects in a
90-nm CMOS technology [1]. In the case of the top metal layer,
the maximum effective distance as determined by the target
impedance is smaller than the critical distance as determined
by (11). Hence, the second droop dominates, and the required
on-chip decoupling capacitance is determined by (5). Note that
the decoupling capacitance increases linearly with the current
load. For a typical parasitic resistance and inductance of the
intermediate and bottom layers of the on-chip interconnects,
the effective radius as determined by the target impedance is
longer than the critical distance . In this case, the overall
voltage drop at the current load is determined by the first droop.
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The on-chip decoupling capacitance can therefore be estimated
by (9).

In the case of an RL mesh, the maximum effective radii as
determined by the target impedance and charge time for three
sets of on-chip parasitic resistances and inductances are listed
in Table II. From (11), for the parameters listed in Table II, the
critical voltage drop is 75 mV. If the voltage fluctuations at the
current load do not exceed the critical voltage, the second droop
dominates and the required on-chip decoupling capacitance is
determined by (5). Note that for the aforementioned three in-
terconnect scenarios assuming a 10-mA current load, the max-
imum effective radii of the on-chip decoupling capacitor based
on the target impedance and charge time are larger than forty
cells (the longest distance within the mesh from the center of the
mesh to the corner). The maximum effective radii of the on-chip
decoupling capacitor is therefore larger than the pitch size. The
decoupling capacitor can therefore be placed anywhere inside
the pitch. For a 100-mA current load, the voltage fluctuations at
the current load exceed the critical voltage drop. The first droop
dominates and the required on-chip decoupling capacitance is
determined by (9).

Note that in both cases, as determined by (9) increases
rapidly with the effective radius based on the target impedance,
becoming infinite at . In this case study, the decoupling ca-
pacitor is allocated almost at the maximum effective distance

, simulating the worst case scenario. The resulting
is therefore significantly large. As the decoupling capacitor is
placed closer to the current load, the required on-chip decou-
pling capacitance as estimated by (9) can be reduced. A tradeoff
therefore exists between the maximum effective distance as de-
termined by the target impedance and the size of the minimum
required on-chip decoupling capacitance (if the overall voltage
drop at the current load is primarily caused by the first droop).
Alternatively, the current load can be partitioned into several
blocks, lowering the required on-chip decoupling capacitance.
The parasitic impedance between the decoupling capacitor and
the current load and power supply should also be reduced, in-
creasing the maximum effective radii of the on-chip decoupling
capacitors.

Observe that the maximum effective radius as determined
by the charge time decreases quadratically with the decoupling
capacitance. The maximum effective distance as determined
by the charge time becomes impractically short for large
decoupling capacitances. Note that the maximum effective
radius during the charging phase has been evaluated for the
case where the decoupling capacitor is charged to the power
supply voltage. In practical applications, this constraint can be
relaxed, assuming the voltage across the decoupling capacitor
is several millivolts smaller than the power supply. In this case,
the effective radius of the on-chip decoupling capacitor as
determined by the charge time can be significantly increased.

An activity radius has been compared to simulation results to
quantitatively analyze analytic criteria developed in Section VI.
A power distribution grid is modeled as an RL mesh. A two
metal layer 600 m 600 m power grid is assumed. The
width of the lines is 0.6 m and the line spacing is 3 m (for
a 65-nm CMOS technology), resulting in a characteristic resisi-
tance 1 and inductance 10 pH. Note that

Fig. 16. Average power as a function of the activity radius of an example power
distribution grid. The power distribution grid behaves as a resistive grid at rela-
tively low frequencies.

the power distribution grid is resistive in the frequency range
of interest, agreeing with the results presented in [22]. Decou-
pling capacitors are placed uniformly across the circuit. The de-
pendence of the power of an example power distribution grid
on the activity radius is illustrated in Fig. 16. Note that the
power concentrates around the current source as the frequency
increases. Also note that the proposed analytic model exhibits
high accuracy as compared to simulations of the average power
of a multi-segment network. Similar to the maximum effective
radii as determined in the time domain, the activity radius as
determined in the frequency domain shrinks as the frequency
increases (the rise time decreases).

VIII. DESIGN IMPLICATIONS

Typical effective radii of an on-chip decoupling capacitor is
in the range of several hundreds micrometers. In order to deter-
mine the location of an on-chip decoupling capacitor, the size of
each RL mesh segment should be much smaller than the effec-
tive radii. In modern high performance ICs such as micropro-
cessors with die sizes approaching 1.5 in 1.5 in, a fine mesh
is infeasible to simulate. In the case of a coarse mesh, the effec-
tive radius is smaller than the size of each segment. The loca-
tion of each on-chip decoupling capacitor, therefore, cannot be
accurately determined. To resolve this dilemma, the accuracy
of the capacitor location can be traded off with the complexity
of the power distribution network. A “hot” spot (an area where
the power supply voltage drops below the minimum tolerable
level) is first determined based on a coarse mesh. A finer mesh
is used next within each “hot” spot to accurately estimate the ef-
fective radius of the on-chip decoupling capacitor. Note that in a
mesh structure, the maximum effective radius is the Manhattan
distance between two points. In disagreement with Fig. 10, the
overall effective radius is actually shaped more like a diamond,
as illustrated in Fig. 17.

Typically, multiple current loads exist in an IC. An on-chip
decoupling capacitor is placed in the vicinity of the current
load to ensure that both the current load and the power supply
are within the maximum effective radius. Assuming a uniform
distribution of the current loads, a schematic example place-
ment of the on-chip decoupling capacitors is shown in Fig. 18.
Each decoupling capacitor provides sufficient charge to the
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Fig. 17. Effective radii of an on-chip decoupling capacitor. The on-chip power delivery system is modeled as a distributed RL mesh with seven by seven equal
segments.R and L denote the parasitic resistance and inductance of the package, respectively. A finer mesh with six by six segments is utilized within the “hot”
spot – the area where the power supply voltage drops below the minimum tolerable level (represented by the thick rectangle). For a power distribution system
modeled as a distributed RL mesh, the maximum effective radius is the Manhattan distance between two points. The overall effective radius is therefore shaped
like a diamond.

Fig. 18. Schematic example allocation of on-chip decoupling capacitors across
an IC. Similar current loads are assumed to be uniformly distributed on the
die. Each on-chip decoupling capacitor provides sufficient charge to the cur-
rent load(s) within the maximum effective radius.

current load(s) within the maximum effective radius. Multiple
on-chip decoupling capacitors are placed to provide charge to
each of the circuit blocks. In general, the size and location of
an on-chip decoupling capacitor are determined by the required

charge (drawn by the local transient current loads) and certain
system parameters (such as the per length resistance and induc-
tance, power supply voltage, maximum tolerable ripple, and
the switching characteristics of the current load).

IX. CONCLUSION

On-chip decoupling capacitors have traditionally been allo-
cated into the available white space on a die based on an un-
systematic or ad hoc approach. On-chip decoupling capacitors,
however, behave locally and should therefore be treated as a
local phenomenon. The efficiency of on-chip decoupling capac-
itors depends upon the impedance of the P/G lines connecting
the capacitors to the current loads and power supplies. A design
methodology for placing on-chip decoupling capacitors based
on the maximum effective radii is presented in this paper. A
maximum effective distance between the current load or power
supply and the decoupling capacitor is shown to exist. Beyond
this distance, the decoupling capacitor becomes ineffective.

The maximum effective radii of an on-chip decoupling capac-
itor based on a target impedance (discharge) and charge time in
the time domain have been determined. An effective activity ra-
dius in the frequency domain is also developed assuming the
on-chip decoupling capacitance is uniformly distributed. The
effective decoupling capacitance as determined by the activity
radius is shown to not depend upon the on-chip capacitance den-
sity. Depending upon the parasitic impedance of the P/G lines,
the maximum voltage drop is achieved either at the end of the
switching activity (the second dominant droop) or during the
rise time (the first dominant droop). Design expressions to es-
timate the minimum on-chip decoupling capacitance required
to support expected current demands based on the dominant
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voltage drop are provided. The critical length of the intercon-
nect between the decoupling capacitor and the current load is
also determined.

To be effective, an on-chip decoupling capacitor should be
placed to ensure that both the power supply and the current load
are located inside the appropriate effective radius. If this alloca-
tion is not feasible, the current load should be partitioned into
several circuit blocks, reducing and distributing the localized
current demands. The on-chip decoupling capacitors should be
allocated to each block while satisfying both effective radii cri-
teria. Summarizing, on-chip decoupling capacitors should be al-
located within appropriate effective radii across an IC to satisfy
local transient current demands.
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