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Introduction Motivation

Motivation

o W:X — Y, Px, |Y|is very large
@ Common problem in

— Digital receiver design

— Polar code construction

= Quantize ) to L letters
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Introduction Motivation

Motivation

2
=

0 Q: X2 |Z=L
o AI2(X;Y)=I(X;Z)>0

Given |X|, what is

Al* 2 m(i)n Al =0(?)

in terms of L?
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Introduction Previous Results

Previous Results

@ Binary input, |X| =2

Pedarsani et al. 2011 O(L 1%log L)
e Finite |X'| (constant)

Gulcu, Ye, and Barg 2016 O(L=1/(X1-1))

Tal 2015 Q(L—z/(\/ﬂ—l))

@ Related work

Kurkoski and Yagi 2014
Nazer, Ordentlich, and Polyanskiy 2017
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Main Result

V| > 2|Xx|
L >2|X]

— A =O(L )

In particular,

X1
| X|(|X] — 1) 2|X| =i

2 (/14 g — 1) \T(1+152)

This bound is:

Al <

o Attained by ‘greedy-merge” algorithm
o Tight in power-law sense
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Proof Outline Main Ideas

Proof - Main ldeas

o Greedy-merge algorithm

@ Simple upper bounds on A/

@ "Sphere-packing”
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Proof Outline Notation

Notation
@ Channel, input and output probabilities:
W(ylx) 2 P(Y = y|X = x) > £ P(X = x)
W(xly) = P(X =x|Y = y) T, 2P(Y =y)

@ Mutual information:

(W, Px) 2 1(X;Y) = n(m) -
xeX
yey

(p) 2 —plogp p>0
0 p=0

@ Loss in mutual information:
Al =1(W,Px)—1(Q, Px)
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SRR
Merging a Pair of Letters

e For y,, yp € Y define:
Qix £ W(x]|ya) a= (ax)xex Ta = Ya
/BX £ W(Xb/b) /3 = (ﬁx)xez\.’ Th = Ty, Vb

e Merging ya, yp to yap:

|
\3

'\’o Yab
—

Ta0x + Tpf3
W (x|yap) = aTrx T+, - Ty, = Ta + Th
a

@ Loss by a single merger:

Ta0x + Wbﬁx
Ta+ Tp

Al 2 (o) ) = () = w5

AI:ZAIX

xXEX
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SRR
Greedy-Merge Algorithm

o Algorithm:

— Merge y,, yp that minimize A/
— Repeat [Y| — L times

_ X+t
o If min Al = O(|Y| \X\il) = proof is finished

Prove existence of y,, yp € )V s.t.

Al = O(|jy|”I¥F1)
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SIS CEtes GO )
Simple upper bounds on A/

o Al is complicated
@ Upper bound A/:
Al < (matmp)lox — Bl Ak < (mp + mo) B

mm(axvﬂx)

- 2
= Al < (ma + mp) X - max min (’O‘X — Al m>

2d(e,B)

@ Limit search to:
ysmall £ {y € y C Ty < ﬁ} |ysmall’ > ‘32)7‘

. 41X .
= min Al < min  d(«
Ya,YbE€Vsmall ‘y| ya»ybeysmall ( 713)
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RO Sphere-Packing

Sphere-Packing Essentials

° Ametricd:MxM—HRar
@ r/2-radius volumed spheres

B(a,%) é{CEI\\/JI:d(a,C)gé}

o Find r = Feritical > 0 s.t.:
r —_—
azesw [B (@, 2)] = Vol [whole space|

= d(a,B) < r for some a, 8 € M
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Sphere-Packing
Sphere-Packing Reasoning

o B(a,5)NB(B,5) #0 = d(a. (). d(B,¢) <5

@ Triangle inequality:

= d(a, 8) < d(a, () +d((,8) < r

B(a,-, é)
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Sphere-Packing
Sphere-Packing Reasoning

@ d is a semimetric
e Find Q'(+,r) s.t.:

Qa,r)NQ(B,r)#0 = d(a,B)<r

Ql(ai, r)
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RO Sphere-Packing

Towards a “Sphere”

@ Our d(-,-) is a semimetric
e B(a,r) is a box

S].l\\B

w(a,r)

AQ'-M
I
|
I
I
I
|
=
L
=

w(a,r)

oo FHaar)
A r2 r A
w(a, r) = max " + axr — o W(ax, r) = max (y/axr, r)

® > cx0x =1 = dimension reduction is preferable
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RO Sphere-Packing

Towards a “Sphere”

—
w(a, r)

w(ag, r) @0
o Br(e,r) 2 Bla,r)n{¢ e R} 3 1 ¢ =1} - complicated
o C(a,r) C Bg(a,r) - a box in RI¥I-1:

Cla,r)nC(B,r)#0  #  da,B)<r

o Q'(a,r) CRI¥-1 _suitable
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LG
Weighted “Sphere”-Packing

@ Variable volume “spheres”

Sozs 1
2\/s1
Q' (a,r)
L1 | — 1 | 1 | 1 | KN
LI 1 1 1 — 1 1 él

TN ayr

a1

e |X| — 1 dimensional density:
1
n A
w21l 5=
24/
xeX’ <X
@ Volume — Weight
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RO Sphere-Packing

Conclusion and Further Results

o Al* = O(L %)

o Tight in power-law

o Attained by “greedy-merge” algorithm

A

Further results (full paper)

For the upgrading setting:
o Al* = Q(L_\X\%l), same sequence of channels
o Al* = O(LTFIT) for || = 2
e Optimal upgrading algorithm for |X| = 2
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