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Abstract—A modified Viterbi algorithm with erasures  undetected error event. The second event is amasure,
and list-decoding is introduced. This algorithm is shown to where the decoder does not make a decision based on
yield the optimal decoding rule of Forney with erasures and 6 received signal. Intuitively, it is expected to reduce
variable list-size. For the case of decoding with erasurethe I .
optimal algorithm is compared to the simple algorithm of the undete_cted error probability when the decoder is
Yamamoto and ltoh. The comparison shows a remarkable al/lowed to increase the erasure rate. As a result, the per-
similarity in simulated performance, but with a consider- formance trade-off in the case of decoding with erasures,
ably reduced decoding complexity. is between the undetected error probability and the total
error probability (which includes undetected errors and
erasures). The optimal decoding rule, with respect to this

The Viterbi algorithm (VA) was originally introduced performance trade-off, is derived by Forney [3]. For list
for decoding convolutional codes over memoryless chadecoding, the rule provided in [3] is optimal with respect
nels (see [4], [15] and [16]). The algorithm is populato the trade-off between the average size of the list, and
in many coding and signal processing applications dtiee list decoding error probability. Generally, the optima
to two important reasons: the VA is practical, and itlecoding rule of Forney is prohibitively complex, sim-
yields the maximum-likelihood (ML) solution. Thereilarly to ML decoding in general. Performance bounds
are several important generalizations of the VA, botfor erasure, list and feedback schemes with linear block
in coding theory and signal processing. In this papetodes were recently derived in [8]. These bounds are
generalizations of the VA for two coding problems arapplicable to random and structured code ensembles, and
studied: list decoding, and decoding with feedback. their use is exemplified in [8].

In list decoding problems, the decoder is allowed to The VA is known to yield the ML estimate for a finite-
output several candidates for each transmitted messagtate Markov process observed via memoryless channels.
This set is called the decoded list. The event where tlR@r the particular case of coded communications with
transmitted codeword is not in the decoded list, is callegbnvolutional codes, the output of the VA coincides with
a list-decoding error. Several generalizations of the VAthe ML decision. In this paper, decoding with erasures
for list decoding applications are reported in the literatu and list decoding are concerned. A practical modification
(see, e.g., [2], [5] [10], [21], [12], [13], [14]). of the VA is introduced, which coincides with the optimal

In practice, the decoder at the receiver may usedecoding rule of Forney for the case at hand. Although
feedback channel to communicate with the transmittgrresented for decoding convolutional codes, this result
An important particularization of this setting is the cases valid for the more general case of finite-state Markov
where the receiver can request for a retransmission mocesses observed via memoryless channels.

a message. Such a scheme is called a hybrid automati@he simulated performance of the proposed modi-
repeat request (ARQ) scheme. The decoder in sucHigation is compared in this paper with the simulated
scheme either decodes the received signal and outputpanformance of two suboptimal decoding algorithm with
estimate for the transmitted message, or else declaressaasures: the likelihood-ratio (LR) test decoding rulej an
erasure. The decoding erasure triggers the transmitéer, & simple decoding scheme with repeat requests provided
the feedback channel, to retransmit its message. SevdnalYamamoto and Itoh in [17]. Even though the decoding
adaptations of the VA to support hybrid ARQ schemescheme in [17] is remarkably simple, the comparison
are reported in the literature (see, e.qg., [6], [7], [9].])17 shows good similarity between the performance of the

Maximume-likelihood (ML) decoding is optimal with simple scheme to the optimal one. On the other hand,
respect to the block error probability. For the case dhe performance of the decoding algorithm based on the
decoding with erasures, there are two error events It test is considerable degraded in comparison with that
be considered: the first is the event where the decoddrthe optimal performance.
outputs an incorrect decision, and this event is called anThis paper is structured as follows: Section Il provides
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a short background, Section Ill proposes a modificatiqggrobability and a smaller average size of the decoding
to the VA, and Section IV presents some numericéist are simultaneously obtained.
results for the optimal decoding of convolutional code

. Remark 2. The threshold parametdr in (1) controls
with erasures.

the trade-off between erasures and undetected errors (or
Il. A PRELIMINARY ON DECODING WITH ERASURES average list size and list decoding errors). Setfihg 0
AND A VARIABLE LIST-SIZE guarantees the decision regiofs,, }}/_, to be disjoint.

M :
Let C = {xm},_, be a codebook of sizd/ and Remark 3. The decision region in (1) can be expressed
block length NV, and consider a decoding rule that iSquivalently in the form

characterized by a set of decoding regidns,, }M_,. NT

That is, if the received vectoy is in A,,, then the A, = {y c YN . Pr(xmly) > e } @)
decoded codeword ig,,. Under ML decoding, all the T 14 eNT

decoding regions are disjoint, and their union covers th&,nsequently, if a codeword is selected according to the
entire observation space of received vectors. Howevgucoder with the decision regions in (2) with = 0,

for the considered schemes where the decoder is allowgd, the same decision is made by a MAP decoder (as

to declare on erasures and to output lists with a variable) giner codeword can get an a-posteriori probability
list-size, the decision regiors\,,, }»/_, are not necessar- larger thanl)
5)-

ily disjoint, nor they include all possible received vestor

In the event where a received vector does not beloftgmark 4 (A likelihood-ratio (LR) decoding rule). A

to a possible decoding region, the decoder declares &#optimal Likelihood-ratio (LR) decoding rule is also
erasure, and the event is called an erasure event. Eyggested in [3] where the summation in the denominator
event where the decoder outputs an incorrect messa@e(1) is replaced with the summand which corresponds
is called an undetected error event. to the second most probable codeword. The resulting

If the decoding regions are not disjoint, it is possibléecision regions are given by
that a received vector belongs to several decision regions. R N Pr(y.xm) NT
In that case, the decoder outputs a list of all possible Ay = {y SN/ Pr(y. %m,) >e } ()
codewords (hence the term list decoding). The event Yo ¥ma
where the transmitted codeword is not included in th&herems = ma(y) denotes the second most probable
list, is called a list decoding error. Note that the presgntéodeword for each received vectgr Setting7" = 0
setting allows the decoding list to be with a variabléh (3), the LR decoding rule coincides with ML decoding;
size. In the following, such decoding rules are callefote however that this observation does not follow for the
generalized decoding rules. optimal decoding rule in (1).

Decoding with erasures and list-decoding with a vari-
able list size, are first introduced in [3]. The optimal
decoding rule with respect to the trade-off between the
block error event (which includes both erasures and
undetected errors) and the undetected error event igh this section, a modified VA is presented for optimal
derived in [3]. Specifically, it is guaranteed that no othetecoding of convolutional codes with erasures. In addi-
decoding rule exists for which lower error and undetectdt®n, it is proved that this modification coincides with the
error probabilities are simultaneously obtained. optimal decoding rule in (1).

_ , , ) i Assuming that all codewords are transmitted with
Definition 1 (Forney’s generalized decoding) Consider equal a-priori probability, the joint probabilities in (1)

M
a_block COde{Xm}m:_l over an alphabet . The 9eNer can be replaced with conditional probabilities, and the
alized decoding rule is defined by the following dec's'oﬂecoding regions in (1) are given by:

regions:

_ N . Pr(y|xm) NT
A = {y RARE Pr%;z;)x > eNT} @ A= {y S Prlypon) } )
m’/#m y Am/

wherem is the codeword indexX]” € R is a parameter,
Pr(y,x.) denotes the joint probability that,, is the
transmitted codeword ang is the received vector, and
the summation is taken over all the codewords except f

IIl. OPTIMAL GENERALIZED DECODING OF
CONVOLUTIONAL CODES OVER MEMORYLESS
CHANNELS

The standard VA provides the ML decision and its
corresponding likelihood metric for the case at hand.
Consequently, it remains to evaluate the denominator in
E)Ap which is involved in the specification of the decision
regions in [3].

Xom -
Remark 1 (On list decoding). The decoding rule in (1) Remark 5. Since
is optimal for the case of list decoding. Specifically, no Pr(y, xm) _ Pr(y, xm)

other decoding rule exists for which a lower list error Zm,im Pr(y,%x,m)  Pr(y) — Pr(y,xm)



the denominator of the LHS of the inequality in (1) camule, as given in Definition 1:
also be evaluated using the forward part of the Ba

Cocke, Jelinek, and Raviv (BCJR) algorithm [1]. hI”heorem 1. Consider the decoding of a terminated

convolutional code using the algorithm in Fig. 1. Assum-
A convolutional cod€ with & inputs andr outputs for ing thatx,, is the codeword which corresponds to the

every time unit, and of memory length is considered. surviving path, then the generalized mettig satisfies:

The information sequenca = (uy,...ug), of length

kB symbols, is encoded (followed by a termination ehe = Z Pr(y ).

sequence) to form the codewosd = (x1,...XB1m) m/#m

of lengthn(B +m) symbols. We assume a memoryless  proof: Let K(v) denote the set of all possible paths

channel, and denote the received sequencg.bifach entering a node in the trellis graph ofC, except for

encoding operation, wherle new inputs are introduced the surviving path fow. We prove by induction that the

andn coded symbol outputs are transmitted at every timgneralized metrigis(v) evaluated av € V(t) satisfies
unit, is considered as a single time step. Let the metric

for each branch in the trellis graph 6fbe ero = N Pr(y'x}) (6)
kel (v
w(yexe) £ In(p(yelx)), 1<t<B+m (5) Ex)

wherey, is the vector ofn received samples at they,q x! is the vector of the firstat symbols of thek-
decoder for the time step andx, is the vector of coded th codeword. First, we check that (6) follows for—

symbols which corresponds to the considered branch at\ 1ore each state € V(m) has a single entering
time ¢. In addition, we define the (cumulative) metric forpath. Hence, the sum in (6) is void (i.eC(v) = 0)

each path in the trellis of by

wherey! is the received vector up to time(included),

which coincides with the settingg(v) = —oo for all
t v € V(m) (step 1(c) in Fig. 1). Assume by induction
p(y'lx') = ZM(Yilxi) that (6) holds fort = 7 — 1 > m, and it is required to
=1 prove that (6) also holds for the next time step 7. Let
wherey! = (y1,...,y:) is the vector ofnt received Ks(v) C K(v) denote all the paths iki(v) enteringv via
samples up to time step x’ = (x;,...,x;) is the set the same branch as the survivor. et 7, consider the

of nt coded symbols of the considered path, and the sugmporary result after step 2(e) in Fig 1, and assume that
is taken over all the branches of this path. The set otthe algorithm is currently handling the statec V(7).
nodes at a given time step which correspond to the Following the induction assumption, the temporary value
possible encoder states in this time step, is denoted ®fythe generalized metripg(v) satisfies

V(t). For each node in the trellis, the set of branches
enteringv is denoted by3,. The originating node of a
trellis branchb, is denoted byub‘l, and the vector of @ iy Z Pr(y7—1|x;*1)
output coded symbols df is denoted byx(b).

(V) — gl . gho(vy)

ke (vt
A detailed description of the proposed algorithm is ) @)
provided in Fig. 1. For the sake of simplicity, the = ) Pr(y"[xj) )
algorithm in Fig. 1 is provided for the particular case of kes(v)

decoding a terminated convolutional code with erasurgs. .o y' is the received vector up to time step
(I > 0). Steps 1(a) and (b) in Fig. 1 form the initializa-xt is vector of the firstnt symbols of the codeword
tion actions for the standard VA. Starting from time Steegrresponding to a pathk in the trellis graph,b* is

¢t = m, there exists a single surviving path in the trellig, . entering branch of the maximizing path metric in
for each state whose cumulative metric is updated agfjep 2(b) of the algorithmy;-! is the source node of
b*

R - 9* Equality (a) follows by the induction assumption for
in Fig. 1 are the familiar add-compare-select steps of tlge_ 7—1, and equality (b) follows from the memoryless

_standard VA, for _each state, th? surviving path metr!ﬁroperty of the channel and the definition of the branch
is chosen according to the maximal accumulate metric. tric in )

Steps 1(c), 2(e) and 2(f) in Fig. 1 are the introduced Next, let b be a branch which is handled by the

modification. These steps allow the recursive evaluati%rfgorithm in step 2(f.i), and denote by,(v) C K(v)

of the sum in the denom_inator of (4?' _After this_ recursiv%e set of all the paths iff(v) enteringv via the branch
evaluation along the trellis, the surviving path is seldcteb_ After step 2(f.i) terminates, the variablesatisfies:
and the information bits are reconstructed according to '

the generalized decision rule in (4); else, an erasure is o€ @ ooy D+ 4 ooy )+
declared. ®) o
The following theorem assures that the suggested = Y Pr(y"[x}) (8)

algorithm coincides with Forney’s generalized decoding keky (v)



1) For each state € V(m):

a) Set the single path enteringas the survivos(v).
b) Evaluate the surviving entering path metrigv).
c) Set the generalized metrigs(v) = —oc.

2) lterations overn + 1 < ¢ < L 4+ m. For each state € V(¢) do:
a) Evaluate for each entering branck B(v):

py = iy + (v, )

where [i;, is the branch metric ob, and u(vljl) is the path metric of the survivor at
the source node, ' of b.
b) Find the entering branch with the maximal path metric:
b* = .
E R
c) Set an updated survivos(v) = (s(v;."), x(b")).
d) Set an updated survivor path metrigv) = pp-.
e) Evaluate a temporary generalized metric:

pe(v) = pe(vyt) + fip-

where i (v,.") is the generalized metric evaluated at the previous ngdeof the
survivor path, andi,- is the branch metric of the last branch of the survivor path
f) For each of the rest of the entering branches B(v) \ {*} do:

i) Evaluate
¢ 2 fin + max(ug vy ), ;) + (1 + exp(— [ua vy ) = wle; 1))

where i, is the branch metric o8, ,ug(’l}b_l) and u(vb‘l) are the generalized and
standard path metrics at the initial nodg' of the branchb.
i) Update the generalized metric:

pi(v) = max (ua(v), ) + ln(l + exp(— |pa(v) — <|))-

3) If p— pe > n(B+m)T, return the survivor in the single node W{(B + m).
Else, return an erasure.

Fig. 1: Modified VA for optimal generalized decoding (withasures) of terminated convolutional codes.

wherey™ forms the received vector up to time step Remark 7 (On generalized decoding with variable—
and xj, forms the sequence of the first- symbols of size lis). Consider the problem of generalized decoding
the codeword corresponding to a pathin the trellis, with a variable list-size according to the optimal decod-
equality (a) follows from the equality ing rule in (1) (withT < 0). According to the random
coding analysis in [3] for low rates, the decoded list size
In(e® + €*) = max(a,b) + In (1 + e““‘“) (9) is small (it typically includes one codeword); however,
for higher code rates, the decoded list is likely to increase
and equality (b) follows from the induction assumptionexponentially with the block length. Consequently, when
using the same arguments leading to (7). Finally, frofyactical decoding is of interest, some fixed limit on
(7)-(9), the update in step 2(f.ii) guarantees that (Ghe decoded list is set. The following two options are
follows for ¢t = 7. Hence, by induction (6) follows for suggested: the first, is to apply the (parallel) list VA as
all t > m. B in [13] with the evaluation of the generalized metric as

Remark 6. The complexity of the proposed algorithm"]‘pp“eoI in the_ algorithm sf[ated in Fig. 1 At _the final step,
is linear in the block lengthB, and is exponential in only the survivors satisfying the condition in step 3, are
the constraint lengthn of the ’code This is the sameleﬂin the decoded list. As long as the size of the decoded

complexity characteristics as in the case of the standa{ﬁli of the OF’“m.a' decpdmg r_ule in Definition 1 is below
VA, the predetermined size-limit, Theorem 1 assures that



the suggested modification coincides with the optimathere the same parameters are used). It is assumed that
decoding rule in [3]. The second option is to apply théhe transmission takes place over an AWGN channel with
evaluation of the generalized metrics in a serial implex binary phase shift keying (BPSK) modulation. Exact
mentation of the list VA (see, e.g., [10], [13], [14]). Thelikelihood metrics are used in this simulation assuming
serial implementation of the list VA iteratively producesomplete channel state information at the decoder, i.e.,
a sequence of probable codewords where each iteratithe metric used in the simulation jgy|x) = Q%yTx.
produces the next most probable path in the trellis grapfenote 7+ 2 n(B + m)T, then the threshold¥” in

of the code. After each iteration, the generalized metr{g) and (3), is equal te” . In the following simulated

of the decoded path is checked to satisfy the conditiggsults, the error performance for different values of the
in step 3 of the algorithm, and the iterations stop if thghreshold parameter* are plotted. Note however, that
condition fails. This scheme iteratively produces the listhenT* is fixed with the applied metric, it follows that
of codewords according to the optimal decoding rule ig different receiver is simulated for each SNR value.
Definition 1. Since an exponentially amount of iterationfh Fig. 2(a), the undetected bit error rates under the
is not practical, the algorithm needs to be stopped aftgptimal generalized decoding algorithm in Fig. 1 (based
a predetermined upper limit on the number of possiblen the optimal decoding rule of Forney [3]), wilft = 1
iterations. The resulting decoded list equals to the lighd 7, are provided. In addition, the bit error rate of
under the optimal decoding rule only if the size of thénhe standard VA and the undetected bit error rate of the
optimal list is not larger than the predetermined limit. LR decoding in (3) withT* = 31 and 42, and under

Remark 8 (On knowledge of channel state informa- the decoding algorithm of Yamamoto-Itho (this algorithm

tion). Let x andy be vectors of sizéV over the channel uses a threshold! (see [17, Section I1]), the samg*

input and output alphabets, respectively. The path metg!Ues Of the optimal algorithm are used i) (Y1) [17]
, are provided for comparison. The corresponding block

u(ylx) = In(p(y|x))- erasure rates for the simulated algorithms are provided
in Fig. 2(b). It is evident that the estimated performance

does not rely on the complete channel state informatio(ﬁf tr:je o%t_lmal alllgo_rll':]hm ogtpterf:)r;ns the on? of the
Consequently, for some applications, the implementatiénﬁzth eco t!ng Irule. 'the un.theTSc_e 1error pirl orn:r?nce
of the VA does not require complete channel stafd € opumal aigonthm wi = 1, resembies the

information at the receiver. Take for example a BSC WitHndetected bit error rates of the LR deCOd”'?g rule with
a crossover probability. For this case: T* = 31 and 42. However, the corresponding erasure

rates under optimal decoding clearly outperform the
_ D suboptimal erasure rates under the LR decoding rule.
X) =dy(y,x)In{ —— ) + NIn(1 — ) . . .
Hyx) H(Y, ) <1 ) (1=p) Moreover, the optimal algorithm witl™ = 7, which

wheredy(y, x) is the Hamming distance betwegrand results in similar erasure rates as the LR decoding rule
y. Another example is the AWGN channel with enerthh T* = 31, whereas its undetected bit error rates

Es per transmitted symbol and a two-sided density noi&gearly outperforms the undetected bit error rates under
power spectruniNy /2, where we have: the LR decoding rule. Comparing the simulated perfor-

mance of the optimal algorithm with the YI decoding
%yTX _ (E (yTy + N) _N In s > _algorithm shows a remarkable improvement as compared
No No 2 wNo to the LR decoding rule, and a good match with the
A weakness of the proposed algorithm is that its proof @imulated performance under the optimal decoding rule.
optimality according to Theorem 1 does not necessarifor high SNR values, both decoding algorithms show the
follow if the metric 1 is replaced with an erroneousalmost the same performance. For low SNR values, the
metric. The implication of this observation is that thegain of the optimal algorithm as compared with the YI
proposed algorithm may require complete channel staatgorithm is marginal. Take for example the results for
information to guarantee its optimality according td™* = 7 where both decoding algorithms have almost the
Theorem 1. same erasure rates, while only a slight improvement of
the undetected bit error rate is observed for the optimal

IV. EXAMPLES algorithm (in low SNR values).
The performance of the (2,1,4) convolutional code

with generator polynomialg; (D) =1+ D + D3 + D*
and g2(D) = 1 + D3 + D* is simulated under some
generalized decoding algorithms with erasures. This codeAn optimal algorithm is provided based on the gen-
is used in the GSM Phase 2 system for the full-rate dagsalized decision regions of Forney [3]. This algorithm
traffic channel [18]. The results are provided for informaallows for a practical generalized decoding of convolu-
tion sequence of 240 bits, with additional 4 bits of termitional codes with erasures and variable list-sizes. The
nation sequence (these bits are called “tail bits” in [1&imulated performance of the proposed algorithm is

may be replaced with an erroneous metrit which

n(ylx) =

V. SUMMARY AND CONCLUSIONS
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generalized decoding with erasures. Undetected bit eatasy and
erasure rates, are provided in plots (a) and (b), respéctiveder the
optimal decoding in Fig. 1, the LR decoding rule in (3), and tiee
Yamamoto-Itoh (YI) decoding algorithm [17]. The bit err@te under
ML decoding (using the standard VA) is also provided. Theiltesare
provided for information sequence of 240 bits, with addi&b4 bits

VA (ML decoding)
-O- Likelihood-ratio, T=31
-+~ Likelihood - ratio, T = 42
» ‘Yamamoto-Itoh, T=1
< ‘Yamamoto-ltoh, T=7
—4—optimal, T = 1
—+—optimal, T =7
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-O- Likelihood-ratio, T = 31
H ==+ - Likelihood-ratio, T = 42
» Yamamoto-Itoh, T=1
< Yamamoto-Itoh, T=7
—2—optimal, T =1

- % -optimal, T =7
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compared with two suboptimal erasure decoding alg
rithms: the LR decoding rule in (3), and an algorithm b
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