Applied Mathematics Letters 24 (2011) 1120-1123

Contents lists available at ScienceDirect

Mathematics
Letters

Applied Mathematics Letters

journal homepage: www.elsevier.com/locate/aml

Derivative of an integral over a convex polytope

C. Miiller?, A. Feuer®*, G.C. Goodwin?

2School of Electrical Engineering & Computer Science, University of Newcastle, NSW 2308, Australia
b Department of Electrical Engineering, Technion, Haifa 32000, Israel

ARTICLE INFO ABSTRACT

Article history: Many problems in optimization lead to a cost function in the form of an integral over a

Received 29 October 2009 polytope. To find the gradient or Hessian of such costs one needs to take the derivative of

Accepted 20 January 2011 an integral over a convex polytope with respect to the parameters defining the polytope.
The contribution of the current paper is to present a formula for such derivatives.

Keywords: © 2011 Elsevier Ltd. All rights reserved.

Integral over polytope

1. Introduction

A variety of optimization problems have a cost function in the form of an integral over a polytope in R". For example,
this problem arises in Universal Barrier Functions [1,2] and Optimal Vector Quantization [3,4]. Specifically, the problem of
finding an optimal vector quantizer is a central problem in source coding (see e.g. [4]). The cost function in these problems
consists of a sum of integrals over a set of polytopes. Optimization is performed with respect to the parameters defining these
polytopes. The development of effective algorithms for this class of problems requires that one must be able to generate an
expression for the derivative of these integrals. The current contribution addresses this problem in a general setting. In
particular, our expression enables the calculation of first and second derivatives. These, in turn, enable the development of
Newton type algorithms.

In our formulation, the polytopes are described by a set of linear inequalities and we derive a formula for the derivative
of an integral cost function with respect to the coefficients describing the inequalities. Our result extends earlier results [5]
where derivatives were obtained with respect to parallel shifts in the polytope boundaries.

2. The results

LetA: R — R™"and b : R — R"™ be functions with coefficients A;j : R — R, b; : R — R, respectively. Then for fixed
O, the set 2(0) = {x € R" | A(®)x < b(®)} is a convex polytope in R". We are interested in developing formulae for the
derivatives of the function

g(@) = f(x) dx,
2(0)
where f : R" — R. We also present conditions for the existence of these derivatives. We assume that ] : R — R™" x R™
given by J(®) = (A(©®), b(©®)) is differentiable. Then the chain rule allows us to concentrate on the derivative of a cost
function

G:R™" x R" = (RM™! - R

G(A,b) = fx)dx.

Ax<b
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The formula for has been presented earlier [5] where f is assumed to be positively homogeneous. We will present the
formulae for both and BG

Let A; be the lth row ofA, and define the set H(A;, b;)) = {x € R" | Aix < b;}, which is a half space if A; # 0. We denote
the boundary of H(A;, b;) by dH(A;, b;)) = {x € R" | Aixx = b;}.
Theorem 1. Let f : R" — R be integrable, and assume that there are constants c,d > 0 and p € (n, co) such that

c
X)| < ———— forallx e R". 1
Ol < g J (1)

Assume that for some 1 < i < m the following conditions are satisfied:

(a) Ai £ 0.

(b) f is almost surely continuous on dH (A;, b;). That is, the set

{Z €O0H@A, b | lim  f(2) #f(X)}

is a null set with respect to the n — 1-dimensional Lebesgue measure on dH (A;, b;).
(c) If g # i, then 9H(Aq, bg) # dH(A;, by).

Then
G
A = f F00 d 2)
and
oG (A,b) = —L xf(x)dF foralll <j<n, (3)
0A; j Al J
where

Fi={xeR"|Ax=b;, A;X < by forallq # i}.

Proof. We note that, if ¥ : M C R*! — #; is some C!-parametrization of %;, then

ov ow A;
det | —(2),..., —(2), dz
021 0zy—1 Al

g H(A4, by) and f;(X) = f(X) - 1y, (X) we obtain

0 dFi = / F@ @)
7 M

If we define M; = )

G(A. b+ he)) — G(A, b) = /
H(A;j,bj+h)

fi0) dx — / £:00 dx,
H(Aj,b;)

where e; is the ith unit vector in R™ and 1y, is the characteristic function of M;. We next apply the coordinate transformation

AT 3 AT ~
— |7 X .
* |: ||Ai||i| <Xn> + '||AA||2 @i(X, %),

where the columns of [T

H A i ] are any orthonormal basis of R". We then obtain

h/lA;
G(A b+ he,) — G(A, b) = / 1 / Fai® %)) R,
R 0

Using assumption (1) and the substitution u = X, + b;/||A;|| we obtain

’1 h/ 1Al &) & Ih1/11Ail c &
- fileiX, %)) dx,| < — / X
h/o A |h| o @ XDIP +d "
(bi+Ih)/ 1Al c
B |h| (b= 1D/ 1Al H H
Tx+u”AH

2c

< —
= ANIAXIP + d)
KX).
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Since p > n — 1 we see that K is integrable over R™™'. We can thus apply the dominated convergence theorem to obtain

. G(A,b+ he)) — G(A, b)
lim
h—0 h

1 /Al o
/ lim F(oi® F)) R R
R

n-1h—0 h 0

i\¥i 50 d~a
Al Rer(SD()z ) dx

since, by assumptions (b) and (c), limy.o 3 foh/‘lAillﬁ(<pi(i, X,)) dx, = mﬁ(wi&, 0)) for almost all X € R"~!, Thus

G(A, b + he;) — G(A, b; 1
;- GA.b+he) —GA.b) _ /f(x)dﬁ
=0 h Al Js,

Similarly, if |h| is sufficiently small,

G(A+ heie],b) — G(A,b) = /

H(A,-Jrhejr,bi)

fix) dx — f fix) dx
H(Aj,bj)

n®&.h) - o
=/ f filgiX, %)) dx;, dX,
r1-1J0
where

T
nX, h) = —h—M~
A+ h

Again using assumption (1) and the substitution u = X, + b;/||A;|| we obtain

1 2c|nX, h)|
[hl I[P +d

1

nX.h) N _
E / fi((/)i(iv Xn)) dx;,
0

=

which is integrable over R"~! since p > n. Arguing as above, we obtain

3G .1 &R SO
o = [ tim [T ) &% 6

n(X, h)
h

dx

/R S 0) - lim

1 -
=~ fa @& o) - €] ¢i(X, 0) dX
i R

1
1Al /g"]f 00 d7

This completes the proof. O

Remark 2. (i) Condition (b) is satisfied if f is continuous, or if f is almost surely continuous on every hyperplane.

(ii) Condition (c) is equivalent to q # i = (bgA; # biAq or A;, Aq are linear independent).

Remark 3. We note that (2) and (3) can be rewritten as

' [ o«

IAill Jax<b

e
—(A,b
ab,-( )

and

3G R .
Ab) =——- (e ATX)fi(x)dx forall1 <j<n,
0A; Al Jax<b

where X € R™!
A = EAT

b=Eb
fi®) = f (X, 0)).

(5)
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T and ¢;(X, 0) are as in the proof of Theorem 1. The significance of this observation is that the derivative turns out to be
an integral over a polytope in R"~!. There are a number of packages available for calculating such integrals (see e.g. the
website [6]). O

We next give the conditions under which G is continuously differentiable on some open subset of R™*" x R™. To this
end, we first note that the set

Z ={(A,b) e R™" x R™ | A; # Oforalli, and dH(Aq, by) # dH(A;, bi), q # i}
is open (and dense) in R™*" x R™. This follows from the following facts, which are not hard to prove:
(1) Ifi # qthenT; 4 = {(A, b) | bgA; # biA,} is open and dense.
Lig = {(A, b) | A; and A, are linear independent} is open.

(2)
(3) Si = {(A, b) | A; # 0} is open and dense.
(4) Since Z = (L, Si) N Ny (Tig U Lig) it is then clear that this set is open and dense.

Theorem 4. If f is integrable and almost surely continuous on every hyperplane such that condition (1) is satisfied then G is
continuously differentiable on Z.

Proof. We show that the partial derivatives are continuous in (A, b) € Z, i.e. for all i, j we have limp_, ¢ y—0 %(A +B,b
+V) = 5= (A,b) and limg_.v—0 55 (A+ B, b +v) = J2 (A, b).
ij i i

To this end, we fix i and define the sets M;p, = ﬂq#H(Aq + By, by + vq) and the transformations (pi’g,v(i, X)) =

Ty A (XY 4 A+B] where the col FiT, A th I basis of R" and li =
[Ts m] % +( ‘+U')||A,»+B,-||2‘W ere the columns of [T m]areanyor onormal basis o and limp_, o ,y—0 @igv =

@; pointwise.
Then, iffi,B,v :f . lMi.B,v'

N + \" i (p X, X.
BE . || 1,‘ Bl” et i,B,v i,B,v

Application of the dominated convergence theorem in a similar way as in the proof of Theorem 1, establishes the assertion
for %f The rest of the proof is straightforward. O
1
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